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Frictional forces in He II were studied by observing the decay of free oscillations in a U-tube. The decay, 
unlike that for ordinary liquids (including He I), is characterized by two logarithmic decrements: one for 
amplitudes of oscillation below about 0.1 cm, and another for amplitudes between about 0.2 and 1 cm. The 
values of these two decrements agree with the results of a hydrodynamical calculation which assumes that 
for the lower range of amplitudes the two-fluid equations of Landau and Tisza hold, and that for the other 
range of amplitudes the normal and superfluid components have identical velocity fields. The values for the 
viscosity coefficient deduced from the observations agree roughly with each other and with the published 
results of other methods. Despite the large experimental error, there is evidence that the viscosity when the 
two components move together is higher than the viscosity of the normal component when the two-fluid 
equations hold, the ratio being about 1.33:1. 

The transition between the two types of behavior is fairly sharp near the lambda point but becomes dif- 
fuse as the temperature is lowered to 1°K. At a given temperature, the transition appears to be sharper the 


more gentle the bend of the U-tube, that is, the more uniform the velocity over the walls of the tube. 





1. INTRODUCTION 


YDRODYNAMICAL experiments with liquid 
helium II have shown that the two-fluid hydro- 
dynamical equations proposed by Landau! and Tisza? 
have only a limited range of validity. Although these 
equations account for the frictionless flow of He II in 
slits‘ and for the results of Andronikashvili’s experiment 
with a pile of disks when the velocities involved are 
wzall enough, they fail to account for the additional 


“4 “rictional effects observed in both experiments**® at 


larger velocities. They also fail to account for the shape 
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of the meniscus in a rotating vessel containing He II’'*; 
in fact, the observations in this experiment are most 
easily explained by assuming that the normal and 
superfluid components move together. It appears, 
therefore, that for small enough velocities the two-fluid 
equations of Landau and Tisza hold, but for larger 
velocities some frictional force acts tending to make the 
two fluids move together. 

Benson and Hollis Hallett® have studied these effects 
by observing the torsional oscillations of a sphere 
suspended in liquid helium by a fiber. They observed 
that the damping of the oscillations depended upon 
amplitude, as sketched in Fig. 1(a). Between the 
lambda point and about 2°K, there are two distinct 
amplitude ranges within which the damping is inde- 
pendent of amplitude. In the low-amplitude range, the 
observed damping agrees with the predictions of the 
two-fluid equations (that is, with the assumption that 
only the normal fluid is dragged by the moving sphere) ; 
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Fic. 1. (a) Logarithmic decrement, 4, as a function of ampli- 
tude, ¢, for the oscillating sphere experiment (after Benson and 
Hollis Hallett*). (b) Logarithmic decrement, 4, as a function of 
amplitude, 4, for the U-tube experiment. This figure was pre- 
pared from the data given in Table I. 


in the other range, however, it indicates that both 
normal and superfluid components are dragged. Thus 
two distinct types of hydrodynamical behavior are 
demonstrated in a single experiment. 

In Benson and Hallett’s experiment the transition 
between the two types of behavior becomes diffuse as 
the temperature is reduced, and the higher-amplitude 
range is ill-defined below 2°K. The reason for this 
may be that the velocity is not uniform over the surface 
of the sphere, but varies from zero at the poles to a 
maximum at the equator. If this is so, an experiment 
where the velocity is roughly uniform over the oscillat- 
ing surface might show a sharper transition. 

With the object of demonstrating more clearly the 
effects observed by Benson and Hallett, we have studied 
the damping of free oscillations of a column of liquid 
helium in a U-tube. The variation of damping with 
amplitude is sketched in Fig. 1(b). As in Benson and 
Hallett’s experiment, there are two distinct amplitude 
ranges, but now, perhaps for the reason mentioned 
above, the transition remains fairly abrupt down to 1°K. 

In the next section we shall calculate the relation 
between the viscosity and the damping of the oscilla- 
tions in two ways: (i) assuming that the two-fluid 
equations hold, and (ii) assuming that the two fluids 
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move together at all times. Comparison with the ex- 
perimental results will then show that reasonable 
values for the viscosity are obtained by using assump- 
tion (i) for the low-amplitude range and (ii) for the 
other range. 


2. THEORY 


We first calculate the logarithmic decrement of the 
oscillations according to the two-fluid equations. To 
simplify the problem, we make the following assump- 
tions: 


(i) The motion is laminar. 
(ii) px ps, and the entropy density can be treated as 
constant. 
(iii) Effects due to the bend and ends are negligible. 


The equations of conservation of mass and entropy 
are, respectively,!* 


Pat ps=— div (PnVntpeVe)s 
¢=—div(cv,), 


where ¢ is the entropy density, and the other symbols 
have their usual meanings. By virtue of assumption (ii), 
these equations simplify to 


divv, = divv,=0. (1) 


It follows from Gauss’ theorem that the surface inte- 
grals fsva-dS and /fsv,-dS, where S is any cross 
section of the tube, are independent of the position of 
S. Each of these expressions can therefore be equated 
to its value just below the meniscus in one arm of the 
U-tube. We have therefore, for any S, provided a 
suitable sign convention is used, 


eit f — = f v8 (2) 
s Ss 


where h is the height of the meniscus in question above 
its equilibrium level, and a is the radius of the tube. 
Before trying to solve the hydrodynamical equations 
of motion, we use assumption (iii) to simplify the 
geometry. That is, we assume that the velocity pr 
in a U-tube is the same as in an infinitely long cylin- 
drical tube of the same radius, with a uniform pressure 
gradient equal to the average pressure gradient in the 
liquid—that is, to 2pgh/l, where g is the acceleration 
of gravity and / is the length of the liquid column. By 
assumption (i), we may take v, and vy, to lie along the 
axis of the cylinder and to depend on the radial co- 
ordinate r only. This automatically satisfies Eq. (1). 
The equation of momentum conservation! can now be 
written 


Print pobe= — 2pgh/l+n(0°/dr’+1-0/dr)vn, (3) 


where 2, and 2, are the axial components of the vectors 
v, and v,, and 7 is the viscosity of the normal 
component. 
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The equation of motion of the superfluid leads'* to 


the condition 
curlv,=0. (4) 


This implies here that », is independent of r. Thus we 
can rewrite Eq. (2) as follows: 


h=0, 
= 20 f vn(r)rdr. 
0 


(Sa) 
(Sb) 


To find the period and damping of sinusoidal oscilla- 
tions, we seek a solution of Eqs. (3) and (5) in the 
form 

Vn= RIV (r)e**, 


h=RiHe*t, (6) 


where V, H, and w are complex quantities, and Rl 
stands for “real part of.” Using (5a) to eliminate », 
from (3), and substituting (6) into the resulting equa- 
tion and also into (5b), we obtain 


(0°/r?+-1'0/r—iwpnn)V = (woep—w’p.)nH, (7) 
and 


int =20°* f V(r)rdr, (8) 
0 


where wo=(2g//)! is the angular frequency for zero 
viscosity. 

The boundary conditions on », are that it should 
vanish at the surface of the tube (that is, when r=a) 
and should be finite when r=0. Accordingly V satisfies 
the same boundary conditions. Introducing the new 


symbols 
(9a) 


(9b) 


F Anas (wpn/in) i, 
2= a(wpn/in)', 


where i!=e!*', we find that the appropriate solution 
of (7) is 


V=AH (w’p.—wo’p) (twpn) [1 — Jo(y)/Jo(z) J, 


, where Jo is the zero-order Bessel function. To deter- 
mine w, we eliminate V and H from (8) and (10): 


(10) 


iw = 2 (w*p.—wo'p) (iapaa’)* f [1—Jo(y)/Jo(z) dr. 


Multiplying both sides by —iwpn/(wo?p—w’p,) and sub- 
tracting the identity 1=2a~* fo*rdr, we obtain 
(wo? —w") p/ (wo? p—w*p,) = 2La7Jo(z) f J o(y)rdr, 
which reduces to ; 
(wo?—w)p/ (wo? p—w*ps) = 2J1(2)/zJo(z), 
since dL yJi(y) ]/dy= yJo(y) and rdr/a?= ydy/z?. 


(11) 
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To find w, we must solve the simultaneous equations 
(9b) and (11). A useful approximate solution is given 
by the assumptions that ww» and that the quantity 


A=a" (in/wopn)? (12) 


is small. Then (9b) becomes z™)~". It follows that Imz 
is large and negative, so that the asymptotic formula 
for J,(z) becomes 


J n(2)~} (2/x2)! expli(s—pnx—4n) }. 
This implies J; (z)/Jo(z)~—i, so that (11) becomes 
(wo? —w*) p/ (wep — w*p. —— 21d, 
and w is approximately given by 
w~wo(1-+ 27r)#(1+ 2irp,/p)-*wo(1+Apn/p). 
The logarithmic decrement 6 is given in terms of w by 
§= 2r(Imw)/(Rlw). (14) 


Substituting from (13) and using (12) we obtain the 
result 67V2|\|p,/p from which it follows, with the 
help of (12), that 


N= wopnd?|d|2~woa5*p?/ 2p n. 


(13) 


(15) 


More accurate methods of determining w and 6 are 
discussed in the appendix. It is shown there that, 
provided »/pa*wo is negligible (in our experiment it 
was roughly 10~) a good approximation for 7 is 


a*§*p* 36 pd 
aaa a 
tPpn 2r Pn 
where P is the measured period of oscillation, and F is 


a correction given graphically in Fig. 7. For small 
values of p/p, it has the form 


F= 3p6/mpn+O(p5/pn)?. 


The above calculation refers to the case when the 
two-fluid equations are valid. However, we can obtain 
the corresponding results for two other cases without 
further calculation: (i) An ordinary fluid (e.g., He I). 
This is merely a special case of the above calculation, 
with p,=0, pa=p, and 7 the viscosity. (ii) He II when 
frictional forces act between the normal and superfluid 
components. We assume that the frictional forces, in 
effect, prevent all relative motion of the two fluids. 
In other words, we abandon Eq. (4), replacing it by 


(18) 


(16) 


(17) 


V,>= Vay 


and we retain Eq. (3) unchanged in form, though 
possibly with a different value for n. Substituting (18) 
into (3), we see that the problem is now exactly the 
same as for an ordinary fluid. Thus the relation between 
6 and 7 is again found by formally setting p,.=0, px=p 
in Eq. (16). It should be emphasized, however, that this 
does not mean that p, is actually zero; although the 
frictional force is great enough to make the He II 
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Fic. 2. Typical velocity dis- 
tributions along a diameter of 
the U-tube: (a) when the two 
fluids move together; (b) when 
the two-fluid equations apply. 
The curves are calculated for 
the following combinations of 
values of the parameters: 
a*wop/n=800, p,/p=}. In the 
experiment, a®wop/n was roughly 
10‘; the value 800 exaggerates 
the thickness of the “boundary 
layer.”’ The solid curves repre- 
sent the component in phase 
with h and the dashed curves 
the component in quadrature. 
The values given for v, are 
proportional to the real and 
imaginary parts of (1+2i4«) 
X[1—Jo(iter/a)/Jo(itx) ], with 
x= |\|~!=20v2 in case (a), and 
r/a x=10 in case (b). 
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behave like an ordinary fluid under the present con- 
ditions, relative motion of the two fluids would still 
occur if the conditions were more complicated, e.g., if 
second sound were superimposed upon the motion 
considered here. This situation also arises in the rotating 
bucket experiment, where the He II behaves hydro- 
dynamically like an ordinary fluid’* but can still 
propagate second sound.” 

To illustrate the hydrodynamical process which 
brings about the damping, we have plotted in Fig. 2 
typical velocity distributions across a diameter of the 
tube. The walls of the tube affect the velocity dis- 
tribution mostly in a narrow “boundary layer,” whose 
thickness in our experiment has the order of magnitude 
10-* cm when the two fluids move together [case (a) ]. 
When the two-fluid equations hold [case (b)], this 
boundary layer is thicker and exists in the normal 
fluid only, while the velocity distribution of the super- 
fluid is uniform since the superfluid moves irrotationally 
[see Eq. (4)]. In this case, no frictional forces act 
directly on the superfluid component; the damping 
effect of viscosity is transmitted to it indirectly by 
means of the thermomechanical term, proportional to 
grad7, in the equation of motion of the superfluid. 

It remains to discuss some of the effects due to the 
bend and ends ignored in the above work. Of these, 
the only one amenable to numerical estimation is the 
additional damping caused by the vapor in the tube 
above the liquid. Applying Poiseuille’s law to the flow 
of this gas, we have estimated the logarithmic decre- 
ment arising from this cause to be roughly 5X 10-* and 
therefore negligible. Another source of end effects is 
surface tension. Since helium wets the walls of the 
tube, one might expect surface tension forces in the two 
arms to balance out; however, preliminary tests with 
water and liquid air indicated a tendency for a thick 
film of liquid to form on the wall as the liquid level 
falls and to drain off as the level rises again. This made 
the damping exceed the theoretical prediction, espe- 


” H. E. Hall and W. F. Vinen, Phil. Mag. 46, 546 (1955). 
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cially at large amplitudes. Fortunately, the effect was 
not visible with liquid helium but it may account for 
the large experimental scatter. A third complicating 
factor is the bend of the U-tube. Although a reliable 
estimate is difficult, intuition suggests that this effect 
will lead to additional damping, because the flow is 
more complicated near the bend than in the infinite 
cylindrical tube considered in the theory. 


3. THE EXPERIMENT 


Open-ended U-tubes (Fig. 3) were used for the 
experiment. Although tubes with closed ends would 
have eliminated the correction for loss of liquid through 
the film, described below, they would have made 
necessary much more difficult corrections for the com- 
pressibility of the vapor and for evaporation and re- 
condensation. The U-tubes were made of Pyrex and 
had fairly uniform diameter, even at the bends. The 
U-tube was supported inside the cryostat at one end 
of a ;%-in. stainless steel rod; the other end of the rod 
projected, through a rubber O-ring seal, out of the 
cryostat and was used to raise and lower the U-tube. 
A cylindrical plunger about 5 cm long, fitting loosely 
into one arm of the U-tube, was suspended and con- 
trolled in the same way. 

For each run, the U-tube was immersed in the liquid 
helium bath and then raised until about 3 cm of the 
tube was above the bath. The plunger was then in- 
serted into one arm of the tube. As soon as the tempera- 
ture, determined by measuring the pressure of the 
helium vapor with an oil manometer, was steady, the 
oscillations were started by withdrawing the plunger. 
The liquid level in one arm of the tube was observed 
using a cathetometer with a reticule eyepiece.: The 
highest level attained in each complete period of 
oscillation was observed; every time this maximum 
level corresponded to a ruling of the reticule the time 
was recorded. Observations were continued for some 
minutes after the oscillations were indistinguishable 
from motions of the liquid due to stray vibration. 


TT} iy] 


Fic. 3. Sketch of the two 
Pyrex U-tubes used in the 
experiment. 
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Figure 4 shows a plot of the observations from a 
typical run. 

Figure 4 also illustrates the method of deducing the 
amplitudes of the oscillations. The solid straight line is 
drawn to fit the final portion of the curve, where the 
variation of level is due to film flow and evaporation 
only. Assuming the oscillations have negligible effect 
upon film flow and evaporation, the straight line repre- 
sents the mean level of the oscillating liquid; the 
amplitude, 4, of the oscillations at a given time is thus 
the difference between the observed maximum level 
and the estimated mean level. This indirect method of 
finding h had to be used because it was not possible to 
observe minimum as well as maximum levels. In a 
few runs, however, rough estimates of the amplitude 
were made when it was less than one reticule graduation 
(about 0.5 mm). These made it easier to draw the 
straight line accurately. 

To find logarithmic decrements, the values of logh 
were plotted against the time, ¢. If such a plot yields a 
straight line, the logarithmic decrement can be calcu- 
lated from its slope and the observed period of the 
oscillations. In the present case, the error of the 
graphical construction of Fig. 4 could be as large as h 
itself, at the lowest amplitudes (about 50 microns). 
To reduce uncertainties due to the resulting scatter of 
the low-amplitude points, therefore, three or four 
separate runs were made at each temperature and 
combined on a single plot of logh vs ¢ (Figs. 5 and 6). 
The time origins of the different runs on such a plot 
were adjusted to give agreement at an arbitrary ordi- 
nate (10 reticule divisions). 

Figure 5 shows two plots of logh vs ¢ for He I. In both 
cases the points lie close to a straight line down to the 
smallest amplitudes. We shall denote the reciprocal of 
the slope of any one of these stright lines by the 
symbol 7;. Tube B shows a deviation at very high 
amplitudes, which will be discussed later. 

Figure 6 shows some of the results for He II. For 
each temperature there are two distinct ranges where 
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Fic. 4. Experimental values of the maximum height of the 
liquid in one arm of the U-tube plotted against time. The equi- 
librium level of the liquid has been estimated by drawing a 
straight line through the last two experimental points, which 
represent film creep and evaporation only. 
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Fic. 5. Semilogarithmic plot of amplitude 4 (see Fig. 4) vs 
time ¢, for He I at 2.27°K. Curve A was taken from data for 
U-tube A. Curve B was taken from data for U-tube B and extends 
to higher amplitudes. At the amplitude /; a deviation sets in, 
which may be due to turbulence. Each graph contains combined 
data from several runs. The unit of amplitude is approximately 
0.53 cm. 


the points lie close to straight lines. We denote the 
reciprocal slopes of these lines by 7; for the high- 
amplitude range and 7-2 for the low-amplitude. 

Owing to the large scatter of the points, especially at 
small amplitudes, the following method was used to 
measure the slopes: five observers independently fitted 
straight lines to the plots of logh vs ¢ and measured 
their slopes. At the same time they estimated the 
following “critical amplitudes”: h,, the amplitude 
above which the line of slope 1/7, no longer fits the 
points, and (for He II only) /,, below which this line 
no longer fits, and 4., above which the line of slope 
1/r2 no longer fits. Table I shows, for each set of ex- 
perimental conditions, the averages of the five esti- 
mates of the quantities 71, 72, h:, 4», and h,. The esti- 
mates varied by as much as 10% for 71, 20% for 72, 
and 50% for hi, hn, and h.. 

Table I also shows values for the viscosity, , or 2, 
calculated from the corresponding values of 7 or r2 
respectively. These were calculated using formula (16) 
together with the relation 5= P/r where P is the ob- 
served period of oscillation. In this calculation P was 
not measured separately for each value of r but was 
given a common value for all runs with the same tube. 
Measurements of P at different temperatures varied 
only by about 1% : variations of this order of magnitude, 
arising from changes in 6, are to be expected theo- 
retically. [See Eq. (A13) of the appendix.] For the 
suffix 1 (referring either to He I or to He II with the 
two fluids moving together), p,/p was set equal to one 
in Eq. (16). For the suffix 2 (He II when the two-fluid 
equations hold), p,/p was given the value shown in the 
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Fic. 6. Semilogarithmic plot of 
amplitude / vs time ¢ for He II at 
three indicated temperatures. All 
data were taken with U-tube A. 
At amplitudes above h, the two- 
fluid hydrodynamics is inade- 
quate. For amplitudes between A, 
and the maximum amplitude, it 
appears that the two fluids have 
identical velocity fields. 





Time, seconds 


table." For comparison, we also give values for the 
viscosity, interpolated from data given by Donnelly 
el al.§ and by Hollis Hallett. The former set of values 
we regard as values for 1, since they come from an 
experiment where it was shown that the normal and 
superfluid components moved together; the latter set, 
as values for m2, since they come from an experiment 
where the two-fluid hypothesis was verified by a 
simultaneous determination of p,/p. 


4. DISCUSSION OF THE RESULTS 


Table I shows that the experiment gives values of 
and 72 agreeing roughly with each other and with other 
experimental determinations of the viscosity. This 
agreement over a wide range of values of p,/p indicates 
that the approximations made in Sec. 2 are not too 
inaccurate and supports our fundamental hypothesis 
that the two-fluid equations hold in the low-amplitude 
range and that the two fluids move together in the high- 
amplitude range. 

Despite the poor accuracy of our values of 9; and m2 
(the spread of the tabulated values indicates that it is 
about 30%), we may tentatively draw two further 
conclusions from them. First, we note that ; exceeds 
the corresponding value for 72 in 10 cases out of 12, and 
that the geometric mean of the values of 7;/n2 is 1.33. 
This indicates that the viscosity when the two fluids 
move as one exceeds that for the normal component 
alone. Secondly, the value of 4 or , obtained with 
tube B exceeds the corresponding values for tube A 
8 times out of 9. Since the bend in tube B was sharper 
than that in tube A, this appears to confirm the sug- 
gestion made in Sec. 2 that a sharp bend will tend to 


1 These values were kindly supplied by A. C. Hollis Hallett 
who calculated them from published values for the speed of 
second sound and the entropy data of Kramers, Wasscher, and 
Gorter [Physica 18, 329 (1952) ]. 


make the damping larger. This possibility may account 
for the results of a few runs using a U-tube about 1 cm 
in diameter with a very sharp bend. These give vis- 
cosity values as much as twice Hallett’s.® 

Although the two regions of constant damping per- 
sist to lower temperatures than in the oscillating sphere 
experiment, the transition does become more diffuse as 
the temperature is lowered (see Fig. 6), so that it is 
not easy to define 7; below 1.4°K. This broadening of 
the transition is reflected in the tendency of h, to de- 
crease as the temperature decreases, while 4, remains 
roughly constant (see Table I). A similar temperature 
dependence of the quantity corresponding to h, was 
noted by Hallett® for the oscillating disk experiment. 
We offer no explanation” either of the values or of the 
temperature dependence of A, and h,. Table I also 
indicates that h, is greater for tube A than for tube B. 
Since tube B has a sharper bend, one would expect a 
less uniform velocity distribution over its wall, and 
hence, for the reasons put forward in the introduction, 
one might expect a less sharp transition and a lower 
value of he. t 

The deviation from constant damping at amplitudes 
exceeding h, was observed only for tube B. This shows 
that the deviation was not a starting effect. No doubt 
the effect could have been observed with tube A too, 
using larger starting amplitudes. The value of h, de- 
creases with temperature, but is apparently unaffected 


The only quantitative description so far proposed for the 
breakdown of frictionless flow is that of C. J. Gorter and J. H. 
Mellink [Physica 15, 285 (1949)] who suggested adding non- 
linear “mutual friction” terms to the two-fluid hydrodynamical 
equations. We were able to determine the effect of these terms 
only for very small amplitudes, using G. C. J. Zwanikken’s 
method [Physica 16, 805 (1950)]. The calculation indicated 
that a rigorous solution of Gorter and Mellink’s equations might 
give the right temperature dependence and order of magnitude 
for he, but it told nothing about /,. 
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TABLE I. Summary of experimental results.* 








2.15°K 
0.869 


2.00°K 
0.553 


1.80°K 
0.317 


1,05°K 
0.01044 


1.60°K 
0.166 


1.40°K 
0.0739 


1.20°K 
0.0282 


1.14°K 
0.0196 





Pn/p b 


19.5 
26.1 


19.7 
22.4 


22.8 
39.9 


22.6 
46.7 
28.4 
58.2 


30 29 22 22 
35 30 
32 28 24 21 


26 13 16 


22 
17.5 11.5 9.8 


1.15 
0.30 
0.23 
0.14 
0.10 


71 (sec) 
T2 (sec) 
71 (sec) 
T2 (sec) 


Tube A 
A 


m (u poise) 
m (u poise) 
7 (u poise) 


nz (u poise) 
n2 (u poise) 
nz (u poise) 
0.32 


0.32 


0.32 
0.13 


Bawawe OBR OBR BW 


he (cm) 


24.0 
67.2 


20.6 
86.8 
25.3 27.2 23.8 
94.2 107 209 


20 27 25 
38 33 43 28 
24 28 29 29 


14 18 33 
16 26 18 38 
10.3 13.2 


1.23 1.01 
0.32 0.30 
0.27 0.29 
0.15 0.097 
0.069 0.080 


21.3 
97.7 


21.4 
137 


0.80 
0.32 
0.27 
0.075 
0.036 


0.85 
0.27 
0.041 











® The radius of tube A was 0.505 cm and that of B was 0.754 cm. The average observed period for tube A was P =0.983 sec and for B was P =0,938 sec. 


> See reference 11. 
© See reference 8. 
4 See reference 6. 


by the lambda transition. The oscillating-sphere experi- 
ment® shows a very similar effect, which Benson and 
Hallett attribute to turbulence. They define a Reynolds 
number for the onset of turbulence given by the 
expression 


(maximum peripheral speed) X (penetration depth) 





(kinematic viscosity) ; 
(19) 


where the penetration depth is (2n/pwo)! and the kine- 
matic viscosity is /p. For spheres with two different 
periods of oscillation they find the values 177 and 188 
for R. In our case, the corresponding number is 


R= h;,(2wop/n)'~255 (20) 


for h:=1 cm, n»=30uP. Considering the differences in 
the experimental arrangements and the experimental 
errors involved, it is probably safe to assume that the 
liquid is turbulent for amplitudes above /;. 


5. CONCLUSIONS 


We may interpret the observed damping of oscilla- 
tions of He II in a U-tube as follows. At low amplitudes 
the two-fluid hydrodynamical equations of motion are 
valid; the motion of the superfluid is irrotational. At 
higher amplitudes a transition takes place to a motion 
where the normal and superfluid components have 
identical velocity fields, and the motion of the super- 
fluid is no longer irrotational. At still higher amplitudes 
(where the Reynolds number exceeds 255), there 
appears to be turbulence in He II in the classical sense. 

The experiment also indicates that the viscosity 
coefficient when the two fluids move together is greater 
than when they move separately. 
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APPENDIX. MORE ACCURATE TREATMENT 
OF THE EQUATIONS OF SEC. 2 


We first define a new symbol e=1—wo/w, in terms of 
which Eqs. (9b) and (11) become 


z=d7(1-—¢)-, 


— (2e—€*)p/[on— (2e—€*)p J= — 2d(1—€)49(z), 
where 


(Al) 
(A2) 


(2) = —Ji(2)/Jo(2)=Jo'(z)/Jo(2), (A3) 


the prime denoting a derivative. Rearrangement of 
(A2) gives 


(A4) 


p 
Jo). 


In our search for an approximate solution of this 
equation, we use the simple approximate solution al- 
ready obtained in Sec. 2 to estimate the orders of mag- 
nitude of various quantities. Equation (13) shows that 
e~idp,/p (the symbol ~ indicates equal orders of 
magnitude). It follows that 


|e|?< | €|%p/pn~ | eA] ~ |A|*pn/p=n/a’wop~ 10. (AS) 
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Fic. 7. The func- 
tion F(Z), used in 
calculating the vis- 
cosity from the ob- 
served damping by 
means of Eq. (16). 
For the definition of 
this function see the 


/\ appendix. 
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Our approximation will be to neglect quantities ~ 10~. 
Thus Eq. (A1) becomes 


s~A1(1+46), 
so that 
(2) (A) + 5A 1e9' (A), 


where the symbol ~ denotes approximate equality. 
The asymptotic formulas for Bessel functions show 
that, when Imz is large and negative, 


$(z)=i[1— (2iz)"+-O(z*)], 


¢'(2)=$27+0(z*). 
It follows that |@(A~)| ~1, that |\~ep’(A) | ~ 4] A! 
<1 [by (A5)], and hence that ¢(z)~¢(A~). Substitut- 
ing this into (A4), and using (A5) some more, we obtain 
€p/dpn(1—2€p/pn)o(A~). 


Solving this for ¢ and recalling that, by (12), A=i#|A|, 
we obtain 


= (pn/p)|A|Lf(|A|)+ig(|A])], 
where the real functions f and g are defined by 
f+ig=(2|d|+74/607)P. 
For small |\|, Eq. (A6) shows that 
f=—-1/¥2+00)°), 
g=1/V2+3|| +000). 


For larger |A|, f or g can be evaluated numerically, 
by making use of the relation 


—i-4/$(\) = — i741 o(i-4x) / Jo’ (4x) 
= tJ o(tix)/i8J 9’ (ix) 
on = i(berx+i beix)/(ber’x+ bei’x), 


8 See, for example, E. T. Copson, The Theory of Functions of a 
Complex Variable (Oxford University Press, London, 1935), 
pp. 335-336, 


(A6) 
so that 


(A7) 


(A8) 


(A9) 
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where x=|A|~, and berx and beix are the Kelvin 
functions. Savidge'* has tabulated the real and imagi- 
nary parts of the above expression (he calls them W/V 
and Z/V, respectively). 

Experimentally, we measure not ¢ but the logarithmic 
decrement 6. According to (14) and the definition of e, 
this is given by 


§/2r=([Im(1+e+e+---)//[Ri(1+e+é+:--)] 
=[Ime+2 Ime Rle+- -- ]/[1+Rle+---] 


~Imel1+Rle], (A10) 


since | ¢|?<<1. To express || in terms of the measurable 
quantities 6 and p,/p, we first note that, by (A7), (A9), 
and (A5) 

Rle+Ime<1. (A11) 


Using (A10), (A11), and (A7), we obtain an implicit 
equation for |A| : 


*<(14-)* Ime~|A| g(|A|). 


(A12) 
Pn 2a 2x/ pn 


We shall also need an expression for wo in terms of the 
corresponding measured quantity 27/P. Using (A11) 
and (A12) we find 


2r/Pwo= Ri(1+e+---)e1—Ime~1—6/22. (A13) 


To express 9 in terms of measured quantities, we use 
equations (12), (A12), and (A13), together with the 
fact that <1: 


n= wopna?|d|? 


&(a°6*p?/a Ppp) (1+36/2r)(1—F), (A14) 


where F=1— (2g*)-. It is convenient to regard F as a 
function of Z=2r|A|g(|A|) rather than of |A|, since 
Z can be expressed in terms of measured quantities 
[Eq. (A12) ]. A graph of the function F(Z) is given in 
Fig. 7. 

Equation (A9) shows that, for small ||, 


1—F=1—3v2|A|+0(|A|*) 
=1-—32Z/r+0(Z’). (A15)* 
This shows, in the first place, that the approximation 
Z~p5/Pn, (A16) 


used in Fig. 7, is adequate for evaluating F; for the 
error in F arising from this approximation is [by (A12) ] 
roughly (pé?/2mp,)dF/dZ and, by (A10), (A15), and 
(A5), this is roughly 3|€p/p,|<«1. Secondly, (A15) 
shows [together with (A5)] that (35/2r)F~9| | <1, 
so that (A14) can be replaced by our final expression 
for n, Eq. (16) of Sec. 2. Finally, (A15) and (A16) 
together give the useful approximation (17). 


“4H. G. Savidge, Phil. Mag. 19, 49 (1910). 
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It is suggested that the spontaneous fission of Cf** with a half-life of 55 days is responsible for the form 
of the decay light-curves of supernovae of Type I which have an exponential form with a half-life of 
55 nights. The way in which Cf? may be synthesized in a supernova outburst, and reasons why the energy 
released by its decay may dominate all others are discussed. The presence of Tc in red giant stars and of 
Cf in Type I supernovae appears to be observational evidence that neutron capture processes on both a 
slow and a fast time-scale have been necessary to synthesize the heavy elements in their observed cosmic 


abundances. 





OBSERVATIONAL DATA 


CHARACTERISTIC feature of supernovae of 

Type I is that after an initial period of 50-100 
days the light curve develops an exponential tail corre- 
sponding to about 0.0137 magnitudes daily, or a half- 
life of 55-1 days. Baade has analyzed the records of the 
supernovae B Cassiopeiae and SN Ophiuchi,' and has 
shown that their exponential decline is very closely 
similar to his own observations of the supernova in JC 
4182, which was studied for about 600 days from maxi- 
mum.’ Although this study covered a period of more 
than ten times the half-life, no sensible deviations from 
a strictly exponential tail were found. 

The total energy emitted in a supernova outburst is 
of the order of 10-10” ergs, but the major part of this 
is emitted in the first few days, and by integrating under 
the exponential parts of the light curves we estimate 
that the total energy emitted in the decay curve is 
about 10* ergs. 

The most striking feature of the Type I supernova 
phenomena is the form of the decay curve. As Borst® 
originally pointed out, it is difficult to suggest any 
energy source other than a radioactive nucleus that 
could give this exponential decline, especially since the 
half-life involved is accurately the same for different 
, supernovae. Be’, Sr®, and Cf** all have half-lives near 
or equal to 55 days, and it is necessary to decide which 
of these is the most probable source of the energy. 


DIFFICULTIES IN THE PRODUCTION OF Be’ 
AND Sr** 


Be’ has a half-life of 53-54 days,‘ and Borst’ originally 
suggested that its decay by K capture would provide 


* Supported by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

t Normally at St. John’s College, Cambridge, England. 

1 W. Baade, Astrophys. J. 102, 309 (1945). ° 

2Baade, Burbidge, Hoyle, Burbidge, Christy, and Fowler, 
Publ. Astron. Soc. Pacific (to be published). 

3L. B. Borst, Phys. Rev. 78, 807 (1950). 

‘Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 


sufficient energy to explain the curve. He suggested that 
it was built by the endothermic reaction He‘(a,n)Be’, 
occurring at high temperatures. However, recent 
work*" suggests that this is most unlikely, since He‘ 
would be destroyed by the exothermic Salpeter reaction 
in which C® is produced. An alternative method of 
production is through spallation reactions of protons 
(with E,>100 Mev) on C, N, and O, which are known 
to give large yields of Li, Be, and B. 

The mean energy made available in the decay of Be’ 
is about 57 kev, so that to provide 10“ ergs, the total 
mass of Be’ would be about 1.310" grams. Since the 
incidence of Type I supernova outbursts is about 1 in 
500 years, this suggests that in the life-history of our 
galaxy (~5X10° years) the total production of Li’ 
would have to amount to about 6.510‘ solar masses. 
However, this is about 100 times the observed abun- 
dance of this element in the cosmic abundance curve, 
and this argument alone probably rules out Be’? as the 
energy source. 

Sr® has a half-life against 8 decay of 55 days and the 
mean electron energy released is 600 kev.‘ The most 
probable mechanism by which it can be built is through 
successive neutron captures on the abundant intermedi- 
ate elements, or the Fe group. However there are two 
strong objections to using this as an energy source. In 
the first place the resultant production of Y® in the 
Galaxy would amount to 7.5 10‘ solar masses or about 
100 times the observed relative abundance of this 
element. Secondly, if a large flux of neutrons, sufficient 
to build Sr®, was available there is no reason at all why 
the buildup should stop at Sr®. It is clear that the 
buildup would take place over a wide range of radio- 
active heavy elements so that many other decays would 
release energy, thus destroying any agreement with the 
characteristic 55-day half-life curve. 


SE. E. Salpeter, Astrophys. J. 115, 326 (1952). 
*F. Hoyle, Astrophys. J. Suppl. 1, 121 (1954). 
on taal Burbidge, and Burbidge, Astrophys. J. 122, 271 
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PRODUCTION AND SPONTANEOUS FISSION OF Cf** 


Cf has been produced in the November, 1952 
thermonuclear test by the instantaneous irradiation of 
U by an intense neutron flux, and it has been found to 
decay by spontaneous fission with a half-life of 55 days.® 
About 200 Mev is released in each such decay, and this 
energy is carried mainly in the kinetic energy of the 
fragments. To produce 10“ ergs, about 1.210” g of 
Cf*** must be produced in each supernova outburst. 
This suggests that a total mass of 600 solar masses of 
Cf* has been built in the time scale of the Galaxy. 
This mass distributed among its fission products will 
give relative abundances of these elements not in dis- 
agreement with the observed abundances. 

A further argument is suggested by the present status 
of stellar element synthesis theories. To build the inter- 
mediate elements between Na” and Ti®™ both a source of 
neutrons and charged particle reactions are required, 
while to build the elements heavier than those in the 
Fe peak a further supply of neutrons is demanded. It 
has been suggested that the reactions Ne” (a,n)Mg™ 
and/or C¥(a,n)O'*'may provide such a source.7-9.10 
These sources producing neutrons over time-scales of 
105-10’ years in red giant stars at temperatures of about 
10° degrees cannot build certain isotopes of some ele- 
ments, nor can they surmount the barrier of the short- 
lived alpha emitters to build the uranium isotopes. In 
order to do this a neutron capture chain taking only 
a few seconds is required so that nuclei with large 
neutron excesses can be built without appreciable 
B decay taking place. In a stellar synthesis theory, the 
obvious place in which suitable conditions may prevail 
is in a star just prior to or coincident with the early 
stages of a supernova outburst. If this viewpoint is 
correct, we might expect in supernova outbursts evi- 
dence for the presence of extremely neutron-rich nuclei 
such as Cf**. 

Three questions immediately suggest themselves: 


(a) Why should the energy release in the fission of 
Cf? dominate over all other processes? 

(b) Wherein lies the source of the neutrons? 

(c) How does the degradation of the energy and its 
release as light take place in order that the exponential 
form of the light curve is maintained as the supernova 
shell expands? 


(a) Possible reasons for the dominance of Cf in 
the supernova outburst may lie in the systematics of 
spontaneous fission half-lives. The recent analysis of 


® Fields, Studier, Diamond, Mech, Inghram, Pyle, Stevens, 
Fried, Manning, Ghiorso, Thompson, Higgins, and Seaborg, Phys. 
Rev. 102, 180 (1956). From the decay curve given in this reference 
we estimate an error in the half-life of +5 days. \ 

* J. L. Greenstein in Modern Physics for the Engineer, edited by 
L. N. Ridenour (McGraw-Hill Book Company, Inc., New York, 
1954), p. 267. 

1 A. G. W. Cameron, Phys. Rev. 93, 932 (1954) ; Astrophys. J. 
121, 144 (1955). 
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Swiatecki" based on experimental evidence such as 
that reviewed by Glass, Thompson, and Seaborg™ is 
valuable in this respect. From Fig. 1 of Swiatecki’s 
paper it appears that Cf? and particularly Cf? have 
anomalously short half-lives for spontaneous fission as 
compared with the other isotopes of Cf and other 
elements of similar atomic weight. This is reasonably 
to be associated with the closing of the shell of 152 
neutrons at Cf. In the case of Cf** the lifetime against 
spontaneous fission is 66 years, a relatively low value, 
but not as low as its alpha-decay lifetime of 2.1 years. 
However, for Cf* the lifetime for fission is only 55 
days, and no alpha or beta decays have been observed.® 
Moreover for Fm*** the fission lifetime is very short 
being ~3 hours." It is interesting to note the extra- 
polation of the data on the rate of decay of the fission 
products of the uranium isotopes suggests that the 
energy release in the beta- and gamma-ray activities 
of the Cf fission products do not become comparable 
with the initial fission energy release until a time of 
approximately 600 days has elapsed.” It would seem 
that Cf is thus unique in decaying in 55 days with 
the release of some 200 Mev of fission energy as com- 
pared with the 5-10 Mev release in the first alpha decay 
of other isotopes. Shorter-period activities are of no 
importance as far as the exponential portion of the 
observed supernova light-curve is concerned, since the 
curve becomes exponential only after about 50 days. 
However, they may contribute appreciable energy in 
the early stages. On the basis of the arguments given 
above, longer-period activities do not seem to have a 
comparable energy release to that of Cf? in the first 
600 days. 

In the fission decay of the californium fraction from 
thermonuclear debris,’ in which the 2.1-year fission 
activity of Cf dominates after about 200 days, a 
simple calculation shows that the initial fission activity 
of Cf” corresponded to a production of about 50 times 
as much Cf*®” as Cf, This is entirely reasonable in a 
limited process of isotope buildup based on uranium 
with insufficient neutrons to carry the atomic weight 
from 252 to 254 and beyond. However, in supernova 
explosions we need only argue that Cf*® is produced in 
roughly equal amounts to its neighboring isotopes and 
elements and that sufficient neutrons are very rapidly 
supplied per Fe®* nucleus. The first neutrons are cap- 
tured by these nuclei, and since the capture processes 
take place faster than the beta decay, the Fe builds up 
to an atomic weight at which it becomes neutron- 
unstable; i.e., neutrons are no longer bound and cannot 


1 W. J. Swiatecki, Phys. Rev. 100, 937 (1955). 

12 Glass, Thompson, and Seaborg, J. Inorg. Nuclear Chem. 1, 3 
(1955). 

18K. Way and E. G. Wigner, Phys. Rev. 73, 1318 (1948). 

1 We have made an extensive but fruitless search for this unique 
property among isotopes of elements called by any other name 
than californium. 
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be captured. According to Smart,!® this occurs for 
N=0.7A, Z=0.3A and is roughly independent of A. At 
this point the process stops until a beta decay occurs, 
and for such neutron-rich isotopes Smart estimates that 
the lifetime for beta decay is about 0.1 second and is 
independent of A. Thus the build-up takes place along 
the N=0.7A line of isotopes and will be terminated 
only when beta-decay times becomes long, or some 
other process such as alpha decay becomes important. 
Tke time demanded for the beta decays to take place 
i, building from Fe to Cf is then about 7 seconds. 

The second alternative termination by alpha decay 
mentioned just above, does not seem very likely for 
such neutron-rich isotopes. However, Smart’s calcula- 
tions show a trend towards decreasing beta-decay 
energies, and thus to increasing lifetimes as A increases. 
At the closing of the Z=82 proton shell there will be a 
sudden drop by about 1 Mev in the beta-decay energy, 
perhaps resulting in a lifetime of 10-100 seconds, and 
this might put an effective stop to the build-up process. 
Coulomb barrier effects will prevent the (p,n) process 
for Z as large as 82. For Z=0.3A =82, A270. This 
shows that the buildup may not go far beyond the 
progenitor of Cf*. Furthermore, since the neutron- 
poor nuclei have the largest neutron-capture cross 
sections, we should expect a bunching of the products 
near the limiting point of the process. Thus in super- 
novae it is reasonable that Cf? should constitute about 
10% of the products of the synthesis based on Fe. If 
this is the case, Cf*™ will dominate in the production 
of energy after the initial explosion of the star. 

(b) It is our view that the building of Cf? probably 
takes place in the regions just outside the core of the 
star. We have been able to arrive at a plausible mech- 
anism for neutron production provided that the com- 
position of the material is taken as follows: protons, 
alpha particles, light nuclei C, O'*, and Ne” in approxi- 
mately equal numbers, the Fe abundance being less 
than the abundance of the light nuclei by about 10°. 

This composition is not unreasonable from an 
astrophysical point of view, since we are probably 
dealing with stars in an advanced evolutionary stage 
in which there is a serious hydrogen deficiency as com- 
pared with the normal stellar material. In accordance 
with our ideas on stellar evolution, we regard the alpha 
particles and light nuclei as having been synthesized 
in the interior of the star itself, becoming mixed by 
some circulation process into the envelope. In contrast 
with this we assume that there has been no enrichment 
of the Fe content of the envelope, where the Fe abun- 
dance present at the time of formation of the star is still 
unchanged. 

The process leading to the buildup of Cf?™ can tenta- 
tively be separated into three parts: 


(i) An initial raising of the temperature in the 


16 J. S. Smart, Phys. Rev. 75, 1379 (1949). The operation of the 
(y,n) process will decrease N and increase Z slightly. 
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envelope to about 10® degrees, the energy being derived 
from the gravitational field of the star. The release of 
gravitational energy is taken to arise from the implosion 
of the central regions of the star, this being our view of 
the cause of the supernova itself. Such an implosion 
would lead to the material of the envelope also falling 
inwards with the consequent release of gravitational 
energy. 

(ii) The onset of reactions of the type C"(p,y)N¥, 
O'6(p,7) F!7, Ne*(p,y)Na”. The mean energy production 
from these reactions may be taken as approximately 
2 Mev per proton. With the composition as given above, 
the number of free protons per gram of material is of 
the order of 3X 10”, so that the energy production from 
the (p,y) reactions is about 10!” ergs per gram. This 
energy is available for heating the material and thereby 
causing it to burst outward in explosion. The energy so 
released will also escape from the star partly in the 
form of radiation. A reasonable estimate might be that 
more than 10'* ergs per gram may be expected to be 
preserved in the ultimate outward velocity of expansion 
of the supernova, thereby suggesting a speed upward of 
1000 km/sec. This is of the order of the velocity of 
expansion observed in the Crab nebula which is thought 
to be the debris from a supernova of Type I. It thus 
appears that the energy released by (p,7) reactions is 
capable of explaining the outburst of the supernova and 
gives the correct order of magnitude for the velocity 
of the outburst. 

(iii) The dimension of the envelope before explosion 
is probably smaller than the radius of the sun, perhaps 
of the order of 10°10" cm. The time-scale of the ex- 
plosion is accordingly in the range 10-100 seconds. 
This means that an appreciable fraction of the Na”! 
produced from Ne” by the (p,7) reaction is able to 
undergo beta decay (half-life =23 seconds) before the 
explosion gets far underway, i.e., before the temperature 
of the material declines appreciably. For an energy 
production of 10!’ ergs per gram the temperature 
attained by the material is about 10° degrees, and at 
this temperature the exoergic reaction Ne”(a,x)Mg™ 
takes place in a time of 1 second. We therefore expect 
a neutron production of the same order as the number 
of neon nuclei present in the material. With the Fe 
content given above, this would lead to a supply of 
several hundred neutrons per Fe nucleus which is of the 
order required to explain the buildup of Cf*™. 

Two further remarks should be made. A temperature 
of 10° degrees resulting from an energy production of 
10"’ ergs per gram is obtained assuming that the energy 
content of the resulting radiation field is less than the 
energy resident in the matter. Neutron addition to 
Fe depends on the (n,y) reaction for Fe possessing a 
cross section at least a thousand times greater than 
those of the (n,v) reactions on the light nuclei. This is 
the case for all light nuclei except N'*. Neutrons will be 
lost in the reaction N“(n,p)C™, but provided that the 
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abundance of N" is appreciably less than that of Ne 
there can be no serious interference with the buildup of 
Cf***, since the decay period of C" is very long. 

(c) The problem of the physical conditions in the 
expanding supernova envelope is extremely complex, 
particularly as it seems clear that the visible radiation 
is not thermal in origin. This is shown by the color-index 
curve of the supernova in JC 4182, which from 30 to 80 
days after maximum became bluer and not redder as 
would be expected for the thermal emission of an 
expanding envelope of declining luminosity. 

The spectra of two Type I supernovae, covering 
periods of about a year, have been published by 
Minkowski.'* They consist of a number of very broad 
emission features, some of which showed the same 
general appearance during most of this time (apart 
from a steady progression in wavelength), while others 
showed considerable changes. No satisfactory identi- 
fication of any of these features has yet been made, with 
the exception of narrow emission lines of [OJ] that 
appeared about 200 days after maximum. 

Three possible sets of physical conditions in the 
envelope may be briefly mentioned. The material into 
which the fission fragments are ejected may be very 
hot. Forbidden atomic transitions between low-excita- 
tion states of highly ionized atoms might then provide 
energy in the visible spectrum region, by analogy with 
the solar corona. But in this case the large reservoir of 
energy contained in high ionization potentials would 
exceed the energy emitted in the visible light and would 
be so great as to outweigh the energy received from the 
decay of Cf**. The 55-day half-life could then scarcely 
be preserved in the light curve. 

Secondly, the material might be cool enough for the 
atoms to be overwhelmingly neutral, but not cool 
enough for molecules to form in an appreciable degree. 
Slowing of the fission fragments of Cf would then 
produce ionization, and recombination spectra would be 
emitted. This raises the serious difficulty that such 
spectra should have readily identifiable features. Also 
the optical depth in permitted transitions would be 
large and once again it is doubtful whether the rate of 
decay of the Cf would be able to control the rate of 
emission from the envelope. 

Thirdly, the material might be very cool, with the 
atoms of C, N, and O mainly in molecular form. Fission 
fragments could then cause dissociation or ionization of 
the molecules and the spectra would consist of over- 
lapping bands. The heat content of the material might 
well remain small and the problem of the envelope 
could be less serious. 

Finally, we might mention that there is some evidence 
suggesting that a flux of fairly high-energy particles may 
arise in the first few days of a Type I supernova out 
burst. It is known that electromagnetic activity on a 
very large scale is currently taking place in the Crab 


1 R. Minkowski, Astrophys. J. 89, 143 (1939). 
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nebula. This is manifested in the form of synchrotron 
emission which demands both a flux of very high-energy 
particles and a magnetic field. It has been estimated?!’ 
that the total energy currently contained in the elec- 
trons some 900 years after the outburst is about 10“ 
ergs.'* To produce a component of the visible radiation 
in the first few days of a supernova outburst by the 
synchrotron mechanism would demand very high- 
energy particles and strong magnetic fields (electron 
energies near 500 Mev in magnetic fields of 150 gauss 
might be plausible). - 


SUPERNOVAE OF TYPE II 


It is of interest to refer back to the process of neutron 
production discussed above. An essential feature of the 
process was that the number of protons, alpha particles, 
and light nuclei must be comparable with one another, 
a requirement that demands a large hydrogen deficiency 
compared with normal stellar material. The question 
that now arises is: What happens if there is no such 
large deficiency of hydrogen? What happens if the 
number of protons appreciably exceeds the number of 
light nuclei? 

We have not been able to find a process of neutron 
production in this case. The (f,y) reactions occur 
on a large scale. Thus in addition to the reaction 
Ne™(p,y)Na”, we have the reactions Na*!(p,y)Mg”- 
(8*,v) Na” (p,y)Mg"*(p,y)Al4(6t,v)--- etc., where the 
beta processes require a time of about a second. The 
repeated (p,y) reactions prevent Na”™ being formed 
in large concentrations, and hence the reactions 
Na” (6*,v)Ne*(a,n)Mg* do not occur to an appreciable 
degree. We have not been able to find any other (a,n) 
or (p,m) reactions which are important. It would seem 
to follow that when hydrogen is present in excess 
concentration: (i) there is no neutron production and 
hence no buildup of Cf**; (ii) on account of the profu- 
sion of (p,y) reactions the energy production is not 
limited to the 10"” ergs per gram calculated above. 

The results which can be deduced from these con- 
clusions may be compared with the observed properties 
of supernovae of Type II."° These are considered to be. 
members of stellar population I, and Type I super- * 
novae are members of population II. Type II super- 
novae show evidence of high explosive speeds of about 
5000 km/sec which are significantly greater than the 
probable explosion speeds of Type I supernovae, sug- 
gesting a greater energy production. This is also sug- 
gested by the very high surface temperatures, the 
emission very likely being thermal. The Ha line has 
been tentatively identified in the spectra, and this 
would be expected if hydrogen were present in appreci- 
able concentration. Most significantly, the light curves 


17 J. H. Oort and T. Walraven, Bull. Astron. Soc. Neth. 12, 285 
(1956). 

18 G. R. Burbidge (to be published). 

% R. Minkowski, Publ. Astron. Soc. Pacific 53, 224 (1941). 
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of supernovae of Type II do not show the 55-day half- 
life ; the curves fall more steeply, suggesting that radio- 
active nuclei with decay periods longer than a few days 
are absent. There is considerable variety in the light 
curves of different Type II supernovae. 

We therefore identify two cases, one in which the 
hydrogen concentration is deficient and the other in 
which it is present in excess concentration. These we 
tentatively associate with supernovae of types I and II, 
respectively. 

CONCLUSION 

In conclusion we wish to emphasize that the produc- 
tion of Cf** in the November, 1952 thermonuclear test 
stands as clear evidence for the terrestrial production 
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on a fast time-scale of heavy elements by neutron- 
capture processes. Our argument in this paper would 
indicate that this process is occurring on a large scale 
and has contributed to the synthesis of the heavy 
elements. In a similar manner, the existence of Tc in 
certain stars demonstrates that neutron-capture proc- 
esses on a slow time-scale are occurring in stars. It is 
our point of view that neutron-capture processes on 
both a fast and a slow time-scale have been necessary 
to synthesize the heavy nuclei in their observed 
abundances. 

We should like to express our thanks to Dr. W. Baade 
for many stimulating discussions, and for providing us 
with very valuable unpublished data on supernovae. 
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Modification of the Brillouin-Wigner Perturbation Method 


B. A. LIpPMANN 
Microwave Research Institute, Polytechnic Institute of Brooklyn, Brooklyn, New York 
(Received April 16, 1956) 


By using the method of Goldhammer and Feenberg, a simple, generally valid prescription for improving 
the Brillouin-Wigner perturbation procedure is derived. 


OLDHAMMER and Feenberg have recently 
proposed an interesting modification of the 
Brillouin-Wigner perturbation method.! They illustrate 
their method with several examples, in each of which 
their refinement produces a correction factor of the 
same simple form. Its repeated appearance suggests 
that this simple correction factor may be rather 
generally applicable, and in this note we wish to show 
that this is indeed the case. 
Assuming a familiarity with the material and notation 
of reference 1, we recall that the wave function has 
the form 





V ao V taV a0 
V™ =Pot+Gid Po—— + Grd ‘ 

E-E, (E—E,)(E—E,) 
VWiV n- ++ Vao 


(E—E,)(E—E)-+-(E—E,) 





+: 2 *+Gad’ (1) 


The associated expression for the energy is 


DD GG;(ei4s1—€45), (2) 


i,j=1 


E=EptVoot2 dX Gieiit 
ra 


where 
: VoaV ao 


o RR; 
VoaV asV 0 


eb (E—E,)(E—E) 


1P. Goldhammer and E. Feenberg, Phys. Rev. 101, 1233 
(1956). 


€o> 





and so on. In the Brillouin-Wigner method, all G,’s 
equal 1, whereas, according to Goldhammer and 
Feenberg, the G,’s in (2) are varied to make E a 
minimum. A formal discussion of the general case, 
for arbitrary , is given in their paper. 

It is instructive, however, to consider two special 
cases. In the first, we put all G,’s equal to 1 except Gy. 
The best choice of G, is then given by 


G,= (1 = €2n+1/€2n)?, 
while the energy becomes? 


(3) 


" ; " 2n €2n+1 
BREST —-———-. 


t=2 1— €2n41/€2n) 


(4) 


Our second case is slightly more general: we put all 
G,’s equal to 1 except Gn_1 and G,. We then find, for 
the best choice of G,_; and G,,: 


€2n—2(€2n— €2n41) — €2n—1( €2n—1— €2n) 
G,.1=————_— a 


— 
(€2n—-2— €2n—1) (€on— €2n4-1) — (€2n—1— €2n)? 


(5) 


: €2n—2€2n— €2n—1" 
G,=————_ a - -—— 
(€2n—2— €2n—1) (€2n— €on41) — (€2n—1— €2n) 

* More generally, if all G,’s equal 1 except G;, optimizing G, 
leads to 


9 


Ge=1—epng1/(€oe41—€22), 
2n+1 


E=Eo+ Voot+ 2 €:+ €eyn41?/(€oe— €rk41)- 


Thus, regardless of k, the correction to the wave function is of 
order m+1 and the correction to the energy of order 2n+2, 
as one would expect. Also, both corrections approach zero as n 
increases, again regardless of k. 





1150 


The corresponding value of E is obtained from (2): 


2n-1 





E=Eot+Voot x 


tens /| i— é 
€2n—1 


For the special circumstance, considered by Gold- 
hammer and Feenberg, where 


(7) 


we can allow such ¢; to approach zero in the preceding 
formulas. Equations (3) and (4) then reduce to the 
Brillouin-Wigner form for this case: 


G,=1, 
E= Eot+ Voot 73 €2i- 


=2 


€241=0 for alll, 


(8) 
(9) 


Thus, if (7) holds, the Brillouin-Wigner scheme cannot 
be improved by varying G, alone. 


(€2n—2— €2n—1) €on¢it Eon 
ete / {1 


(€2n—2+ €2n—1) €2n— €2n—1 
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(€2n—1 t+ €2n—2) €2nt (€2n—1— €2n—2) €2n4-1— Ean” 


(6) 








In this case, then, by varying G,_; and G, an improve- 
ment on the Brillouin-Wigner procedure is obtained. 

Equations (4) and (11) are clearly of the same form. ~ 
Together, they provide a simple, generally valid 
prescription for improving the Brillouin-Wigner expan- 
sion for the energy: namely, divide the highest order 
term in the Brillouin-Wigner expansion by 1 minus 
the ratio of the highest order term to the term of next 
lower order.® 

A numerical example illustrating the improvement 
resulting from this prescription, relative to the usual 
Brillouin-Wigner procedure, is given in reference 1. 

§ My attention has been called to the following proof that the 


improved formulas actually reduce the energy: Since the last 
two terms of Eq. (4) are (€:n+€2n41) (1—€2n+17/€2n”)?, whereas 


However, in our second case, if (7) holds, (5) and 
(6) are replaced by 


Gack =G,= (1 = €2n/€2n—2)', 
n—l €2n 


E= Eot+ Voot - €2i+ 


i=l 1— €2n/€2n—2) 


the corresponding terms of Eq. (2) (with all G’s=1) are just 
€2n+€2n41, these terms are greater, in absolute value, in Eq. (4) 
than in Eq. (2). Therefore, if the energy is reduced by the inclusion 
4 wry terms in Eq. (2), a greater reduction follows by using 
aq. 

I am also indebted to P. Goldhammer for the observation 
that Eq. (4) is exact, in any order n, if the ¢ form a geometric 
progression. A similar remark applies to Eq. (11) and the equation 
in reference 2. 


(10) 


(11) 
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Helmholtz Instability of a Plasma* 


THEODORE G. NORTHROP 
University of California Radiation Laboratory, Livermore, California 
(Received May 14, 1956) 


A plasma having infinite electrical conductivity and no viscosity is assumed to be in contact with a 
uniform magnetic field along a plane boundary which is parallel to the field. The behavior of small 
perturbations of this boundary when the plasma is flowing at velocity 1» perpendicular to the magnetic 
field is calculated by linearized theory. Perturbations which only move lines of force parallel to themselves 
are unstable; for small v;/c the motion is incompressible and the rate of growth of the perturbation can be 
obtained from the incompressible hydrodynamic expression by replacing the mass density of each fluid in the 
hydrodynamic case by the sum of twice the magnetic energy density divided by c? and the mass density 
of each magnetohydrodynamic fluid. The magnetic field is to be considered as a “fluid” having only magnetic 
mass. It is shown that this analogy holds even in the nonlinear equations for two-dimensional incompressible 
flow. Perturbations which only bend lines of force are stable, while those which both move lines parallel 
to themselves and bend them are stable if the bending wavelength is short enough. 


INTRODUCTION 


ELMHOLTZ instability will be observed in 
hydrodynamics if two fluids are in relative 
tangential motion at a sharp plane boundary. Per- 
turbations of the plane boundary are unstable and 


lead to mixing of the fluids. Another type of instability 
(Rayleigh instability) occurs if a denser fluid lies in a 
layer over a less dense one in a gravitational field. An 
analysis of combined Rayleigh-Helmholtz instability 
for incompressible fluids is given by Lamb,! while 


1H. Lamb, Hydrodynamics (Dover Publications, New York, 


* This work was performed under the auspices of the U. S. 
1945), sixth edition, p. 373. 


Atomic Energy Commission. 
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Fic. 1. Unperturbed fields in the “laboratory” frame. 


Frieman’ has studied the compressible Helmholtz case. 

In magnetohydrodynamics (MHD), Rayleigh insta- 
bility has been investigated by Kruskal and Schwarzs- 
child.* They took the denser fluid to be a plasma with 
no viscosity or resistivity, and the lighter fluid to be 
a magnetic field supporting the plasma in a gravitational 
field. Such an arrangement is unstable; the denser 
fluid falls and the lighter (magnetic field) rises to take 
its place. To extend the analogy between MHD and 
hydrodynamics it seems interesting to look for instabil- 
ities when a plasma flows at right angles to a static 
magnetic field (Fig. 1). This would be the analog of 
Helmholtz instability. The unperturbed state of the 
system is nonstatic in the “laboratory” frame but is 
static in the frame of the moving plasma, the motion 
being represented by an electric field in the vacuum 
normal to the boundary and of magnitude Bo’ 
(mks units will be used). v9/c will be assumed small, so 
the vacuum magnetic field Bo” is the same in either 
frame of reference. Since the magnetic fields are assumed 
different in the plasma and vacuum, there is a surface 
current in either frame. Also there is a surface charge 
in either frame, since the unperturbed vacuum electric 
field is zero in the laboratory frame, while the unper- 
turbed plasma electric field vanishes in the plasma 
frame (Figs. 1 and 2). 


FUNDAMENTAL EQUATIONS 


The following formulation is essentially equivalent 
to that of Kruskal and Schwarzschild.* Equations 
which apply to the plasma are 


pdv/dt=jXB+fE-VP, (1) 

dp/At+V- (pv) =0, (2) 
j=fv+o(E+vxB), (3) 

VX B—poj—HoedE/dt=0, (4) 
Vv: B=0, (5) 
VXE+0B/at=0, (6) 

V-E= f/e0, (7) 


Oooo Sa 


2E. Frieman, Los Alamos Scientific Laboratory Unclassified 
Report LA-1608, Sept. 1953 (unpublished). 

3M. Kruskal and M. Schwarzschild, Proc. Roy. Soc. (London) 
A223, 348 (1954). 
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Fic. 2. Unperturbed fields in the plasma frame. 


where p is plasma mass density, v is velocity, j is current 
density, E and B are electric and magnetic fields, f is 
charge density, P is pressure, wo and ¢ are the usual 
mks constants (useo=1/c?), and y is c,/c, for the 
plasma gas. Equation (3) is the Ohm’s law used. Since 
o, the electrical conductivity, is taken as infinite, 
E+vXB=0 in the plasma. Equation (5) can be 
omitted, since it is the same as the divergence of (6) 
if perturbations away from the steady state are assumed 
to behave as et and w#0. Equation (8) is the adiabatic 
law. Its use requires the assumption that heat flow due 
to thermal conductivity and heat sources due to 
j:E are negligible. The equation of charge conservation 
is omitted, since it follows from (4) and (7). 

Conditions which apply to the sharp boundary 
between plasma and vacuum are 


dn/dt=nX[nX (Vv)-n], (9) 
nP= eo{ (E?-n)E?— (E’-n)E” 
— $n{ (E?)?— (E*)*}}+ (1/0) 
x { (B?-n) B?— (Be-n) Be 
—}n[(B?)?— (B)? }} — eo(n- v) 


x (E*x B*— E?x B?), (10) 


n- (B>— B’)=0, (11) 
nX (E?— E’) = (n- v)(B?— B’). (12) 


The superscript » denotes vacuum and # the plasma 
quantity. n is a unit vector normal to the boundary 
and directed into the plasma. Equation (10), which is 
obtained from the electromagnetic stress tensor, says 
that the total stress (electromagnetic plus hydrostatic) 
must be continuous across the boundary. The first 
term is the net electric stress, the second is magnetic, 
while the third subtracts the amount of stress which 
is changing the momentum of the electromagnetic 
field in the boundary. Equations (11) and (12) arise 
from application of (5) and (6), respectively, to the 
boundary. In deriving (10) and (12), it is assumed that 
the directional derivative of a quantity parallel to 
the boundary is much smaller than the normal deriva- 
tive—i.e., that the boundary is truly sharp. 

Equations (4), (5), (6), and (7) apply to the vacuum. 
As before, (5) can be omitted. Also, since j=0 and 
f=0, (7) is the same as (4) for w¥0, so that only (4) 
and (6) are used. 


LINEARIZATION AND SOLUTION 
OF THE EQUATIONS 


The basic equations are linearized in the same 
manner used by Kruskal and Schwarzschild.’ Each 
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vector or scalar quantity is assumed to be the sum of 
a steady-state value and a small perturbation. Products 
of perturbations are dropped after substitution into 
the basic equations. The unperturbed solution in the 
plasma frame is: p=po, v=0, E?=0, | E*| = Ey” (along 
—y), f=0, P=Po, | B?| = By? and | B| = By’, both 
directed along +2, dn/di=0, and, from (10), 


€o(Eo”)? (Bo?)? (Bo’)? 
+ +Po= ; 
2 20 20 





0 


Perturbations are assumed to be of the form: amplitude 
Xexp(ilx—my+inz+wt) in the plasma and amplitude 
Xexp(ilx+qy+inz+wt) in the vacuum. The signs of 
the gy and my terms are chosen so that in cases of 
interest the real parts of m and gq are positive. With 
these substitutions, the plasma equations yield 15 
homogeneous scalar equations for the 15 amplitudes, 
the coefficients being functions of /,m,n,w, and unper- 
turbed quantities. Similarly the vacuum gives for the 
six amplitudes six equations containing /, g, m, and w. 
From the boundary, ten more equations containing 
l, m, n, g, and w are obtained. This system is over- 
determined, having 31 equations for 24 amplitudes. 
When the determinants of the plasma and vacuum 
systems are set equal to zero, two conditions on /, m, 
n, g, w are obtained. A third condition is obtained from 
the boundary equations; all of the boundary equations 
were either used or found to reduce to an identity, so 
that there can be no more than these three conditions 
on /, m, n, g, w. This means that w, for example, can be 
expressed in terms of / and m, or that one is free to 
specify the shape of the deformed surface at t=0 
and then observe what happens in future time. 

In terms of the dimensionless symbols h=n/1, 
5=0/c, and u=iw/Ic, the vacuum equation is 


g/P=14+h—w. 


The plasma equation is 


Po m? 
(SG) 
€o(Bo?)? 
1 poPo MoeoP oh? uw? uoecPoh® 
ee 
y (Bo?) po = Po 


x| ( +e] =0. 


The boundary equation becomes [after eliminating ¢ 
but not g by means of (13) ] 


(Bo?) 
ead (1 4 
1 (Bo)? 
if & is neglected compared to unity. These three 
equations have been obtained with the assumption 


(13) 





(14) 


Je ]-totur—eF, (15) 


€0(Bo?)? 
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that w, m, and q are all different from zero, so that they 
cannot be trusted if any of these three vanishes. For 
example, if w=0, then V- B=0 must be introduced as 
an additional equation. 

The first factor in the plasma equation cannot be 
zero in cases of interest. If n=0 and /0, the factor 
obviously cannot vanish. If »¥0 and /0, it is not 
evident that the factor can be dropped. Therefore, 
suppose «? does equal h?1+-po/€o(Bo”)? }'; then (15) 
is not satisfied unless m=0. But since (13)-(15) are 
not trustworthy for m=0, the original equations for 
the amplitudes must be re-examined. It turns out that 
all vacuum and plasma perturbations must vanish if 
140. If /=0, this is actually a permissible solution for 
w, in which vacuum perturbations vanish and the 
boundary is unperturbed from a plane. The only 
nonvanishing plasma perturbations are v,, jy, Ey?, 
B,”, so that all fluid motion is parallel to the boundary ; 
the motion involves sinusoidal bending of the lines of 
force in a plane parallel to the boundary and gives 
wave motion along the lines of force. 

The second factor of the plasma equation yields 
several well-known‘ dispersion expressions for magneto- 
hydrodynamic waves in an infinite plasma. For example, 
if n=0 and m, 10, then 


( w? ) yPot+(Bo?)?/po 
P—m? pot €o(Bo?)? 
This is a longitudinal wave propagating at right angles 


to the lines of force without bending them. If n¥0 and 
m, 1=0, two solutions are possible: 


w? —(Bo?)?/uo 
n* pot€o(Bo?)? 


which goes to c as pp—0 and is the transverse wave 
propagating along the lines of force mentioned above. 
The wave is the analog of a wave in a string having 
tension (Bo?)?/uo and mass per unit length of [po 
+ €o(Bo”)?]. The other solution is 


—w?/n?=Po/po, (18) 


which is merely a sound wave with fluid motion parallel 
to the lines of force. 

If m/l and g/l are eliminated from (15) by use of 
(13) and (14), the result is 
(1442-1) (BiP— Aw) =[ (6+ 0) #7] 

X [1+ (Di?—1u?) (Bh?— Aw*)/(Gh—Fu*)}', (19) 
where the positive dimensionless quantities A, B, D, 
F, and G have been introduced: 


A=[pot-eo(Bo?)*/[eo(Bo')*], B= (Bu?)*/(Bu'), 
D= poeoPoy/po= Yesound?/C*, 
G=BD, F=B+D(A—B). 


4H. Alfvén, Cosmical Electrodynamics (Oxford University Press, 
New York, 1950). 
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The square root to be chosen on each side of (19) 
is the one with the positive real part, corresponding to 
perturbations which fall off away from the boundary. 
These are the only ones of physical interest for semi- 
infinite plasma and vacuum regions. 

Equation (19), which is of eighth degree in u when 
squared and multiplied by Gh?—Fw*, can be solved 
when /=0 (h= ©). In this case it reduces to 


(+7) (Ar+B)+(1+r)! 
(r+D)(Ar+B)}} 
ga a 

(Fr+G) 


=0, if &K1, (20) 


where r=oeqw*/n?. The solution r= —1 gives g=0 by 
(13) so that the original equations must be re-examined ; 
the result found is that all perturbations must vanish. 
The solution r=—B/A gives m=0 by (14). But this 
is simply the case where the first factor in (14) vanishes 
and, as previously stated, it is a permissible solution 
but does not result in a boundary perturbation. The 
second factor in (20) gives two more solutions for r. 
It can be shown that one of these solutions is positive 
real and the other negative real for nonrelativistic 
gases (those in which the rest energy of the particles is 
much greater than their kinetic energy). But r>0 is 
not a solution, since the radicals in (20) are those with 
positive real parts. Hence the only permissible solution 
is r <0, which means w is imaginary and the boundary 
undergoes stable oscillations. 

In the more general case where /¥0, an approximate 
solution of the eighth degree equation in u can be 
obtained for small # and 6. Although h=é=u=0 is a 
solution, expansion of « in a Taylor series in h and 6 
about the origin is not permissible, since the partial 
derivatives 0u/05 and du/dh are discontinuous at the 
origin. This can be seen from the fact that (du/06)6 
+(0u/dh)h is different from what is obtained by 
expanding u in terms of distance along a ray through 
the origin in the h—6 plane. The ray expansion is 
accomplished by letting 6= ys and h=s and u=a power 
series in s, where s=distance from the origin and 
y/x=slope of the ray. Equating coefficients of the 
lowest power of s and expressing the result in terms of 
h and 6 gives 


—6+i[As— (A+1)(B+1)P}! 


A+1 
(A+1)(B+1)n?c?}! 
A+1 , 


The discontinuity of the partial derivatives at the origin 
can be verified from (21). The second term of (22) 
determines whether instability occurs. If it is real, 
there are two normal modes, one which grows expo- 
nentially and the other which is damped in time. If the 
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Fic. 3. Stable and unstable regions for o/c and n/I small. 


second term is imaginary, the system is stable and 
merely oscillates. If APue?—(A+1)(B+1)n’??=0, the 
system is in a condition of marginal stability. w is in 
general complex in the plasma frame, so that unstable 
modes appear to grow in an oscillatory fashion. In the 
frame moving at the wave velocity, which can be 
obtained from the imaginary part of w, unstable 
modes grow without oscillating. If v is reversed in sign, 
it can be seen that the wave moves in the opposite 
direction with the same speed in the unstable case, 
while the instability rate is unaffected. 

If n=0 (no bending of lines of force), (22) shows that 
the system is unstable for all /, w being larger for 
shorter wavelengths, as is also true for MHD-Rayleigh 


instability. If »=0, 
canted (Be )? (Bo”)? 
pene ME (ut 
Moc? 


Except for the two magnetic field terms in the denom- 
inator, which are present because light velocity has 
not been assumed infinite, this agrees with the Kruskal- 
Schwarzschild’ result for the case of no gravitational 
force. 


(Bo?)? 


Moc? 


TABLE I. Amplitudes of perturbations when w, m, and q 
are all different from zero. 








Plasma 





Vz = —tpudlwa 
Vy = Momwa 
V2= — (in/pww) { (Bo?)?(n?+ poeow®+P — m?*) + popu” ja 
2? =ponl BoPa 
By? =iponmB ya 
B,?=po(m?—P) Bora 
E,”= —pomwByoPa 
E,?= —ipdwBo?a 
E,»=0 
jx? =m (n+ ueqs*+ P — m*) BoPa 
Jy? = il (n?+ poew*+P? — m?) Bo?a 
jP= 
f=0 
P=[(Bo?)?(n?+ poeow?®+-2—m*) + pop xs” Jo 
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Vacuum 
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Fic. 4. Fields and flow for n=0, 10 (unstable case). 
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The eighth degree equation obtained from (19) has 
six other roots for «. Two of these were introduced by 
multiplying through by Gh’—Fwu*. Two come from 
(19) with the sign of one side reversed and therefore 
are also extraneous. The final two, given by u?= (A*—1)/ 


(A?F— A) to lowest order in h and 4, do not satisfy (19) 
because of the requirement that the radicals have 
positive real parts. Equation (21) then gives the only 
two permissible solutions for small # and 6. Figure 3 
shows the regions of stability and instability. 


ANALOG TO HYDRODYNAMICS 


Lamb! gives an expression for hydrodynamic Helm- 
holtz instability. If it is applied to a frame of reference 
in which one fluid is at rest and the other moving 
with velocity —v, the result is 


tivo) Bs oP p/p a 
ieee 1+p/p’ 


where p is the density of the fluid at rest. It is interesting 
to note that the approximate MHD solution for w 
when m=0 can be obtained from (23) by replacing 
p by poteo(Bo”)* and p’ by €(Bo")*. eoB? is twice the 
mass equivalent of a field energy. Now (23) is obtained 
from linearized theory by assuming incompressible 
irrotational flow, while from Table I it can be shown 
that the MHD flow is strictly irrotational if n=0, but 
it is not incompressible, since 


V-v=— (Puo/yPo)eite—mvtwt, 





(23) 


P is the amplitude of the pressure perturbation and 
equals [(Bo?)*(uoenw*-+P—m*)+popa” ja, where a is a 
parameter which sets the scale of all the perturbations. 
Also, by (14), ?—m? is proportional to w*, so that 
V-v~w*. But by (22), w~d, and V-v is therefore ~6*. 
Thus to first order in %/c, (22) is an incompressible 
solution. 


NORTHROP 


Mass flow 
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Fic. 5. Fields and flow for n #0, /=0 (stable case). 





Vacuum 


From the basic equations (1) to (7) one can show 
that if the lines of force remain straight and parallel 
and if c= 


d(p+ eB") 


+V-[(p+eB)v]=—eBy-v, (24) 


dy B v 
(o+am)—+0| P+—(1-—)|- eoB’vV-v, (25) 
l 


Ho é 


where B is scalar and equals the magnetic field. If the 
terms containing V-v and o/c? in (24) and (25) are 
dropped as being of higher than first order in 6 in the 
present problem, these two equations look like hydro- 
dynamic equations, but with p+eB* appearing as 
mass density and P+ B*/2uo as total stress. This is 
the reason for the similarity of (22) with »=0 and (23). 

Table I gives the relative amplitudes of the perturba- 
tions. The expressions are exact in that they do not 
involve any approximate w, and are rigorous solutions 
of the homogeneous linear equations provided w, m, 
and q are all different from zero. a is an arbitrary scale 
parameter. 

Figures 4 and 5 show some features of the fields and 
flow for n=0 and /=0, respectively. The figures are 
only approximate in that the wave motion has been 
neglected—i.e., the imaginary part of w has been 
neglected compared to the real part. This is justifiable, 
since in practical cases A>. 

Extensions of the present work could in principle 
be made to two fluids with magnetic fields, to c#, 
viscosity 0, finite dimensions, etc. 
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Self-Diffusion in Silver-Zinc* 
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The diffusivities of Ag" and Zn® in an alloy of 70 atomic percent Ag and 30 atomic percent Zn have 
been measured over the temperature range 500-700°C, by using sectioning techniques. The temperature 
dependence of the diffusion coefficients is given by Dag=(0.29+0.07) exp[— (35 990+-410)/RT] cm*/sec, 
and Dzn= (0.46+0.08) exp[— (35 200+290)/RT] cm?/sec. Consideration of the effects of small differences 
in chemical composition indicates that the activation energy varies linearly with composition. The activa- 
tion energies for diffusion apparently differ significantly from the average value derived from internal 
friction measurements. This difference is shown to be compatible with the fundamental diffusion process 
in a binary system. Comparison of the results with measurements in AgCd alloys shows that Zn is con- 
siderably more effective than Cd in increasing the rate of diffusion relative to that in pure Ag. 





INTRODUCTION 


N recent years, there has been considerable interest 
in the field of intermetallic diffusion, stimulated in 
part by the ready availability of radioisotopes of high 
purity and high specific activity. With such facilities, 
it has become possible, by use of precision sectioning 
techniques on carefully prepared specimens, to measure 
diffusion coefficients to an accuracy of a few percent.’ 
To date, most of the precise measurements have been 
concerned with studies of self-diffusion and impurity 
diffusion in pure metals or dilute solid solutions.? For 
concentrated solutions, precise self-diffusion measure- 
ments have been made only for the CuZn* and AgCd® 
systems. 

The AgZn system is of particular interest because of 
the accurate internal friction measurements made by 
Nowick® on alloys of composition between 15.8 and 
30.2 atomic percent Zn. The observed relaxation effects 
have been interpretated as resulting from a stress- 
induced ordering of the atoms. With this assumption, 
the relaxation rate is expected to be diffusion limited, 
the activation energy for the process being identical 
with that for atomic diffusion of the slower diffusing 
constituent. 

Except for systems exhibiting considerable changes 
in degree of order with temperature,‘’ the temperature 
dependence of measured diffusion coefficients is found 
to be given to a high degree of accuracy by an Arrhenius 
equation of the form D= Dy exp(—Q/RT), where R is 
the gas constant, T the absolute temperature, and the 


* Supported in part by the U. S. Atomic Energy Commission. 

{ Present address: Institute for the Study of Metals, The 
University of Chicago, Chicago, Illinois. 

1C, Tomizuka and D. Lazarus, J. Appl. Phys. 25, 1443 (1954). 

2 For example, see C. Tomizuka and L. Slifkin, Phys. Rev. 96, 
610 (1954). 

8 Hino, Tomizuka, and Wert, Bull. Am. Phys. Soc. Ser. II, 1, 
150 (1956). 

4 Kuper, Tomizuka, and Lazarus, Bull. Am. Phys. Soc. Ser. II, 1, 
149 (1956). 

5 A. Schoen, Bull. Am. Phys. Soc. Ser. II, 1, 149 (1956). 

SA, Nowick, Phys. Rev. 88, 925 (1952). 

7 Possible exceptions have been noted for diffusion in pure 
metals at very low temperatures. These have generally been 
attributed to the presence of low-angle boundaries. 


frequency factor Do and activation energy Q are tem- 
perature independent. This result is consistent with 
first-order theories*® of diffusion in pure materials. 
However, it is not apparent, even with a first-order 
theory, that Do and Q should be temperature-inde- 
pendent for self-diffusion in concentrated solid solu- 
tions.” 

Overhauser," and Hoffman, Turnbull, and Hart” 
have considered the effects of finite additions of im- 
purities on self-diffusion of solvent atoms. These investi- 
gators found that at fixed temperature, the diffusion 
coefficient of the solvent increases exponentially with 
increasing impurity concentration, with a temperature- 
dependent proportionality factor. These considerations 
will be discussed later. 


EXPERIMENTAL PROCEDURE 


An ingot of silver-zinc was prepared by melting to- 
gether in a purified graphite crucible under vacuum 
measured amounts of 99.99% pure silver and 99.999% 
pure zinc.* The molten metals were mixed thoroughly 
by use of a tiltable furnace. The ingot and mold, in an 
evacuated, sealed Vycor container, was then lowered 
slowly through a Bridgman furnace, at a rate of about 
1 in./hr. After this procedure, the recrystallized ingot 
was examined and found to be composed of two or 
three large grains. 

The ingot was then sectioned, by means of a thin 
water-cooled cut-off wheel, into thirteen cylindrical 
wafers of about 2-cm diameter and 7-mm length. The 
wafers were hand ground to flatness on graded emery 
paper and etched in dilute nitric acid to remove the 
worked layers. Following this procedure, the specimens 
were again sealed in an evacuated Vycor container and 


8 C. Zener, J. Appl. Phys. 22, 372 (1951). 

®D. Lazarus, Phys. Rev. 93, 973 (1954). 

“D. Lazarus i in Impurities and i sapoetone (American Society 
for Metals, Cleveland, 1955), p. 1 

ll A, Overhauser, Phys. Rev. 1 "aa (1953). 

12 a Turnbull, and Hart, Acta Metallurgica 3, 417 
(1955). 

13 Silver obtained from Handy and Harmon; zinc from New 
Jersey Zinc Company. 
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annealed at about 600°C for about 24 hours to promote 
any possible recrystallization. A light etch following 
this heat treatment showed that no recrystallization 
had occurred. 

Radioisotope layers of Ag and Zn® of 100-1000 A 
thickness were deposited on the specimens by electro- 
plating from solutions of high specific activity, using 
platinum anodes. The plated diffusion specimens were 
then sealed in individual evacuated Vycor containers. 
For diffusion annealing, the sealed specimens were 
placed inside massive Nichrome containers at the center 
of linear diffusion furnaces. The furnaces were regulated 
in temperature to about +3°C by means of resistance- 
bridge controllers. This equipment is described in 
reference 2. Temperatures were measured with cali- 
brated chromel-alumel thermocouples placed inside the 
Nichrome containers immediately adjacent to the speci- 
mens. Temperature readings are presumed accurate to 
+1°C. 

After diffusion, the specimens were removed from 
the furnaces for sectioning on a precision lathe. The 
detailed sectioning procedure has been described pre- 
viously.? Ten to twenty cuts of 50-100 microns thick- 
ness were machined from each specimen. The cuts 
were individually weighed and the activity measured 
either by solution beta counting or by means of a 
gamma scintillation counter. 

In all cases, the activity was found to decrease 
exponentially with the square of the penetration 
distance, indicating that no effects due to surface or 
grain-boundary diffusion were present. Values for the 
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Fic. 1. Chemical composition gradient in AgZn crystal after 
passage through a Bridgman furnace. 


4 Tsotopes obtained from Isotopes Division, Oak Ridge National 
Laboratory. 
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Taste I. Diffusion of Ag and Zn in AgZn. 








b> cal/mole 
Correc- 
tion 
factor 


26 860 
26 290 
27 000 
26 830 
26 370 
26 490 


c 
Measured 
atomic D(c) cm*/sec Ds» (0.30) cm?/sec 
fraction Measured Corrected 
Zn diff. coeff. diff. coeff. 


0.3046 2.35 X10-* 
0.2780 1.46 X10~° 
8.73 X10 
2.81 X10-1 
9.02 X10-" 
2.00 X10- 


Mean 6 =26 640 





02 x10 
.06 X10~* 
05 X10~* 
.75 X10710 
-65 X1070 
.52 X107 

46 X10 21910 


Mean b =21 820 








* Corrected values obtained by taking 
D(0.30) =D(c) exp(b(0.30 —c)/RT]. 
>b is defined by b =(RT/c) {In[D(c)/D(0)]+1n[Do(0)/Do(c)]}, where 
D(0)Zn =0.54 exp( —41 700/RT) (A. Sawatzky, Bull. Am. Phys. Soc. Ser. 
II, 1, 149 (1956) ], D(0)Ag =0.40 exp( —44 090/RT) [C. T. Tomizuka and 
E, Sonder, Phys. Rev. 103, 1170 (1956), this issue]. 


diffusion coefficients were determined from the slopes 
of the plots of log (specific activity) versus (penetration 
distance),? and a knowledge of the time of the diffusion 
anneal from the usual relation D-!=—[d InI/d(a?) At 
between the specific activity 7, the penetration dis- 
tance x, and the diffusion time /. 

A quantity of material was removed from each speci- 
men for chemical analysis, from a region immediately 
adjacent to the diffusion zone. The specimens were 
analyzed by the Volhard method to a precision of 
0.01%. The analyses were kindly performed by Mr. E. 
Tanda of the University of Illinois Chemistry De- 
partment. 

Least squares solutions for the activation energies 
and frequency factors were performed by using the Uni- 
versity of Illinois electronic digital computer (Illiac). 


RESULTS 
Chemical Analysis 


The chemical analyses showed that a considerable 
amount of gravity segregation was present in the speci- 
men, as shown in Fig. 1. The segregation presumably 
occurred during passage of the ingot through the 
Bridgman furnace. 

To normalize the measured diffusion coefficients to 
the nominal composition of 30 atomic percent zinc, an 
exponential correction factor was used. Following the 
experience of Hoffman, Turnbull, and Hart,” the 
assumption was made that the change in diffusion 
constant with impurity concentration can be described 
by a simple exponential relationship. If the change in 
activation energy between diffusion in a pure solvent 
and in an alloy of impurity concentration c is considered 
to be directly proportional to c, then the diffusion 
coefficient in the alloy, D(c), is given in terms of that 
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in the pure matrix, D(0), by 
Do(c) 
Dy(0) 


where 6 is a constant. Values of 6 were determined for 
each specimen of measured composition, relative to the 
known values for diffusion of Ag'® and Zn" in pure 
Ag, by using a self-consistent method to determine 
Do(c)/Do(0). The mean value of b, for each tracer, was 
then used to correct the observed diffusion coefficients 
to their values at exactly 30 atomic percent zinc com- 
position. As shown in Table I, this procedure leads to 
self-consistent results with very little scatter. The 
mean values for 6 were determined as 26 640+110 
cal/mole for Ag, and 21 820+70 cal/mole for Zn. 


D(c)=D(0) exp(bc/RT), (1) 


Diffusion Coefficients 


Typical penetration plots showing the logarithm of 
the specific activity versus the square of the penetration 
distance are given in Fig. 2. Values for all the measured 
and corrected diffusion coefficients are presented in 
Table I, together with measured compositions and the 
correction factors described above. The measured and 
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Fic. 2. Penetration curves for diffusion of Ag and Zn in an 
AgZn alloy of 30 atomic percent Zn composition. 
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corrected diffusion coefficients are plotted on a loga- 
rithmic scale as a function of reciprocal absolute tem- 
perature in Fig. 3, together with the results for diffusion 
of Ag and Zn in pure Ag. 

The temperature dependence of the diffusion coeffi- 


cients in the 30% zinc alloy is found to be 
Dag= (0.29+0.07) exp[— (35 990+410)/RT] cm?/sec, 
Dan= (0.46+0.08) exp[— (35 200+290)/RT ] cm?/sec, 


where the limits of error are given by the standard 
deviation in a least-squares analysis. The individual 
diffusion coefficients are expected to be accurate to 
about +3% on the basis of previous experience, the 
errors arising primarily from inaccuracies in determina- 
tion of the penetration depth. 


DISCUSSION 


It is apparent from the results of the present experi- 
ment, that the presence of a high concentration of zinc 
in the silver lattice produces an enormous increase in 
the rates of diffusion of both Ag and Zn. This increase 
is 140-fold for Ag and 58-fold for Zn at 500°C. The 
accompanying changes in activation energy are 8.1 
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Fic. 3. Temperature variation of the diffusion coefficients for 
Ag and Zn for pure Ag and for an AgZn alloy of 30 atomic percent 
Zn composition, 
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kcal/mole for Ag and 6.5 kcal/mole for Zn, presumably 
arising from changes in the energies required for forma- 
tion and motion of the lattice imperfections responsible 
for diffusion. 

In previous work,’ it has been shown that the energy 
of motion of an imperfection, Z,,, can be estimated by 
consideration of the lowest energy shear deformation of 
the unit cell, by 

~3Ca*/n, (2) 


where C is the smallest shear modulus, a the lattice 
parameter, and m the number of atoms in the unit cell. 
Substituting appropriate values for Ag [C=4$(C11—Ci2) 
=1.528X10-" ergs/cm*; a=4.078X10-* cm; n=4], 
the motion energy is estimated at 0.812 ev or about 
18.7 kcal/mole, in fair agreement with theory,” and in 
excellent agreement with recent results on the quenching 
of vacancies in gold.'* The effect of impurity addition 
on the elastic constants of silver has recently been 
determined by Bacon.” He found, for 2.4 and 3.5 atomic 
percent Zn alloys, a mean decrease in $(C\:—Ci2) of 
1.22% per atomic percent zinc. Extrapolating these 
results to 30% zinc, one would estimate a change in E£,, 
of 7.3 kcal/mole. This value is seen to be comparable 
to the total measured change in energy for diffusion in 
the alloy. This result indicates that the ratio of energy 
of motion to energy of formation of the defects re- 
sponsible for atomic diffusion in the present system is 
about 1/2, in contradiction to the value of 2/1 deter- 
mined by Nowick.” Further, the present estimate 
indicates that the entire change in ratios of diffusion 
between the pure metal and the alloy may be due only 
to the decrease in (110) shear modulus in the alloy. 
The ratios of activation energies for diffusion in the 
pure metal and alloy are 1.22 for both Ag and Zn. This 
number is almost exactly equal to the ratio of the 
melting temperatures of the pure metal and alloy, 
consistent with the observations of Zener*® and Dienes.”! 
The observed activation energies for tracer diffusion 
(35.99 kcal/mole for Ag, 35.20 kcal/mole for Zn) are 
considerably greater than that observed by Nowick 
(32.5_kcal/mole) for anelastic relaxation in alloys of 
the same composition. This discrepancy is far outside 
the probable error of either set of measurements. Hino, 
Tomizuka, and Wert* have recently found similar 
disparities in studies of diffusion and relaxation in the 
CuZn (30 atomic percent zinc) system. Since the relaxa- 
tion experiments show a very sharp peak with variation 


17H. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942). 
18 Bauerle, Klabunde, and Koehler, Phys. Rev. 102, 1182 


(1956) 
#” R. Bacon, thesis, Case Institute of Technology, 1955 (unpub- 


lished). 
20 A. Nowick, Bull. Am. Phys. Soc. Ser. IT, 1, 45 (1956). 
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1G. J. Dienes, Phys. Rev. $9, 185 (195. 
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of temperature or frequency, it is improbable that the 
discrepancy is due to the presence of chemical com- 
position gradients. 

The difference between the activation energies ob- 
served for the two processes can be interpreted by 
consideration of the fundamental interactions between 
constituents which must occur for diffusion in a binary 
substitutional system. As shown previously,” the diffu- 
sion coefficient in a binary solid can only be rigorously 
expressed as a sum of terms, and not by an Arrhenius 
equation. Over any small range in temperature, the 
resulting equation may be very closely approximated 
by an Arrhenius equation, within reasonable experi- 
mental error. Over an extended temperature range, the 
Arrhenius “activation energy” must be expected to 
decrease with decreasing temperature. Thus, the dis- 
crepancy between diffusion and relaxation measure- 
ments is almost certainly due to the difference in range 
of temperatures involved in each experiment (500- 
700°C for diffusion, 120—360°C for relaxation). Indeed, 
Nowick, whose range of absolute temperatures was ex- 
tremely large, observed a departure from the Arrhenius 
equation. It is apparent, therefore, that for a reasonable 
comparison between the two types of experiment, one 
must compare the activation energy determined only 
by the lowest temperature diffusion data with that 
determined only by the highest temperature relaxation 
data. For the present system, the energies obtained in 
this manner are 35 kcal/mole for both experiments. 
It is thus apparent that the anelastic measurements 
are completely consistent with a simple diffusion 
process. 

It is also of interest to compare the results of the 
present investigation with those obtained by Schoen® 
on diffusion of Ag in AgCd alloys. Schoen found that 
in a 30 atomic percent Cd solution, the temperature 
variation of the diffusion coefficient for Ag was charac- 
terized by an activation energy of 38.5 kcal/mole, a 
change of 5.6 kcal/mole from the energy for diffusion 
in the pure solvent. Applying Bacon’s data for the 
change in shear modulus with composition for this 
system, by use of Eq. (2), one may estimate a change 
in E,, of about 3 kcal/mole for a 30% Cd alloy. Thus 
for a Cd impurity, the change in shear modulus is not 
sufficient to explain the change in diffusivity. A funda- 
mental difference between Zn and Cd as impurities in 
Ag, due to their different closed-shell configurations, is 
evidenced by the fact that Zn contracts the Ag lattice 
while Cd expands it. The interaction proposed by 
Overhauser" should then be much more effective in 
decreasing E,, for a Cd-rich than for a Zn-rich alloy. 
This expectation is at least qualitatively verified by 
comparison of the diffusion data. 
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Application of the Orthogonalized Plane-Wave Method to Silicon Crystal* 
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Approximate solutions for k=0 of the Hartree-Fock-Slater equations for a perfect silicon crystal have 
been obtained by the orthogonalized plane-wave method. Estimates of the energy eigenvalues of the valence 
and conduction states for k=0 are given. A simple method for obtaining a first approximation to the crystal 
potential and its Fourier coefficients was used. Approximate analytic wave functions and corresponding 
energy eigenvalues for the 1s, 2s, and 29 states in the isolated silicon atom were determined by a variational 


technique. 





I. INTRODUCTION 


N this paper’ we describe some of the results and 
problems which have come from an attempt to 
solve the one-electron Hartree-Fock-Slater (abbreviated 
HFS in the following) equations? for a perfect silicon 
crystal by Herring’s orthogonalized plane-wave (OPW) 
method. We have been aided greatly in this inves- 
tigation by the work of Herman*~* and of Herman and 
Callaway’ on the energy band structures of diamond 
and germanium. In his most recent work on germanium,® 
Herman has carried out an ambitious program for the 
determination of the energy eigenvalues associated with 
thirteen nonequivalent reduced wave vectors. Our 
interest is primarily in the methods used for these cal- 
culations, and not so much in their results; accordingly, 
we discuss here the determination of energy eigenvalues 
and wave functions only for k=0. 
Our work on silicon differs from that of Herman on 
diamond and germanium mainly in two ways: 


(1) We have tried to make the whole analysis one 
degree more rigorous by including the effects of exchange 
on the core states in the crystal in a way consistent 
with the way in which we have included these effects 
on the valence and conduction states. This point is 
important, because in using the variation procedure to 
obtain the higher states in a crystal potential by means 
of a trial function orthogonalized to all of the lower 
states, as proposed by Herring,’ it is essential that the 
functions to which the trial function is orthogonalized 
should be eigenfunctions of exactly the same Hamil- 
tonian operator used to determine the higher states.® 
The HFS equations were used to determine both the 
atomic states and the crystal states in order to facilitate 
this more consistent treatment. We do not believe that 


*This work was supported in part by the Office of Naval 
Research. 

¢ Present address: General Electric Research Laboratory, 
Schenectady, New York. 
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the HFS equations are better than or as good as the 
Hartree-Fock (HF) equations for all kinds of atomic 
and crystal calculations, but they are convenient to 
use in the present study.® 

(2) We have based our determination of a crystal 
potential for silicon on simpler atomic wave functions 
than the Hartree or Hartree-Fock wave functions used 
by Herman. 

In Sec. VI of this paper, we discuss the results of our 
calculations, which are given in Sec. V, and compare 
them with the corresponding results obtained by 
Herman. We also point out several of the inadequacies 
of our work and mention problems connected with it in 
the hope of encouraging others to improve and extend 
it. 

In Sec. II we give the specifications of a perfect 
silicon crystal, to which our calculations relate; intro- 
duce the HFS equations, which will be assumed to 
provide a satisfactory description of the electronic 
states in such a crystal; and refer to the OPW method? 
for solving them. Section III is a description of the 
determination of the electronic wave functions and 
associated energy parameters for the isolated silicon 
atom which are required in the analysis of the silicon 
crystal problem. The wave functions given in Sec. III 
are used to provide the Fourier coefficients of crystal 
potential energy and the orthogonality coefficients 
which enter into the solution of the electronic energy 
eigenvalue problem for the crystal; numerical values 
of these coefficients are listed in Sec. IV. 


Il. HFS EQUATIONS AND THE OPW METHOD FOR 
SOLVING THEM 


According to current ideas, a real, single, diamond- 
type crystal of a chemical element of atomic number Z 
consists at standard temperature and pressure of 
roughly 10” nuclei of that element per cm*, most of 
them oscillating about the points of a space lattice of 
the type associated with diamond, embedded in a cloud 
of electrons, Z electrons for each nucleus. There are 
always impurity atoms present in this system, and 


* For critical comments on Slater’s free-electron modification 
of the HF equations, see the papers by G. G. Hall and by S. 
Raimes, Proceedings of the Malvern Symposium on Band 
Structure, Malvern, England, 1954 (unpublished). 
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imperfections in the array of nuclei, such as vacant 
lattice sites, interstitial atoms and dislocations. We do 
not indeavor here to determine the quantum states of 
such a complicated system. Instead, we abstract from 
this system the regularity in the disposition of the 
nuclei and ask for the wave function of all the electrons 
in the potential field arising from a perfect, rigid array 
of M nuclei of the element (where M~10”) on the 
points of the space lattice which we know from experi- 
ment to be appropriate for that element. Next we 
approximate the many-electron wave function by an 
antisymmetric combination of products of one-electron 
wave functions, and for the one-electron wave function 
of the ith electron we take a solution y;(r) of the 
approximate Schrédinger equation 


[-V+V (r) Wi(r)=Ew.(n), 

vi" (ry (8 
2 r’ 
7H i oie 


"ane ¥3*(n)¥;(n) Jt, 


(2.1) 


with 


V(1)=—2Z ae 
(2.2) 


where the integration is over the volume of the crystal, 
R, is the position vector of the nucleus at the vth 
lattice point, v runs over all lattice points in the crystal, 
and 7 runs over all of the electrons, including the ith 
electron. Whenever it is convenient, we shall go to the 
limit in which our crystal is extended over all space. 
Atomic units are used throughout this work: distances 
are measured in units of the first Bohr radius do 
(a9=5.2917X10-* cm) and energies in terms of 
Rydbergs (one Rydberg=13.6050 electron volts). 
Equations (2.1) and (2.2) are obtained from Slater’s? 
Eq. (14) for a crystal containing an equal number of 
electrons of each spin by neglecting any dependence 
of the one-electron wave functions on the electron spin 
coordinate. The last term in Eq. (2.2) is called the 
exchange term in the electron’s potential energy; it is 
an approximation to the exchange potential energy 
which appears in the HF equations. 

The fact that the equations for the MZ functions 
¥.(r) are coupled by the exchange term and the elec- 
tronic Coulomb term 


25 [Lote vse)/|r—e |e 


in V(r) complicates the problem of solving them. We 
obtain approximate solutions for them by the self- 
consistent field method of Hartree.” This study is 
devoted entirely to the first stage in this self-consistent 
field approach: guessing solutions y;)(r), using them 
to compute V(r), and obtaining approximate solutions, 
including the eigenvalues E;, of Eq. (2.1) by the OPW 
method. For our guess as to the solutions y;“ (r) which 


1D. R. Hartree, Proc. Cambridge Phil. Soc. 24, 89 (1927). 
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we shall use to obtain an initial estimate V(r) of the 
potential field V(r) for a diamond-type structure, we 
follow Herman’ in using the chemical idea that a 
crystal of diamond or of one of the similar elements 
silicon and germanium which form diamond-type 
crystals can be formed by bringing the atoms in their 
valence or combining state into proper positions on the 
points of the appropriate space lattice, and that the 
electron distributions about the atoms in these states 
will be little changed by this process of crystal forma- 
tion. The valence state of carbon is (15)?(2s)(2p)*, °S; 
by chemical analogy, the valence state of silicon should 
be (15)*(2s)*(2)%(3s) (3p), °S. 

Let ¢nim(r) be the wave function in the isolated 
atom for the electron of total quantum number , 
azimuthal quantum number /, and magnetic quantum 
number m. Then, ¢nim(t)=Y im(0,¢)Pnilr)/r, where 
Y im(0,¢) is a surface spherical harmonic normalized so 
that J?" Jo"Y imY im* cosbd@dyg=1, and P,,(r) is the 
radial wave function multiplied by r and normalized 
so that /o*[Pni(r) Pdr=1. We determine the radial 
wave functions P,:(r) which go into our initial estimate 
of V(r) by very simple methods proposed by Slater."-” 
The radial wave functions for silicon atom are given 
explicitly in Sec. III. When one uses the wave functions 
¢nim(r), the potential energy function for each of the 
electrons in the isolated atom can be written 


2Z Zz * ‘ j r’ 
-—425 [7 — itd 
je] = [r—r’| 


co] 


V atomie(¥) _ 


— 3/8) X ees), (23) 


where now ¢;(r) means that one of the gnim(r) func- 
tions which refers to the jth electron, or j can be 
thought of as an abbreviation for the three quantum 
numbers u, 1, m, and summations over j are over those 
values of , 1, m which we use in specifying the state of 
the atom. 

We obtain the crystal potential energy function 
V(r) by superposing the atomic potentials V atomic (1) : 


vo (r) ” Le V stomie™ (r— R,). 


(Here and everywhere in this study, the potential 
function is the potential energy function of an electron; 
its sign is the negative of that of the potential usually 
used in electrostatics.) The assumption on which Eq. 
(2.4) is based, that the crystal potential can be written 
as the superposition of atomic potentials, is rigorously 
correct with respect to the first two terms of V(r), as 
given in Eq. (2.2), but the superposition principle 
would hold for the exchange term only if the atomic 
charge distributions did not overlap in the crystal. 


(2.4) 


11 J. C. Slater, Phys. Rev. 36, 57 (1930). 
2 J. C. Slater, Phys. Rev. 42, 33 (1932). 
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We know that the charge distributions of the valence 
electrons certainly do overlap, but the error arising 
from this source, which is given by 


eo 


N Z@ : 
Ey et(r—-R)ex(r-R)| 


y=] j=1 


-x| S ¢i*(r—R,) e(r-R)| | 


v= | j=1 


should be small compared to the exchange term in the 
final crystal potential at every point in the crystal, 
and over the major part of the crystal’s volume, it 
should be much smaller. Since the exchange term itself 
is much smaller than the other terms in the crystal 
potential for almost all points in the crystal, we feel 
that this superposing of exchange potentials is not 
likely to introduce a major error. 

The remainder of this paper is devoted to determining 
energy eigenvalues and wave functions which are 
approximate solutions of 


Hy i(r)=Ew(r), 
H=-V+V(r), 


(2.5) 
with 
(2.6) 


where V(r) is given by Eqs. (2.4) and (2.3) with ¢;® 
replacing ¢; for a crystal consisting of V identical unit 
cells, each of volume 9. (We let V become infinite when 
convenient.) Since V(r) is periodic in space, the 
quantum numbers characterizing a solution EZ, ¥(r) 
of Eq. (2.5) and symbolized by the subscript 7 include 
the three components of the wave vector k. 

If we imagine the crystal to be formed by bringing 
together all of its constituent atoms simultaneously, as 
suggested above, then it can be shown by means of the 
tight-binding approximation” that the electrons oc- 
cupying closed shells below the valence electrons (the 
1s, 2s, and 2p electrons in silicon) will be very little 
affected by the crystal formation process, and the 
quantum states in the crystal of these electrons, which 
we call the core electrons, can all be well represented by 


Wat:«(¥) =N-+ 2a exp (ik: R,) Ont; «(I— R,), (2.7) 


where ¢nz:x(r) is the isolated atom wave function for 
the electron of total quantum number , azimuthal 
quantum number /, and magnetic quantum number 
m=( when the axis of magnetic quantization is taken 
in the direction of k. The energy eigenvalue Enix 
which is associated with Wnr;x(r) by Eq. (2.5) is given 
to a good approximation by En1, the energy eigenvalue 
associated with ¢nim in the isolated atom by the equa- 
tion for an electron in the isolated atom 


[-V?+ Vatomio(T) ]@nim() _ Ent@nin(1)- 


8 A, H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, England, 1953), second edition, pp. 38-41. 


(2.8) 
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Applying Herring’s work with neglect of any overlap 
between atomic core wave functions, we find that the 
energy eigenvalues for the valence and excited states 
in our crystal are approximated by the roots of 

det (Xx,HXx’)— E(Xx,Xx’) ]=0, (2.9) 
where K=k+g, K’=k+@’, and g, g’ are reciprocal 
lattice vectors. Expressions for the orthogonalized plane 
waves Xx and the matrix elements (Xx,HXx') and 
(Xx,Xx’) are given in Herring’s paper.* The matrix 
elements depend on orthogonality coefficients A»:(K) 
and Fourier coefficients of the crystal potential energy, 
0(K) (written U[K] in reference 3); numerical values 
of these coefficients are obtained in Sec. IV. Succes- 
sively better approximations Ey ; are obtained from 
Eq. (2.9) by increasing the volume about the origin in 
reciprocal space over which g and ¢’ range. By classi- 
fying the orthogonalized plane waves and taking sym- 
metric linear combinations of them in accordance with 
the principles of the representation theory of space 
groups," it is possible to transform the secular deter- 
minant of Eq. (2.9) for trial functions with special 
reduced wave vectors, such as k=0, into a factored 
form. Each factor in the determinant is associated with 
a trial crystal wave function of a particular symmetry 
type. The roots of Eq. (2.9) can be found by equating 
each of the factors to zero and solving for E. By means 
of this symmetry factorization, the order of the deter- 
minantal equations which must be solved is greatly 
reduced, and consequently, the computational effort 
required to find the solutions Ey; is decreased suf- 
ficiently to make their determination with an automatic 
computing machine practical. 


III. ELECTRONIC STATES IN THE SILICON ATOM 


From Eq. (2.8) we obtain for P,:(r), the radial part 
of Ynim(F), 


PP ai(r)/dr?’+{ Eni Vatomie™ (1) 
—1(1+1)/r7} Pri(r) =0, (3.1) 


where V atomic (r) is the same as V atomic (r) [Eq. (2.3) ] 
in the cases of interest to us, for which Vetomic® (r) is a 
spherically symmetric function of r. The studies of 
Slater? and Pratt have established the fact that the 
solutions P,ri(r) of Eq. (3.1) provide reasonably 
accurate radial one-electron atomic wave functions. 
Using Slater’s empirical rules! we constructed the 
following approximate radial one-electron atomic wave 
functions P,,,;(r) on which all of the calculations for 


4 For details of this theory and its application to factoring the 
secular determinant of Eq. (2.9) see T. O. Woodruff, Ph.D. 
thesis, California Institute of Technology, 1955 (unpublished), 
and references given there. 


18 G. W. Pratt, Jr., Phys. Rev. 88, 1217 (1952). 
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the silicon crystal are based : 
P,, =101.41702r exp(—13.70000r), 


Po, =65.474552r? exp(—4.925000r) 
—33.578420r exp(—13.70000r), 


P2» =62.156271r? exp(—4.925000r), 


P3, =1,3304028r? exp(— 1.383333r) 
— 10.7698747? exp(—4.925000r) 
+5,1026382r exp(—13.70000r), 


Psp =1.3288878yr* exp(— 1.383333r) 
—9.7757812r? exp(—4.925000r). (3.6) 


To the extent that they are accurate, they should 
resemble solutions of Eq. (3.1). 

We could now use for the zero-order approximation 
to En:, Eni, the quantum-mechanical expectation 
value of Hatomic for the state gnim™: 


(3.2) 


(3.3) 
(3.4) 


(3.5) 


Ear = f Gnim©* (4) HatomicPnim”™ (r)dr, 
with y 
TF wmte ond V+ V atomic” (r). 


Also we could compute the required functions A ,;(K) 
from the functions ¢gnim®(r) and then proceed to the 
solution of the secular equations of Sec. II for E(k) 
=E,; in the valence and conduction states. In a 
previous effort to reproduce Herman’s results for the 
diamond crystal,‘ we did carry through just this 
program; however, our results for £;(000) did not 
converge as well as Herman’s, and there was a serious 
disagreement between our results so calculated, and 
those of Herman, in that we found Er-(000) < Er;;(000), 
as far as we carried the calculation. We observed that 
our results for diamond were very sensitive to the 
values of [An:(K)} which we used, and A,:(K) in 
turn was very sensitive to the behavior of P,:(r), the 
radial part of the wave function gnim(r) in its tail 
region (the region r>r9, where fo is the largest number 
such that dP,:(r)/dr=0). Hence, we concluded, 
¢nim(r) and E,; are not sufficiently good solutions 
of the eigenfunction-eigenvalue problem of Eq. (2.8). 
We then developed and used a method for obtaining 
eigenfunctions gaim(r) and eigenvalues E,;“? which 
are better approximations to the solutions of (2.8) with 
V atomic (r) still given by the substitution of gnim (r) 
in Eq. (2.3). When we had applied this method in a 


Taste I. Approximate energy eigenvalues (in Rydbergs) of the 
Hartree-Fock-Slater (HFS) equations for the core electrons in 
the isolated silicon atom. 








nl Eni) 


1s — 134.597 
2s —11.1237 
2p —8.17697 
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rough way to carbon and repeated the calculations of 
E;(000) for diamond, using E,;“ and values of A »:(K) 
computed from ¢nim“(r), we obtained agreement with 
Herman’s values of £;(000) to within the accuracy of 
our calculation at each of the stages of the approxima- 
tion which we attempted. 

We made use of analytical rather than numerical 
methods for obtaining ¢gnim(r) and E,:“) because 
when that work was performed, we did not have access 
to automatic computing machinery. Using linear trial 
functions for P,:(r) of a form suggested by the work of 
Léwdin"* and well-known quantum-mechanical varia- 
tional procedures, we were able to determine the eigen- 
values E,,“) given in Table I and the following nor- 
malized analytical forms for P,,:“)(r), without numer- 
ical integration : 


Py. (r) = Py, (r) = 101.41702r exp(—13.700001). 
(3.7) 
Po.) =41.29297? exp(—4.20r) 
+12.9072r* exp(—7.96r) 


—28,4408r exp(—13.70r). (3.8) 


Pop) =°[32.3954 exp(—4.20r) 


455.6008 exp(—7.96r)]. (3.9) 


It should be observed that with these methods it was 
necessary in order to obtain (3.8)—(3.9) to carry out 
lengthy, though straightforward, algebraic manipu- 
lations and several hundred hours of computation with 
a desk-type multiplying, dividing, and adding machine. 
Also, better solutions of Eq. (3.1) than (3.7)—(3.9) could 
be obtained in numerical form by direct numerical 
integration. Note that in the computation of the 
crystal potential V(r) (Sec. IV), we used the same 
estimate of Vatomie(r) as we used in determining the 
atomic core functions g,im“)(r) upon which the com- 
putation of the orthogonality coefficients A,:(K) was 
based. 


IV. ORTHOGONALITY COEFFICIENTS AND FOURIER 
COEFFICIENTS OF CRYSTAL POTENTIAL ENERGY 


A. Orthogonality Coefficients for the Core States 
The orthogonality coefficient A,:(K) is given by 


Aa(K)=2-4 f exp(iK-r)ganx*(r)dr. (4.1) 


oo] 


In carrying out the integration we choose the z axis 
in the direction of K; then, by the definition of ¢,1,x(r), 


Ani(K)=054 f exp(iKr cos0)gnu*(r)dr, (4.2) 


2 


where 
¢nw(r)=7Pail(r) V 0(8,¢). 
16 P, O. Léwdin, Phys. Rev. 90, 120 (1953). 


(4.3) 
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TABLE II. Orthogonality coefficients A n:(K). 








Ax (2xh/a) —tA2p(2xh/a) 


0.171077 0.0000000 
0.138815 0.0704738 
0.129765 0.0769323 
0.100072. 0.0879129 
0.0831092 0.0888203 
0.0782396 0.0884426 
0.0618685 0.0850910 
0.0522041 0.0815371 


Ais(2xh/a) 


0.0170094 
0.0168074 
0.0167409 
0.0164787 
0.0162861 
0.0162226 
0.0159724 
0.0157886 











Using Eq. (4.3) and Eq. (19.9) of Schiff!’ in (4.2), we 
obtain 
4n(21+1) 
|) of rPai(r)ji(Kr)dr. (4.4) 
0 


0 


Substituting the functions P,;“)(r) from (3.7)-(3.9), 
together with the appropriate n, J, values and Q9=a*/4, 
where a=5.431X10-® cm is the lattice constant of 
silicon,!* we obtain the values of Ani(K) given in 
Table II. 


B. Fourier Coefficients of the Potential 
Energy Function 


The only quantities entering into the secular equa- 
tions of Sec. II which remain to be computed are 
the Fourier coefficients of the potential energy of an 
electron, v(g). 

Our crystal potential energy function is given by Eq. 
(2.4), with 


2Z 2 
V atomic ™ (r) = ah (-)f 4rr”o(r’)dr’ 
r r 0 
| 4arr”p(r’) 3p(r)}* 
+2f lino i. (4.5) 
r r’ 8r 
where 


p(r) = (Amr*)-{2[ Pre(r) P+2[ Poa(r) P+6[ Pop (r) P 
+[Pae(r) P+3[Pap(r) P}. 


It is convenient to write 


(4.6) 


r 


2Z 2 
V atomic conten —— + (~ ) J 4rr’p(r’)dr’ 
0 


r r 


© Amr’ (r’ 
42 f fe, (4.7) 
‘ r 


(4.8) 
(4.9) 


17L, I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany Inc., New York, New York, 1949). 
E. M. "Conwell, Proc. Inst. Radio Engrs. 40, 1327 (1952). 


Vatomio exchangezs —6[3p (r)/8ar ]}, 


Vo) (r) =V (0) Coulomb (r) + Vo exchange(r) 


with 
VY Coulomb(r) =F, Vetomio® Coulomb(r— R,) 

= Ee 0 (g)Coulom exp(—ig-1), 
7) exehanee(4) = T°, Vatonia oe" (r—R,) 

= Teo (gs exp(— ig). 


(4.10) 


(4.11) 
Then 


y (g) =) (g) Coulomb» (0) (g)exchange, (4. 1 2) 


The Fourier coefficients v (g)©lom> are related to the 
Fourier coefficients of the charge distribution, p(r), and 
are easily computed by means of this relation. Thus, 
for 0, 


(© (g) Coulomb — — (422 /wQog) cos[ da (In-thet+hs) ] 


- sin (2rhr/a) 
x] Z-— 4ir*p (r)——————_dr ], (4.13 
J shia 2rhr/a (| said 


where h= (a/27)g. For the coefficients v (g)*ehsnee, jt 
follows from Eqs. (4.11) and (4.8) that 


6 
©) (g)exchange — in’ (—) f exp(ig: r) 
NM 


eo 


sos aa 


8x 


24a 
=< (—) cos[ jm (y+he+hs) | 
Qoh 


°"T3p(r)}t | /2ahr 
xf = | rsin( ar (4.14) 


For h0, then, v (g) is given by Eqs. (4.12), (4.13), 
(4.6), and (4.14). 

The values of |v®(g)| for the silicon crystal given 
in Table III were computed from these equations. The 


TaBLE IIT. Absolute values (in Rydbergs) of Fourier coefficients 
of the potential energy of an electron in the silicon crystal. 











|0)(g)| =|0)(2eh/a) | 


0.50758 
0.37197 
0.21261 
0.23367 
0.14706 
0.17707 
0.14412 
0.11524 
0.11524 
0.095326 
0.12171 
0.081308 
0.10526 
0.070819 
0.082694 
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integration indicated in Eq. (4.14) must be carried out 
numerically ; to facilitate this integration, which had to 
be repeated for each entry in Table III, we used numer- 
ical methods to find a function closely approximating 
[3p(r)/8x] which could be integrated analytically. 
From Table III, we obtain v(g) by means of the 
relation 


2h 
» (g) =» (=) 
a 


cos[ $a (Itr+ha+hs) ] (=| (4.15) 
ar cos[ t9(hit+he+hs) ] iP 


In computing » (000), we again follow Herman® in 
using 





a 


167° a 
v0(o00)0monh——(—~) f r'p(r)dr, (4.16) 


with 2,=Q/s, where s is the number of atoms in the 
unit cell of volume Qo, to obtain the Coulomb contribu- 
tion. The derivation of this relation is given by 
Bethe and Sommerfeld.” From it, we obtain for silicon 


2 (000) Coulomb — — 1.00353 ry. (4.17) 
For the exchange contribution to v® (000) we use 
Eq. (4.14), which for the limiting case h=0 becomes 


&r ” rrz(r) 
» (000) =xehang --(=)f || (4.18) 


where 2(r)/r=—6[3p(r)/8x ]*. However, in deriving 
: (4.14) we assumed that the exchange contribution to 
the crystal potential could be written as the super- 
position of the atomic exchange potentials [ Eq. (4.11) ]. 
While this approximation is useful in computing the 
higher Fourier coefficients of the exchange potential 
which are sensitive mainly to the behavior of the 
function z(r) near r=0, it breaks down completely for 
v(000), where the integral is very sensitive to the 
behavior of z(r) for larger r values. Although the first 
part of Eq. (4.11) is not true, Parmenter has shown in 
Appendix A of his paper” that functions V’ can be 
found such that 


Vexchange(r) =>), V’(r—R,). (4.19) 


We expect these functions V’(r) to resemble 


V enim (r) 


for values of r less than half the smallest spacing of 
lattice points in the crystal, but for larger values of r 
we expect |V’(r)|<|Vatomic™™*"**(r)|, since the 
superposition of the functions Vstomic™™*"**(r) makes 

1H. Bethe and A. Sommerfeld, Handbuch der Physik (Verlag 


Julius Springer, Berlin, 1933), Vol. 24, Part 2, p. 422. 
2” R. H. Parmenter, Phys. Rev. 86, 552 (1952). 
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the computed value of | V****"s°(r)| too large in the 
regions of overlap. With these considerations in mind, 
we replace 2(r)/r in Eq. (4.18) by 


3 

ass 
322°”? 

and by zero for r>r,, where 2,= o/s, with s the number 
of atoms in the unit cell of volume Qb, r, is defined by 
= (4/3)(xr,*), X is the number of valence electrons 
per atom (those outside of closed shells), and > n, ;°°" 
means summation over the values of and | associated 
with the core electrons in the atom (those in closed 
shells). This estimate is based on the assumption that 


the density distributions of core electrons on neigh- 
boring atoms do not overlap and that 


core 3X }# 
) > 2(21+1)P.P+ for r<r., 
n,t 


Wrks 


z 2(2/+1)P,°=0 for r>r, 


(both good assumptions for silicon), and that the 
valence electrons can be thought of as uniformly dis- 
tributed inside a spherical box of volume Q,, centered 
on the nucleus, in computing the average potential. 
The last assumption is suggested by the feeling that 
for the valence electrons the result of averaging the 
charge distribution over the 2, sphere and then com- 
puting its exchange potential should not greatly differ 
from the result of computing the exchange potential 
with the true valence electron distribution and aver- 
aging that over the Q, sphere. Replacing 2(r)/r in Eq. 
(4.18) with the above estimates of 6[3p(r)/8r]! and 
carrying out the integration numerically, we obtain for 
the silicon crystal 


Vo00 exchange — —0,99551 ry. (4.20) 


Thus 


Vo00 = V 000 Coulomb V 000 exchange 


=—1,99004 ry. (4.21) 


In all calculations for the silicon crystal we used a 
rounded-off value of Vooo : Vooo = — 1.99900 ry. 


V. NUMERICAL RESULTS FOR THE SILICON CRYSTAL 


We obtain approximations to the energy eigenvalues 
associated with the electronic states of different sym- 
metry types having k=O in the silicon crystal by 
inserting the numbers E,:, Ani(K), and »(g) from 
Tables I-III in the determinant of Eq. (2.9), equating 
the factor determinants to zero, and solving each one 
for E. Each factor determinant belongs to a particular 
symmetry classification. In this work we have been 
interested only in their lowest roots. The addition of 
more symmetrized plane-wave combinations to the 
trial function® increases the order of the determinant 
of Eq. (2.9), and hence increases the order of some of 
its component factor determinants. The successive 
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approximations to the various eigenvalues obtained by 
this procedure, beginning with only one symmetry 
combination of plane waves in the trial function and 
successively adding others, are summarized in Table IV. 
As noted there, the mth approximation to the energy 
of a state of given symmetry type is the lowest root of 
an nth order determinantal equation for that symmetry 
type. 

From our best approximations for the energy eigen- 
values of the valence and conduction states, as given 
in Table IV, we obtain an estimate of the difference 
between the highest valence state energy, Eros, and 
the lowest conduction state energy, Eris: 


(Erys)s— (Eros)g= 0.2616 ry~3.6 ev. 


Bell and his co-workers” obtained for this difference in 
silicon crystal the value of 1.3 ev from their calculations 
based on an adaptation of Kohn’s variational formula- 
tion of the cellular method.” Both their calculations 
and ours agree in fixing the Ty; state at a lower energy 
than the Ty state, in contrast with the results of 
Yamaka and Sugita,** which make the lowest con- 
duction state nondegenerate. 

It is interesting to note that all of the numerical 
results given in this paper were computed from five 
numbers: Z, a, and the three coefficients appearing in 
the exponents of (3.2)—(3.6). The numbers given in 


Tables I-IV are the end products of a great deal of 
numerical work. In the later stages of this work we were 
fortunate in having the assistance of the Illiac computer 
at the University of Illinois: the final determinantal 
equations were solved with the help of Illiac, and the 
machine was also used to check the evaluations of the 
complicated expressions for A ,;(K) and 0(g). 


VI. DISCUSSION 


The numerical results of the last section for the suc- 
cessive approximations to the eigenvalues of the valence 
and lowest conduction band states in silicon at k=0 
should be compared with: (A) Fig. 2 of Herman’s first 
publication on diamond,‘ (B) Fig. 1 of the preliminary 
work by Herman and Callaway on germanium,’ and 
(C) Figs. 2 and 4 of Herman’s more refined work on 
germanium.® The order of the states at k=0 which we 
find is the same as in (A) and (B). The rate of con- 
vergence of the successive approximations to the 
eigenvalues of all four symmetry types, adjusted for 
the differences in energy scales, appears to be about 
the same as in (A). For the I's and I's5, solutions the 
convergence rate again is comparable to (C), but our 
sequence of approximations to the I'y energy is very 
different from that given in (C) in that our I'y energy 
remains well above the I’); energy in all approximations, 


21 Bell, Hensman, Jenkins, and Pincherle, Proc. Phys. Soc. 
(London) A67, 562 (1954). 

22 W. Kohn, Phys. Rev. 87, 472 (1952). 

%3 EF. Yamaka and T. Sugita, Phys. Rev. 90, 992 (1953). 
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TABLE IV. Sequences of estimates of the energies (in Rydbergs) 
of valence and conduction states in silicon crystal with k=0. 








NT Tas" Ts Ty 


— 1.3498 —0.3996 —0.3996 0.0338 
— 1.4624 —0.7312 —0.5443 —0.0310 
— 1.4629 —0.7663 —0.5472 —0.0655 
— 1.4733 —0.7670 —0.5789 —0.0766 
— 1.4747 —0.8217 —0.5929 
— 1.4793 —0.8597 —0.5981 











* The subscript attached to E refers to the order of the secular deter- 
minant used in solving for EZ. 


but does not level off quite as abruptly after the second 
approximation as in (C). From these comparisons it 
appears that our more consistent treatment of the 
effects of exchange in these calculations has not sig- 
nificantly improved the rate of convergence of the 
OPW procedure. Also, the convergence in the case of 
the I’); and I95, solutions for silicon, where the trial 
function contains terms coming from orthogonalization 
to core state wave functions made from the 2 atomic 
orbitals, does not appear much more rapid than in the 
corresponding solutions for diamond, where the trial 
function contains no such terms. It is possible that we 
would have obtained better convergence if we had 
used more accurate numerical solutions of Eq. (3.1) 
for the atomic core wave functions than the analytical 
functions (3.7)-(3.9) and the corresponding energy 
eigenvalues of Table I. But from our experience with 
these calculations we have tentatively concluded that 
for solutions of symmetry types I’); and I'n5, at k=0, 
a trial function must contain roughly six symmetry 
combinations of orthogonalized plane waves in order 
to provide estimates of energies to two significant 
figures. It should be possible to reduce the number 
of independent terms in the linear trial function 
necessary to obtain a given accuracy in these cases by 
including terms other than symmetry combinations of 
orthogonalized plane waves. Some of the possible ways 
in which this might be done have been mentioned by 
Herring * and Herman. 

There are several inadequacies of the present work to 
which we should like to draw attention. One which we 
believe may be of comparatively small importance for 
the present work, but which is related to a question of 
considerable general interest, is the estimation of 
v(000), or the average potential in the crystal. We 
believe that the method used in Sec. IV to estimate this 
quantity cannot be expected to approximate it to better 
than 5%, even assuming that the atomic core wave 
functions used are correct. We have experimented with 
other choices for the value of »(000) and find that a 10% 
change in it changes only slightly the convergence of 
the successive approximations to the energies for k=0 
and their relative separations. 

Some of the degeneracies in the energy levels for 
k=0 which we have obtained are removed when a 





1166 TRUMAN O. 
more correct crystal Hamiltonian including relativistic 
effects is used in place of the crystal Hamiltonian given 
in Eq. (2.6). A complete treatment of the energy band 
structure of silicon would include a determination of 
the magnitudes of the splittings and displacements of 
the various levels arising from spin and relativistic 
effects, particularly, the spin-orbit interaction.” 

No effort has been made to determine the crystal 
eigensolutions for k vectors other than k=0. Once the 
factored secular determinants have been obtained for 
other wave vectors, the quantities E,:, An:(K), and 
v(K) which enter into them can be taken from Tables 
I-III or computed from Eqs. (4.4) and (4.12) to (4.14); 
the solution of the resulting determinantal equations is a 
routine procedure which has been programmed for 
several of the automatic computers in use at present. 

In connection with calculations of the sort described 
here, it is important to ask how sensitive the results 
are to changes in the quantities which are put in at the 
beginning of the calculations, such as the crystal 
potential and the atomic core wave functions. In 
analyzing the effects of such changes, one must be sure 
that all quantities which depend on the changed inputs 
are modified appropriately in the new determination of 
the final results. We are not aware of any work on the 
sensitivity of the results or the rate of convergence of 
OPW energy band calculations to changes in the inputs 
which satisfies the last requirement. We would like to 
encourage other workers with access to modern com- 
puting facilities to investigate this question, and have 
tried to organize the calculations for silicon which we 
have described to facilitate such a study. It might 
appear from a comparison of the preliminary results 
of Herman and Callaway for germanium crystal,’ 
based on calculations excluding exchange effects, and 
the very different results of Herman’s more refined 
calculations® for the same crystal, in which considera- 
tion was given to exchange effects, that a change in the 
crystal potential comparable in magnitude to the 
exchange contribution to that potential would produce 
such a violent change in the results as the reversal of 
the order of the Ty and Ty; solutions. We believe that 
such a conclusion cannot at present be drawn from this 
comparison, because in the transition from the first 
calculation to the second, it would appear from the 
papers®’ that the inputs of type E,; and »(K) were 
changed, but appropriate changes were not made in the 
A,u(K) type inputs. But the coefficients A,.(K) with 
exchange included should be different from those 
without exchange, because they should be computed 
from core wave functions which differ in these two 


*R, J. Elliott, Phys. Rev. 96, 266 (1954); 96, 280 (1954). 
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cases. The energies calculated by the OPW method 
depend on a delicate balance of all of these numbers, 
and small changes in the A,»:(K) can modify them 
profoundly, as we found in our preliminary calculations 
for diamond. It would be interesting to see how our 
results for silicon would be affected if the Slater 
exchange term were modified or omitted from the 
crystal potential, the atomic core eigenfunctions ¢nim(r) 
and energies E,,; redetermined, either by methods we 
have outlined, or better, by strictly numerical pro- 
cedures, and the calculations for the valence and con- 
duction states repeated. A calculation along these lines 
would settle the question as to how sensitive the results 
of energy band calculations are to the assumed crystal 
potential. 

If it turns out that the order of the bands and the 
energy intervals between them are not highly sensitive 
to small variations in the crystal potential, then the 
use of the HFS equations, as in this work, would be 
justified for many types of investigation. On the other 
hand, if the calculated energy band structure is highly 
sensitive to small variations in the crystal potential, 
then it is doubtful that crystals can be adequately 
treated by the HFS equations, and efforts should be 
made to apply a more accurate form of the HF equa- 
tions to the solution of energy band problems. It may 
well be that these efforts would also fail, and that the 
HF equations cannot be made to give information 
about the behavior of the aggregate of electrons in a 
crystal which is sufficiently precise for many purposes, 
because they do not adequately describe the correlations 
of the electronic motions beyond those introduced by 
exchange. In that case, the methods for treating the 
many-electron problem introduced by Bohm and Pines*® 
might make it possible to salvage at least part of the 
existing structure of energy band concepts. 
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Measurements have been made on the shift of the superconducting transition temperatures of Sn, In, Hg, 
Tl, and Ta by pressures up to 5000 kg/cm?. For thallium, AT./AP is initially positive but becomes negative 
above 1200 kg/cm*. The effect of pressure on the normal resistance of all these metals, except Hg, has been 
investigated just above their transition temperatures. In all cases the resistance decreases under pressure. 





INTRODUCTION 


N recent years there has been a growth of interest 
in the effect of pressure on superconducting transi- 
tions. This has been due largely to the realization that 
the lattice plays an important role in the superconduc- 
tivity of a metal, as suggested by the theories of 
Frohlich' and Bardeen? and confirmed by experiments 
on the isotope effect.’ Measurements on the shift of 
superconducting transition temperature due to reduc- 
tion of the lattice spacings by pressure should provide 
valuable guidance for the construction of any detailed 
atomic theory of superconductivity. 

In the experiments to be described here, the method 
of applying high pressure to the superconducting 
specimen has the great advantage of enabling the 
pressure to be continuously varied at liquid helium 
temperatures. The importance of this is that it makes 
possible a check on the reversibility of the pressure 
effects. Hitherto, the only experiments which fulfilled 
this condition have been those in which pressure was 
transmitted to the superconductor by liquid helium, 
and which consequently were limited by solidification 
of the helium to maximum pressures in the neighborhood 
of 100 atmos. 

In addition to measuring the shift of transition 
temperature under pressure, we have thought it 
profitable to examine how the normal electrical resist- 
ance of superconductors slightly above their transition 
temperatures is influenced by pressure. From measure- 
ments of this kind one might hope to find evidence for 
the nature of the electron-lattice interaction that 
differentiates superconductors from normal metals. 


EXPERIMENTAL METHOD 


The method used was to immerse the specimen in 
solid hydrogen contained in a stout cylinder, and to 
generate pressure by a close-fitting piston activated by 
a hydraulic ram. The piston and cylinder were immersed 
in liquid helium whose temperature could be varied. 
Insulated electric leads passed through the walls of 
the cylinder in order to make electrical resistance 

1H. Frohlich, Phys. Rev. 79, 845 (1950). 


2 J. Bardeen, Phys. Rev. 80, 567 (1950). 
* Reynolds, Serin, Wright, and Nesbitt, Phys. Rev. 78, 487 
19 


50). 
4 E. Maxwell, Phys. Rev. 78, 477 (1950). 


measurements on the specimen. The apparatus was 
identical with that used for earlier measurements® on 
the effect of pressure on the electrical resistance of 
metals at low temperature. The piston and cylinder 
arrangement is illustrated in Fig. 1. 

The dimensions of the specimens were roughly 
0.1-0.2 mm in diameter and about 5 mm long. For 
studying the superconducting transitions, the electrical 
resistance was measured by the voltage drop across 
the specimen due to a current of approximately 6X 10-* 
amp. The measuring procedure was as follows: 

Keeping the pressure on the solid hydrogen at some 
constant value, the vapor pressure of the liquid helium 
was reduced very slowly and simultaneous readings 
made of the specimen resistance and of the vapor 
pressure. About a dozen readings were taken in the 
region of rapid fall of resistance, so that the shape of 
the transitions was accurately determined. The tem- 
perature of the helium bath was subsequently allowed 
to rise above the transition temperature of the specimen 


POTASSIUM 
PACKING > 


sai] 


_— 


SPECIMEN 

















ihe, 


Fic. 1. The piston and cylinder. Only two of the four 
insulated leads are shown. 


5 J. Hatton, Phys. Rev. 100, 681 (1955). 
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Fic. 2. Transitions in tin at different pressures. The measure- 
ments were made in the sequence: 0(a), 2528, 3753(c), 4733(e), 
3753(d), 1352, 0(b), 4733(f). 


and the observations repeated with a different pressure 
on the solid hydrogen. 

Values quoted for the pressure applied to the speci- 
mens are derived from the measured thrust on the 
piston and its cross-section area, and are therefore 
in error on account of friction. Evidently, when a 
particular pressure has been reached by increasing 
from a lower value the true pressure on the specimen 
is less than the quoted value, and conversely for 
pressures reached by decreasing from a higher value. 
From measurements made with increasing and de- 
creasing pressure, the effect of friction can be allowed 
for. 

For measurements on the normal resistance of the 
superconductors above their transition temperatures, 
currents of the order of 0.5 amp were used. The tem- 
perature of the helium bath was maintained at a 
constant value and the resistance of the specimen 
measured at different pressures. 


EXPERIMENTAL RESULTS 


In the various figures showing the experimental 
results, full curves refer to observations made on the 
increasing part of a pressure cycle and dotted curves to 
the pressure-decreasing part of the cycle. Resistance 
values refer to the directly measured resistance (in 
arbitrary units) and not to the specific resistance. The 
value of a superconducting transition temperature, 
T., is taken to be the temperature at which the specimen 
resistance has fallen to half its normal value. With this 
definition, the precision of the measurements enables 
the value of T, for each transition to be determined to 
within about 0.001 deg, except in the case of mercury 
for which the transitions were not followed to com- 
pletion. An indication of the scatter of experimental 
points is provided in an earlier note on thallium.® In 
deducing values for the pressure coefficient of the 
transition temperature, negligible error arises from the 
uncertainty in 7, derived from the individual transition 


‘J. Hatton, Phys. Rev. 100, 1784 (1955). 


curves. The chief sources of uncertainty will be dealt 
with in the detailed presentation of results. 

Tin.—The specimen was polycrystalline wire of high 
purity tin. The transitions at different pressures are 
shown for two complete pressure cycles in Fig. 2. 
It is observed that the transitions exhibit no appreciable 
broadening under pressure and that the pressure effects 
are reversible. In particular, there seems to be no 
permanent shift of the zero-pressure transition, con- 
trary to the observations of Garber and Mapother.’ 

From these curves the values of 7, at different 
pressures are deduced and plotted in Fig. 3, in which 
the lower curve is drawn through points obtained at 
pressures reached by decreasing from higher values. 
The slope is greater than corresponds to the true 
dependence of T, on P, being enhanced by the effects 
of ortho-para hydrogen conversion in the pressure 
cylinder, as will be explained later. In separate experi- 
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Fic. 3. Transition temperature vs pressure for tin, uncorrected 
for effect of ortho-para hydrogen conversion. Points on the upper 
curve correspond to pressures reached by increasing from lower 
values, those on the lower curve to pressures reached by decreasing 
from higher values. Letters on the points at 4733 kg/cm? indicate 
the curves of Fig. 2 from which they are derived. 


ments we have investigated the effects of the ortho-para 
conversion and so are able to apply the appropriate 
corrections. From Fig. 3 we find that at 3753 kg/cm’, 
the values of T, corresponding to increasing and de- 
creasing pressure differ by 0.015 deg. Taking the mean 
of these two values of T, we get for the change between 
zero pressure and 3753 kg/cm? AT.=—0.171+0.007 
deg. The effect of ortho-para hydrogen conversion 
accounts for an apparent shift of —0.012 deg, though 
this estimate might be in error by as much as 50%. 
Accordingly, we have for the true change of 7, under 
3753 kg/cm?, AT,=—0.159 deg with a possible error 
of +0.013 deg, giving AT./AP=—4.3X10-* deg/ 
(kg/cm?) +8%. 

In Fig. 4 we show the effect of pressure on the normal 
resistance of tin 4.2°K, for two complete pressure 
cycles. Initially the resistance is seen to decrease under 
pressure. 


7M. Garber and D. E. Mapother, Phys. Rev. 94, 1065 (1954). 





PRESSURE ON SUPERCONDUCTING TRANSITIONS 


Indium.—The specimen was polycrystalline wire of 
high purity. Transitions at different pressures are 
shown for two complete pressure cycles in Fig. 5. 

As in the case of tin, there is no significant broadening 
of the transition at high pressure. Apart from a small 
shift of the zero-pressure transition, the behavior under 
pressure is strictly reversible. The variation of 7, with 
pressure is shown in Fig. 6. From Fig. 6 we get for zero 
pressure and 2528 kg/cm?, T.=3.399+0.001 deg and 
T.=3.290+0.003 deg, respectively. The effect of ortho- 
para hydrogen conversion is estimated at —0.012 deg, 
with an uncertainty of about 50%. Therefore, for the 
true change of JT, under 2528 kg/cm? we have AT, 
=—0.097+0.01 deg, giving AT./AP=—3.8X10~ 
deg/(kg/cm?)+10%. 

The variation with pressure of the normal resistance 
at 4.2°K is shown for two complete cycles in Fig. 7. 
The initial behavior is for the resistance to decrease 
under pressure. 

Mercury.—For the measurements on mercury, there 
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Fic. 4. The normal resistance of tin at 4.2°K vs pressure. 


was some difficulty in devising a suitable holder for the 
specimen. The arrangement finally used consisted of a 
very thin tube made from a single thickness of cigarette 
paper. This was filled with distilled mercury and small 
iron electrodes were inserted in the ends. There was an 
appreciable contact resistance. The transitions appeared 
to be rather broad and were not followed to completion, 
but only far enough to enable their positions to be 
located with sufficient accuracy. The results are shown 
in Fig. 8, in which it is to be noted that the lowest 
value of ordinates does not correspond to zero resistance. 
In further experiments with mercury, much larger 
contact resistance and much broader transitions were 
encountered, but we were able to make measurements 
over a complete pressure cycle. These measurements 
were in reasonable agreement with the results given in 
Fig. 8 and showed the behavior under pressure to be 
substantially reversible. In view of the uncertainties 
associated with the measurements on mercury it does 
not seem worthwhile to apply corrections for the 
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Fic. 5. Transitions in indium at various pressures. The measure- 
ments were made in the sequence: 2528(a), 4733(c), 2528(e), 
0(g), 2528(b), 4733(d), 2528(f), O(h). 


ortho-para hydrogen conversion. The results give 
AT,/AP=~—4X10~ deg/(kg/cm?), with an estimated 
uncertainty of +25%. 

No attempt has been made specifically to measure 
the effect of pressure on the normal resistance of 
mercury. It is worthwhile to point out, however, that 
in the experiments discussed above the measured over- 
all resistance of the specimens in the normal state 
decreased markedly under pressure. Although it would 
be rash to ascribe this entirely to a decrease in the 
resistance of the mercury itself, the observations make 
it seem very probable that the true resistance does 
decrease under pressure. 

Thallium.—Some heavy gauge wire of pure thallium 
was kindly made available to me by C. A. Swenson of 
Towa State College. This was reduced to a thin ribbon 
from which a suitably sized specimen was prepared under 
distilled water. The specimen was surrounded by an 
inert atmosphere during mounting in the pressure 
cylinder. In the course of these operations the surface 
of the thallium became slightly tarnished, but since 
the ratio of the resistance at room temperature to that 
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Fic. 6. Transition temperature vs pressure for indium, un- 
corrected for effect of ortho-para hydrogen conversion. Points 
at 0 and 2528 kg/cm? are lettered to indicate the curves of Fig. 5 
from which they are derived, 
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Fic. 7. The normal resistance of indium at 4.2°K vs pressure. 


at liquid helium temperature was greater than 300, we 
conclude that there could have been no serious contami- 
nation of the specimen. 

In studying the superconducting transitions of 
thallium, the medium used for transmitting pressure to 
the specimen was solid HD rather than solid H». As 
pointed out in an earlier note on thallium,® this was 
made necessary by the observation that in the case of 
solid H, (presumably having an ortho-para ratio of 
3:1) the ortho-para conversion rate increases appreci- 
ably under pressure. The heat liberated by this con- 
version produces a pressure-dependent temperature 
drop between the position of the specimen inside the 
cylinder and the helium bath (where the temperature 
is measured). Owing to the smallness of the true shift 
of transition temperature with pressure for thallium, 
it is necessary to make the measurements using some 
modification of hydrogen in which there is no compli- 
cation from ortho-para conversion. Actually a number 
of experiments were performed using solid H: and solid 
HD and from a comparison of the results obtained we 
have been able to determine, approximately, the effect 
of the conversion in H, and so to apply appropriate 
corrections to the results for tin and indium. 

The transitions of thallium, using HD as the pressure- 




















Fic. 8. Transitions in mercury at different pressures. 
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Fic. 9. Transitions of thallium at various pressures. 


transmitting medium, are shown in Fig. 9. The varia- 
tion of 7, with pressure deduced from Fig. 9 is re- 
markable in that the sign of AT./AP changes from 
positive to negative at about 1200 kg/cm?, as shown 
in Fig. 10. Evidence of such behavior has also been 
found by Bowen and Jones.*® The effect of pressure on 
thallium is reversible in the sense that the shape of the 
T. vs P curve is reproduced when the pressure is 
reduced to zero, though the curve for decreasing 
pressure lies below that for the first application of 
pressure and returns to a zero-pressure transition 
temperature somewhat lower than the original value. 
On a second application of pressure, the transition 
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Fic. 10. Transition temperature vs pressure for thallium. 


®D. H. Bowen and G. O. Jones, Conference de Physique des 
Basses Temperatures (Centrenational de la Recherche Scientifique 
and UNESCO, Paris, September, 1955), p. 514. 





PRESSURE ON SUPERCONDUCTING TRANSITIONS 


temperature again shows an initial rise. From Fig. 10 
we get 
(P<800 kg/cm?) : 

AT./AP=+1.3X10- deg/(kg/cm?), 


(P> 2000 kg/cm?) : 
AT ./AP=—0.43X 10-5 deg/ (kg/cm?) 
Measurements made on a number of different 
specimens of thallium yielded different values for these 
coefficients, although the behavior was qualitatively 
always the same. The evidence from several experi- 
ments indicates that the values of AT./AP lie in the 
range: 
(P<800 kg/cm’): AT./AP from +0.9 
to +1.5X10-5 deg/(kg/cm’), 
AT./AP from —0.35 
to —0.45X 10-5 deg/(kg/cm?). 


(P> 2000 kg/cm?) : 
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Fic. 11. The normal resistance of thallium at 3.0°K vs pressure. 


The variation of normal resistance with pressure is of 
particular interest in this case, and the results for 
thallium at 3.0°K are shown in Fig. 11. The principal 
characteristic of this curve is the initial decrease of 
resistance under pressure, but we wish to point out the 
suggestion of a change in curvature evident at inter- 
mediate pressures. The precision of the measurements 
is not really great enough to make this change of 
curvature absolutely certain, but similar behavior has 
been apparent in several measurements on thallium and 
is probably not spurious. It may well be connected with 
the change in sign of AT./AP. 

Tantalum.—The tantalum wire used for these 
experiments had been vacuum annealed at 2000°C and 
was kindly made available to me by Dudley Buck of 
M.I.T. Electrical connections were made via thin 
nickel wires spot-welded to the tantalum. The super- 
conducting transitions at various pressures, using 
solid HD as the pressure transmitting medium, are 
shown in Fig. 12. In Fig. 13 the variation of T, with 
P for two complete pressure cycles is shown. In this 
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Fic. 12. Transitions of tantalum at various pressures. The 
measurements were made in the sequence: O(a), 1744(c), 3753(e), 
4733, 3753(f), 1744(d), O(b). 


figure, we have drawn smooth curves through all the 
experimental points in order to show up the indications 
of a minimum value of T, in the neighborhood of 5000 
kg/cm?. Measurements to higher pressures will be 
required to establish the existence of such a minimum 
beyond all doubt. From Fig. 13 we find that the change 
of transition temperature between zero pressure and 
1744 kg/cm? lies between —0.0042 deg and —0.0098 
deg, or AT,= —0.0070+-0.0028 deg. Therefore, AT./AP 
= —0.4X 10-5 deg/(kg/cm*)+40%. 

Measurements on the normal resistance of tantalum 
at 4.7°K are shown in Fig. 14. Initially the resistance 
decreases with pressure, but as would be expected 
for such a hard metal, the total change is very small. 

Values of AT./AP for the above superconductors are 
presented together in Table I. 


DISCUSSION 


A notable feature of the experiments presented above 
is that the width of the superconducting transitions at 
the highest pressures used is not significantly greater 
than the width at zero pressure. From this observation 
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Fic. 13. Transition temperature vs pressure for tantalum. 
Points derived from the curves of Fig. 12 are lettered corre- 
spondingly. 
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Fic. 14. The normal resistance of tantalum at 4.7°K vs pressure. 


we draw the important conclusion that the pressure 
to which the specimens are subjected in this apparatus 
is substantially uniform; previously, we had been able 
to infer only from rather indirect evidence® that this 
was so. This conclusion, together with the fact that 
the values of AT./AP we obtain for tin and indium 
agree quite well with those found by other workers,® 
gives us some confidence in our results for the variation 
of normal resistance with pressure. 

The most interesting result for the variation of T, 
with pressure is for thallium. The change in sign of 
AT./AP occurring near 1200 kg/cm? is a novel feature 
and it is natural to inquire if it is associated with a 
phase change in the metal. Measurements on the low 
temperature compressibility of thallium by Swenson! 
give no evidence of any phase transition accompanied 
by appreciable volume change. If, on the other hand, 
the observed behavior resulted from a modification of 
the electronic configuration under pressure, then we 
would expect to see evidence of this in the measure- 
ments on the normal resistance of thallium. From Fig. 
11 it is apparent that the normal resistance shows no 
striking variation with pressure, though as we have 
already pointed out, there is some evidence for a kink 
in the curve at intermediate pressures. 

It would be of great interest to carry the experiments 
on tantalum to higher pressure in view of the indication 
our results give for a change in sign of AT./AP in the 
region of 5000 kg/cm*. If such a sign change were 
confirmed it would be in the opposite sense from that 
occurring in thallium, and from a comparison of the 
two metals it might be hoped that some clue to the 
underlying cause might be forthcoming. As _ yet, 
theoretical estimates"-” of AT./AP based on electron- 
lattice interaction theory have met with little quanti- 
tative success, though they are of the right order of 
magnitude. 


®N. L. Muench, Phys. Rev. 99, 1814 (1955) gives a convenient 
table of published results. 

%” C. A. Swenson, Phys. Rev. 100, 1607 (1955). 

uP. M. Marcus, Phys. Rev. 91, 216 (1953). 

12S. Mase, Busseiron Kenkyu, No. 53, 10 (1952). 


In measurements on the variation of normal resist- 
ance with pressure, the magnitude of the observed 
effect differed by a factor of about 2 among different 
specimens of the same metal. Enough measurements 
were made, however, to exclude any doubt about the 
qualitative behavior—in particular, about the initial 
slope of the resistance vs pressure curves. A result 
which we feel may be of considerable significance is 
that for each of the four superconductors studied, the 
normal resistance decreases under pressure. Now it is 
readily shown that if we use as a model for the electrical 
conduction process at low temperatures a free de- 
generate electron gas scattered by a fixed number of 
scattering sites, then the resistance should increase 
under pressure. Such behavior is indeed found for 
relatively simple metals like copper and silver,’ and 
the observed increase is of the expected order of 
magnitude. 

In the case of antimony and bismuth, which are 
preceded in the Periodic Table by the superconducting 
elements tin and lead, respectively, we find® that the 
low temperature resistance decreases initially under 


TABLE I. Values of AT./AP. 








105 XAT./AP 

deg/ (kg/cm?) 
—4.348% 
—3.8+410% 
—4+25% 
+0.9 to +1.5 
—0.35 to —0.45 
—0.4+40% 


Pressure 
kg/cm* 
3753 
2528 
4733 
< 800 
> 2000 
1744 





Tin 
Indium 
Mercury 
Thallium 


Tantalum 








pressure. It is tempting to ask if the interactions which 
are responsible for superconductivity also lead to the 
decrease of normal resistance with pressure. 

The effects of electron-lattice interaction on the low 
temperature behavior of metals have been the subject 
of theoretical considerations by Bhatia and by 
Schafroth and Buckingham." It has been pointed out 
to the author by G. D. Cody of this laboratory that 
according to these theories the electrical resistance at 
low temperature contains a term which would decrease 
under pressure. This could account for the observed 
decrease of resistance with pressure for superconductors 
in the normal state, where presumably the interaction 
is larger than in ordinary metals. 

The author wishes to express his gratitude to Ray 
Sawyer and George Cody for taking vapor pressure 
readings in the measurements on the superconducting 
transitions. Thanks are due also to Archie Grant who 
prepared the HD and to Earl Wilkie for help in a 
variety of ways. Grateful acknowledgement is made to 
Linde Air Products Company for their generous gift of 
liquid nitrogen. 

13 A. B. Bhatia, Phys. Rev. 95, 914 (1954). 


“4M. R. Schafroth and M. J. Buckingham, Proc. Phys. Soc. 
(London) A67, 828 (1954). 
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Measurements of the absorption of infrared radiation by the free carriers in germanium have been used 
to determine carrier distributions due to injection and extraction. The transverse distributions were found 
to agree with theory and have been used to determine surface recombination velocity. The longitudinal 
distributions may be put into four classifications. These are injection field-opposed, injection field-aided, 
extraction field-opposed and extraction field-aided. Some of these distributions have been studied in detail 
and have been correlated with the ambipolar carrier transport theory of van Roosbroeck. To do this it was 
necessary to take into account the change in carrier lifetime with carrier density, which was done according 
to the Shockley-Read theory. Good agreement was thus obtained between experiment and theory for 


longitudinal carrier distributions. 





I. INTRODUCTION 


N excess or deficit of carriers in a semiconductor 
is distributed in a manner which may be described 
in terms of recombination, diffusion, mobility, and 
electric field intensity. Up to the present time, measure- 
ments of these distributions have been made by deter- 
mining local changes in carrier concentration indirectly 
from changes in reverse current, zero bias conductance 
or floating potential of a point contact on the surface. 
A disadvantage of these techniques is that concentra- 
tions deep within the bulk cannot be measured; in 
addition, when contact is made at a different location, 
the characteristics may not be the same. 
Experiments! have shown that the absorption by a 
semiconductor of infrared radiation beyond the funda- 
mental absorption edge is due in part, at least, to the 
free carriers. A more direct approach may thus be used 
for the measurement of carrier distributions. The 
absorption of infrared radiation by free carriers has 
served, in the present experiments, to give information 
about carrier distributions within the bulk of ger- 
manium. A preliminary report‘ has been made of 
measurements of transverse carrier distributions which 
were utilized in the evaluation of surface recombination 
velocity. Longitudinal distributions are of interest 
because they yield information about carrier lifetime 
and provide measurements for a test of the ambipolar 
transport theory® for carriers in a semiconductor. 


Il. EXPERIMENTAL TECHNIQUE 


The experimental technique was described briefly in 
a previous publication* where a diagram of the setup 
was shown. A description of some of the details, 
however, is in order and will be given with reference to 
Fig. 1. The source assembly (globar and mirrors) of 


1H. Y. Fan and M. Becker, Semiconducting Materials (Butter- 
worths Scientific Publications, Ltd., London, 1951), p. 132. 

2H. B. Briggs and R. C. Fletcher, Phys. Rev. 91, 1342 (1953) ; 
Roger Newman, Phys. Rev. 91, 1311 (1953). 

3A. F. Gibson, Proc. Phys. Soc. (London) B66, 588 (1953). 

4N. J. Harrick, Phys. Rev. 101, 491 (1956). 

5 W. van Roosbroeck, Phys. Rev. 91, 282 (1953). 


a Perkin-Elmer Model 12A spectrometer is used to 
obtain the infrared radiation. An image of the globar 
is focused on an entrance slit whose dimensions are 
0.5X3.5 mm. The sample is placed in the path of the 
radiation just beyond (~2 mm) the slit and just before 
(~~ 1 mm) the special Eppley thermopile with a KRS-5 
window which serves to detect the radiation transmitted 
by the sample. A sensitive detector is required which 
will respond to all radiation beyond 2 microns emitted 
by the source. It is important to keep the distance 
between the slit and detector small, since the beam is 
not collimated. The sample and detector are mounted 
on separate micromanipulators. The germanium wafer, 
shown in the previous publication, is no longer used as a 
filter since the sample acts as its own filter and there is 
a gain in infrared intensity due to the removal of two 
highly reflecting surfaces. The sample can be oriented 
so that the slit image is parallel to the junction for 
longitudinal carrier distribution measurements or 
perpendicular to the junction for transverse distribu- 
tions, as shown in Fig. 1. 

The quantities of interest for any position of the 
sample are the total transmitted radiation, I7, prior 
to injection or extraction and the change in transmis- 
sion, AJ, due to injection or extraction. 7 may not be 
the same everywhere; thus it must be measured at 
each point so that it can be used for the normalization 
of AJ. AI is usually a small percentage of I7 and hence 
a high gain is required to measure AJ accurately. This 
is achieved as shown by Fig. 1. First the signal, Ir, 
from the thermopile is balanced off in a bridge; there- 
after the change, AJ, is amplified by a breaker-type 
amplifier. The signal from the amplifier is passed 
through electrical filters and then displayed on an 
oscilloscope. An increase or decrease in transmission 
of infrared radiation by the sample is observed when 
carriers are extracted or injected, respectively. It is 
important to keep the time of injection or extraction 
short to avoid heating of the sample. On the other hand, 
it must be comparable to the time constant of the 
thermopile (about one second). 
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Fic. 1. Experimental setup for carrier distribution measurements. 


It should be noted that chopping the beam would 
not increase the sensitivity. This is because AJ is only 
a small percentage of Ir so that it would be difficult to 
measure AJ if the whole signal corresponding to 77+ AI 
were chopped. One scheme which would improve the 
sensitivity is to use a double infrared beam. One beam 
would pass through the sample and the other would 
by-pass it. The signals from these two beams could 
be balanced against each other and the difference 
due to injection or extraction, AJ, could be amplified. 
This scheme would help to overcome the very bother- 
some background variations of the infrared radiation. 

The sample used for most of the present experiments 
is a high lifetime p-type germanium bar of dimensions 
70X9.5X9.5 mm and resistivity of 50 ohm cm at 
300°K. It has a highly doped (p+) p region at one end 
which provides a junction and serves to inject or extract 
holes. It is necessary to have polished or etched surfaces 
for the transmission of infrared radiation. A ground 
surface scatters the infrared beam so that the trans- 
mitted intensity is very low. 


III. THEORY OF CARRIER DISTRIBUTIONS 


It is generally necessary to consider the ambipolar 
formulation of the carrier transport equations and 
particularly so for the near intrinsic sample under 
study. Van Roosbroeck’s ambipolar continuity equation 
(12) of reference 5, may be applied to the present 
problem (Fig. 1) by putting the electric field compo- 
nents, E, and £,, equal to zero. With no loss of general- 
ity otherwise, the equation may be written 


Ap/at= D(a Ap/dx2+aAp/dy’-+eAp/dz’) 
—p*EAdAp/dx—Ap/r. (1) 


Here Ap is the departure of the actual carrier concentra- 
tions, p and m, from the equilibrium concentrations, 
po and mo; Ap=p—po=n—mo. The parameters D and 
u* are, respectively, the ambipolar diffusivity and 
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ambipolar mobility and are given by 


n+p 
| (a rmcarema 
n/Dp,+p/D, 
Np- Na 
pt =——_—_—_—. 
n/p t+p/Un 


Np and Nx are the donor and acceptor densities, 
respectively. It should be realized that D and u* are 
used to determine carrier distributions and not the 
motions of the individual particles which are given by 
the current equations [Eq. (2), reference 5] and 
ordinary constants (Dy, Dn, up, Un). Only in the special 
case of high doping and low levels of injection do the 
ambipolar parameters become equal in magnitude to 
the ordinary constants, since in this case they reduce 
to the corresponding constants for the minority carrier. 
Both D and y* are concentration dependent. D varies 
between D, and D,, taking on the intermediate value 
2D,D,/(D,+D,) for intrinsic material. u* varies 
between —, and yw, and becomes zero for intrinsic 
material. 

According to the theory of Shockley and Read,® the 
bulk lifetime, 7, is also concentration-dependent. By 
assuming a<c and aAp<1 in their Eq. (6.2), 7 is given 
as 


(3) 


t= To(not po)/ (not pot Ap). (4) 


The assumption that a<c has been shown, in at least 
one case,’ to be correct. In addition, it is in agreement 
with results from the present experiments. The variation 
of + with Ap is a large factor in determining carrier 
distributions at high injection or extraction levels, 
particularly in near-intrinsic materials. 

Because of the concentration dependence of D, u*, 
and r, Eq. (1) cannot easily be solved analytically. 
It has, however, the same form as Eq. (7) of reference 
8, for which Shockley has given a solution, assuming 
the coefficients to be constant. This solution has proven 
useful in the present investigation. It consists of a 
series of terms with suitable coefficients,’ the principal 
one of which can be written, for the steady state and 
a bar of semi-infinite length in the x direction, as follows: 


Ap=+Apoe~**-* cos(by) cos(cz). (5) 


The higher modes, which decay faster, are negligible 
only if the surface recombination velocity has a low 
value or if measurements are made far from the plane 
of injection or extraction. If precautions are taken 
to keep the contribution of the higher modes low, Eq. 
(5) can be applied within a segment of the bar of 


6 W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 

7R. N. Hall, Proc. Inst. Radio Engrs. 40, 1512 (1952). 

8 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 319. 

®H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids 
(Oxford University Press, New York, 1947), p. 158. 
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length short enough so that the longitudinal variations 
in D, w*E, and 7 can be neglected. Apo is the carrier 
concentration at the center of the bar and on the 
segment boundary nearest the junction; i.e., x=%o, 
y=2=0. 

The plus sign of Ap refers to injection. It was pointed 
out by van Roosbroeck® that the transport equations 
apply equally well when Ap is negative. This corre- 
sponds to carrier depletion or extraction which has 
been observed in other experiments.’*" For the 
moderate electric fields used in the present experiments, 
charge neutrality may be assumed in the bulk. Under 
these circumstances Ap can be no larger than the carrier 
density due to thermal generation. Hence only thermal 
carriers can be extracted from the bulk, for if impurity 
carriers were extracted, the bulk would become charged 
due to the ionized immobile atoms. Complete extraction 
for a sample can occur only when the transit time of 
the carriers over the length of the sample is less than 
the effective carrier lifetime in the sample. 

The longitudinal decay parameter is given by” 


_ ~wE+[(u*E)?+4D/r}} 
_ = 





(6) 


a 


If u*E is zero, the longitudinal decay is obviously 
governed entirely by diffusion and lifetime. The effect 
of an applied field will be different depending upon the 
sign of u*E. If u*E is negative, the magnitude of a will 
be increased and the effect of the field will be to displace 
the distribution toward the junction; if u*£ is positive 
a will be decreased and the distribution will be displaced 
away from the junction. The former may be called 
field-opposed and the latter field-aided distributions 
which result in, respectively, a lesser or greater drift 
length than a diffusion length. 

It will be noted that both the magnitude and sign 
of w*E are determined as much by p* as by E. E is 
positive when it is directed away from the junction 
(Fig. 1) and vice versa. In intrinsic material, u* is zero 
and there can be no displacement of the carrier distribu- 
tion by the field, no matter how large. In n-type 
material, u* is positive, the sign of u*E is the same as 
that of E, and the distribution is displaced by the field 
in the direction of the field’; i.e., if EZ is directed away 
from the junction, the distribution is field-aided; 
toward the junction, field-opposed. On the other hand, 


#0 J. B. Arthur ef al., Proc. Phys. Soc. (London) B68, 43 (1955). 

1 R. Bray, Phys. Rev. 100, 1047 (1955). 

12 Here the contribution of the surfaces to filament lifetime has 
been neglected. This may be justified by the large cross section 
and low value of surface recombination velocity for the sample 
under investigation. 

18 The sign of u* is not uniquely determined in the development 
of Eq. (1), w* might have been taken as the negative of the 
quantity shown in Eq. (3). This has no effect on the final conclu- 
sions but involves the less “elegant” statement that displacement 
in the direction of the field occurs when y* is negative. 
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in p-type material u* is negative and the displacement 
of the distribution is against the field. These statements 
reduce to the simple rule that the displacement is 
always in the direction in which the field moves the 
minority carriers." 

In the neighborhood of a junction, four classifications 
of longitudinal carrier distributions may thus be distin- 
guished; injection field-aided, injection field-opposed, 
extraction field-aided, extraction field-opposed.** For 
configurations similar to that shown in Fig. 1 where the 
field is applied through the junction (no additional 
contacts), injection of minority carriers take on 
field-aided distributions and injection of majority 
carriers take on field-opposed distributions, while 
extraction of minority carriers take on field-opposed 
distributions and extraction of majority carriers take 
on field-aided distributions. 

The transverse hole or electron carrier flows are 
given at y=+Y by 


J,/e=+shp=—DdAp/dy, (7) 
and at s=+Z by 
J ,/e=+sAp=— DdAp/dz, (8) 


where the J’s are the transverse hole or electron currents. 
The simple form of the transverse carrier flow equations 
represented by the last terms on the right of these 
equations are obtained by expressing the transverse 
currents in terms of the ambipolar quantity, D rather 
than D, or D,, and noting that the total current is 
necessarily zero [see Eq. (9) of reference 5 ]. Equations 
(7) and (8) lead to the familiar boundary conditions 


b tan(by)=s/D, (9) 
and 


¢ tan(cZ)=s/D. (10) 


With extraction in place of injection, there is genera- 
tion instead of annihilation at the surface. It is evident, 


however, that the same formulas for evaluation of 
surface recombination velocity apply. 


4 Similar statements hold for the time-dependent solutions of 
Eq. (1). A neutral cloud or pulse of carriers in intrinsic material 
will not move in an applied field. In n-type material the cloud 
will drift with the field and in p-type it will drift against the field; 
i.e., the direction of drift of the cloud is always the same as that of 
the minority carrier. The latter statements are consistent with the 
idea introduced in early transistor physics that, in heavily doped 
material, the motion of a pulse is determined largely by that of 
the minority carrier. 

15 G. G. E. Low [Proc. Phys. Soc. (London) B68, 310 (1955) ] 
has made a similar classification which he has termed injection, 
accumulation, exclusion, and extraction, respectively. He arrived 
at these from a consideration of injection ratios and sign of 
electric field for heavily doped n-type germanium with no reference 
to u*. 

16 W. van Roosbroeck’s [Bell System Tech. J. 29, 560 (1950) ] 
classification of field-aiding and field-opposing solutions considers 
only the direction of E and not the sign of u* and thus is less 
general ; however, it is in agreement with the present classification 
for n-type material. 
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IV. DETERMINATION OF CARRIER DISTRIBUTIONS 
FROM INFRARED ABSORPTION 


The mechanism of infrared absorption by germanium 
has been studied by others.'’* These studies and 
other experiments’? have shown that the part of the 
absorption which is due to free carriers is proportional 
to the free-carrier density. The absorption coefficients 
for electrons and holes are different but this does not 
enter into consideration as charge neutrality requires 
that the observed changes in transmission from added 
or extracted carriers are due to hole-electron pairs. 
The radiation from the source which is effective in the 
absorption by free carriers is that of wavelength greater 
than the fundamental absorption edge (1.8 microns). 
As the absorption coefficient increases with wavelength,!” 
the longer wavelengths are more effective. The source 
temperature must be kept constant to avoid any 
change in the extinction coefficient due to change in 
spectral distribution of the radiation. 

For monochromatic radiation, the differential of the 
infrared intensity within the material is given by 


dI = —Ia(z)dz, (11) 


where a(z) is the local infrared absorption coefficient. 
It has been found! that the reflectivity, R, is constant 
over a wide range of wavelength and conductivity; 
thus it is reasonable to assume that the reflectivity 
remains unchanged after injection or extraction. 
Considering only a single reflection from each surface, 
the transmitted radiation prior to injection or extraction 
is given by 


Tr=Io(1—R)e-**4, (12) 
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Fic. 2. Plots of {,=cos(by) vs reduced distance. 


17 Fan, Spitzer, and Collins, Phys. Rev. 101, 566 (1956). 
AH. Kahn, Phys. Rev. 97, 1647 (1955). 
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where ko=d-! fo4ao(z)dz is the average background 
absorption coefficient which includes absorption due to 
free carriers generated thermally and carriers due to 
doping, and also to lattice and impurity absorption,!” 
and d is the thickness of the sample. After injection or 
extraction, the transmitted radiation may be repre- 
sented by 


I7p+Al=Io(1— R)*e— Hot 4 = Tye *4, (13) 


kd is proportional to the total excess or deficit of 
carriers in the path of radiation; i.e., 


Z 
kd « f Apoe~** cos(by) cos(cz)dz 


=2Apoc sin(cZ)e-* cos(by). (14) 


Since AJ<Ir and therefore kd<1, 


AI/I7~—hd « —Apoe~* cos(by).® (15) 


In relation (15), the negative of AJ/Ir represents 
carrier distribution due to injection or extraction. It is 
evident that the transverse measurements will vary 
as cos(by) while the longitudinal measurements will 
vary as e~**. In the longitudinal measurements the 
position of the sample is adjusted so that the beam 
transverses the center of the sample (y=0) and cos(by) 
equals one. 


V. TRANSVERSE DISTRIBUTIONS AND SURFACE 
RECOMBINATION VELOCITY 


Conditions which must be satisfied for the transverse 
distributions to follow a cosine law are: the measure- 
ments must be made far from the junction so that the 
higher modes may be neglected; the changes in the 
transverse carrier concentration must be small so that 
D and u* may be considered constant; and the sample 
must be homogeneous. It is, of course, assumed that 
the bulk lifetime is high enough so that the effects of 
extraction and injection can be measured at a distance 
from the junction. In addition, the effects of trapping 
and channels are not considered in the present 
treatment. 

For the evaluation of surface recombination velocity, 
S, it is necessary to determine the constant b. This may 
be done for a chosen value of x as follows: 


cos(by) = (AI/Ir) yy/(AI/Tr) y-0=fy. 


19 The foregoing development holds rigorously only for monochro- 
matic radiation. It can be shown, however, that when the extinc- 
tion coefficients are small, which is usually the case for semicon- 
ductors, this relationship is a good approximation for hetero- 
chromatic radiation. On the‘other hand, the extinction coefficient 
should not be too small for then the effects of multiple reflection 
need to be considered. An etched surface is always somewhat 
nonuniform so that there will be scattering of the beam which 
further justifies neglecting any contribution from the higher 
orders of reflection. One should be aware of these limitations 
although they are not serious for the present measurements. 


(16) 
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From which 
b=y" cosy, (17) 
and from (9) 


s=Dy™ tan(Yy™ cos-¥y) cosy. (18) 


For y= Y, (20) may be simplified to give 


D ((i-Sy*)* 
s= (——) cos ‘fy, 
Y fy 


which is the expression given in reference 4. 

Figure 2 gives plots of the function ¢,=cos(by) 
versus the reduced distance, y/Y, for various values of 
the reduced surface recombination velocity, S=sY/D. 
These curves can be used to determine s for any sample 
by inserting the appropriate values of the sample 
half-width, Y, and the diffusivity, D. 

In principle only two values of AI/Ir need be 
measured to establish the corresponding theoretical 
curve and identify the value of fy. The most convenient 
values would, of course, be at y=0 and y=Y, but due 
to the finite width of the infrared beam it is not possible 
to obtain readings at y=Y. A reading at any other 
value of y will do, giving more accurate values for fy 
the nearer the reading is taken to y= Y. The accuracy 
in the evaluation of S is greatest for a midrange value 
of fy where it is about one-third of the accuracy of fy. 
The accuracy decreases as S increases or decreases 
being about one-tenth the accuracy of fy for values of 
S of 14.7 and 0.218. 

If two opposing surfaces have different values of s 
as may occur for the field effect measurements, the 
transverse distribution will be asymmetric. This is 
expressed by the following solution of the continuity 
equation 


Ap=Apve~**[cos(by)+d sin(by) ] cos(cz). 
The transverse carrier distribution is given by 


fy=cos(by)+d sin (by), 
b=y" cos [3 (Sy+$—-y)], 


d=3 (6, +5) -26, +54). (23) 


It should be noted that } and d can be evaluated for 
any y. For the two surfaces, s may be evaluated from 


= Y) +d cos(bY) 
cos(bY)+d sin(bY) 


(19) 


(20) 


(21) 


(22) 


where 


and 





s= (24) 


Figure 3 shows some measurements representing the 
case just discussed. The asymmetry was achieved by 
grinding one surface while the opposing surface was 
one which had originally been etched but was sub- 
sequently contaminated by handling and exposure to 
air and water. The measured values of s are calculated 
to be 1840 and 570 cm/sec for the ground and etched 
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surfaces, respectively. It may be noted that the peak 
is displaced by —0.056 cm. This displacement is given 
by Ay=5" tan“d. 


VI. LONGITUDINAL DISTRIBUTIONS 
A. Correlation with Theory 


Measurements have been made of longitudinal 
distributions of carriers for different levels of injection 
and extraction. The experimental results have been 
compared to the ambipolar theory by evaluating the 
local decay parameter, a, at a chosen point on an 
experimental curve and thus obtaining a calculated 
slope through the corresponding experimental point 
(hereafter called calculated slope). 

It is convenient for the present purpose to express D, 
u*, and 7+ in terms of the injection or extraction level, 
Ap; of the carriers contributed by acceptors or donors, 
N« or Np, respectively ; and of the carriers which arise 
by thermal generation from the valence to the conduc- 
tion band, p, and n, (n,= p, in the absence of trapping). 
To evaluate a it is necessary to determine NV, and #, 
for the sample in question as well as the local values 
of Ap, E, and r. 

For the near intrinsic p-type sample used, the donor 
density, Vp, is taken to be zero and the acceptor density 
may have one of two values for a given conductivity. 
Na can be determined unambiguously, however, by 
measuring the conductivity under the condition of 
complete extraction, ce, for then Na=cce/(euy). Na 
evaluated in this way is found to coincide with one of 
the values obtained from conductivity measurements 
and the accepted value for the density of either carrier 
for intrinsic material,” n; When V4 is known, n,= p, 
can be evaluated from np=n,? and the measured 
conductivity. (It may be noted that the ratio, N4/p, 
can be determined from infrared and conductivity 
measurements without a knowledge of the constant n;.) 

The local level of injection or extraction, Ap, is 
obtained by comparing the corresponding value of 
AI/Ir to the value of (AJ/Ir)-. which corresponds to 
the case of complete extraction; i.e., when Ap=— fy. 
Thus by reference to Table I, 


Ap=— p,(Al/Ir)/(AI/Ir) ce 
=—5X105(AI/Ir). 


(25) 


The local values of the parameters D and u* may now 
be determined from (2) and (3). 

The electric field may be determined from Eq. (8) 
of reference 5, 


cE=J—e(D,—D,)dAp/dx. (26) 


The conductivity, 7, is calculated from the previously 
determined (as outlined above) values of the local 
carrier densities. The term e(D,—D,)dAp/dx is 
negligible for all the extraction curves and injection 


” F, J. Morin and J. P. Maita, Phys. Rev. 94, 1525 (1954). 
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. The fractional change of transmitted infrared radiation intensity due to injection and extraction vs transverse distance 
ground surface at y= + Y and contaminated surface at y= —Y 


curves up to f. For the other curves it has a small but 
significant contribution to o£ where it was determined 
directly from the experimental slope. This is certainly 
justified in this case where the gradient term has only 
a small contribution to cE. Otherwise, a can be 
evaluated by a series of successive approximations 
without considering the experimental slope. 

If 79 is determined from experimental curves for very 


low levels of injection and extraction, r may be 
evaluated at each point from Eq. (4). 

Having determined the local constants, it is possible 
to calculate the local decay parameter from Eq. (6). 
For the present sample the + region serves to inject 
or extract holes. u* is negative, and for E positive there 
results injection field-opposed while for E negative 
there results extraction field-aided. Both of these 
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CURVE J; (ma/cm? ) J (ma/em®) 





0.29 0.29 
0.58 0.58 
1.0 1.0 
222 2.28 
5.25 5.0 

.l 10.8 
31.0 48.0 
61.0 





133.0 

167.0 

167 at 45°C 
— Theoretical 


\ e:\"" Experimental 
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Fic 4. Longitudinal carrier distributions in a p-type germanium bar due to injection and extraction of holes. 


effects are demonstrated by the experimental curves of 
Fig. 4. When there are large changes in concentration 
it is necessary to evaluate the decay constant for each 
segment of a curve and thus it is possible to check 
the validity of the ambipolar theory. Some of the 
decay parameters and the quantities determined 
leading to its evaluation as well as the constants of 
the sample are given in Table I. 


B. Discussion of Longitudinal Distributions 


The upper set of curves of Fig. 4 corresponds to 
injection field-opposed. They indicate that there is 
good agreement between experiment and theory. The 
change in lifetime with injection level* and the field- 

21 A comparison between experiment and theory for greater 
injection levels than those already made requires a knowledge 


of the constant a in connection with Eq. (4), where the assumption 
aAp<1 is no longer valid. 
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TABLE I. Constants and calculated quantities for curves of Fig. 4. 








Constants 
General constants at 300°K 


n= 3900," Dy = 100° 
p= 1900," D, = 50° 
n= 2.2X 10% 


Sample constants 


Na=3.5X 10"/cm!® 

p, at 300°K = 1.0X 10/cm? 

to=350 microseconds 

AI/Ir for complete extraction 
at 300°K equals 0.2X 10 
(see Fig. 4) 

Calculated quantities 

E(volts 

cm~) u* 


0.554 380 
0.778 875 


1.14 
1800 


0.097 
0.027 2000 








T a 
(usec) (cm~) 


128 11.2 
226 13.6 
300 22.2 
330 = 7.30 
343 





0.075 
0.175 
0.250 
0.150 
0.150 


0.108 
0.048 
0.028 
0.023 
0.021 








—0.11 
—0.45 
—1.00 


0.019 
0.016 
0.011 


0.031 
0.142 
1.02 


2200 
2630 
3900 








* M. B. Prince, Phys. Rev. 92, 681 (1953). 
> See reference 20. 
¢ Calculated by using Einstein relationship. 


opposed effect are important factors in determining a 
for fitting the calculated curves. It appears that still 
better agreement might have been obtained with the 
choice of a larger value for 79. The excellent present 
agreement, however, demonstrates the validity of 
the theory adequately. The observed tails on the 
injection curves are not predicted by theory and will 
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be discussed later. No attempt was made to fit curves 
for the j and k experimental points. These were taken 
for the same injection current, with 7 being taken at 
room temperature and k at 45°C. The experimenta! 
curve k demonstrates how the effect of E decreases as 
the conductivity increases. 

The lower set of curves of Fig. 4 corresponds to 
extraction field-aided. These also show good agreement 
between experimental and theory. In the case of extrac- 
tion Ap is negative and 7 should increase rather than 
decrease with extraction level. According to Eq. 
(4), the maximum observable increase should be a 
factor of two for intrinsic material (Vp=N«4=0) and 
complete extraction (Ap=— ,). For complete extrac- 
tion in the present sample, however, the maximum 
increase in r should be only 20%. This small change 
does not have a sensitive effect on the decay parameter ; 
thus it cannot be definitely stated that an increase in 
7 has been observed. With the exception of d’, all the 
calculations were made assuming an increase of 7 
with extraction level according to (4). The curve d’, 
where no change in lifetime was taken into account, 
was included to demonstrate the effect of increase of 
lifetime. 

It may be seen in Fig. 4 that there is some overlapping 
of the curves for extraction. This occurred because the 
temperature was not the same for all measurements 
and p, is a sensitive function of temperature. An 
attempt was made to utilize this phenomenon by 
heating the sample to make it more intrinsic so that 
larger changes in 7 could be observed and the effect 
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of E reduced by increasing the conductivity. This 
works satisfactorily for injection but not for extraction 
purposes. This is because, in addition to the difficulty 
of maintaining the temperature at a constant value, the 
conductivity decreases under extraction to the same 
value, independent of temperature and determined 
only by Na, and the influence of the electric field 
therefore remains unchanged. 

The discussion concerning the extraction and injec- 
tion curves explains why a larger signal was observed 
at a distance from the junction for hole extraction than 
for hole injection. In addition to the field-aiding and 
field-opposing effect, extraction decreases the conduc- 
tivity, which further enhances the effect of E, while 
injection increases the conductivity and thus reduces 
the effect of the electric field. 


VII. FURTHER OBSERVATIONS 


In an effort to trace down the origin of the observed 
tails on the injection curves, a silver paint line contact 
was made to the sample as shown by the insert of Fig. 5. 
It was applied on a surface which had been etched but 
exposed to the atmosphere for weeks. This contact was 
found to inject regardless of polarity. Holes were 
injected when it was positive and electrons when it was 
negative. The portion of the bar between the silver 
paint contact and the p+ region was field free. Thus 
the curves a and 0b for electron and hole injection, 
respectively, in the field free region corresponds to 
diffusion only and it should be noted that they represent 
the same diffusion length. The portions of the curves 
a and 6 to the right of their peaks represent the field- 
aided and field-opposed effects for electron and hole 
injection, respectively. The injection efficiency of the 
silver paint contact was only 6% for electrons and 3% 
for holes relative to that of the (p+)—p junction. 
Because of the low level of injection, there was a strong 
field opposed effect for hole injection. This was obscured 
somewhat in the present measurements because of the 
“averaging” due to the slit width which resulted in 
the apparent disagreement between experiment and 
theory for curve b. Curve a, however, shows good 
agreement between experiment and theory for the 
field-aided effect. This arrangement thus afforded a 
good demonstration of the phenomena of diffusion only, 
injection field-aided, and injection field-opposed even 
though the cause of the tails on the injection curves 
were still not understood. 

The origin of the tails was finally traced down by 
investigating the carrier distribution on a slab cut from 
the same ingot as the present sample. Almost ohmic 
contacts, although they injected electrons slightly, 
were prepared by applying silver paint to a freshly 
etched surface. They were arranged as shown by the 
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Fic. 6. Injection and extraction by the action of an electric 
field on a sample with a built-in minority carrier concentration 
gradient. Contacts No. 1 and No. 2 correspond to the longitudinal 
position of 0 and 4 cm, respectively. 


insert of Fig. 6. Even though no extraction and only 
slight electron injection could be attributed to the 
contacts, the bulk showed injection or extraction 
depending on the sign of the electric field as shown by 
Fig. 6. This provided sufficient evidence to attribute 
this excess or deficit of carriers in the bulk to the action 
of the electric field on a built-in minority carrier 
concentration gradient. This explanation is in agreement 
with all other observations as for example from Fig. 5: 
curve d, which represents complete extraction for the 
sample, shows an increase in the magnitude of extraction 
with distance from the junction and this implies that 
the minority carrier density increases with distance from 
the junction; curves a and 0} show no tail in the field 
free region; the tail of curve 6 coincides with curve c, 
which implies that the tail is independent of the nature 
of the contact. When hole injection takes place at the 
p+ region, the excess of minority carriers is drawn 
towards the junction which results in an increased bulk 
conductivity. Similarly when the field is reversed, 
extraction occurs in the bulk resulting in decreased 
bulk conductivity. The field-aided extraction due to 
the p+ region was so complete that this additional 
extraction went unobserved until poorly extracting 
contacts were prepared as in Fig. 6. 
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Self-Diffusion in Silver* 


C. T. Tomizuxat AND E. Sonpert 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received May 31, 1956) 


Self-diffusion coefficients in single crystals of pure silver were determined between 630°C and 935°C. 
The results can be expressed by D=0.40 exp(—44 090/RT) cm?/sec. The activation energy agrees with 
the value extrapolated from the results of diffusion in impure silver crystals. 





INTRODUCTION 


ECENT work! on the effect of impurity addition 

on the self-diffusion of silver showed that the 
diffusion coefficients and the activation energy obtained 
by extrapolation to the case of pure silver are not in 
good agreement with the customarily accepted values 
of the coefficients and the energy which had been 
actually determined for pure silver.*~* Upon examining 
the experimental results for the existing data on self- 
diffusion, it can be seen that the scatter of points is 
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(Distance) " 


Fic. 1. Penetration curves for diffusion. Arbitrary scaling factor 
for distance is used for each plot. G: Gamma counting (solution), 
S: Scintillation counting (dry), B: Beta-immersion counting. 


* Supported in part by the U. S. Atomic Energy Commission. 

ft Present address: Institute for the Study of Metals, The 
University of Chicago, Chicago, Illinois. 

t Present address: Physics Department, Iowa State College, 
Ames, Iowa. 

1 Hoffman, Turnbull, and Hart, Acta Metallurgica 3, 417 
(1955). 

2 E. Sonder, Phys. Rev. 100, 1662 (1955). 

*W. A. Johnson, Trans. Am. Inst. Mining Met. Engrs. 143, 
107 (1941). 

*R. E. Hoffman and D. Turnbull, J. Appl. Phys. 22, 634 
(1951). 

5 Slifkin, Lazarus, and Tomizuka, J. Appl. Phys. 23, 1032 
(1952). 


far greater than can be expected by present standards 
of accuracy.® Repeated measurements performed at one 
temperature to ascertain the reproducibility of the 
technique also indicated that the currently accepted 
value for the activation energy of self-diffusion could 
be slightly in error.’ For the above reasons, careful 
redetermination of the activation energy and the fre- 
quency factor for self-diffusion in pure single crystals 
of silver was repeated. 


EXPERIMENTAL 


Single-crystal specimens of 99.99 percent pure Handy 
and Harmon silver were prepared. An Ag 110 radioiso- 
tope was used as a tracer. Standard sectioning tech- 
niques were employed. Description of the detailed ex- 
perimental procedures can be found elsewhere.®:* In 
most cases, one end of the specimen was analyzed by 
the gamma-counting method by one of the authors, and 
the other end of the specimen was analyzed by the beta- 
immersion counting method® by the second. The average 
of these two values were taken. In most cases, the dis- 
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Fic. 2. Diffusion data plotted as logD versus 1/T. 


*E.g., Sonder, Slifkin, and Tomizuka, Phys. Rev. 93, 970 
(1954). ‘ 

7C. T. Tomizuka and D. Lazarus, J. Appl. Phys. 25, 1443 
(1954). 

8 C. T. Tomizuka and L. Slifkin, Phys. Rev. 96, 610 (1954). 
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crepancy between the two values did not exceed one 
percent. Some of the specimens were analyzed by a 
scintillation counter. The temperature was measured 
either by a chromel-alumel couple which was calibrated 
against a NBS calibrated chromel-alumel couple or by 
a standardized Pt-PtRh couple. 


RESULTS 


A total of 7 successful diffusion runs were performed 
in the temperature range of 935-630°C. Typical plots 
of log(specific activity) versus (distance of penetration)? 
are shown in Fig. 1 for each method of counting. LogD 
is plotted against 1/7°K in Fig. 2. The numerical data 
are listed in Table I. The experimental data can be 
best expressed by 


D= (0.395+0.035) exp[— (44 090+180)/RT] cm?/sec. 


DISCUSSION OF THE RESULTS 


The present value of the activation energy differs 
from the previously reported value of 45.5 kcal/mole 
by 1.4 kcal/mole which is considerably beyond the 
limit of the experimental error. This discrepancy is not 


TaBLE I. Diffusion of Ag’ in silver. 








Diffusion coefficient 


Temperature 
(°C) (cm?/sec) 





630.0 
641.2 
715.9 
797.0 
840.2 
893.8 
934.9 


8.64 10-2 
1.15X10-™ 
7.32X 10-4 
4.03 X10-" 
8.87 X 10-” 
2.24X 10° 
4.41X10~ 








attributable to any single systematic error. It should 
be noted, however, that the previous results reported 
by Slifkin, Lazarus, and Tomizuka® are the combined 
results of all the available data on Ag tracer diffusion 
at that time.’ Their results alone indicate a value of 
43.7 kcal/mole for the activation energy and 0.35 
cm*/sec for the frequency factor. These are in good 
agreement with the present results if one considers the 
fact that the previous points are fewer and the probable 
error was larger. The present value of the activation 
energy and those of the diffusion in silver of cadmium, 
indium, tin, and antimony,*:* which are adjacent to 
silver in the periodic table in this order with increasing 
number of valence electrons, plotted as a function of 
the number of valence electrons, define a fairly straight 
line, as shown in Fig. 3. This picture seems to agree 
well with the interpretation proposed by Lazarus? based 
on the model of screened impurity atoms. The Thomas- 
Fermi model of screening predicts a straight-line rela- 
tionship between the activation energies and the excess 


*D. Lazarus, Phys. Rev. 93, 973 (1954). 
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Fic. 3. Activation energy for diffusion in silver plotted as 
a function of atomic number. 


valency. The experimental results give a value of the 
screening radius of 0.57 A which is in agreement with 
the theoretical value 0.58A. This agreement seems 
fortuitous in view of the fact that the calculation by 
Blatt" of the activation energies based on Friedel’s 
theory,” which should be a better approximation than 
the Thomas-Fermi model, does not agree with the 
experimental results.§ 


TABLE IT. Self-diffusion in Ag. 








H —_ Co rome 
mole 


45.95 
45.95 


Authors Experimental method 
W. A. Johnson*® 
Hoffman and Turnbull> 
Slifkin, Lazarus, and 
Tomizukae (including J, H 
and T) 45. 
S, L, and T onlye 43. 
Nachtrieb, Petit, and 
Wehrenberg4 43. 
R. D. Johnson and Martine boy 
Krueger and Hersh! 
Kryukov and Zhukovitskis 47. 
Finkelstein and 





0.895 
0.895 


tracer, sectioning 
tracer, sectioning 


.724 tracer, sectioning 

5 tracer, sectioning 
27 tracer, sectioning 

1 tracer, sectioning (?) 
3 


2 

1 

.835 tracer, autoradiograph 
8 tracer, surface counting 
9 
5. 


.905 tracer, surface counting 
3 tracer, surface counting 


Zhukovitski and Geodakyan! 
Kuczynskii-© 


6 metallographic 
9 metallographic 
.395 tracer, sectioning 


5 
7 
7 
8 
4.9 
4 
Yamashchikova® 45.0 
0 
2.0 
7 
09 


= 
45. 
This investigation 44, 








® See reference 3. 

b See reference 4. 

¢ See reference 5, 

4 Nachtrieb, Petit, and ert ny J. Chem. Phys. (to be published). 

¢ R. D. Johnson and A. B. Martin, Phys. Rev. 86, 642 (1952). 

fH. Krueger and H. N. Hersh, J. Metals 124 (1955). 

®S. N. Kryukov and A. A. Zhukovitski, Doklady Akad. Nauk S.S.S.R. 
90, 380 (1953). 

5B. N. Finkelstein and A. I. Yamashchikova, Doklady Akad. Nauk 
S.S.S.R. 98, 781 (1954). 

iA, A. Zhukovitski and V. A. Geodakyan, Doklady Akad. Nauk S.S.S.R. 
102, 301 (1955). 

i G. C. Kuezynski, Trans. Am. Inst. Mining Met. Engrs. 185, 169 (1949). 

kG. C. Kuczynski, J. Appl. Phys. 21, 632 (1950). 


 N. F. Mott, Proc. Cambridge Phil. Soc. 32, 281 (1936). 

uF, J. Blatt, Phys. Rev. 99, 600 (1955). 

12 J. Friedel, Advances in Phys. 3, 446 (1954). 

§ Note added in proof—Recent calculations of screening poten- 
tial by Alfred and March (L. C. R. Alfred and N. H. March, to be 
published in Phys. Rev.) obtained by the exact numerical solution 
of the Thomas-Fermi equation, reduced very appreciably the 
discrepancy between experiment and theory on the variation of 
H with Z 
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The diffusion coefficients and the activation energy 
from the present work agree with the values extra- 
polated from the results on impure crystals.!? 

All the available results on self-diffusion in silver are 
listed on Table II. Most nearly consistent results are 
apparently obtained by use of both tracer and sectioning 
techniques. 
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Radiation Damage in Diamond and Silicon Carbide* 
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Argonne National Laboratory, Lemont, Illinois 


(Received March 12, 1956) 


Diamond and silicon carbide were irradiated in nuclear reactors and were found to be damaged in a 
manner similar to that for graphite. Detailed observations were made of the dilatation and increase in 
energy content and their annealing. Dilatations as great as about 3.7 percent and increases in energy con- 
tent as great as about 400 cal/g were observed. The dilatations and the energy content (release of stored 
energy) seemed to anneal in a parallel manner and could be treated kinetically as a distribution of processes 
in activation energy. The initial distribution for diamond showed a peak at about 1.6 ev and a plateau ex- 
tending (at about } the height of the peak at short irradiations and greater proportionately for long irradia- 
tions) to activation energies in excess of 3.7 ev. The initial distribution for silicon carbide showed a smaller 
narrow peak at about 1.6 ev and a very broad larger peak extending from about 2.2 ev to 4.3 ev with a 
maximum at about 3.4 ev. In many of the samples of irradiated diamond the stored energy exceeded the 
heat capacity in certain temperature ranges, and catastrophic stored energy release was observed on heating. 


INTRODUCTION 


N account of the prediction and discovery of 

radiation damage in nuclear reactors is given by 
Burton.! Of the substances investigated at first, large 
changes in physical properties were found only in 
graphite. (See Neubert ef al.* for an account of the 
experimental investigations.) Accordingly it was sug- 
gested that the large changes in physical properties 
found in graphite were associated with its crystal struc- 
ture. In order to test this, samples of diamond were 
irradiated. The energy content was the property chosen 
for investigation because it could be determined in the 
same manner as for graphite and because it seemed 
especially significant. A large increase, comparable to 
the increases observed in graphite, was found. Subse- 
quently the dilatation was investigated and was also 
found to be large, comparable to that of graphite. Then 
a-silicon carbide (hexagonal) was irradiated, and it was 
found to exhibit a similar large dilatation and increase 
in energy content. 


* Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1M. Burton, J. Phys. & Colloid Chem. 51, 618 (1947). 

2M. Burton and T. J. Neubert, J. Appl. Phys. 27, 557 (1956); 
T. J. Neubert et a/., Argonne National Laboratory Report ANL- 
5472 (available from the Office of Technical Services, U. S. Dept. 
of Commerce, Washington 25, D. C., 1956). 


MATERIALS 
Diamond 


(a) For heat of combustion measurements, for some 
of the x-ray lattice constant measurements, and for 
some density determinations, there was used industrial 
diamond dust (white bort) 80-100 mesh. It consisted 
mainly of colorless cleavage fragments with occasional 
yellow ones and a few dark specks. It was cleaned by 
heating it with hydrofluoric acid for some hours. It 
was then washed with distilled water and dried. A 
sample was examined spectroscopically with the re- 
sults: detected elements Cu 2, Mg 2, Na 5, Si 50 ppm; 
detection limits for undetected elements Ag 0.1, Al 5, 
As 20, B 0.1, Ba 2, Be 0.5, Bi 0.2, Ca 2, Co 2, Cr 1, 
Fe 1, Hg 5, K 10, Li1, Mn 0.1, Ni1, P 50, Pb 0.5, Sb 1, 
Sn 5, Sr 10, Ti 1, V 1, Zn 20, Zr 1 ppm. Except for a 
few grains which showed a very weak birefringence, the 
crystals were isotropic. Samples were heated for half 
an hour at various temperatures in a stream of purified 
nitrogen. No change was observed after heating at 
300°C, 400°C, 500°C or 600°C. After heating at 700°C 
the crystals darkened slightly, turning a pale grey, so 
that they stood out in slightly higher relief against the 
white background of a porcelain boat. 

(b) Colorless octahedra, 1 to 2 mm across (in- 
dustrial diamond), were used for some density de- 
terminations. 
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(c) White bort, 300-350 mesh, untreated, was used 
for some of the lattice-constant determinations. 


Silicon Carbide 


(a) A quantity of commercial black silicon carbide 
was cleaned by treating it successively with hot hydro- 
fluoric acid for several days and with hydrochloric acid 
for several days. It was then washed with distilled 
water and dried. 

(b) Light green transparent silicon carbide crystals 
supplied by the Norton Company (Niagara Falls, 
Canada) through the courtesy of Dr. Gordon Finlay. 

(c) Large crystals of black silicon carbide supplied 

*by the Carborundum Company (Niagara Falls, New 
York) through the courtesy of Dr. G. M. Butler. 


Graphite 


(a) A piece of graphite (artificial, Acheson reim- 
pregnated KC‘) was cut into small pieces }-1 mm on 
edge. The granulated graphite was loaded into a 
graphite capsule, placed into a graphite tube furnace, 
and heated to a temperature in excess of 3000°C in a 
stream of helium. The capsule had previously been used 
to purify some natural graphite crystals which were 
not completely removed and contaminated the present 
sample to the extent subsequently determined to be 1.9 
weight percent. This sample was used for energy- 
content determinations (heat of combustion). 


IRRADIATIONS 


The irradiations were all performed in various nuclear 
reactors. It is presumed that all of the effects described 
here (with the partial exception of color changes) were 
caused by processes initiated by the scattering of 
energetic neutrons (energies greater than 75 ev). The 
samples were rather small, and it is presumed that they 
were uniformly affected (+10%). There is some un- 
certainty regarding the temperatures of the irradiations 
because of heating effects in the samples and con- 
tainers.’ The matter is discussed further below. 

Hanford irradiations were conducted in the cooled 
test hole facilities described by Woods, Bupp, and 
Fletcher.4 The aluminum assemblies in which the 
samples were placed are termed slugs. Two kinds of 
slugs were used. Slug I (termed a double casing) was 
made as follows: The samples were placed into 0.015 
in. wall aluminum capsules which were placed in a 
27/64-in. by jg-in. wall aluminum tube which was 
welded shut after replacing the air with helium. This 
tube was inserted into a closely fitting }-in. diameter 
by 35-in. wall aluminum jacket. Two sample capsules 
were present in each slug: a 1}-in.-long capsule was 
filled with granulated graphite, and a 3-in.-long capsule 

*W. Primak, J. Appl. Phys. 27, 54 (1956). 

4 Woods, Bupp, and Fletcher, Proceedings of the International 


Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nations, New York, 1956), Vol. 7, paper 746. 
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TaBLeE I, Irradiation data for Hanford irradiated samples. 








Irradiation 
(reference Exposure 
No.) (Mwd/aT) 


IW-10 153 
IW-15 255 43 
IW-21 43 7 
IW-22 94 
IW-23 183 
IW-24 287 
IW-25 657 
IW-32 292 
IW-40 656 
IW-41 660 
IW-50 289 
IW-51 296 
IW-52 638 
IW-S3 1060 


Estimated damaging 
flux® (10!%n/cm?) 











*® W. Primak, Nuclear Sci. Eng. (to be published). 


was filled with the sample of interest. Slug II (termed 
a single casing) was an aluminum tube 3 in. in diameter 
and 6 in. long with a 7¢-in. wall; the samples were 
wrapped in aluminum foil and inserted in this tube, 
and the ends were swaged shut over about 3 in. of a 
1-in.-long solid aluminum plug. The irradiation data 
for the Hanford irradiated samples are presented in 
Table I. 

One irradiation (IW-90) was performed in the Ex- 
perimental Breeding Reactor (EBR). The samples 
were sealed in vitreous silica, cased in stainless steel 
and exposed in the outer rod circle of the core, position 
217, about 3 in. below center for an exposure of 1745 
Mw-hr to NaK (the reactor coolant) mostly at about 
270°C, the estimated nvt 1.110" (within a factor 2), 
all fast neutrons. From about 0.71 to 0.72 and 0.98 to 
0.99 of the total exposure, the temperature was between 
70°C and 190°C; and in addition there were 122 start- 
ups in the irradiation period which if estimated at } hr 
would give a total of 0.035 of the exposure at low 
temperature. 

Two irradiations were conducted in the Materials 
Testing Reactor (MTR). The first (I[W-95) consisted 
of samples wrapped in aluminum foil and were placed 
into an aluminum can containing graphite samples. The 
can was in position L-45 at center-line for an accumu- 
lated thermal flux about 2.5 107'"/cm?. The graphite 
samples in this can were damaged the equivalent of 
5000 Mwd/aT (megawatt days per adjacent ton‘) 
(extrapolated) in a cooled Hanford test-hole.® In the 
second ([W-106), the samples were packed with alumi- 


TABLE II. Additional iradiation data. 








Estimated 
damaging flux 
(n/cm?*) 


1745 Mw-hr to NaK 1.1 X10 
about 2.5 X10*' thermal nvt 102! 
about 2 X10%thermal mot about 3 x10* 


Irradiation 
(reference 
No.) Location 


IW- 90 EBR-217 
IW- 95 MTR-L45 
IW-106 MTR-L43 


Exposure or thermal not 











5 A. Whatley (private communication). 
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TABLE III. Dilatation of diamond and silicon carbide 
due to irradiation. 





Irradiation 
(reference 
No.) 
IW- 10 
IW- 10 
IW- 21 
IW- 22 
IW- 23 
IW- 24 
IW- 25 
IW- 25 
IWw- 40 
IW- 41 
IW- 50 
IW- 51 
IW- 52 
IW- 53 
IW- 90 
IW- 95 
IW-106 
IW- 15 
IW- 15 
IW- 32 
IW- 52 
IW- 53 
Iw- 90 
IW- 95 
TW-106 


Sample 
(No.) 


WP-584 
WP-584 
WP-587 
WP-588 
WP-589 
WP-S91 
WP-592 
WP-592 
WP-322 
WP-317 
WP-331 
WP-335 
WP-367 
WP-390 
WP-450 
WP-305 
WP-369 
WP-586 
WP-586 
WP-442 
WP-418 
WP-425 
WP-447 
WP-443 
WP-387 


Dilatation 
Substance® Method> 107% 





geese 


QOAAanrnaanrekkrFare RP PSP ROR RS PP oP 
WNNNNEEOWNNWNNNNRNNNEEOSOSm 


SBSASSRRASUSARRBALSS 








* Diamond D, silicon carbide S. The lower case letters in parentheses 
refer to the samples as described in the text. 

> The letters refer to the methods of determining the dilatation as 
described in the text. 

© AV/Vo =3Aa/a0+3(Aa/ac)?; AV/Vo = — (Ap/po) [1 — (Ap/po) )=. 


num chips in a perforated aluminum can which ad- 
mitted process water. The can was irradiated in position 
L-43 (between fuel elements) close to center-line for an 
estimated accumulated thermal flux of 2 10” n/cm?. 

Data for irradiations other than those performed in 
Hanford test holes are given in Table II. 


PROPERTY CHANGES INDUCED BY IRRADIATION 
AND THEIR ANNEALING 


Dilatation 


The dilations were determined by the method which 
seemed convenient at the time. The following methods 
were used to obtain the dilatation: (a) precision lattice 
constant determinations from the back-reflection x-ray 
powder diffraction photographs, (b) pycnometric den- 
sity determinations using 1 to 3 grams of coarse powder 
in a 5-ml pycnometer with water as the fluid, (c) density 


TABLE IV. The dilatation of silicon carbide due to irradiation as 
calculated from the lattice constants. 








Percent increase 
in lattice 
constant 


Irradiation 
(reference Sample 
No.) (No.) 


Dilatation* 


Substance (107%) 





a 
0.41 
0.70 


WP-442 1 
: 2 

0.67 } 2 
; 2 

2 


WP-321 
WP-316 
WP-346 
WP-447 


IW-32 
IWw-40 
IW-41 
IW-95 
IW-90 


34 
2 
2 


0.73 
0.89 


1 
0 
25 
90 


S(0) 
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determinations of small crystal fragments by the 
methods of Primak and Day,® (d) Ostwald pycnometer 
determination of the density of a heavy liquid in which 
the crystal is suspended. Results obtained for the 
dilatation of diamond and silicon carbide in various 
irradiations are given in Table III. Additional results 
for the dilatation of silicon carbide as calculated from 
the lattice constants are given in Table IV. The lattice 
spacing corresponding to the maximum of the x-ray 
diffraction spectrometer tracing of the 002 peak of 
graphite (a) present in some of the irradiations is given 
in Table V for comparison. 

The x-ray powder diffraction patterns of irradiated 
diamond and silicon carbide showed no noticeable 
falling off of coherent intensity in the back-reflection 
region, an effect which is very pronounced in irradiated 
graphite, quartz, tridymite, and cristobalite. 

Samples of irradiated diamond were sealed in vitreous 
silica x-ray capillaries and then heated to successively 
higher temperatures for periods of time. The behavior 
of the lattice constants is shown in Fig. 1. Similar 
data obtained by making density determinations on 


TABLE V. The lattice spacing corresponding to the maximum 
of the x-ray diffraction spectrometer tracing of the 002 peak of 
irradiated graphite. 








Irradiation 
(reference 
No.) 


Percent 
increase 


Sample 


“002 spacing" 
(No.) (A) 





WP-605 
WP-574 
WP-575 
WP-576 
WP-577 
WP-578 
WP-573 


6.724 
6.744 
6.783 
6.804 
6.858 
6.997 
6.888 


Unirradiated 
IW-21 
IW-22 
IW-23 
IW-24 
IW-25 
IW-15 


NPS: 
ERSSRS: 








grains of irradiated silicon carbide [dilatation method 
(c)] are shown in Fig. 2. Graphite and silicon carbide 
were annealed by the methods used to study the 
annealing of diamond, but the results are not presented 
in detail. A progressive annealing of the dilatation, 
similar to that shown by the data presented here, was 
observed. The annealing of the lattice constants of 
silicon carbide was smaller than would correspond to 
the density changes shown in Fig. 2, and this is probably 
related to the different heating programs employed (see 
the discussion). 

Energy content is defined as the difference in the heats 
evolved by the irradiated and an unirradiated sample in 
a reaction in which the end products are in the same 
state. It is therefore the difference in the enthalpies of 
the irradiated sample and an unirradiated sample at 
the temperature at which the calorimetry is performed. 
The energy contents were determined at the National 
Bureau of Standards by Prosen, Johnson, Fraser, and 
Eddy from heat of combusion determinations made as 





4V/Vo=240/a0+Ac/co+(Aa/a0)* +2 (8¢/aq) (Ac/co). 


6 W. Primak and P. Day, Anal. Chem. 26, 1515 (1954). 
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Fic. 1. The lattice constant of diamond samples in a series of successive annealings; (a) unirradiated, (b) WP-587, 
(c) WP-588, (d) WP-589, (e) WP-591, (f) WP-592. 


described by Prosen and Rossini.’ Results obtained for 
diamond and graphite irradiated in the same slugs are 
given in Table VI. The energy content of samples of 
diamond from one of the irradiations (IW-10) after 
heating at various temperatures are shown in Fig. 3. 
A sample of unirradiated diamond (a) was heated to 
690°C for half an hour, and its heat of combustion was 
found to be 7 cal/g less than the heat of combustion of 
diamond which was not so heated. 

Stored energy is defined as the irreversible changes in 
energy content which are produced by heating an 
irradiated sample. The rate of stored energy release was 
determined by differential thermal analysis (DTA). 
The DTA apparatus used in the present work consisted 
of 3 small platinum cups (8 mm diamX2 cm highX5 
mil wall) mounted on a silica support frame (by 8-mil 
Nichrome wire stirrups) standing in a silica tube 
(through which purified nitrogen was conducted) over 
which was placed a long-tube furnace. In each of two 
of the cups was placed a charge of about 0.4 g of 40- 
to 60-mesh corundum, and the sample was placed in 
the third. A thermocouple was attached to the first 
cup and a differential thermocouple between the second 
and third. Thermocouples were made of 2-mil platinum 
—10% rhodium wires, and the thermal emf’s were 
recorded on automatic potentiometers as the furnace 
temperature was raised at a rate between 20 and 40 
deg/min. The heat flow was analyzed by assuming that 
Newton’s law applied. The heat transfer coefficient 
was obtained from runs in which the samples consisted 
of different quantities of diamond which did not release 
stored energy, assuming published values of the heat 
capacity. Although the DTA curves were very repro- 
ducible, the specific heat obtained with different charges 


7E. J. Prosen and F. D. Rossini, J. Research Natl. Bur. 
Standards 33, 439 (1944), R.P. 1619. 


of diamond did not agree until a term depending on the 
temperature (an additional fictitious heat capacity) 
was introduced. This term could have represented 
thermocouple deviations, errors in heat capacity data, 
changes in the effective heat transfer coefficient with 
heat flow, and heat capacities of parts of the apparatus. 
The value of the fictitious heat capacity was in effect 
determined experimentally for the condition that the 
cup temperatures were below ambient temperature. 
The behavior of the apparatus indicated a negative 
term of similar magnitude had to be introduced when 
the sample cup temperatures were above ambient 
temperature; and since it was inconvenient to deter- 
mine the value of the fictitious heat capacity under 
these conditions, it was assumed to have the same value 
as the positive term. By subtracting the results of a 
second DTA of the same irradiated sample from a first 
DTA of it, there is obtained the sum of the stored 
energy and changes in heat capacity. In the range of 
temperatures used, the stored energy was so great that 
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Fic. 2. The fraction of the original dilatation of irradiated 


silicon carbide sample WP-586 remaining after successive 
annealings. 
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TaBLeE VI. Energy content of irradiated diamond 
and irradiated graphite. 








Graphite 


Energy 
content 
(cal/g) 


Diamond 


Energy 
content 


Irradiation 
(reference Sample 
No.) (No.) (cal/g) 


IW-10 WP-S84 149 
IW-21 WP-587 31 
IW-22 WP-588 90 
IW-23 WP-589 198 
IW-24 WP-591 279 
IW-25 WP-592 370 


Sample 
(No.) 





WP-574 17 
WP-575 55 
WP-576 110 
WP-5S77 138 
WP-578 175 








the small increases in heat capacity* which probably 
occurred could not have made an appreciable con- 
tribution. The rate of stored energy release (dQ/di 
Xdt/dT;) is plotted as a function of temperature (7) 
in Fig. 4 for a number of samples (Q is the stored 
energy, ¢ is time, 7; is the temperature of the first cup). 
The integrals of the curves shown in Fig. 4 give the 
stored energy released over the temperature range. 
These integrals are compared with the energy content 
in Table VII. 


Irradiations for Small Dosages 


Some results obtained in the reactors CP-3’ and 
CP-5 for the dilatation and the stored energy do not 
agree with the extrapolation of the results given here 
for larger dosages. It is not yet known whether the 
disagreement is caused by insufficient precision of the 
measurements of the samples irradiated for small 
dosages or whether there is some other cause for the 
disagreement. Further experiments are in progress. 


DISCUSSION 


The usual ranges of the deviations obtained in re- 
peated experiments (excluding the occasional larger 
deviations) are estimated to be: Hanford test-hole ex- 
posures 10%, other exposures 20%, damaging flux 20%, 
diamond lattice constant 0.01%, diamond density 
0.05%, silicon carbide lattice constants 0.1%, silicon 

anaes 2 os 
160 
140 
120 





ENERGY CONTENT 
(cal/g) 








| 1 1 | 1 1 
100 200 300 400 500 600 


ANNEALING TEMPERATURE (°C) 





700 


Fic. 3. The energy content of irradiated diamond samples taken 
from WP-584 after heating them as shown in the graph. 


8 Increases in heat capacity should be easily observable at low 
temperatures because the heat capacity of unirradiated diamond 
is so low. 
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carbide density 0.01%, energy content 2 cal/g, stored 
energy 25%. — 

The dilations of the diamond samples irradiated in 
Hanford test holes are plotted against exposure in 
Fig. 5. The damage rate in the single casings is notice- 
ably greater than the damage rate in the double casings. 
This is attributed to a higher temperature of the samples 
irradiated in the double casings, according to the phe- 
nomena discussed by Primak.* Evidence for the higher 
temperature in the double casings is to be found in the 
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Fic. 4. Stored energy release curves (dQ/dT, as a function of 
T;) for irradiated diamond: (A) WP-584, (B) WP-587, (C) WP- 
588, (D) WP-589, (E) WP-591; and irradiated silicon carbide: 
(F) WP-586. 


energy content of the graphite present in these casings. 
At one time there were test holes at Hanford which 
operated at higher nominal temperatures than the 
present 30°C. The energy content of graphite as a 
function of exposure is well known? for these test holes, 
and the saturation of the energy content of graphite is 
very dependent on temperature in their range of 
temperatures. The energy content of the graphite from 
the double casings saturates in a manner which would 


® Unpublished data. 
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correspond to data of the sort obtained in the higher 
temperature test holes for a test hole between 60°C 
and 80°C. Additional evidence for the sensitivity of the 
dilatation of diamond to the temperature of irradiation 
in this range of temperatures is shown by the two MTR 
irradiations (IW-95, 106). The damage present in the 
samples packed with other samples in a dry can 
(IW-95) is much less than in the samples in the second 
irradiation which were in contact with process water 
(IW-106). 

The increase in energy content of diamond seems to 
be more sensitive to the temperature of irradiation than 
the dilatation. If the data of Table VI are plotted, it is 
seen that the first two points, both of diamond and of 
graphite, are lower than the rest while the dilatations 
found for these samples (Table IIT) show no such devia- 
tion. (The energy content of graphite is also found to 
be more sensitive to the temperature of irradiation in 
this range of temperatures than the increases of lattice 
constant of graphite.) This is attributed to some of the 
samples having been at a higher temperature during 
part of their irradiation. The cause of the higher tem- 
perature is unknown. Perhaps the first two samples were 


TABLE VII. Comparison of the stored energy released up to 800°C 
with the energy content of irradiated diamond. 








Released stored 
energy 
(cal/g) 


Energy content 
Sample (cal/g) 


WP-584 149 
WP-587 31 
WP-588 90 
WP-589 198 
WP-S591 279 











in contact with another sample generating more heat, 
or perhaps they were cocked in the test hole. Some of the 
quantitative aspects of annealing during irradiation are 
treated elsewhere.” 

It would appear from the data given in Table VI 
that the rate of increase of energy content in diamond 
greatly exceeds the rate of increase in graphite; this is 
fallacious. The initial rate of increase of the energy 
content of graphite is about 1 cal/g per Mwd/aT ex- 
posure in the 30°C Hanford testholes. From the form 
of the stored energy release curves (also indicated by 
the data of Table V1), it is inferred that in this tempera- 
ture range the energy content of diamond is less sensi- 
tive to the temperature of irradiation than the energy 
content of graphite. 

The reciprocal percent change in lattice constant of 
diamond is nearly proportional to the reciprocal ex- 
posure." This kind of relation (Novick-Neubert law”) 
is a solution of the differential equation dy/dx=a™ 
X(1—by)" (where x is the dosage, y the damage as 

10 W. Primak, Phys. Rev. (to be published). 

11 W. Primak, Nuclear Sci. Eng. (to be published), 


12 W. Primak and L. H. Fuchs, Nuclear Sci. Eng. (to be pub- 
lished). 
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Fic. 5. The dilatation of diamond samples irradiated in 
Hanford test holes; open circles, single casings; black circles, 
double casings. 


measured by a suitable property, } is the saturation 
value, and a is the initial rate of change) for n=2. 
The data for the dilatation of diamond deviate from 
this relation by saturating more rapidly at large dosages 
and act asif 2 were about 2.3 while the dilatation of silicon 
carbide saturates less rapidly at large dosages as if n 
were less than 1. These mathematical relations are 
useful in comparing data and in utilizing the results for 
monitoring purposes," but can hardly have very 
much significance in view of the complex processes of 
annealing which are occurring simultaneously with the 
damaging.” 

The irradiation-induced dilatation of silicon carbide 
is less sensitive to the temperature of irradiation in the 
range up to 270°C than the irradiation-induced dilata- 
tion of diamond as can be seen by comparing the results 
of the high-temperature irradiation IW-90 with the 
others. 

The stored-energy release curves are the results of a 
complex kind of tempering experiment. It was shown by 
Primak"® that these results could be interpreted as a 
population of processes distributed in activation energy 
by introducing a suitable scaling factor. An activation 
energy near the middle of the range corresponding to 
various points on the temperature axis is given by 


yotln (yot2) == In (Ber), 


where yo= e/r, € is the activation energy (ev), 7 is the 
product of Boltzmann’s constant and absolute tempera- 
ture (ev), c is the inverse heating rate (sec/ev), B isa 
frequency factor (~10" sec"). The maximum in the 
stored energy release curves given here therefore corre- 
sponds to about 1.7 ev, a little higher than the corre- 
sponding 1.4-ev maximum found for graphite irradiated 


18 W. Primak, Phys. Rev. 100, 1677 (1955). 

4 Such curves for the annealing of radiation damage in graphite 
were first interpreted in this way by Neubert,? using the methods 
of oe given by V. Vand, Proc. Phys. Soc. (London) 55, 222 
(1943). 
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under these conditions.’ Since the spectra for diamond 
and graphite start at the same value’® (about 1.1 ev), 
there is the appearance of a broader peak for diamond 
than for graphite. The experimental evidence in the 
case of graphite is that the kinetics is to be explained 
by a low order of reaction'* (~1) ; and for mathematical 
convenience in the subsequent discussion, it will be 
assumed to be unity for diamond, silicon carbide, and 
graphite since the order of reaction only affects details 
of the kinetics which will not be dealt with here.” 

If the rate of temperature rise of the samples had 
been constant, the stored-energy release curves would 
have been nearly proportional to the activation-energy 
spectra for stored energy release. The actual heating 
rates were increasing as the DTA was started and rose 
even more steeply because of stored-energy release. 
Then as the stored-energy release rate declined, the 
heating rate also declined (even became negative as 
will be shown below). The heating rate then increased 
for a while until, as the end of the DTA was approached, 
it declined again. It is shown elsewhere (reference 13, 
Sec. 3.2) that for the kind of kinetics involved here, 
the greater the time rate of change of temperature, the 
smaller is the temperature rate of stored-energy release 
and conversely. It is thus seen that the general features 
of the stored-energy-release-activation-energy spectra 
corresponding to the stored energy release curves given 
here are: they start at about 1.1 ev; they show a maxi- 
mum at about 1.7 ev; and they possess a flat region 
beyond, whose growth is more pronounced as the ir- 
radiation progresses. These features are similar to 
corresponding activation-energy spectra obtained by 
others?” for irradiated graphite. The sharp dips and 
subsidiary peaks indicated by the stored-energy release 
curves of Fig. 4 are probably spurious (see below). 

The activation-energy spectra for silicon carbide are 
indicated by the one result given in Fig. 4 to be similar 
to that for diamond, except that the low-activation- 
energy region is less prominent with respect to the high- 
activation-energy region. It is clear that there is 
pronounced energy storage in silicon carbide (not yet 
demonstrated by energy content determinations), but 
consideration of its growth will have to await the 
appearance of additional data. 

The stored energy in diamond is of primary signifi- 
cance in annealing studies because of the low specific 
heat of the substance. Assuming for the moment that 
the release of stored energy is a function of the tempera- 
ture only (instantaneous stored-energy release) if the 
substance should find itself at a temperature 7; at 
which, for a virtual rise in temperature, the stored 
energy release per degree exceeds the heat capacity, 


16 This is to be expected since it is related to the temperature of 
irradiation ; see Primak.” 
16 Data obtained by J. C. Ballinger and R. E. Nightingale, 
ee by Primak (unpublished). 
B. Lees and T. J. Neubert (unpublished report, 1949). 
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then under adiabatic conditions the temperature will 
instantaneously reach the value 7; determined by 


Ts Ty 
(dQ/dT)dT= | CAT, 


T; T% 


where Q is the stored energy, T is the temperature, and 
C is the heat capacity. The general phenomenon of such 
a rise above ambient temperature will be referred to as 
catastrophic stored-energy release. Under actual condi- 
tions, the temperature will not rise instantaneously in 
this manner for several reasons. One reason is that heat 
flow occurs. Then (for constant ambient temperature) 
T, is determined by 


™% dQ dH 


dT dT 


Ts 
dT= f (C’+C)dT, 
Ti 


where is the heat flowing out of the system past the 
thermal barrier and C’ is the heat capacity of sub- 
stances within the thermal barrier other than the one 
releasing stored energy. The substances within the 
thermal barrier will be referred to as the system. In 
general (C’+C) is an increasing function of tempera- 
ture, and eventually dQ/dT becomes a decreasing func- 
tion of temperature, so that the temperature reaches a 
maximum even if dH/dT is small. However, dH/dT 
will increase with T. The temperature may then stop 
rising even though dQ/dT has not begun to decrease 
relative to (C’+C), because dH/dT has become large. 
Whatever the cause, as soon as the temperature begins 
to drop, it does so very rapidly (exponential decay if 
Newton’s law applies) because stored energy release 
has ceased. 

In the case of a DTA the ambient temperature 7» is 
rising. Then (T— 7») is negative at temperatures below 
that at which catastrophic stored-energy release occurs, 
and heat flows into the system in accordance with 


dQ aH dQ k(T-T)_ 


dT dT dT dT/at 


(assuming Newton’s law), where ¢ is the time and k is 
the heat transfer coefficient. It is seen that catastrophic 
stored-energy release occurs when the temperature of 
the system reaches the ambient temperature. The 
temperature of the system now rises until for a virtual 
rise in T, 


5(dQ/dT) <6(dH/dT)+6(C’+C). 


Then simultaneously the temperature begins to fall, 
and stored energy release ceases. This continues until 
T=T>» when the temperature of the system once more 
begins to rise, lagging somewhat behind the rising 
ambient temperature 7); and when it reaches the 
maximum temperature previously achieved in stored 
energy release, stored energy release resumes in accord- 
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ance with the preceding considerations. Since dH/dT is 
the temperature rate of heat flow along the temperature 
gradient, it remains constant at —(C’+C) during the 
excursion of the system to lower temperatures. While 
dQ/dT is a smooth function of T for the conditions 
assumed here (instantaneous release of stored energy), 
dQ/dT» will show what may be termed false peaks. 
After these peaks, dQ/dT» can become null (dH/dT» 
=—C’—C) but not negative and in general will have 
some positive value. The preceding considerations are 
illustrated in Fig. 6. Since d7,/dt would be nearly the 
same as d7)/dt measured at the same time, dQ/dT, 
which is plotted in Fig. 4 should behave like dQ/dT. 
The sharp drops shown in Fig. 4 at about 400°C look 
much like the quenching of catastrophic stored-energy 
release. It was possible to calculate approximate values 
of the ambient temperature from the experimental 
data and the computations of &. In one case it was 
found that the cup temperature had risen 20 to 40°C 
above ambient and 40 to 80°C above the temperature 
of the standard sample when quenching occurred. At 
this point dQ/dT) dropped precipitously and did not 
assume positive values again until the temperature of 
the standard samples had advanced nearly 100°C. The 
negative stored-energy release values in this region are 
attributed to not being able to correct for peculiarities 
in k under these conditions, to lag and underdamping of 
the recorder pen, and to other experimental difficulties. 
The theory given above predicts a sharp rise in 
dQ/dT» at the point of catastrophic stored-energy re- 
lease, followed by a sudden drop. The curves, however, 
indicate a sustained release under catastrophic condi- 
tions. This is explained by the fact that dQ/dT» is not 
a function of temperature only, but it also is time- 
dependent. Then since, as discussed above, the greater 
the time rate of change of temperature, the smaller is 
the temperature rate of release of stored energy, and 
conversely, the kinetics of the processes occurring is a 
controlling factor rather than a catastrophic one. The 
small peak at the beginning of the stored energy release 
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Fic. 6. Heat flow in the 3-cup differential thermal analysis 
apparatus under conditions of catastrophic stored-energy release 
for the case of instantaneous stored energy release; (a) behavior 
of T and T» in time, (b) dH /dT as a function of T, (c) dH/dT» as 
a function of To, (d) dH /dt times the absolute value of (d7/dt) 
[given to separate the overlapping parts of Fig. 5 (b)]. 
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curves may be due to quenching associated with the 
changing rates of temperature rise at the beginning of 
the DTA. The rate of stored-energy release is then 
maintained at a high level without quenching until 
past the peak of the activation-energy spectrum where 
a marked decline in dQ/dT takes place. Since there is 
no particular amount of stored energy to be associated 
with a given temperature, dQ/dT has no meaning apart 
from the heating rates. Even if the data of the DTA 
could be used to obtain sufficiently precise values of 
dQ/dT (rather than dQ/dT> given here) and d7/dt, 
they would be very difficult to interpret quantitatively 
because of the complicated form of dT /dt for the present 
data. 

No evidence of catastrophic stored-energy release 
was found in the silicon carbide sample in accordance 
with its much greater specific heat. 

A combination of the effects of catastrophic stored- 
energy release and the effects of the kinetics of processes 
distributed in activation energy can be found in Fig. 3 
which shows the effect of annealing on the energy 
content of diamond. It would appear from Fig. 3 that 
the increased energy content of WP-584 due to irradia- 
tion is almost completely annealed at 690°C. This is 
not correct. The decrease in energy content shown by 
an unirradiated sample heated to this temperature for 
a like period of time was 7 cal/g and is attributed to 
graphitization. Part of the decrease in energy content 
of the irradiated graphite heated at 690°C must also 
be due to graphitization. The stored-energy release 
curves would probably be only slightly affected by 
graphitization because of the rapid heating rates which 
were used. 

The general nature of the activation-energy spec- 
trum for annealing of the dilatations presented in 
Figs. 1 and 2 can be obtained by using the approxima- 
tion suggested by Vand."*-"4 It is assumed annealing has 
occurred for all of the dilatation associated with activa- 
tion energies below the characteristic-activation energy 
reached at the end of each step of annealing. The 
characteristic-activation energy ¢o (ev) at the end of a 
step of annealing is r In(Bi), where r is the product of 
Boltzmann’s constant and temperature (ev), B is a 
frequency factor, and / is the time. The property change 
which has occurred in this step of annealing AP is 
approximately the integral of the activation-energy 
spectrum from €:, the value of €) at the end of the 
previous step of annealing, to €o2, the value of €» at the 
end of the present step of annealing. Then AP/ 
(€o2—€01) is the average value of the activation-energy 
spectrum between ¢€o; and €2, and plotting it against €» 
gives an approximate block graph of the activation- 
energy spectrum. 

If this is done for the annealing data for diamond 
presented in Fig. 1, the general nature of the activation- 
energy spectra which are revealed for WP-588, 589, 
591, 592 (the changes in WP-587 are too small to 





PRIMAK, FUCHS, AND DAY 






















































































ACTIVATION ENERGY (ev) 


Fic. 7. Approximate activation-energy spectra for the anneal- 
ing of the dilatation of irradiated diamond and silicon carbide: 
(A) WP-588, (B) WP-589, (C) WP-591, (D) WP-592, (E) WP- 
586. For (A), (B), (C), and (D) the ordinate is 100 times the 
dilatation annealed per ev; for (E) it is the percent of the irradia- 
tion-induced dilatation annealed per ev. 


afford sufficient precision for such an analysis) are 
similar to the general nature of the activation-energy 
spectra for stored energy release discussed above and 
are shown in Fig. 7. The spectra for the annealing of 
the dilation possess a sharp peak at about 1.6 ev and a 
plateau about } this height which extends to at least 
3.7 ev, (the extent to which annealing progressed in 
the highest temperature of annealing which was under- 


taken) up to irradiations involving a damaging flux 
~5X10" n/cm*. At longer irradiations, the plateau 
rises with respect to the peak. This is an example of 
either the over-saturation phenomenon or the dynamic 
annealing discussed elsewhere.” It is thus seen that 
diamond on irradiation behaves in a manner similar to 
graphite and that with equal plausibility the peak in 
the activation-energy spectrum of irradiated diamond 
can be associated with the annealing of single carbon 
atom interstitials and the plateau with the annealing 
of various carbon atom aggregates. 

The activation-energy spectrum indicated by a simi- 
lar analysis of the data for the annealing of the dilata- 
tion of silicon carbide given in Fig. 2 is also found to 
correspond to the _ stored-energy-release-activation- 
energy spectrum and is shown in Fig. 7. For the dilata- 
tion there is a peak below 2.0 ev and a minimum 
between 2.0 and 2.5 ev. The spectrum then rises in the 
interval up to about 3.4 ev to a maximum about 1} 
times as high as the low-temperature peak The activa- 
tion-energy spectrum which is revealed by the stored- 
energy data does not extend further, but the spectrum 
revealed by the annealing data for the dilatation extends 
to about 4.3 ev at a level somewhat below the maximum 
found at about 3.4 ev. 
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The electrical resistivity change produced in copper by 1.25-Mev electron irradiation at 80°K has been 
measured. The recovery of this change upon annealing has been studied. A recovery state centered near 
room temperature exhibited a phenomenological activation energy of 0.60+-0.01 ev and obeyed a second- 
order chemical rate equation. It is proposed that this state is associated with the annihilation of interstitial 
atoms and vacant lattice sites resulting from interstitial migration. The present results are compared with 
those of other workers in an effort to understand the differences in the recovery of the electrical resistivity 
change produced by electron and cyclotron particle irradiation. 





I. INTRODUCTION 


N the past, the main effort of studies in the field of 
radiation damage in metals has been devoted to the 
determination and understanding of the gross effects 
of fast particle irradiation. Such studies have become 
increasingly more quantitative in recent years, and have 
contributed considerably to the understanding of the 
nature of lattice imperfections in metals.! It is now 
possible, with appropriately chosen irradiation experi- 
ments, to produce certain types of defects, advantageous 
to the fundamental study of lattice imperfections. For 
example, low-energy electron irradiation can be used to 
produce a particularly simple distribution of point 
defects in metals, namely, equal numbers of interstitial 
atoms and vacant lattice sites (vacancies). 

The defects produced in metals at low temperatures 
by electron irradiation can also be produced by such 
other means as cold work, quench from high tempera- 
tures, and irradiation with heavier particles. However, 
electron irradiation has the peculiar advantage that 
(providing the defects are immobile at the irradiation 
temperature) (a) the relative concentrations of inter- 
stitials and vacancies are known, (b) other defects such 
as multiple vacancies and dislocations are not produced, 
and (c) the distribution of the defects is homogeneous, 
as opposed to the clustering of defects which results 
from irradiation with heavier particles.2 From these 
considerations, one might expect that electron irradi- 
ation experiments should provide one of the best means 
of checking theoretical calculations concerning the 


properties and behavior of interstitials and vacancies ' 


in metals. 

The present work consists of a study of copper which 
was irradiated at liquid nitrogen temperature with 
1.25-Mev electrons. The physical property used 
throughout the experiment as a measure of the damage 
was the electrical resistivity. An exposure curve, a 
tempering curve from 173° to 573°K, and an isothermal 


1 For a recent review of this work see J. W. Glen, Advances in 
Phys. 4, 381 (1955). 
2J. S. Koehler and F. Seitz, Report of Conference on Defects in 
oar Solids (The Physical Society, London, 1955), pp. 
231. 


recovery curve at 293°K were obtained. Analysis of the 
data in the light of results obtained in other investi- 
gations led to the postulation of the model described 
in Sec. V. 


II. EXPERIMENTAL 


A wire, 0.016 inch in diameter and approximately 24 
inches in length, was drawn from Johnson-Matthey 
99.999% pure copper. This wire was wound on a mica- 
insulated copper frame and annealed in vacuum for 1} 
hours at 425°C. Current and voltage probes were 
soldered onto the specimen and were led out through a 
stainless steel tube connected to the frame. After initial 
electrical resistivity measurements were made (0.34 
X10-§ ohm-cm at 4.2°K), this assembly was placed in 
a special target box of an electron accelerator, as shown 
in Fig. 1. A pressurized storage tank provided a con- 
tinuous stream of liquid nitrogen flowing through the 
target box, thus immersing the entire framework, with 
the exception of the specimen surface facing the electron 
beam. Since the diameter of the wire was an appreciable 
fraction of the range of 1.25-Mev electrons in copper, 
the specimen was irradiated in equal amounts from 
each side to insure uniform damage. In this manner, 
two 1.25-Mev electron irradiations were performed at 
93°K. From the data of the first irradiation, a resistivity 
vs exposure curve and a tempering curve from 173° to 
573°K were obtained ; from the second, a room-temper- 
ature isothermal curve and an additional tempering 
curve for the 363° to 573°K temperature range were 
obtained. All resistivity measurements were made at 
4.2°K, using standard potentiometric methods with a 
measuring current of 4.3 amperes. The relative experi- 
mental error in the resistivity measurements was 
approximately +1.0X10-" ohm cm. 

The available data on the recovery of the electrical 
resistivity in irradiated copper suggest that there are 
four major recovery regions. In this paper they will be 
denoted as follows: Region I, 12° to 50°K; Region II, 
50° to 233°K; Region III, 233° to 373°K; Region IV, 
373° to 573°K. 

The exposure curve was determined by periodically 
stopping the irradiation and making helium point 
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resistivity measurements. The total integrated exposure 
was 2.7X10'* electrons/cm?. The observed resistivity 
change as a function of integrated exposure is shown in 
Fig. 2. This specimen was then annealed for five minute 
periods in 15 degree intervals at temperatures between 
173° and 573°K. The results of this treatment are 
illustrated in Fig. 3. The second specimen was irradiated 
to an integrated exposure of 3.4 10'* electrons/cm’. 
Following the irradiation, the sample was annealed at 
213°K for 10 minutes to remove the damage which 
recovers below the Region III state (see Fig. 3). The 
specimen was then annealed for various time periods 
at 293°K. Resistivity measurements were made after 
each period, the first being 1} minutes. These data are 
plotted in Fig. 4. After a total elapsed time of 1160 
minutes at 293°K, this specimen was used to repeat 
the tempering curve of Fig. 3 in the temperature range 
363° to 573°K. In an effort to isolate the recovery 
processes in this range, the heating rate used to obtain 
the data of Fig. 3 was reduced by a factor of 4.5; 
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Fic. 2. Electrical resistivity changes in copper during a 
1.25-Mev electron irradiation at 80°K. 
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assembly for low- 





temperature electron 
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specifically, resistivity measurements were made after 
15 minute anneals at each 10 degree interval. These 
results are shown in Fig. 5. 

In all of the above procedures, petroleum ether was 
used as the temperature bath below room temperature 
and Fisher Bath Wax for the higher temperatures. 


III. METHOD OF ANALYSIS 
A. Activation Energy Determination 


The recovery of certain physical property changes in 
solids during annealing treatments is frequently ob- 
served to obey a rate equation of the form, 


dp/dt=F (p,91,92,° 2 “que Bet, (1) 


where p represents the property measured, ¢ the time, 
T the absolute temperature, & the Boltzmann constant, 
and E the activation energy for the recovery process. 
The q’s represent other variables, independent of ¢ and 
T, whose significance will be described later. For a 
given recovery state (all of the property change associ- 
ated with a given unique activation energy) it is 
generally believed that a particular kind of lattice 
imperfection is thermally excited and thereby induced 
to undergo a change such as migration to a position of 
lower energy, where its contribution to the measured 
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Fic. 3. Recovery of electrical resistivity of copper after 1.25-Mev 
electron irradiation at 80°K (heating rate—3°K/min). 
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property is altered. The activation energy, EZ, then 
represents the energy difference between the height of 
an “energy barrier” which must be overcome and the 
initial energy of the imperfection. Then the Boltzmann 
factor, e~#/*?, represents the temperature dependence 
of the probability per unit time that the imperfection 
overcomes the barrier. The density of such imper- 
fections in their initial state is denoted by m. The more 
basic rate equation should then be 


dn/di= f(,91,92) + *qne~*/*?. (2) 


In order that Eq. (1) follow from Eq. (2), it is necessary 
to assume that the relationship between p and m is a 
single-valued monotonically increasing or decreasing 
function, independent of /, T and the q’s, 


p=g(n). (3) 


The q’s, which depend on the previous history of the 
specimen, involve the spatial distribution of the sinks 
to which the imperfections must migrate, an example 
being the ro characterizing the spatial distribution of 
dislocations in a diffusion-type kinetics.’ They can be 
constant or functions of m for specimens having identical 
history. 

In general, Eq. (1) can be integrated as follows: 


P dp 


A(P,91,92)° °° Qn) = ee Se ee 
po F (p,91,92,° ‘ *Qn) 


t 
= f e*rame, (4) 
0 


where @ is referred to as the temperature-compensated 
time. For identical specimens (same history prior to 
annealing treatment), the g’s need not be considered; 
thus for such specimens, the inverse function of Eq. 


(4) is 
p=p(8). (5) 


Consider now two specimens with identical histories. 
The first specimen is to be annealed at a series of suc- 
cessively higher temperatures for equal time intervals; 
the temperature intervals need not necessarily be equal. 
A property, , is measured at the end of each such 
temperature pulse. If the temperature coefficient of p is 
negligible or accurately known, measurements can be 
made at the temperature of each pulse. If not, after 
each pulse the specimen can be quenched to a standard 
base temperature, at which the recovery rate is negli- 
gible, for the purpose of making the measurements. 
During each pulse the temperature must be maintained 
constant. Let T; denote the temperature of the speci- 
men during the ith pulse, »; the measured value of p 
after the ith pulse, 6; the corresponding value of 6, 


( * Brinkman, Dixon, and Meechan, Acta Metallurgica 2, 38 
1954). 
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Fic. 4. Recovery of electrical resistivity during isothermal 
annealing at 298°K. 


according to Eq. (5), and ¢; the total elapsed time at 
the end of the ith pulse. 
For a given pulse one can write 


A0;=0;—0,_1= Ate-#"*7, (6) 


if the recovery is all characterized by a single activation 
energy, E, according to Eq. (1). Here, 


At=t;—t;_1= constant, (7) 


since, for the first specimen, the time intervals are all 
equal. Equation (6) can be written, 


InAd;=C’— E/kT,, (8) 
where C’=InAt. 

The second specimen is to be annealed at a single 
temperature and the recovery of the property, p, meas- 
ured as a function of annealing time. Let T, denote the 
temperature of this isothermal anneal and 7 the anneal- 
ing time. The experimental p vs r curve thus obtained 
with the second specimen can be used to determine 
the A@; values to be used in Eq. (8) for the first speci- 
men. From Eq. (4), it is seen that 


r= OeF/ Ta, (9) 
Let 7; denote the value of 7 corresponding to 6;. Then 
(10) 


InAr,=1nA0;+C”, (11) 
where C’=E/kT,. Substituting into Eq. (8), one 


Ats=7;-Te1= AO ,e8/*Te, 
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Fic, 5. Electrical resistivity recovery in Region IV. 
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obtains 
InAri=C—E/kTi, 


where C=C’+C”. 

For the general case described above, it is necessary 
that the two specimens have the same initial defect 
concentrations. However, there are cases, e.g., when 
the chemical rate equation, 


dn/dt= — vn%e~®/*7 


(12) 


(13) 


is obeyed, where identical histories are not necessary. 
In the case where Eq. (13) is valid, the isothermal 
curves of two specimens with different initial defect 
concentrations will be identical, with the exception of 
a displacement of the origin, r=0. Therefore, while the 
measured 7 values will differ for two such specimens 
(by the amount by which the origin is displaced), the 
Ar values will be the same, and Eq. (13) should still 
be valid. 

From the p vs 7 curve obtained with the second 
specimen, one can determine the 7; corresponding to 
each p; measured on the first specimen. The Az; for 
each successive pulse, corresponding to the appropriate 
T;, can therefore be determined, and by plotting 
InAr; vs 1/T;, a straight line should result for each 
portion of the recovery associated with a unique 
activation energy. The slope of the straight line then 
determines the activation energy, according to Eq. (12). 
If the recovery resulting from annealing in a given 
temperature interval has more than a single activation 
energy associated with it, the InAr vs 1/T plot will 
exhibit straight-line segments in each interval in which 
only a single activation energy is effective, but will be 
curved in overlapping regions where two or more 
activation energies are governing the recovery. There- 
fore, the present method of analysis provides a more 
definite criterion than does the slope-change method 
used by Overhauser‘ for determining that portion of 
the recovery associated only with a unique activation 
energy. In addition, when the amount of recovery is 
small the present method permits one to determine the 
activation energy with greater accuracy, since it in- 
volves direct property rather than slope measurements. 


B. Kinetics Determination 


It may be possible to obtain a complete determination 
of the recovery kinetics of a state by a detailed analysis 
of the isothermal curve. If Eq. (13) is obeyed and the 
property » is proportional to the defect concentration 
n, then 


p= Ron, (14) 


where Rp denotes the property change associated with 
unit defect concentration. Substitution of Eq. (14) 
into (13) gives 

dp/p"= — Kdt, 


«A. W. Overhauser, Phys. Rev. 90, 393 (1953). 


(15) 
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where 


K=vRp'%e-® #7, (16) 


If y¥1, integration of Eq. (15) yields 
p'-7=C(t+M), (17) 


where C=K(y—1) and M=p,'-7/C. Here po is the 
value of » when /=0. If the chemical rate equation is 
valid, it will be possible to choose a positive value of 
M such that the plot of Ing vs In(¢+M) yields a straight 
line. Then, from Eq. (17), it is seen that the order of 
reaction, y, can be determined from the slope of this 
line. The constant M represents the time which would 
be required for the defect concentration to be reduced, 
as a result of annealing at temperature 7, from an 
infinite value to that value corresponding to po. Thus 
it is evident that M must always be positive. 

In the following section, p will be defined as the 
difference between the resistivity change remaining at 
time, ¢, and the asymptote of the isothermal curve 
(see Fig. 4), 

P=P— Pay Po= Pi Pros (18) 
where p, is the asymptote and p; is the value of p 
when /=0. 
IV. DISCUSSION 


A. Exposure Curve 


An examination of the exposure curve of Fig. 2 
shows a slight curvature in the initial portion. This 
curvature is believed to be dependent on either the 
geometry or purity of the specimen since the magnitude 
of the effect increased with decreasing diameter of the 
wire specimen. Therefore, it is not considered typical 
of pure bulk material. Except for this early portion, 
the exposure curve is linear within experimental error 
up to at least 3X 10'* electrons/cm’, corresponding to 
a resistivity change of 1.3 10-* ohm-cm. The measured 
slope of this linear curve is 4.2X10-** ohm cm per 
electron/cm*. 

It was pointed out in the Introduction that electron 
irradiation should produce only the simplest type of 
radiation damage, namely, single interstitials and va- 
cancies. A given primary displacement collision should 
produce only one of each, and one or both of these 
defects must persist at the temperature of irradiation 
as evidenced by the resistivity change. The resistivity 
of a unit concentration of the persisting defects (whether 
they be interstitials, vacancies or interstitial-vacancy 
pairs) will be denoted by Rp and the cross section for 
production of such a defect by op. Then the slope of 
the exposure curve, 4.2 10-8 ohm cm per electron/ 
cm?, is equivalent to the product ¢pRp. The agreement 
of available theoretical values of op and Rp with the 
above slope will be discussed in the next section. 

The experimental error associated with the exposure 
curve is primarily due to the uncertainty in the meas- 
urement of the integrated electron flux, The relative 
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Fic. 6. Determination of activation energy for Region III. 


uncertainty of the experimental points is estimated to 
be of the order of +2%. Let us define a parameter 8 
(analogous to that used by Cooper, Koehler, and 
Marx®) which is a measure of the curvature of the 


exposure curve, 
(19) 


dN =ad¢—BNdé, 


where N is the number of defects per unit volume 
produced by the irradiation, ¢ is the integrated electron 


flux, and a is the number of defects produced per 
primary particle in unit distance. Since physical con- 
siderations lead one to expect positive nonzero values 
for 8, an upper limit can be placed on the value of 8 
from considerations of the experimental error. In this 
manner, the inequality, 0<@<10~ cm*/electron, has 
been deduced. 
B. Region II 


Approximately 30% of the induced damage recovers 
in a continuous manner in the temperature range 85° 
to 233°K. The recovery in this region appears similar 
to that studied by Overhauser,‘ with the exception that 
the amount of recovery is nearer 50% in the latter case. 
Overhauser found that this portion of the recovery is 
apparently characterized by a variable activation 
energy ranging from 0.2 to 0.6 ev. 


C. Region III 


An examination of Fig. 3 shows that approximately 
50% of the induced resistivity change recovers in 
Region III. The rapid drop in the tempering curve in 
this region suggests the existence of a single unique 
recovery process. When the isothermal curve in Fig. 4 
is combined with the tempering curve in the manner 
outlined in Sec. III, it is evident that nearly all of the 
resistivity which recovers in that region is associated 
with such a unique process. The activation energy for 


5 Cooper, Koehler, and Marx, Phys. Rev. 97, 599 (1955). 
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Fic. 7. Determination of reaction order (y) for Region III, 
with M=8 minutes. 


this process, as determined from the slope of the 
straight line portion of the curve in Fig. 6, is 0.60 ev, 
with a probable error of +0.01 ev. 

Following Eq. (17), Inp has been plotted in Fig. 7 as 
a function of In(¢+-M), with M equal to eight minutes. 
The resulting slope is —0.98+0.03. Thus the chemical 
rate equation is obeyed within the experimental error 
with y=2.0. From the values of M, y, and po, K has 
been determined to be 1.6X10° (ohm cm sec)—. By 
using either experimental or theoretical values for Rp 
and the presently determined activation energy EZ, the 
frequency factor, v, may then be determined from Eq. 
(16). For example, if Rp is taken as 5X10~ ohm cm, 
v is found to be 1.6X 10" sec". 

Overhauser has studied a similar recovery process in 
deuteron-irradiated copper. He found that the chemical 
rate equation was obeyed with y=2.5 and E=0.68 
+0.02 ev. This state was centered at about 243°K, 
whereas the corresponding state from electron irradi- 
ation is centered at about 298°K. If these two states 
result from the same recovery process, one should be 
able to account for the differences in y, E, and the 
center temperature (7,). 

Marx® has pointed out that a recovery process of a 
nonrandom distribution of defects which normally 
obeys the chemical rate equation should exhibit a 
reaction order higher than that expected for a random 
distribution. Since the defects produced by 12-Mev 
deuterons should be produced in clusters,’ while those 
produced by 1-Mev electrons should be randomly 
distributed, Overhauser’s value for y should be expected 
to be higher than the presently determined value. 

Unless a similar argument can account for the 
difference in the measured activation energies, this 
discrepancy cannot be resolved at present. However, 
this difference does not seem too serious, in view of the 
probable errors. 

The shift of T, can be accounted for on the basis of 
the relative values of the defect concentration produced 
by deuterons and electrons and the relative heating 
rates used in the two experiments. It is shown in 


¢ J. W. Marx, Phys. Rev. 91, 1564 (1953). 
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Appendix A that the center temperature of Over- 
hauser’s state should occur 63°K below that of the 
electron state, if the same process is responsible for the 
recovery. The actual temperature shift is approximately 
55°K, indicating that this is the case. It should be 
noted that this is a violation of the often used hypothesis 
that the temperature at which a particular recovery 
state occurs is proportional to the activation energy. 


D. Region IV 


It is seen from Fig. 3 that approximately 20% of the 
resistivity change induced at 80°K recovers in Region 
IV. For purposes of discussing this recovery region, 
we shall consider the curve in Fig. 5 where the fine 
structure is shown in greater detail. Since no isothermal 
curves were obtained, unique determinations of recovery 
kinetics for any existing recovery states in this region 
are not possible. However, the existence of three 
inflection points, with positive values of d*p/dT*, indi- 
cates that there are at least three separate recovery 
processes associated with the recovery data of Fig. 5. 
Furthermore, it is apparent that the recovery in this 
region is quite different from that following irradiation 
with cyclotron particles,’ which is primarily a single 
recovery state characterized by the activation energy 
for self-diffusion. 


V. MODEL 


In the preceding sections the experimental data and 
accompanying analyses have been presented without 
considering the nature of the detailed mechanism for 
each process. In this section, we shall attempt to 
correlate the results of the present study with those of 
other workers in an effort to choose a model which 
best represents the available data. Such a model should 
offer an explanation for the observed phenomena 
discussed in the preceding section and summarized in 
Tables I and II. 


A. Region I 


The following independent arguments can be offered 
against the assignment of interstitial migration to the 
Region I recovery in the noble metals. 

1. Both electron and deuteron irradiation should 
produce interstitial atoms as well as vacancies in all of 


TABLE I. Exposure curves. 








Slope 
1 (ohm cm per 
Type of radiation particle /cm*) 


12-Mev deuterons* Cu 2.21X10™ 


Ag  2.63X10* 
Au 3.7910" 


B 
(cm?/particle) 


4.3X 1078 
6.6 1078 
2.21078 


0<6<0.12X 107 


Element 





1.25-Mev electrons Cu 4.24 107% 








* See reference 5. 


7R. R. Eggleston, Acta Metallurgica 1, 679 (1953). 
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the noble metals. Huntington’s calculations® indicate 
that interstitials should migrate at a lower temperature 
than vacancies in copper, and it seems reasonable to 
assume that this is the case for silver and gold, also. 
Further, it can be shown that when interstitials migrate, 
most of them should annihilate at vacancies (see 
Appendix B). From these considerations, it can be 
concluded that a larger resistivity change should be 
associated with the recovery state in which interstitials 
migrate than with the state in which vacancies migrate. 
Therefore, in view of the relative magnitudes of the 
resistivity changes in Regions I and III following 
deuteron irradiation, it is inconsistent to assign inter- 
stitial migration to Region I and vacancy migration to 
Region III for silver or gold. 

2. The well-defined state observed in Region I in 
copper and silver following deuteron irradiation is 
absent in gold. Copper, Koehler, and Marx’ have shown 
that the Z dependence of the damage rate, calculated 
by Seitz, fits their data quite accurately. If a well- 
defined state in gold, similar to the Region I state in 
copper and silver, occurs below the irradiation temper- 
ature of 12°K, then the observed Z dependence should 
not agree with the theory of Seitz.® Thus it seems 
improbable that such a well-defined state exists in gold, 
and therefore interstitial migration should not be 
assigned to the Region I recovery state for gold. 

3. It was pointed out earlier that the exposure curve 
for electron irradiated copper near 80°K is linear within 
the experimental error. Since only interstitials and 
vacancies are produced by such irradiation, the observed 
linearity is expected (even if close interstitial-vacancy 
pairs are able to recombine) providing that both defects 


TABLE II. Recovery. 








Approximate magnitude 
Pmax)* 
Electron 
Deuteron irrad. irrad. Act. energy 


Cu Ag Au Cu Cu 


Deut. irrad. 

0.1 ev 

Not investigated 
for elect. irrad. 


Kinetics 
Cu 





50% 20% Not investigated 


Not a single unique 
process 


Apparently 
variable ; 
range: 0.2-0.6 ev 


25% 35% 


dnf{ds = 

vn’ exp(—E/kT) 
is valid; 
deuterons: y =2.5; 
electrons: y =2.0. 
Temp. shift 

of center of 

state =55°K 


Deut. irrad. 
0.68 ev; 
elect. irrad. 
0.60 ev 


Elect. irrad: 
at least 3 
different 
processes 








* Ap=resistivity recovery in particular region. pmax =total resistivity 
increase produced by irradiation at 12°K for deuterons and 77°K for 
electrons. 


8H. B. Huntington, Phys. Rev. 91, 1092 (1953). 
9 F. Seitz, Discussions Faraday Soc. 5, 271 (1949). 
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are immobile at these temperatures. On the other hand, 
if interstitials can migrate at the temperature of 
irradiation, a curvature would be expected due to the 
migration and subsequent annihilation of interstitials 
at vacant sites. 

A possible mechanism for Region i might be the 
recombination of those close interstitial-vacancy pairs 
having a particular geometry. It is not unreasonable to 
suppose that such a close pair is more stable in one of 
the noble metals than in another as a result of consider- 
ations of such factors as atomic size. Cooper ef al. have 
pointed out that a considerably larger percentage of 
Pmax recovers in gold than in copper or silver during 
the anneal in Region III, and that this difference is 
probably related to the absence of a Region I state in 
gold. This relationship might be that the particular 
close pair(s), which recombines in Region I in copper 
and silver, persists in gold until interstitials migrate. 
Interstitial migration could then initiate the recombi- 
nation of these pairs, thus accounting for the large 
Region III state in gold. 


B. Region II 


Overhauser‘ assigned close pair recombination to this 
recovery following deuteron irradiation. Such an assign- 
ment can be seen to be inconsistent with the present 
results if one calculates the ratio of the number of close 
interstitial-vacancy pairs to the number of dispersed 
pairs for both electron and deuteron irradiation. A 
calculation based on conventional radiation damage 
theory shows that this ratio should be at least three 
times as great for electron irradiated copper as for 
deuteron irradiated copper (depending on the relative 
values which one assumes for the threshold displace- 
ment energy for production of close pairs and dispersed 
pairs). The ratio of the resistivity recovery in Region II 
to that in Region III for electron irradiation is about 
0.6. Thus, the maximum value of this ratio for Over- 
hauser’s work is 0.2, if one assumes that all of the 
recovery which he observed in Region II is associated 
with close-pair recombination. Since his ratio is a factor 
of 10 greater than this, it seems that at least 90% of 
the recovery observed by Overhauser in this region 
must be associated with damage of a type not produced 
by electron irradiation. 

At least two types of defects have been proposed 
which may account for this recovery. Van Bueren”® has 
pointed out that pairs and groups of vacancies should 
be mobile in this temperature range. It has been shown" 
that such multiple vacancies should be produced by 
deuteron irradiation. Another type of defect which may 
be associated with this recovery is dislocation loops 
produced by displacement spikes. Again, these defects 
should be produced by deuterons but not by electron 
irradiation; they might also exhibit such a variable 


10H. G. Van Bueren, Z. Metallkunde 46, 272 (1955). 
J. A. Brinkman, Am. J. Phys. (to be published). 
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activation energy as Overhauser found. Thus, one or 
both of these mechanisms may be responsible for the 
major part of the recovery observed in Region II by 
Overhauser. 

C. Region III 


The preceding arguments have led to the following 
conclusions regarding interstitial migration in the noble 
metals: (1) interstitials should migrate at a lower 
temperature than vacancies, (2) the resistivity recovery 
associated with the state in which interstitials migrate 
should be at least as large as (and probably much 
larger than) the recovery associated with the state in 
which vacancies migrate, (3) interstitial migration 
should not be assigned to the Region I recovery, and 
(4) the recovery state in which interstitials migrate 
should be characterized by a second-order recovery 
kinetics.” Since these conditions are satisfied by the 
Region III recovery following both deuteron and elec- 
tron irradiation, the most probable mechanism for this 
region seems to be interstitial migration and annihi- 
lation primarily at vacancies. The same assignment 
has been made in an earlier paper’ and by other 
workers, '°:18.14 


D. Region IV 


As indicated in Table II, about 20% of the induced 
resistivity change persists beyond Region ITI. Since no 
isothermal recovery curves were obtained in Region IV, 
the detailed kinetics remain uncertain. However, the 
tempering curves indicate that Region IV involves at 
least three separate processes. The second-order kinetics 
in Region III is obeyed accurately down to about 1% 
of the remaining defects. Thus, only a few percent (at 
most) of the induced interstitials and vacancies should 
persist as dispersed vacancies and multiple interstitials 
(platelets) after Region III. Therefore, it seems that 
the major part of the remaining 20% resistivity change 
must be associated with other interstitial and vacancy 
configurations which are formed during either the 
irradiation or the annealing preceding Region III. 


In chemical processes, the observed order of reaction is 
frequently depressed by unity from that characteristic of the 
number of constituents involved. This phenomenon arises when 
the concentration of reacting particles (interstitials and vacancies) 
is sufficiently high that a selection process occurs in which each 
interstitial is much more likely to be absorbed by its nearest 
neighboring vacancies than by those at somewhat greater dis- 
tances. This leads to the development, as time passes, of a non- 
random distribution of interstitials with respect to the remaining 
vacancies. The condition which must be fulfilled in order that the 
expected reaction order be depressed by unity is that the average 
straight line distance, d, traversed by a migrating interstitial 
before encountering a stationary vacancy, must not be large 
relative to the average separation distance, s, between the two 
kinds of defects; i.e., d/s~1. If d/s>>1, it is evident that the 
selection process is random and the interstitials continue to remain 
randomly located with respect to vacancies. In our case, simple 
order of magnitude calculations indicate that d/s lies in the range 
10? to 10°, indicating that the selection of vacancies by interstitials 
will be random, to a very good approximation. Thus, the reaction 
order should not be depressed from the expected second order. 

13 A, W. Overhauser, Phys. Rev. 94, 1551 (1954). 

4 A. Seeger, Phil. Mag. 46, 1194 (1955). 
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Whatever this configuration may be, the second order 
kinetics of Region III requires that approximately 
equal numbers of interstitials and vacancies be involved 
in the Region IV recovery. Possibly the initial curvature 
in the exposure curve is in some manner related to the 
recovery in Region IV. For example, the mechanism 
might involve the trapping of interstitials and vacancies 
by impurity atoms as they are produced by the irradi- 
ation, and the release of these trapped defects during 
the annealing in Region IV. The stated purity of the 
copper specimens (99.999%) allows a sufficient concen- 
tration of impurity atoms to trap enough interstitials 
and vacancies to account for the magnitude of the 
resistivity recovery in Region IV. If such a mechanism 
is operative, it could account for both the initial 
curvature of the exposure curve and the Region IV 
recovery. 
E. Exposure Curves 


Jongenburger'® has calculated the resistivity per unit 
concentration of copper interstitials and vacancies to 
be 5X10~ and 1.3X10~ ohm cm, respectively. Since 
both of these defects are immobile at 77°K and are 
produced in equal numbers by irradiation, the defects 
D, introduced earlier, are interstitial-vacancy pairs and 
the corresponding resistivity Rp is 6.3X10~ ohm cm. 
From this value and the slope of the exposure curve in 
Fig. 2, the cross section for production of an interstitial- 
vacancy pair by a 1.25-Mev electron is calculated to be 
0.67 X 10-* cm’. Using conventional radiation damage 
theory and making the usual assumption that all atoms 
are displaced which receive more energy than the 
threshold displacement energy (~25 ev), one calculates 
a value of about 42 10-4 cm?. This is seen to be higher 
than the above value by a factor of about 60. A similar 
procedure shows that this discrepancy is a factor of 
about 15 for the exposure curve for deuteron irradiated 
copper reported by Cooper ef al. The latter work was 
carried out at about 16°K; however, deuteron irradi- 
ation at 77°K * gives a discrepancy of a factor of 


TABLE III. Recovery mechanisms. 








Type of 


Region irradiation Defects recovering 





Close interstitial-vacancy pairs 


Electrons Close interstitial-vacancy pairs 
I Dislocation loops, multiple 
Deuterons _ vacancies, and close interstitial- 
vacancy pairs 


I Deuterons 


Interstitials and vacancies 
(via interstitial migration) 


Electrons 
Deuterons 


Vacancies, multiple 
interstitials, trapped 
interstitials and vacancies, 
and platelets 


Electrons 











16 P, Jongenburger, Nature 175, 545 (1955). 
16 Marx, Cooper, and Henderson, Phys. Rev. 88, 106 (1952). 


C. J. MEECHAN AND J. A. BRINKMAN 


about 45. (If one uses the theoretical value for Rp 
calculated by Blatt,!’ the above discrepancy factors 
are reduced by a factor of 2.3.) 

Harrison and Seitz'* have suggested that this dis- 
crepancy might be resolved by replacing the usual 
assumption of a unique displacement energy by the 
assumption that the probability that an atom is 
displaced varies from zero to unity as the energy 
transferred to the atom increases from the threshold 
displacement energy to some appreciably higher value. 
The possibility also exists that the theoretical values 
for the resistivities of interstitials and vacancies are 
too large; however, it is doubtful that they are in error 
to this extent. 


VI. SUMMARY 


The model discussed is primarily an extension of 
that presented in an earlier paper.’ This extension 
consists essentially of interpretations of the present 
electron irradiation results and the deuteron irradiation 
recovery observed by Cooper ef al. The significant 
features of the model are shown in Table III. 

The only experimental evidence which appears to be 
contradictory to this model is the quenching experiment 
of Kauffman and Koehler.'® Seeger’ has pointed out 
that, in this quenching experiment, a majority of the 
equilibrium concentration of vacancies should have 
disappeared during the quench. He further points out 
that Lazarew and Ovcharenko” have performed a 
similar experiment with gold and obtained appreciably 
different results. Meechan and Eggleston* have inter- 
preted high-temperature resistivity anomalies to be 
due to vacancies, and thereby deduced the formation 
energy of vacancies in both gold and copper. Their 
results differ significantly from the results of Kauffman 
and Koehler, but are in substantial agreement with the 
present model. In view of this evidence, we are inclined 
to agree with Van Bueren and with Seeger in the belief 
that the results of Kauffman and Koehler should be 
interpreted in terms of double rather than single 
vacancies. 

The original calculations by Huntington” of the 
formation energy of vacancies in copper have recently 
been revised by Fumi.” His results and Huntington’s 
calculation of the activation energy for vacancy migra- 
tion are in good agreement with the present model. 
Huntington® has also calculated the activation energy 
for migration of interstitial atoms in copper, obtaining 
a value of approximately 0.2 ev. A possible explanation 


17F, J. Blatt, Phys. Rev. 98, 245 (1955). 

18 W. A. Harrison and F. Seitz, Phys. Rev. 98, 1530 (1955). 

19 J. W. Kauffman and J. S. Koehler, Phys. Rev. 97, 555 (1955). 

2 B. G. Lazarew and O. N. Ovcharenko, Doklady Akad. Nauk. 
S.S.S.R. 100, 875 (1955). 

21C, J. Meechan and R. R. Eggleston, Acta Metallurgica 2, 
680 (1954). 

2H. B. Huntington, Phys. Rev. 61, 325 (1942). 

% F, G. Fumi, Phil. Mag. 46, 1007 (1955). 
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for the discrepancy between this value and the 0.6 ev 
of the present model might be the following. 

Fumi has pointed out that an analysis of the pressure- 
volume isotherm for copper™ suggests that the repulsive 
energy per ion pair at distances appreciably smaller 
than the equilibrium separation may be somewhat 
larger than that estimated by adjusting the constants 
in a Born-Mayer type interaction potential (used by 
Huntington) to account for the observed elastic- 
constants. He concludes that the activation energy for 
vacancy migration estimated by Huntington is therefore 
probably too small. It would seem that calculations of 
the activation energy for interstitial migration should 
be even more sensitive to such an error in the interaction 
potential, since they involve extrapolation of the 
potential from the equilibrium separation to even 
smaller distances than those encountered in the case of 
vacancy migration. It does not seem unreasonable, 
therefore, that the activation energy for interstitial 
migration is a few tenths of an electron volt greater 
than the value calculated by Huntington. 


APPENDIX A 


If one assumes that the tempering curve can be 
approximated by a uniform rate of temperature rise, 
T= Al, then Eq. (13) can be written as 


dn/dT = — (v/A)n?e-®!*?, (A1) 
The inflection point is determined by setting 

an 

aflen2, 


E/kT 2=2(v/A)ne~2!*7¢, (A2) 


where T, is the temperature at which the inflection 
point in the tempering curve occurs (this is assumed 
equal to the center temperature of the state). An 
approximate solution for Eq. (A1) is 


3 vT, 


ne tm A(1+E/RT,) 


g~ElkTc 


v ’ 





(A3) 


where mp denotes the total radiation-induced concen- 
tration of defects. Substitution of Eq. (A3) into Eq. 
(A2) yields 


Nov 2 1 - 
ie Blk c= rf of ) . (Ad) 
A E/kT, 1+E/kT, 


Let moe, A., and T,, denote the appropriate quantities 
for electron irradiation and moa, Aa, and 7.4 the corre- 
sponding quantities associated with Overhauser’s deu- 





% J. M. Walsh and R. H. Christian, Phys. Rev. 97, 1544 (1955). 
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teron irradiation. By use of the experimental values, 
Rpmo.= 6.45 X 10-” ohm cm, 
A,=180°K/hr, 
Tco= 298°K, 
Rpmoa= 1.96X 10-* ohm cm, 
Aa=6.7°K/hr, 


and Eq. (A4), Tea is found to be 235°K. Thus, the 
center temperature of Overhauser’s state should occur 
about 63°K below that of the electron state, if the same 
process is responsible for the recovery, and the recovery 
kinetics are the same in both experiments. 

It should be noted that some differences in the 
recovery kinetics of deuteron and electron irradiated 
copper were observed. The most significant difference 
is in the order of reaction (y=2.5 for deuterons; 
=2.0 for electrons). This difference can be explained 
qualitatively by the defect clustering which deuteron 
irradiation produces.® If this is the only significant 
difference in the recovery kinetics for the two experi- 
ments, the calculated value of the shift of T. (63°K) 
should be considered a minimum value, since clustering 
should tend to lower the temperature of a given 
recovery state slightly (perhaps a few degrees). 


APPENDIX B 


We shall accept the results of Huntington’s calcu- 
lations,® which indicate that interstitials should migrate 
at a lower temperature than vacancies. It will be 
assumed that when interstitials migrate they can be 
destroyed or rendered immobile by only three processes : 
(a) annihilation at vacancies, (b) annihilation or 
trapping at dislocations, and (c) coupling with other 
interstitials. Let us denote by m; and my the instan- 
taneous interstitial and vacancy concentrations, respec- 
tively. Since at any given temperature interstitials 
migrate more rapidly than vacancies, the initial (m, 
= ny) rate at which interstitials are removed from the 
lattice by means other than direct interstitial-vacancy 
annihilation will generally exceed the corresponding 
rate of removal of vacancies. Therefore, one can write 
the inequality 


ny> Nr. (B1) 


Intuitively, it seems certain that 
(B2) 


where ory and a7; denote the cross section for capture 
of a migrating interstitial by a vacancy and an inter- 
stitial, respectively. Then the ratio of the probability 
that a given interstitial will annihilate at a vacancy, to 
the probability that it will couple with another inter- 
stitial is 


orv>011, 


(B3) 


Since the recovery in Region III is characterized by 
a pure second-order kinetics, it almost certainly results 


nyory/Mrorr> 1. 
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from the migration of either interstitials or vacancies. 
The migration of more than a few percent of these 
defects to dislocations would cause an observable change 
in the reaction order. Since this is not observed, the 
probability that the defects migrating in Region III 
are captured by dislocations is small relative to the 
probability that they are captured by vacancies: 
Case A.—Interstitials migrate in Region III: 


(B4) 


therefore from Eq. (B3) one concludes that interstitials 
are primarily captured by vacancies. 
Case B.—Vacancies migrate in Region III, inter- 


NyoIv->NporpD; 


PHYSICAL REVIEW VOLUME 


103, 


MEECHAN AND J. A. BRINKMAN 


stitials having migrated previously : 


nyovv>Npoy p. 
Assuming that 
o1D~ovpD, 
and 
OI v= oVV; 
then 
(B6) 


therefore, the same conclusion concerning migration of 
interstitials can be drawn as in Case A. 

Thus, whenever interstitials migrate, the majority of 
them should be captured by vacancies. 


Nyorv>NporpD; 
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This theory develops a quantum analog of the classical electron oscillator model. It argues first that the 
Hamiltonian of long-wave excitations of matter is equivalent to that of an assembly of oscillators under very 
general assumptions. Next, these oscillators are coupled with the electromagnetic field oscillators and the 
normal modes of the coupled system are analyzed. The normal modes of longitudinal and transverse excita- 
tion have different spectra; the transverse frequencies depend strongly on the wavelength but the longi- 
tudinal ones do not. If the “longitudinal photons” are eliminated after the transformation to normal 
modes, the resulting Coulomb law has the dielectric constant in the denominator. The dielectric response 
law is expressed as a series of oscillations and also in terms of Van Hove’s correlation function. Born-approxi- 
mation theory of the collisions of fast charged particles with the assembly of normal mode (longitudinal 
and transverse) oscillators yields the same total cross section as Fermi’s macroscopic theory. The transverse 


excitations include the Cerenkov radiation. 


1, INTRODUCTION 


HE dielectric constant ¢ of a material is a property 

relevant to electrodynamic phenomena in which 
the fields vary but little from one atom to the next. 
From an atomistic standpoint, ¢ has been interpreted 
by the classical model in which atomic electrons can 
perform forced oscillations about their equilibrium 
positions ; no corresponding quantum mechanical theory 
seems to have been developed.! 

This paper presents an atomistic theory of dielectric 
effects which considers three coupled quantum mechan- 
ical systems: an aggregate of atoms, the long-wave 
components of the electromagnetic field, and additional 
charged particles not included in the aggregate of atoms. 
The immediate aim is to rederive certain formulas of 
macroscopic electrodynamics, specifically: (a) the 


* Supported in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission. 

1 The quantum electrodynamics in a medium whose dielectric 
roperties are characterized by a constant e, but are not derived 
rom an atomic model, has been developed by J. M. Jauch and 

roan Watson, Phys. Rev. 74, 950 and 1485 (1948); 75, 1249 
1949). 


Coulomb interaction e:¢2/er12 of charges in a dielectric 
and the equivalent equation div(«E)=42p, and (b) the 
probability of energy losses of a charged particle which 
was calculated macroscopically by Fermi, and, as a 
function of scattering angle, by Hubbard.”*-> 

The macroscopic treatment of Coulomb interaction 
has proved quantitatively successful in the theory of 
donor levels in semiconductors,’ even though applied to 
systems of the order of 100 A only. Inelastic electron 
collisions in solids have been the object of much recent 
work.‘ The energy loss spectrum in these collisions is 
clearly related to the dielectric constant e(w) of each 
material by the Fermi theory, especially in the form 


2 (a) E. Fermi, Phys. Rev. 57, 485 (1940); J. Hubbard, Proc. 
Phys. Soc. (London) A68, 976 (1955). (b) A theory with similar 
aims but with a different approach has been developed recently 
by D. A. Tidman, Nuovo cimento 3, 503 (1956) and Nuclear 
Phys. (to be published). 

3 W. Kohn, Phys. Rev. 98, 1856 (1955). I wish to thank Pro- 
fessor Kohn for calling my attention to this problem and for a 
discussion of his own approach to an atomistic theory of the 
interaction. 

4See, for example, Marton, Leder, and Mendlowitz, Advances 
in Electronics and Electron Physics (Academic Press, Inc., New 
York, 1955), Vol. 7, p. 183. 





ATOMIC THEORY IN DENSE MATERIALS 


given by Budini.> Nevertheless the relationship of this 
spectrum to the Bohm-Pines theory® of a quantum- 
mechanical plasma of metal electrons has not been 
readily or generally understood. That the relevant 
properties of the Bohm-Pines plasma are represented 
by its dielectric constant has been re-emphasized 
recently.? The present work was stimulated by the 
desire to provide a comprehensive treatment of inelastic 
collisions. This treatment utilizes those features of the 
plasma theory that have general applicability. It inter- 
links the Fermi macroscopic theory, the Bethe quantum 
theory of collisions with isolated atoms,’ and Van Hove’s 
correlation function? which represents the scattering 
properties of a system of interacting particles. 

The treatment will consist of four steps, namely: 

(a) A discussion of long-wave excitations in a macro- 
scopically homogeneous assembly of atoms without 
long-range interactions. It will be shown that the 
Hamiltonian of these excitations is equivalent to that 
of a set of harmonic oscillators, provided that only a 
small fraction of all atoms is excited, i.e., in the same 
“small-amplitude” approximation which underlies the 
classical oscillator theory of polarization. The term 
“long-wave excitation” is intended here to apply not 
only to electronic excitations of a crystalline lattice of 
ions or molecules but to nonlocalized excitations of any 
macroscopically homogeneous aggregate of atoms or 
molecules. It thus pertains to liquid or amorphous 
matter as well as to a crystal, to the excitation of 
density waves of metal electrons, and also to phonons. 
It includes processes with sufficient energy to cause a 
lasting separation of charges, i.e., ionization. 

(b) A study of the normal modes of coupled matter 
and field oscillators with long wavelengths 4. The rela- 
tionship between A and the eigenfrequencies w provides 
a phenomenological quantum mechanical definition of 
the dielectric constant, as pointed out by Neamtan,"® 
through the equation e=(c/wA)?. Whereas Neamtan 
treated the field-matter coupling as a weak perturba- 
tion, thus assuming e~1 and working back to the 
Kramers-Heisenberg formula, the oscillator character 
of excitations permits a formally exact treatment of the 
coupling. The exact secular equation for the normal- 
mode eigenfrequencies takes the analytical form of the 
Sellmeyer-Drude dispersion equation. The difference 
between the longitudinal and transverse field oscilla- 
tions makes the normal modes correspondingly dif- 


5 P. Budini, Nuovo cimento 10, 236 (1953). See also, for the 
— with metal electrons, H. A. Kramers, Physica 13, 401 
(1947). 

*D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953); D. Pines, 
Phys. Rev. 92, 626 (1953). 

7J. Hubbard, Proc. Phys. Soc. (London) A68, 441 (1955); 
a > and H. Pelzer, Proc. Phys. Soc. (London) A68, 525 

1955). 

8H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), Vol. 24, Part 1, p. 495 ff. 

*L. Van Hove, Phys. Rev. 95, 249 (1954). 

1S. M. Neamtan, Phys. Rev. 92, 1362 (1953); 94, 327 
(1954). 
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ferent for longitudinal and transverse coupled oscil- 
lators." 

(c) A treatment of “external” electric charges, in 
addition to the lattice of atoms and to the electromag- 
netic field. In this case the Hamiltonian terms which 
couple the external charges with the longitudinal normal 
modes of the field-matter system may be eliminated, in 
part, by a well-known procedure of quantum electro- 
dynamics. There results a direct interaction between 
the external charges, represented by Coulomb’s formula 
with the appropriate dielectric constant. When the time 
lag in the reaction of matter to external charges has to 
be considered, one may represent it by a dielectric 
response function ¢«~'(#). This function relates to the 
secular equation for the normal-mode eigenfrequencies 
and to Van Hove’s correlation function? among the 
positions of electrons in the material. 

(d) A Born-approximation treatment of inelastic col- 
lisions of a fast charged particle with the coupled field- 
matter system. Longitudinal and transverse normal- 
mode excitations can be treated separately.” Transverse 
excitations have significant probability only for incident 
particles of relativistic velocity. Transverse excitations, 
whose eigenfrequency is substantially shifted owing to 
coupling with the field, constitute the Cerenkov 
radiation. 


2. LONG-WAVE EXCITATIONS 


To develop the quantum analog of the classical elec- 
tron oscillator model, we rely on considerations utilized 
previously in the theory of spin waves in magnetized 
materials."* The type of approximations to be used here 
and the general intent are also related to Tomonaga’s 
quantum mechanical treatment of collective coordi- 
nates, 

In a system which contains large numbers of identical 
particles and is macroscopically homogeneous, any 
particular type of excitation, with energy fw,, can 
usually take place at any one of a large number of 
equivalent spots. Such a “spot” may, but need not, 
consist of a cell in a crystal lattice or a molecule in a 
liquid ; the metal electrons contained in a cubic volume 
of, say, (10 A)* may also constitute a spot in this sense. 
The total excitation energy can be indicated, then, as 
dn Nnhwn, where N, indicates the number of spots with 
an excitation of type n. If V, be regarded as an operator 
with eigenvalues 0, 1, 2, ---, the expression }>, Vhtwn 
constitutes the relevant part of the Hamiltonian of the 


W. R. Heller and A. Marcus, Phys. Rev. 84, 809 (1951), 
calculated excitation energies in a crystal, taking into account the 
long-range Coulomb interaction. They expressed the energy 
eigenvalues as functions of a continuously variable angle between 
the direction of oscillation and the wave vector, which appears to 
be incorrect. Dr. Heller has kindly informed us that the full 
implications of the difference between longitudinal and transverse 
oscillations became clear to him after publication of his paper. 

2 U. Fano, Phys. Rev. 102, 385 (1956). 

8 T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
(1988) Tomonaga, Progr. Theoret. Phys. (Japan) 13, 467, 482 
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system, and has the same appearance as the Hamil- 
tonian of an assembly of harmonic oscillators with 
frequencies w1, we, + *wn, ++. Thus the oscillator model 
reflects, in the first place, the inherent degeneracy of 
the spectrum of any large, macroscopically homoge- 
neous, system. 

In the quantum mechanics of oscillators, the operator 
N, is represented in terms of creation-annihilation 
operators @,*, @», with the commutation property 
AnOn'*—Oy'*dn=5q'n. Proceeding further, one might 
consider one oscillator for each “spot” i and set 
Na= Li Nni=DXii Gni*Gni. However, the operator N,; 
has the whole set of eigenvalues 0, 1, 2, ---, whereas 
each spot has only the spectrum of excitation levels 
hw,:+-hw,*+* without their multiples 2hwn, 3hwa---. 
Accordingly one should more properly set Vni= Gni*dni, 
where the operators @ have the Fermi-statistics anti- 
commutation property Gni@,*+4,;*d,:=1, and Nyx 
has only the eigenvalues 0 and 1. 

In this connection it matters that, under realistic 
conditions, the electric polarization of a material is 
proportional to the applied field strength and thus 
constitutes a weak reaction, adequately represented by 
the first term of an expansion in powers of the dis- 
turbance. The harmonic character of the classical model 
oscillators derives from the proportionality of the 
reaction to the disturbance. The corresponding feature 
in the atomistic picture is that only a minute fraction 
of the “spots” is excited at any one time. The prob- 
ability that two identical excitations would accumulate 
on the same spot is accordingly negligible, and little 
error is incurred by representing the Hamiltonian of 
matter excitations in terms of operators V,,; having 
unrealistic eigenvalues 2, 3--- in addition to 0 and 1. 
Similarly, little error is caused by disregarding the fact 
that excitation of a spot to its mth level usually excludes 
simultaneous excitation to a different, mth level, and 
thus assuming that V,; and N,,; commute whereas in 
fact they do not. 

This approximation may be cast in mathematical 
form through the following considerations.“ The 
matrices of a,; and a,,;* have rows and columns cor- 
responding to the eigenvalues NV; from 0 to ©, whereas 
the matrices of @,; and d,,;* have only two rows and 
columns, corresponding to V,;=0, 1. However, the 
matrix of (1—d@,;*@n;)@n¢ Coincides with the matrix of 
4, for N,,;=0, 1 and has no nonzero element connecting 
these eigenvalues with the larger, unrealistic, ones. 
Thus we introduce no error by replacing d,; with 
(1—@n,*an;)an¢ and 4,* with a,,*(1—a,;*a,;). The 
approximation corresponding to the classical oscillator 
model is introduced next, by dropping a,;*@,; in the 
expression 1—a,,*a,; because its expectation value— 
the probability of excitation of the particular spot i— 
is very small. More generally, we shall assume that the 
Hamiltonian of the system can be expressed in terms 
of the harmonic oscillator operators a,; and a,,;*, that 
it has been expanded into powers of these operators, 
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and that all terms of degree higher than bilinear have 
been disregarded. Thereby a linear approximation 
makes the system equivalent to an assembly of har- 
monic oscillators, in quantum as in classical mechanics. 

The Hamiltonian bilinear in the a,;*, a,; will gener- 
ally include cross terms, in particular terms of the form 
@nj*@n; Which represent a transfer of level-n excitation 
from spot i to spot 7. The cross terms can be removed 
by a unitary transformation 


Ap=LadCr, nidnit?dy, niOni* ], (1) 
which diagonalizes the Hamiltonian to the form 
H=>, tw,A,*A,. (2) 


These equations represent the excitations as normal- 
mode harmonic oscillations. The summation over the 
index i corresponds to the ability of excitations to 
migrate from spot to spot, so that the normal modes are 
usually spread over the whole material. Often the 
coupling between excitations of different types, ”, m, 
is not sufficiently strong to wipe out the identity of each 
type of excitation and the normal-mode frequencies w, 
fall into bands centered near the spot excitation 
frequencies wn. 

With regard to large systems, one is usually interested 
not as much in the stationary excited states as in quasi- 
stationary states having some characteristic that lasts 
perhaps only a little longer than w,", e.g., in states 
having a definite momentum or having the excitation 
concentrated on electrons rather than subdivided 
among nuclear vibrations. Such quasi-stationary states 
can be regarded as superpositions of exact energy eigen- 
states with energies in a band of suitable width, and 
can be characterized by complex energy eigenvalues 
hw,. The oscillators represented by the approximate 
Hamiltonian (2) will be assumed to be damped oscil- 
lators, having quasi-stationary characteristics to be 
further specified. 

Having relaxed the requirement that the w, be exact 
normal-mode frequencies of excitation, we may utilize 
the resulting latitude in the choice of the annihilation 
operators A, so that they represent collective coor- 
dinates appropriate to the intended application. We 
shall be concerned with the coupling of matter excita- 
tations with oscillations of the electromagnetic field. 
These oscillations can be classified according to their 
constants, e.g., the momentum #k and the polarization 
unit vector ex.s, with s=1, 2, 3 and ex:=k/k. We should, 
therefore, consider excited states of matter charac- 
terized by the same set of momentum and polarization” 
eigenvalues. These excited states will be quasi-station- 
ary in a macroscopically homogeneous and isotropic 
material, particularly when the momentum is so small 


15 Tnstead of polarization one may consider, more generally, 
parity with respect to reflection on planes parallel or perpendicular 
to k. Thus states with longitudinal excitation are, like e41, odd 
under reflection on a plane perpendicular to k, and even for planes 
parallel to k. 
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that the material is homogeneous over distances ~k™. 
(The momentum 2k is exactly constant, of course, 
for perfectly crystalline matter.)'*!” Because electrons 
and atomic nuclei have masses and velocities of dif- 
ferent orders of magnitude, the electronic or vibrational 
character of an excitation is also quasi-stationary. 
Unless the interaction between adjacent “spots” is very 
strong, the quasi-stationary states with momentum vk 
will have the same electronic character and direction of 
oscillation as the excitations at particular spots. The 
coefficients of the transformation (1) will then be 
simply 
Cruse E tt/\/N, de ai=0, 


where N is the number of equivalent spots per unit 
volume and r; a reference coordinate of the spot 7. 

In the following we shall deal, for simplicity, only 
with long-wave (low k) electronic excitations of a 
homogeneous isotropic material, the relevant Hamil- 
tonian being represented by (2). The index r will be 
further specified as nks. Because the material is iso- 
tropic (and insofar as long-range Coulomb interactions 
are still disregarded) the frequency wax. does not depend 
on s or on the direction of k. Its dependence on & will 
not be considered explicitly for small values of k and 
we shall write simply w, for waxes. The excitations will 
be represented as harmonic, rather than damped oscil- 
lators, until such point where their quasi-stationary 
character becomes essential. 

The creation-annihilation operators may be replaced 
with oscillator amplitudes and with their conjugated 
momenta through the formulas'® 


Onke= (h/2wn)*(A nke—A anhe)> 
Puxe= i (hin/2)*(A nke +A mtia)s 


(3) 


The corresponding form of the Hamiltonian (2), with 


It is apnpsite to consider excitations distributed over 
many atoms whenever the exciting disturbance itself affects 
many atoms simultaneously and imparts to the material a 
momentum with k!<108 cm~. (By contrast, if one started from 
a localized excitation, it becomes appropriate to regard the 
excitation as distributed only if the mechanisms that transfer 
excitation from one atom to the next operate much faster than 
the mechanisms that dissipate the excitation.) An excitation may 
become localized within a small group of atoms only through a 
process involving a momentum transfer with k>107 cm, If the 
momentum received initially by the whole material is small, the 
excitation may nevertheless become localized at a later stage fol- 
lowing a larger momentum exchange between particles within the 
material, especially between electrons and atomic nuclei. 

17 Distributed excitation may also occur in rarefied matter. The 
super-radiant states of a gas considered by R. H. Dicke, Phys. Rev. 
93, 99 (1954), are zero-momentum states, or more properly states 
with very low momentum. 

18 These operators are not Hermitian because they refer to 
progressive waves. The signs in (3) and (4) relate to the definition 
€_ks= —€xs, from which it also follows that Qnice* = —Qn—ks and 
that —QnksQn—ks=QOnksQnks” is positive. The Hermitian opera- 
tors Qnke—Qn—ke and i(Qnkse+Qn—ks) represent the amplitudes 
of standing excitation waves one-quarter wavelength off phase, 
similar to those considered in the electrodynamics of reference 19. 


an additional irrelevant zero-point energy, is 


H=>), hon, 2L—}(PaiePnsetorn'QntsQn—t) (4) 


Within the limits of the linear (oscillator) approxi- 
mation, the operator representing the interaction of our 
material system with another system can be represented 
as a linear function of the operators @n;, @,;* or of the 
A,, A,*. This linear function is further restricted by 
invariance considerations (selection rules). For ex- 
ample, if the interaction can transfer momentum to the 
material only in units of #k, the operator will be a 
linear function only of the Anxs* and An-xe, OF Of Pais 
and Qn—«s, With fixed k and various m and s. Further, if 
the operator is even under time reflection it will be a 
linear function of the Q,-x. only, and, if odd, of the 
Paxs only. 


3. COUPLING OF FIELD AND MATTER OSCILLATORS 
(a) Representation of the Fields 


As a general approach, we follow Fermi’s treatment 
of quantum electrodynamics.'® However, the fields will 
be represented in terms of a vector potential only, as 
in reference 6, without any scalar potential. (A mani- 
festly relativistic formalism would have no advantage, 
since matter constitutes a special frame of reference.) 
We set E= — (1/c)dA/dt and H=curlA, so that divH=0 
and c curlE= —0H/0d¢t are fulfilled identically, as usual. 
The Maxwell equation c curlH = 0E/dt+-47j yields the 
wave equation for A ,c? curl curlA= — 6?A/d+-42cj, and 
the remaining equation, divE=42p must be treated 
as a subsidiary condition, which replaces the two sub- 
sidiary conditions of reference 19. 

After Fourier analysis in which we take 


A= (4) ¥c ¥ usQc€nse™™', 
I= Dis Crs Jnce™"*, (5) 
p= Li pxe®*, 

where ex, indicates the polarization vector, as in Sec. 2, 


and gxs=—q_-x,." the oscillation amplitude, the wave 
equation becomes 


Guo tc?k?(1—514)que= (47)! jcc. (6) 


Here c*k?(1—61,) represents the force constant of the 
field oscillator, which vanishes for the longitudinal field 
as indicated by the factor 1—6,,. The subsidiary con- 
dition takes the form 


— Gur = p—1i=i(4r) p/h. (7) 


In quantum mechanics the oscillator amplitudes qx. 
and their conjugate momenta are treated as operators. 
Instead of the oscillator equation (6), one considers the 
corresponding Hamiltonian, which, in the absence of 


#9 E, Fermi, Revs. Modern Phys. 4, 125 (1932). 
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currents, is'® 
Heieta= Do xo{ — 3 [Pepe + Ch? (1—5,1)gueg—ue]}. (8) 


Similarly, in the absence of charges, py=0, the sub- 
sidiary condition reduces to p_xi:=0, meaning that 
only those states of the field exist which are eigenstates 
of p_xi corresponding to its eigenvalue zero. (As em- 
phasized in reference 6, px: commutes with H fela and 
therefore has common eigenstates with it.) 


(b) Interaction with Matter 


If matter is treated according to Sec. 2, the complete 
Hamiltonian is 


H= Heidt Hinter+ H medium, (9) 


with Hmedium to be taken from (4). We consider the 
interaction of the field only with the electrons in the 
medium, disregarding the nuclei for simplicity, and 
take the nonrelativistic form of the interaction, which 
gives” 


Hinter= (4) te >a Qs Dnexs: 3 (dr,/dt)e*™ “th 


2re 
+¢ik ‘th(dr,/dt) +—-- 7. Cxs* Cx’ s’JsQk’s’ 


m ksk’s’ 


XD) effktk)-m (10) 


where ry is the position of the Ath electron and dr,/dt 
its velocity. 

The operator >>, (dr,/dt) exp(ik-r,) in (10) can trans- 
fer momentum to the medium in units of #k only, be- 
cause a shift r of the origin of electron coordinates multi-: 
plies the operator by exp(ik-r). This factor is also 
time-odd because it contains dr,,/dt. For the reasons indi- 
cated at the end of Sec. 2, and subject to the approxi- 
mations of that section, the first term of (10) can then 
be represented asa sum of operators P»xs, which we write 


pe Wpdks » EA (11) 


Here w, is a constant having the dimension of a fre- 
quency, which we take as equal to the plasma frequency 
defined by 

(11’) 


(%=electron density); f, may be regarded as an 
empirical expansion coefficient, but in the dipole 
approximation it coincides with the oscillator strength 
of the mth equivalent oscillator in the medium.”” The 


wp? =4arNe?/m, 


*® The second term of (10) drops out in the relativistic form, 
but in its place one must consider virtual transitions to negative 
energy states. 

"1Tf one considers first the electrons belonging to “spot” 7 
much smaller than k~, r, in the exponent can be replaced with rj. 
The operator dr,/dt can be correspondingly represented by 
Ln tnXn(Ani*—ani)e, where xe is the dipole matrix element for 
transition to the mth excited state of a spot with polarization e. 
The 2i(ani*—anc) exp(tk-r)e-ex, yields N4(Anus*+An—ks), 
where N is the number of spots. The dipole matrix element and the 
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oscillator strength j, could be defined in general as a 
function of the wave number & but this dependence can 
often be disregarded for small k (dipole approximation), 
much like the dependence of the frequency wax on k. 

In the second term of (10) we shall disregard all terms 
with k+k’+0, as was done in reference 6. It is not 
argued here that these terms are negligible; the purpose 
is only to postpone the study of their influence. (Dis- 
regarding these terms we shall arrive at the Sellmeyer- 
Drude dispersion formula; hence it is surmised that 
their influence may lead toward the Lorentz-Lorenz 
result.) With this assumption, the second term of (10) 
reduces to —}w,? Diks Jxs—ks- 

Entering then into (9) Eqs. (8), (10), (11), and (4), 
we have 


H= -> ke 3{ Pxsp_vst [CR (1 —5,:) wp? \dxeq—xe 
+> nL— wp fntgusPnket Paks n—ks 
+o? OnxsQn—xe |}, (12) 


in which the coupling between field and matter oscil- 
lators is confined to those with the same momentum and 
polarization. 

In the subsidiary equation (7) the Fourier coefficients 
px are given by —e >>, exp(—ik-r,). This operator 
should be a linear function of the operators Qn, for 
the reasons indicated at the end of Sec. 2, and one 
verifies, as in reference 21, that 


(4m) §px/k=wy Don fn®Ont- 


The subsidiary condition becomes then 
Qx= p_1i— Hp Din fn*Qnur =O, (13) 


and requires that only those states of the combined 
system exist which are eigenstates of Q, corresponding 
to its eigenvalue zero. It is seen from (13) and (12) that 
[Q,,H ]=0. 

In the usual procedure of quantum electrodynamics, 
the subsidiary condition is eliminated by a change of 
variables represented by a unitary transformation 
which replaces every operator O with SOS. For our 


oscillator strength are related by wpt,=m~4(4}wn)}(Nf,/N)', 


where the JU/N is the number of electrons per spot. Equation (11) 
follows from (10) using these formulas and the definition (3). 
Note that the electron density SU in (11’) may be intended to 
include all electrons in the medium or, for example, only the 
optical electrons; the definition of f, is correspondingly modified, 
so that the sum rule 2,f,=1 holds when the sum extends to the 
transitions of all electrons included in Jt. Applications involve in 
fact only the product w,%f, which is independent of such con- 
ventions. 

2 From the standpoint of Tomonaga’s theory (reference 14), one 
would consider 2, exs:[(dr;/dt) exp (ik-r,)+-exp(ik- rp) (drn/dt) ] 
as a collective momentum 7x of the medium. However, the oscil- 
lations of the corresponding coordinate are anharmonic. The 
expansion xs 2nfntPnks constitutes a process of harmonic 
analysis which goes beyond the initial Tomonaga theory and is 
approximately equivalent to solving the Schrédinger equation for 
the excitation of individual “spots” of the medium. This problem 
does not arise in Tomonaga’s application to an electron plasma 
because the plasma, in absence of long-range interactions, is 
capable only of a single type of oscillation, with zero frequency. 
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problem S=exp(—ih wy De q11 Don fn*Qnui), which 
replaces p_xi with p_xitwp don fn'Qaxr and Pyxi with 
Paxitwpfatg_r. The condition (13) reduces to p_11=0 
and the Hamiltonian SHS“ no longer contains the 
variable gyi but only the momenta px1. The subsidiary 
condition simply states, then, that the longitudinal 
oscillators possess no energy, just as in the case of the 
no-charge Hamiltonian (8). On the other hand, the 
transformation S introduces in the Hamiltonian H a 
term affecting the matter oscillators with s=1, with 
equal k and all ». This energy term represents the 
Coulomb interaction between electronic oscillations at 
different points of the medium. Our treatment has 
assumed implicitly that the short wave longitudinal 
field oscillators (with k~! < 10-7 cm) had been eliminated 
in advance by a change of variable and replaced by a 
screened Coulomb interaction, as in reference 6, because 
the short-range portion of the Coulomb interaction has 
an essential influence on the excitation spectrum at each 
spot. Here we consider only the coupling of the long- 
wave longitudinal matter oscillators with the longitu- 
tudinal field oscillators of equal wavelength, a coupling 
which is equivalent to the long-range tail of the Coulomb 
interaction. 


(c) Normal-Mode Equation 


Instead of carrying out first the change of variables 
represented by S and then seeking the normal modes 
of the longitudinal matter oscillators which are thereby 
coupled, we combine these operations by seeking 
directly the normal modes of the matter and field 
oscillators. This single operation® can be applied equally 
to the longitudinal and to the transverse oscillators. 

Because the coupling term in (12) contains the 
momentum instead of the amplitude of the matter oscil- 
lators, it is convenient to interchange momenta and 
amplitudes by introducing the new variables 


Qane™= Pa—ne/Wn, Piu= —WnOn—ke- (14) 


The Hamiltonian (12) becomes now 


ot A Pusp—wot Panel n—ks 


ken 
i Lok? (1 —4, 1) +0,” ldxeG—xs 
— wn fntqusQn—ketOnQnisQn—ke)- (15) 


The normal modes, which diagonalize the bilinear ex- 
pression consisting of the last three terms of (15), are 
the eigenvectors of the homogeneous system of equa- 
tions 


— 0H /8q-1e=[2R (1-5) +005? gee 
Ln wont nt Qnue=O7ks, 
—0H/OQn-1e= —Whnf n'Queton?Qnks=o'Qnis- 
% This operation has been carried out, in a different context, 


and discussed in much detail by N. van Kampen, Kgl. Danske 
Videnskab, Mat.-fys. Medd. 26, No. 15 (1953). 


(16) 


From the second equation it follows that 
(17) 


Substitution into the first equation of the system (16) 
shows that the solutions of this system correspond to 
the roots of the secular equation 


Cr (1 —5,1) +w,’+w,’ a wre fn/ (w?—w,?) =a", 


Onxe= —wynfntqns/ (w?— wr"). 


(18) 


that is, since >, fn=1, 
CR (1—8e1)=o"[1 —wy” Yon fn/(w’—wn’) J. 


(19) 


The expression in square brackets coincides with the 
Sellmeyer-Drude formula for the dielectric constant of 
a medium containing undamped oscillators with fre- 
quencies w,. At this point we take into account that the 
matter oscillators are assumed to be damped, with 
complex w,. This is done appropriately, as shown in 
Appendix A, by replacing w?—w,.?=(w—Wn)(w+on) in 
(19) with (w—wn)(w+wna*) =w*— |wn|?@—w(Wn—wn*). 
Thus we set 

In 


€(w)=1—w,? D 


n o— |wal?—w(wa—-wn*) 


(20) 





and replace the secular equation (19) with 


CR? (1—541) =we(w). (21) 
In (20) and (21), w, and f, may be regarded, if neces- 
sary, as functions of k instead of having the value cor- 
responding to k=0. 

Notice that: (1) the structure of the secular equation 
(19) or (21) is characteristic of all systems where one 
oscillator is coupled a number of other oscillators not 
coupled among themselves; (2) Eq. (21) for s#1 coin- 
cides with Neamtan’s” quantum mechanical definition 
of ¢ as the ratio c*k?/w*, where hw is the energy eigen- 
value for a photon of momentum #k as modified by 
interaction with matter; (3) Neamtan’s calculation of 
this eigenvalue by perturbation technique (Kramers- 
Heisenberg approximation, to second order in the 
electron charge e) replaces the “exact”’ equation (21) 
with the approximation c?k?=w*e(ck). (The “exact” 
formulation has been made possible, here, as in the 
classical theory, by the oscillator approximation of 
matter properties. The perturbation treatment is 
adequate only for e~1, i.e., when the field is weakly 
perturbed by the presence of matter.) 


(d) Discussion of the Spectrum 


The spectrum of normal modes {, Q2, ---Qa::- is 
simplest when the spectrum of matter oscillators 
consists of well-separated “lines” w1, we, ---wa*** with 
negligible damping. We discuss the spectrum Q. by a 
graphical construction shown in Fig. 1. Figure 1(a) 
shows plots of the familiar anomalous dispersion curve 
e(w) for two situations, respectively of moderately 
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Fic. 1. (a) Schematic plot of e(w); fi=4, f=}, f=}; —— — 
w,*/w;*=0.01; wp"/wi?= 1.0. ( b) Level diagram of normal 
modes for same input data as in (a). - - - Construction of normal 
mode eigenvalues 9,” for a transversal mode with given k. 
(The line is discussed in Sec. 6.) 


strong and weak density of matter oscillators. Extreme 
schematizations are made by taking only three matter 
oscillators well spaced in frequency, with no damping. 
The curves of Fig. 1(b) are constructed by taking as 
ordinate the abscissa of Fig. 1(a) and as abscissa the 
product w*e(w) of the abscissa and ordinate of Fig. 1(a). 

Figure 1(b) will be regarded as a /evel diagram of the 
normal modes. The “levels” Q,? are the roots of the 
Eq. (21), we(w)=ck?(1—6,1). To find these roots, one 
enters into Fig. 1(b) at the abscissa ck? for s=2, 3 and 
at 0 for s=1, and one reads the corresponding ,’, 
02, -- + of the many-branched curve. For the transverse 
modes, s=2, 3, one visualizes quantum-mechanically 
a field oscillator whose frequency level equals ck when 
unperturbed but is “repelled” by the frequencies wu, 
we, *** of the matter oscillators. 

Visible light traveling in a transparent refractive 
medium like glass, where w: is rather high, corresponds 
to a point of the diagram such as G. The field oscillation 
is then accompanied by an electronic oscillation of the 
medium having comparable intensity; for a given k, 
Q; is about 3% of the corresponding vacuum value ck. 
We have here an example of tight coupling. 

On the other hand, the coupling is weak on the far 
right side of Fig. 1. Transverse matter excitations with 


uw, of the order of 5-10 ev and with k>105 cm™ are 
practically unperturbed by the field oscillators, because 
for this k the photon energy Ack is much larger than 
10 ev. These excitations are strongly coupled with field 
oscillations of nearly equal frequency only at the 
surface of the medium, or at other inhomogeneities, 
where the momentum 4k is not conserved. Indeed light 
with photon energy near fw, incident from vacuum on 
the surface of a medium, with photon momentum 
hw,/c, excites in the medium not field oscillations but 
damped matter oscillations with excitation energy hwn 
and momentum >>fw,/c. This is the ordinary light 
absorption process. 

Notice the gaps in the spectrum above w,’, wy’, etc., 
which arise because c*k? is non-negative. It is well known 
that light of frequency just above a resonance, where 
e<0, cannot penetrate a material from the outside but 
is kept out by “metallic” reflection. In metals the first 
resonance lies at w,=0 and the gap extends to rather 
high frequencies. 

For longitudinal oscillations, the factor (1—6,1) in 
(21) vanishes and we must find the eigenvalues at the 
abscissa w*e(w)=0. The eigenvalue 29=0 is rejected 
because of the subsidiary condition (13), as shown in 
(f) below. That the eigenfrequencies of longitudinal 
oscillations are the roots of e(w) =0, and lie at the upper 
edge of metallic reflection bands, is rather well known.’ 

For w,? fnxKwn —w,", there is a root near w, which 
is determined approximately by setting w=w, in all 
terms on the right of (20) with n’~n. Disregarding the 
damping, i.e., for w, real, the result is 


23 3 7. (22) 


n’ én Wn — Wn? 


Q Jredtop fl 1 Wp 


In metals, where w:=0, and in any case when a is 
small, the lowest eigenvalue 2, equals approximately 
the “plasma frequency” w,f:! which is, for condensed 
matter, of the order of 10 ev/h. For larger values of wn, 
the shift 2Q,—w, is approximately 4w,7w,? fal: ++ }°, 
ie., inversely proportional to w, itself. The upward 
shift of the longitudinal oscillation frequencies reflects 
the Coulomb repulsion between oscillator layers in 
opposite phase half a wavelength apart in the lattice 
(see Fig. 2) ; this effect is well known for the longitudinal 
infrared vibrations of ionic lattices.” 

When had ‘fn increases to become comparable to 
Wny—w,?, the eigenvalue Q, rises to approach wy41. 
The nature of the corresponding cantanction is 
changed in this situation. For w,?f,>wna,?—r’, the 
eigenfunction of a level way above wn;1 may resemble 
the zero-coupling eigenfunction of the level w,, thus 


*% For transverse oscillations the corresponding effect is not 
electrostatic but magnetic and is accordingly smaller by a factor 
of order (v/c)*~1 /137*. The qualitative situation is here altogether 
different owing to resonance or near resonance with the photon 
energy levels in empty space. 
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indicating that eigenvalues have, in effect, crossed.” 
In metals, the plasma oscillation eigenvalue, which cor- 
responds to a zero-coupling eigenvalue ~0, may lie at 
hQ4~10-15 ev, above other eigenvalues corresponding 
to inter-band transitions with zero-coupling eigenvalues 
hw, of a few ev. 

We face here the problem of understanding the 
analytical behavior of e(w) under various circumstances. 
Information on the roots of e(w)=0 is provided by 
observational data on the spectrum of longitudinal 
oscillations (see Sec. 6). Information on the spectral 
regions where the real or imaginary parts of e(w) are 
large, i.e., on the spectrum of zero-coupling eigenvalues 
wn, is provided by optical data on the anomalous dis- 
persion and absorption. (This spectrum coincides, as 
shown above, with the spectrum of transverse normal 
modes with 10°<k<10? cm™ and is usually called the 
band spectrum of the material.) The problem of corre- 
lating these two types of information, under conditions 
of damping and strong coupling more complex than 
those assumed in Fig. 1 is just recently being ap- 
proached.”* 


(e) Normal-Mode Eigenfunctions 


In a normal mode of coupled oscillation with ampli- 
tude Qaxs, the field and matter oscillators are excited 
with relative amplitudes and phases represented by the 
matrix Lon(m=0, 1---) in the linear relationship 


Cit lant? ae: (23) 
n=l 


Each row of this matrix is the eigenvector of the system 
(16) corresponding to an eigenvalue Q,. The matrix is 
orthogonal because the bilinear form in the Hamiltonian 
(15) is symmetric, but not necessarily real if the matter 
oscillators are treated as damped. Disregarding again 
this aspect, which should be treated as in Appendix A, 
we see that (18) represents a relationship among ele- 
ments of the matrix L, namely, 


Lan= — Wyn fn (Q2— wr?) "Lao. (24) 

The value of Zao remains to be determined by the 
orthogonality (i.e., normalization) condition. Instead 
of calculating the normalization factor directly, we 
utilize the following property of transformation 
matrices. If .7bag=Donn' LanVnn'(L) np, we have 
Lan(L™) na= (Lan)? = 0(2.7)/9V an. In (15), Voo is 
represented by c?k?(1—6,1)+w,”. Here w,? is a constant 
and doesn’t vary, and c*k?(1—6,1) must equal 2,7¢(Q.) 


5 The crossing of energy levels in the presence of damping has 
been studied by W. Lamb, Phys. Rev. 85, 259 (1952); see in 
particular pp. 272-273. 

#6 See, e.g., the discussion by D. Pines in Solid State Physics 
(Academic Press, Inc., New York, 1955), Vol. 1, p. 400 ff.; also 
R. A. Ferrell, Phys. Rev. 101, 554 (1956). 


ai pits Sas coffe 


Le hoe Tos 


Fic. 2. Diagram of polarization layers in long-wave 
longitudinal excitations. 


because of the secular equation (21). It follows that 
dus*e(w) = 
Lao= (Z™)oa= {| ’ (25) 
d(w*) o=Qe 


i.e., the admixture of the field oscillation in each normal 
mode can be expressed in terms of the dielectric 
constant. In particular, for the longitudinal normal 
mode a=0, 29=0, we have 


(Loo) s=1=(Le(0) T4. 


(f) Subsidiary Condition 
Because of (14), (23), (24), and (25), (13) reduces to 


(26) 


fat. 
p—n1— Wp >, —Pa_nr 


n Wy 


fat 
ke =| (L-*) 0a— Wp aed ee 


Wn 


tn 
=E(E)u(1- oy p ai )eux 
a n 0,.?—w,2 


=Dal(L™)oa€(Qe)Pa-v1=0. (27) 


Now, for s=1 and a0, we have e(2.)=0, and (27) 
reduces further to 


Po_-n1=0. (28) 


Since the Hamiltonian term corresponding to s=1 and 
a=0 is })x PoxiPo-1, the subsidiary condition (28) 
requires simply that there be no energy in the longi- 
tudinal mode with a=0. This result parallels the initial 
requirement that there be no energy in the longitudinal 
components of the field in the absence of matter 
[p-x1=0 for the Hamiltonian (8) ]. 


4. COULOMB INTERACTION IN DENSE MATERIALS 


Consider a number of particles with: charge e and 
mass m (taken for simplicity to be those of electrons) 
at positions r; in a material medium. The portion of 
their Hamiltonian which does not involve long-range 
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electromagnetic interaction we take as >> ;(p;/2m) 
+V(r---4r;---). In addition to this portion there will 
be an interaction Hinter as given by (10), with rm 
replaced with r;. The total Hamiltonian for the par- 
ticles, the field and the medium is 


+ (4)te ¥ Qs€xs* p 3 (rje** tie" tif;) 
kes ? 


2re 
= 


m ksk’s’ 


i ) s (PaksPa—ket Qa” Qake Qa—ks), 


aks 


Ce’ Ck’ sis] k's’ i ei(kt+k’) “Tj 
i 


(29) 


where the last sum represents the field-medium Hamil- 
tonian (15) diagonalized by the transformation (23). 
The Hamiltonian (29) must be considered in conjunc- 
tion with the subsidiary condition (7). The portion of 
px which pertains to the charges in the medium is taken 
into account by the introduction of the normal mode 
coordinates, so that (7) has the form, related to (27) 
and (28), 


[e(0) Pox: —i (4) be E je 1/k=0. 


We apply here the general procedure, outlined at the 
end of Sec. 3(b), to eliminate the subsidiary condition. 
The necessary transformation, which leaves every @ 
unchanged except those with a=0 and s=1, is 


S=exp{—fh[e(0) 7 Die Qo-nr (4)! 
XeL; expl—ik- r;/k]}. 


This transformation reduces (30) once more to 
Le(0) F4*Po-11=0 


and the terms with a=0 and s=1 in (29) to 


(30) 


(31) 


(32) 


. gtk +r; 


~ Pox1P o-x1 + 2P on14 (47) 'e———— 
| eT OM 


€ 


. paik-rj}2 
panel Zt! ‘| (33) 
(0) 


The first two terms of (33) vanish, in effect, because 
of (32). The last term is the well-known representation 
of the Fourier components of a Coulomb interaction 
between charged particles at positions m, fe---rj---, 
divided by the zero-frequency dielectric constant, as 
expected from macroscopic electrostatics. 

The transformation (31) also changes p; in (29) into 


ps— (4x) 4e[€(0) Dox 11 Qo expl— tk r;]. 
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This change cancels a portion of the interaction terms 
which contain 


qxi=[e(0) }! Rout 2 (Loa Qaki, (34) 


namely the first term on the right in the expression of 
each gx. 

The main result (33) may be further developed to 
utilize a value of « more appropriate than the zero- 
frequency one. If the charges perform a periodic, or 
quasi-periodic motion, with frequency w, the appro- 
priate value of ¢ is e(w). This value is often smaller 
than ¢(0) in that it discounts the contribution of matter 
oscillators with low frequencies w,<w. A quantum 
mechanical analog of this treatment consists of applying 
to the Hamiltonian (29) additional transformations 
having the same form as (31) but with 9x: replaced 
with 9:1, Q2-«1, etc. These transformations have the 
following effects: (a) to reduce the interaction terms 
in (29) by subtracting from gx: the additional terms 
indicated in (34) with a=1, 2---; (b) to replace them, 
in part, with additional Coulomb interactions similar to 
the last term in (33) with [e(0)}" replaced with 
[(Z~)ar, [(Z)o2 P, «++ ; (c) to introduce new coupling 
terms, analogous to the middle term of (33). Notice 
that, whereas the interaction terms in (29) couple the 
particle velocities to the oscillator amplitudes, and may 
be properly treated as perturbations when the particles 
are slow, the middle term of (23) couples, on the 
contrary, the particle position to the oscillator velocity, 
represented by @ and will be properly treated as a per- 
turbation when the oscillator is “slow.” Thus the 
decision on performing additional transformations 
analogous to (31) constitutes a choice between alternate 
zero-approximation Hamiltonians. 


5. DIELECTRIC RESPONSE AND VAN HOVE’S PAIR 
DISTRIBUTION FUNCTION 


Macroscopically, when a density of “external” charge 
Pext is placed in a dielectric medium, an additional 
density pmea is induced in the medium by polarization. 
The resulting total electric field E,., consists of two 
parts E.x¢ and Emea, such that divExt=4pex and 
divEmea=4pmea. The relationship between E,.¢ and 
E.xt is represented in terms of the dielectric constant 
Evt=e7Ext, and similarly we have piot=€pext- 
Because of time lag in the polarization, «~ is actually 
an operator and one must properly write 


Evw:()= f * A(t) Ewald? 
ie (35) 
natin J 1(t—1)pexe(U)dt. 


We want to show how this phenomenological dielectric 
response function may be derived by quantum me- 
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chanics and how it is the Fourier transform of 1/¢€(w), 
where e(w) is the same as in the secular equation (21). 

The kth Fourier component of a conservative field E 
is (4r)'p_«1€x1 according to (5) and (7). We seek the 
expectation value of this quantity at the time ¢, 
assuming that (f_«1) vanishes in the initial state of the 
medium but that a pulsed charge distribution p,é(¢) 
has been applied as a perturbation at ‘=0. 

If a system with Hamiltonian H is subjected to a 
time dependent perturbation V(¢’), the interaction 
representation of an operator F at the time ¢ is, to 
first order in the perturbation, 


t 
F+ih- f dt'Cexp(itHV)V (t’) exp(—ik1H?), F]. 
5 (36) 


The system field+medium of Sec. 3 is coupled to 
external charges by a Hamiltonian term 


V (0) =DXore (4) qe s€ es Jers (2). 


The pulsed charge distribution involves (because of the 
continuity equation) the current 


jv.= 5nd a1 xrip ck 18’ (t). 


We enter then in (36) the resulting expression for V (#’), 
and F= (4r)'p_x1€x:, leaving out the first term because 
its expectation value vanishes. The integration in (36) is 
of the type /_.'f(t—?’)é’(’)dt’ = f(0)5()+-f'(H St(d), 
where the step function St(¢) is 1 for £>0 and 0 for ¢<0. 
Since G_xi= — px1, (36) reduces to the operator 


4rripykexih-{ Cq_n1,p—n1 16(2) 
+([pui, exp(ihH1) p_xi exp(—ih“H1) ] St(d}. 


The first term in the braces contributes the expec- 
tation value of E.x:, namely —4ipyk~ex:5(t); the 
second term must represent the effect of the medium. 
The expectation value of the second term may be 
expressed as a correlation function ([px1(0),p1(4) ])St(d) 
between pi and p_x: taken at an interval ¢ apart. If 
pi and p_y1 are represented in terms of normal modes, 
by a transformation reciprocal to (23), each term of 
p—ni(t) =o a(L™) oaPa—ni(?) varies as a harmonic oscil- 
lator which we treat here, again for simplicity, without 
regard to damping.”” The cross products PaxiPg—x1 with 
a8, have expectation value zero, and those with 
B=a have the expectation value #2,/2, owing to (3). 
The expectation value of (37) is then 


(37) 


Ampr 
= ene —Y[(L)oa PQ. sinQ,l St (t)}, (38) 
1 a 


where (Z~)oq is given by (25). 
According to the formulation of this problem, the 
expression in the braces should represent the response 


27 The damping should be treated as in Appendix A, leading 
directly to the final result (40). 


function e~!(t—?’). Its Fourier transform is 


duw*e(w)] js 2? 
eam lak Goad 
atl d(w*) Jog w—0,? 
This function has the same poles as [¢(w) }-', namely 
at w=,” for a~0, the same residues at these points, 
namely {[de/d(w*) ]o,}~, and the same value at in- 


finity, namely 1. Therefore it coincides with [(w) }-',8 
and we can write 


6()—L (LZ) oa PMa sinQat St (i) = (A) 
1 C) 


ar J_. 


(39) 


eit 


€(w) 


Alternately, the correlation function ([px1(0),p—x1(é) ]) 
in the expectation value of (37) can be expressed in 
terms of the coordinates of the electrons in the medium, 
without introducing coupled oscillators at all. To this 
end, we utilize the subsidiary condition (7), where we 
enter px=e >., exp(—ik-r,), as in the derivation of 
(13). Thus we find, instead of (40), 


(40) 


4re* 
DATE Eee eer) Se). (Al) 
hi 


This formula does not actually depend on k, because in 
the small-k (i.e., dipole) approximation the expectation 
value is simply proportional to ?. 

Equation (41) may be derived still more directly by 
the standard procedure of electrodynamics, which 
eliminates the subsidiary condition and the longitudinal 
field oscillators at the start and introduces instead the 
direct Coulomb interaction between the “external” 
charges and the electrons of the medium so that 
V (t) = (4mre?/k?) >>), expLik- rp, Jox5(2). One calculates then 
the expectation value of the kth Fourier component of 
the electron density, }>; exp(—ik-r;), at the time ¢. 

The expectation value }°;,(e*****e-***i) has been 
described by Van Hove’ as a Fourier component of the 
pair distribution function 


G(r,t) = x45 f dr’5(r+1,(0)—r’)d(r’— r(0)). 
(42) 


In terms of this distribution function, (41) takes the 
form 


()=1)4+— f drei 
e a r Kr 
Rh i 
Xi[G(r,t)—G(r,1)*] St(d). (43) 


% E.g., E. T. Whittaker and G. N. Watson, Modern Analysis 
(Cambridge University Press, Cambridge, 1946), Chap. 7. 
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A different dielectric response function may be 
defined as 


1 iad sinw pl 
ipo f ete(w)dea=8 (+0, © f—$, 
2x —2 n 


Wn 


ie., replacing 1/e(w) with e(w). This function can be 
expressed as a correlation function, following in reverse 
the procedure for deriving (38). The result is formally 
identically with (41) except that r;(é) is now defined 
as exp(ih—Hmediumt)r; exp(—ihHmediumf) instead of 
exp(i#—Ht)r; exp(ih Ht). That is, the expression on 
the right of (41) represents either e(/) or e“(¢) de- 
pending on whether one considers the variations of r;(¢) 
induced only by forces within the medium or, respec- 
tively, by the joint action of medium and electromag- 
netic field. 

To summarize, we have on the one hand the treat- 
ment of Sec. 2 and 3 indicating that «'(é) is represented 
by a series of damped oscillations, whose frequencies 
Q, are related to the frequencies of matter oscillators, 
without long-range interactions, as roots of the secular 
equation for longitudinal coupled oscillations, e(w) =0. 
On the other hand, the Van Hove approach gives less 
information but provides a definition of ¢ in terms of 
the mechanics of particles of the medium, which is 
subject to no specific assumption. In particular it 
involves no restriction to long waves. If & is not small, 
€—(¢) in (41) or (43) is no longer independent of k, but 
it may be convenient to consider in general the function 
€'(t,k) as given by these formulas, and also its transform 
[e(w,k) } which is, according to (43) the Fourier 
transform in space and time of 


iLG(r',)—-G(r',)*] 


ey St(?). 


(43’) 





Ne* 
6(t)6(r) ne f dr 


The two approaches can be combined by starting 
from the definition (41) of e“(#) and then Fourier- 
analyzing the time dependence of the operator 
> exp[ik-1r,(¢)]. This analysis can be carried out, in 
turn, either by a collective coordinate procedure in the 
manner of Tomonaga'*” or starting from the schema- 
tization of Sec. 2. Further, the long-range inter- 
actions between particle oscillations may be treated 
either as direct Coulomb interactions or as effects of 
coupling with longitudinal field oscillators according to 
Sec. 3. The explicit introduction of longitudinal field 
oscillators brings out the correspondence between the 
roles of ¢(w) in determining the spectra of longitudinal 
and transverse oscillations. 


6. INELASTIC SCATTERING OF CHARGED PARTICLES 
(a) Scattering Formula 


We wish to calculate in Born approximation the 
probability of collisions between a fast charged particle 
and the system of field+-material medium considered 


(40’) 
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in Sec. 3. In order that the results of Sec. 3 be applicable, 
the calculation will be restricted to collisions with small 
momentum transfer #q, such that g->>10-* cm. The 
collisions result from the interaction between the 
incident particle and the field, the field itself being 
already coupled to the medium. 

The probability of collision per unit path is repre- 
sented by a differential scattering coefficient dr, which 
we express in the form 


—4q, 0a Ve ad 


h(Q.—w) (4) 


= tm| 5 
Here fw is the energy lost by the particle as a result of 
the momentum transfer #q and #Q, is the excitation 
energy of the field+-medium ; Vg, ao is the matrix element 
of the interaction energy, and dN, the number of final 
states of the scattered particle. The “imaginary part” 
symbol Im is introduced to specify the proper analytical 
treatment of the singularity at Q.=w. Equation (44) 
is obtained from (2.24) of reference 29 with the fol- 
lowing modifications: (1) Because it is understood, 
from Sec. 2, that 2, has a negative imaginary part,” we 
need not introduce explicitly a convergence factor ie 
and take the limit e=0. (2) For the same reason, the 
product of matrix elements is not reduced to real form, 
nor is the Im{_ } worked out explicitly; on the contrary, 
we aim at expressing the inelastic collision probability 
as the imaginary part of a more general parameter of 
field+medium, as is often done in the macroscopic 
description of dissipative effects. (3) The interaction 
operator R of reference 29 is replaced in Born approxi- 
mation with the interaction energy operator. (4) The 
normalization volume L* has been divided out here be- 
cause we calculate a scattering coefficient instead of a 
cross section. (5) A factor A~', which is taken as 1 in 
reference 29, has been entered explicitly in (44). (6) 
The cross section has been summed over final states by 
introducing >>. and dN,. 


(b) Interaction Matrix Elements and 
Normalization Factors 


The incident particle will be treated relativistically, 
by a Dirac equation, and its interaction Hamiltonian 
is somewhat simpler than (10), namely, 

V = (4m) teL-3 Sus Qus€xe* ace****, (45) 
Here ca represents the particle velocity and the nor- 
malization volume has been taken as L’, instead of 
unity as in preceding sections, to emphasize the dimen- 
sional aspect of the calculation. 

In the calculation of the matrix element V4 ao, the 
integration over dr yields 1 for k= —q and 0 otherwise. 


% See, e.g., M. Gell-Mann and M. L. Goldberger, Phys. Rev. 
91, 398 (1983) ; see also the similar convention in reference 23. 
» The sign of Qa—w is adjusted so that Im{ } be positive. 
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To calculate the matrix element of the field oscillator 


amplitude gx., one expands into normal modes 


q«s>= > (L™) oa Qake 


and then utilizes (25) and a formula analogous to (3). 
One finds 


h 
8) 0a\Jqs’') ad = — 988’ [+ 0a 
(4as)0a(Qqe’) j a : } 


salted 


The matrix elements of the operator @ must be 
averaged over the initial orientation of the particle 
spin and summed over the final one. Provided the 
momentum transfer is much smaller than the momentum 
of the incident particle, one finds as the average value 
the classical result 


((€_qs* @)-q(€_ga° @)q) = — (€qs° B)’, 


where 6=v/c denotes the incident particle velocity. 

The number of states dN, includes the volume element 
dq which is conveniently represented in cylindrical 
coordinates with v as an axis and ¢ as an azimuth 
about it. Since the energy and momentum changes of 
the particle are related by* 


q:V=a, (47) 
in our approximation, we have 


= (In) L3dq= (2m) *L9vdad(g2/2)dy. (48) 


(c) Differential Scattering Coefficient 
Entering these results into (44) yields 
2 4reé? 1 [dese (w) fa 
drz=— — > Imi > 
fo L? “sa 29¢(Qe—w)L d(w*) 
L*dwd(q*)de 
(2m)52v 





X (€qs° §)?c* (49) 


Considerations similar to those applied to the }>. in 
(39) show that® 


Im{Qe ++} =Im{L?g?(1—5.1) —w*e(w) F}. 


31 Because the momentum change Ap=7q is small, we express 
the energy change as Aw= (dE/dp)-hq=v-nhq. 

® This result holds only for Im{ } and not for { }. The scat- 
tering coefficient (44) can also be represented in terms of a cor- 
relation function, as in reference 9. The results thus obtained are 
related to those of this paper by the substitution 


Im{[e'g*(1—8u1) —ae(«w) J) = Im{ Za(q-qe)0a (Gar) a0/(Sa—w)} 
=4f~ dt exp(—iet) (qqe(Oaqe()- (50) 


This substitution, taken in reverse, expresses the Fourier transform 
of the correlation (q—qs(0)¢qqs(#) ) in terms of the Fourier transform 
of the response function Hi) of (41’), and thus expresses the main 
result of our whole calculation as a relationship between two 
correlation functions. 


(50) 
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Fic. 3. Momentum transfer and polarization diagram. 


Putting the polarization vector e,2 in the plane (6,q), 
as shown in Fig. 3, and considering (47), we find 


(51) 


w w 
( s* = + ( ——)a ’ 
qe) og B a 2 


where the two terms correspond respectively to the 
longitudinal and transverse excitations. By means of 
(50) and (51) and integration over dg, (49) reduces to 


Bega a 


x ——dw. 
Cg?’ —w*e(w) 


(d) Longitudinal Excitations 





(52) 


T= 


ahve m|- = 


The first term of (52) yields a probability distribution 
of different energy losses, represented by Im[— 1/e(w) ]dw, 
independent of the distribution of momentum transfers, 
gy *d(q’) = 2dg/q. The spectrum on energy losses peaks at 
hw~hQ, in correspondence to the normal modes of 
longitudinal oscillation.-7 As discussed in Sec. 3(d), 
this spectrum departs very substantially from the 
spectrum of energy levels iw, of the medium without 
field coupling, especially when w,? fn 2wnp2?— rn’. 

The energy-momentum equation (48) fixes a lower 
limit on g which depends on w, namely gmin=w/0; this 
limit is attained when q is parallel to v, i.e., the incident 
particle is slightly decelerated but not deflected. The 
deflection angle @ depends both on qg and on dmin, i.e., 
on w, and also on the momentum p of the incident 
particle. In the dipole approximation we have #=h? 
X(¢Y—qmin®)/p? and the angular distribution of 
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scattering 


~~ 
gL (hitat/pr®) +67 


which was previously known from semiclassical calcu- 
lation? and quantum-mechanically for collisions with 
atoms,*” and which has been derived by Ferrell?* from 
the theory of plasma excitations. 

The probability of longitudinal excitations hw, irre- 
spective of deflection or momentum transfer, is obtained 
by integrating (53). The lower limit gmin to the integral 
yields log(v®/w*). At the upper limit the dipole approxi- 
mation breaks down and one must take into account the 
dependence of e(w) on g, discussed at the end of Sec. 5. 
This functional dependence is not known in any detail, 
except for atomic H,** whereas in the dipole approxi- 
mation ¢(w) is known to some extent from optical 
experiments. The total probability of all longitudinal 
excitations results by further integration over dw and 
is still more poorly known. 

Within the dipole approximation, however, one can 
consider the probability of all longitudinal excitations 
with a deflection no larger than some limit Omax such 
that #/pOmax~Ymax '>>10~-* cm. This probability is 





(53) 


Tiong (6 < Omax) 


é ° de 
ico f phat 
rhe? 0 €(w) 


a(e) 
(ita? /prt) +6 


re fer (a) a ) a 


Of greater practical interest is the expectation value 
of the energy dissipated in longitudinal excitations 
(including ionizations) per unit path, obtained by 
multiplying with ww before integration, 


dw a \f -= os ff a | 


This expression is more tractable because one can 
integrate in (55) over w at constant q analytically. 
Utilizing the symmetry property of (20), e(—w) = «*(w), 
and (40), one finds 


2 wdw © jwdw de“(2) T 
oe yo, 
0 e(w) —w €(w) dit Srp 2 


irrespective of the value of g. Because the lower limit 
Qmin=w/v depends on w, one may define an effective 
limit @/» by 


inf -~ ine ~9 Ind 


@max 


(55) 


(56) 


(57) 


3 ~ aU, Fanc Fano, Phys. Rev. y i (1954). 


U. FANO 


The quantity #@ is determined experimentally and is 
often indicated by ZJ. The upper limit of the integral 
over g need not be discussed here and is denoted by 
Qmax’, independent of w. With these conventions, the 
“longitudinal stopping power” (55) is 


dW ee 2 sil max-U" 
a in( = ")-= : in(* ). (58) 
dx o 


This result takes into account the so-called “zero- 
energy density effect.” It differs from the corresponding 
results obtained by ordinary atomic theory® by includ- 
ing the effective frequency @ instead of another 
parameter @ defined by Im /¢” e(w)wdw Inw= }2w,? Ino. 
The difference between @ and @ reflects the upward 
shift of the longitudinal oscillation frequencies discussed 
in Sec. 3 and due to long-range Coulomb interactions. 
(The experiments on stopping power determine @ 
rather than @.) As » approaches the light velocity, (58) 
approaches a minimum value, except for variations of 
Qmax With which we are not concerned. That is, there is 
no “relativistic rise” in the probability of longitudinal 
excitations with small momentum transfer. A nonrela- 
tivistic treatment of the incident particle gives the same 
result as a relativistic one.” 

Notice, finally, that the probability of longitudinal 
excitations, as given by (52), can also be derived 
directly from the Bethe theory,’ without introducing 
explicitly any consideration of interactions within the 
medium. The cross section for excitation of a level with 
energy #2, is given by Bethe in the form 


(2met/ms*) (40/0) |Fa(q)|*, 


where Q=?¢?/2m and F,(q) is the matrix element of 
d exp(iq-r,) connecting the ground state and the 
state a. If we agree to extend the >>, over all electrons 
in a unit volume, the cross section is changed into the 
probability dr, per unit path. The probability of an 
energy loss fw is expressed by replacing |F.(q)|? in 
Bethe’s formula with 





| Fa(q) |°6(Qe—w) = (2) f aE Fag|? 


Xexp[i(Qa—w)/]. 


One may then apply the closure theorem according to 
Van Hove,’ after which the result can be expressed in 
terms of the dielectric constant by means of (41). 


* The formulas 
6=[[w.%", or Nnd=Lon fn lnwn, 
follow by taking e(w) in the form (20). Similar formulas, 
@=[JaQ.F%e, Inoa=>-. Fa InQ., 


with Fa={w,*[de/d(w)]o,}~, follow by taking [e(w)] in the 
form (39). Note that Z_ Fa=1, so that the Fq’s may be regarded 
as modified oscillator strengths. 
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(e) Transverse Excitations 


For these processes the distribution of energy losses 
hw and of momentum transfers #q may be discussed 
with reference to the diagram in Fig. 1(b). Each collision 
with a given w and q is represented in the diagram by 
a point with coordinates c*k?=c’q* and w*. The rela- 
tionship (47) between w and q requires that the repre- 
sentative points lie on the lower right side of the 
straight line w*=»’g? with slope 6?=v/c?. On this line, 
the numerator of the second term in (52), which repre- 
sents c*q?(eq2°$)? vanishes because the particle velocity 
has no component transverse to a deceleration without 
deflection. 

The mechanism of transverse excitations by a fast 
particle is electromagnetic and as such becomes im- 
portant only when the particle approaches the light 
velocity. Indeed most of the diagram in Fig. 1(b) is 
excluded when the slope 8? is small, the more so because 
excitations with large g are unlikely anyhow as discussed 
below. 

Under the conditions of Fig. 1, namely matter 
oscillators with well-separated frequencies w, and small 
damping, the points representing energy and momentum 
transfers (w,g) are confined to the lines in the graph 
which represent the eigenvalues of the secular equation 
(21), cq?—w*e(w) =0, i.e., the poles of the second term 
in (52). Energy-wise, the eigenvalues are very close to 
the excitation energies iw, of matter uncoupled with 
the field whenever the field-matter coupling constitutes 
a small perturbation, i.e., for w,?fx<cq’—w,?. This 
condition is always fullfiled for large g. In this event 
the result (52) reduces to that of ordinary atomic 
theory” by expansion of [c’g?—w*e(w) |! into powers of 
Ime(w)/[2q?—w? Ree(w) ], with Ree(w)~1; the leading 
term is proportional to (c’q?—w*)~ and itself vanishes 
rapidly as q increases. 

On the other hand, when w,f,) and cg are of the 
order of w,, the eigenvalues depart substantially from 
the unperturbed values w,. As soon as this departure 
is much larger than the line width corresponding to the 
damping of w,, the transverse excitations will be nearly 
undamped and constitute the Cerenkov radiation. As 
shown in Fig. 3, the angle of emission of this radiation is 


poate) wooo) 
=arc sin =arc cos{| ———— 
8 BLe(w) }# 


and does not vanish, even when w approaches 0, pro- 
vided 8 and ¢(0) are sufficiently large. 

Even when the coupling constant w,f,} is very small, 
it plays a role when £ is so close to 1 that the dot-dashed 
line in Fig. 1 intersects the weak-coupling broken line 
in its brief curved portion near (c?¢’=w,”, w,2). The 
curvature is due to the coupling; in its absence the 
probability of inelastic collision would diverge in the 
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limit 8=1." (This divergence is reflected in the indef- 
inite relativistic rise of the stopping power in calcu- 
lations that do not take into account the “density 
effect.’’) 

The qualitative analysis of transverse excitations 
becomes more difficult under conditions where the 
diagram of Fig. 1 is unrealistic, namely when the line 
width of matter oscillations or the coupling constant 


wpfn', or both, become of the order of the line separa- 


tiors Wn41—@n. Budini® and Sternheimer* pointed out 
that tighly coupled transverse excitations will not 
appear as Cerenkov radiations if the damping is too 
strong. 

In any event, it remains true that transitions with 
¢>w* are quite infrequent, because the imaginary 
part of the second term of (52) approaches zero rapidly 
as c’g? becomes very large. The transverse interaction 
mechanism becomes important again only for very 
large values of g and w, when the energy taken up by 
an electron in the medium is itself relativistic, that is, 
in a quite different type of collision with which we are 
not concerned. 

We can then calculate an integrated probability of 
transverse excitations within the dipole approximation, 
without having to set an explicit limitation to the 
deflection angle as was done for longitudinal excitations 
in (54). We have 


so Ni rote 


é 9 1 
= mf dw lim m{— n+ A) 


mh? 0 e(w) 


1 A 
+e] o[+0]] 
e i 1 1 
pier f ie] rnrrny, oe: 


where a term 6? lim4.,.A has been deleted from the 
integrand because it is real. The corresponding expec- 
tation value of the energy loss is 


dW trons” jo 1 1 
et oh EEN Se 
dx rv? 0 e(w) 1—f*e(w) 


ey 1 
~ wig? ¥ wis|a-—] a), (61) 


the latter because e(—w) = e*(w). 


35 R. M. Sternheimer 88, 851 (1952). Sternheimer and Budini 
utilized approximations equivalent to the solution (22) of the 
lengitudinal problem, which implies no strong mixing of different 
modes of oscillation of matter. See also Appendix B. 
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(f) Connection with the Theory of the 
“Density Effect’’ 


Equations (54) and (60) together, or (58) and (61), 
are readily seen to be equivalent to the results of the 
Fermi theory.?* Note that #/pOQmax in (54) is equivalent 
to the cutoff radius p of the Fermi theory, and that 
—1/e(w) in (54) through (57) can be replaced with 
6°—1/e(w) because 6? is real and does not contribute 
to the result. 

All these formulas reduce to those of the ordinary 
atomic theory*” of collisions if one takes «(w)=1 
+i Ime(w) and expands into powers of Ime(w) to first 
order. 

To separate out the contribution of the Cerenkov 
radiation to (60) and (61), one may rewrite these 
formulas according to Budini,>** setting e=a+ib and 
separating out the real and imaginary parts, especially 
in the logarithmic factor.*” 

Various expressions for the equations of the density 
effect theory are given in Appendix B. 


7. CONCLUSIONS 


Whereas electrodynamic processes in dense materials 
had been previously interpreted in somewhat frag- 
mentary fashion, the various points of view are now 
seen to fit well together in a single formulation, starting 
from an atomistic, quantum mechanical description of 
matter and of the electromagnetic field. 

In particular, as surmised from the classical model, 
the rather high frequency of the plasma oscillations of 
metal electrons represents a special case of the general 
upward shift of all frequencies of longitudinal long-wave 
electric oscillations. This shift results from long-range 
Coulomb interactions, which affect all longitudinal 
collective oscillations whether “‘plasma” or “‘interband,” 
and has no direct analog for transverse oscillations. 
Because the plasma oscillations constitute a special case 
of longitudinal collective oscillation, it may be a matter 
of semantics whether a longitudinal excitation observed 
in some particular material should be attributed to 
plasma effect. The angular distribution of inelastic 
electron scattering and the dependence of the excitation 
energy on the momentum transfer #q (which becomes 
appreciable when g~10’ cm~)** do not readily provide 
criteria for classifying the excitation. 


8° P, Budini and L. Taffara, Nuovo cimento 3, 23 (1956). 

37 The treatment in Sec. 3 of reference 5 does not stress that 
the spectrum is different for transverse and longitudinal excita- 
tions. The zeros of e(w) are poles of the integrand for the longi- 
tudinal excitation formulas, and indeed Im[—1/e(w)] peaks 
near these zeros. This is not the case for the transverse excitation 
formulas because the logarithms vanish when e(w) =0. 

38 H. Watanabe, J. Phys. Soc. Japan 11, 112 (1956) has observed 
a variation Q¢(q) ~Qe(0)+a%g?+b%¢ with a~10~7 cm and b<a, 
for g up to ~108 cm~. At the Electron Physics conference of the 
University of Maryland (April 23-25, 1956), Watanabe, Pines, 
and others pointed out that the rapid convergence of the expansion 
in powers of g is readily explained by plasma oscillation theories, 
whereas other theories would not lead to the same result, according 
to Pines. 
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The following points appear to deserve further study : 


(1) The foundations of the oscillator model of matter 
excitations. The discussion of Sec. 2 is admittedly 
sketchy and aims only at pointing out that the model 
rests on very general assumptions. It remains to be 
determined more closely how well the necessary assump- 
tions are fulfilled in realistic conditions and what can 
be said about the parameters of the model (spectral 
distribution and damping of the oscillators) for various 
types of matter. 

(2) Extension of the Tomonaga theory," particularly 
in the directions indicated in reference 22, at the end 
of Sec. 5, and in reference 32, to link up firmly with the 
treatment based on the oscillator model. 

(3) Extension of the theory of Sec. 3 to take into 
account the off-diagonal terms of the second (quadratic) 
interaction term in (10), which couple oscillators with 
different momenta. 

(4) Extended analysis of the level diagram in Fig. 1 
to conditions of still stronger coupling w,’f, and strong 
damping, i.e., deeper study of the complex function 
¢(w) for various types of material [see end of Sec. 3(d) ]. 

(5) Extension to shorter wave excitations, treating in 
greater detail the transition from long-range to short- 
range interactions and from long-wave to short-wave 
excitations, for which the collective aspects become 
irrelevant. 

(6) Consideration of the effects of exchange between 
“external” particles and the particles of the medium, 
which were disregarded in this paper. 
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APPENDIX A 


The complex-frequency formalism serves to treat in 
abbreviated form the coupling of the collective coor- 
dinate Qn. with other coordinates x,, of the medium 
which oscillate with frequencies near w,. The entire 
system of coupled oscillators is conservative and the 
complex formalism is to be introduced only toward the 
end of the calculation. 

Consider, then, an oscillator with amplitude Q, and 
real frequency &,, coupled with oscillators x, with force 
constants w,,’=4,’+v6, with » integer and running 
from — © to © and with 6 small and to be set eventually 
at zero. The coupling constant between Q, and each of 
the x,, is assumed independent of » and is called B,. 
The influence of all other oscillators upon Q, must 
eventually express itself in terms of 8, alone, or rather 
in terms of B,?=lims—o(8,2/8). The normal-mode fre- 
quencies of these coupled oscillators are found, through 
equations analogous to (16), (17) and (18), to be the 
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roots of the secular equation 


B,” 


—6,?—vi 


- w— a," 
=w"— @,’—B,?" cot] r—— 
6 


(Al) 


w—o,"’—>> 


» Ww 


=w'—6,2—B8,2A=0. 


As a function of w*, A varies from — © to © in every 
interval 5, so that each interval includes a root wp,’ of 
(Al). 

If the Hamiltonian (15) is generalized to include the 
coupling of each matter oscillator Q,x. to other oscil- 
lators X,,, one finds, instead of (20), 


1—B,2A/w? 
dtl ted n 


n  w—@,"—B,7A 


(A2) 


where the effect of this further coupling is represented 
by 8,2A. This new expression may be brought to the 
usual form of a dispersion equation, in terms of the 
normal mode frequencies w,,, by representing the 
function e(w) in terms of the residues at its poles 


w= Wry’, 


1—B,2A (Wns) /wns? 
e(w)=1—-w)? De fn 





9 
a —Wry 


| (- is) ae (A3) 


Since B,2A (wa?) =wa?—G,2and —d(cotx)/dx=1+cot’x, 
(A3) reduces to 


e(w)=1-w? D fa 


1— (Wns? — Gn?) /wny* 





w— Wry” 
8,6 
x = 
(Wn Gn?)?+2°B,! 
1— (On? — Gn?) /Wnv? 


2 








mtinae fe f d(wn2) 
n 0 


Wns" 

B.2 

x z 
(Wn? — Gn?) +7°6,! 


@ 





(A4) 


where the interval 6 has become a differential. Thus we 
have returned to the Sellmeyer-Drude dispersion for- 
mula with oscillator strengths distributed continuously 
in wp,” according to 


f E One — Gn] Br? 
7 Wn Niet Sn) +mB at 





that is, in the shape of the intensity spectrum of a 
single damped oscillator with frequency &, and “line 
width” 28,2/a,. The distortion of the line shape, repre- 
sented by the factor in brackets, as well as the effect of 
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tail cutoff at w,,7=0 will be disregarded in the approxi- 
mation 78,2K6,2. 

When the real dielectric constant expression (A4) 
is entered in the secular equation (21), the system field 
+oscillators Qaxet+oscillators «,, turns out to have a 
continuous distribution of real normal mode frequen- 
cies, whereas the complex expression (20) yields a 
discrete distribution of complex frequencies. It remains 
to be shown that the two distributions are equivalent 
for realistic applications. (Remember that a system 
with a continuous spectrum of stationary states would 
require an infinite time to settle in a stationary state, 
so one needs consider only its transient states.) 

A complex variable may be introduced in (A4) when 
one considers more closely the mathematical definition 
of the resonance denominator (w?—w,,”)~'. This defini- 
tion should in fact be specified when the denominator 
is first introduced in (17) or (A2). Typically, when an 
oscillator of frequency wo is impulse-excited, the Fourier 
transform of its sinusodial amplitude variations is 
properly defined as lim,o[ wo?— (w—ir)*}-“. We replace 
then w in (A4) with w—ir and carry out the integral 
over w,,”, extending it to —« and disregarding the 
factor [1—---] in the numerator, as noted above. 
The result is f 


e(w)=1-—w,? > 


n (w—ir)?— O22 +inB 2w/ | w| : 





(A6) 


which reduces to (20) in the limit r=0 and in the 
approximation +8,’@,? in which we set |w,|?=@," 
and wra—G@,*=7B*/ ||. 


APPENDIX B. FORMULAS FOR DENSITY 
EFFECT CALCULATIONS 


When the stopping power is resolved into a longi- 
tudinal and a transverse component, given respectively 
by (58) and (61), the density effect calculation splits 
up accordingly. 

The longitudinal, or ‘“‘zero-energy,” density effect 
has been discussed below Eq. (58). Information re- 
garding the effective frequency @ for specified materials, 
from experimental or theoretical data, is still quite 
inadequate.*® Also inadequate is the information” on 
the relationship between the effective frequencies @ and 
@ * for specified chemical substances, or, more speci- 
fically, on the dependence of @ on the density of the 
substance. (Note that & is the zero-density limit of @.) 

For the transverse stopping power, the integral in 
(61) is usually evaluated by shifting the path of inte- 
gration toward w=i~«. Integration fom —* to « 
along a half-circle of infinitely large radius in the upper 
complex plane contributes to dW trans/dx the amount 


(St) 


See, e.g., D. O. Caldwell, Phys. Rev. 100, 291 (1955). 
. M. Sternheimer, Phys. Rev. 93, 351 (1954). 


(B1) 
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which one finds from atomic theory.” This amount 
stems entirely from the second term of the large-w 
expansion ¢'=1+w,?/w*+--- and is simply propor- 
tional to the density of electrons in the material. In 
addition, if 6* and (0) are so large that 1—(*e(0) <0, 
the values of In(1—f*e) at w=0+6 differ by 27i and 
one must regard the plane of the complex variable w 
as cut along the imaginary axis from w=0 to w=il, 
where / is the single root of 1—§*e(il)=0. Integration 
along this cut yields the high-energy density-effect 
correction to be subtracted from (B1), 


= [e- e(iy), 
dW wane 


1 7 
=—{ dw," | _ 
dx ? ; [»(—) r | 


-f : [#-- bet (B3) 


This formula should prove convenient because 1/e(iy) 
is a smooth monotonically increasing function of y,“ 
suitable for numerical evaluation. Alternately, the 
integration path in (B3) can be brought back to the 
positive real axis of w, utilizing a formula of complex 
variable integration, which yields 


a : joy n(— 3) Hea #) 
“if oso) 0(S 


“) (B4) 
4G. C. Wick, Ricerca sci. 12, 858 (1941). 
“For a function Se) which: (a) has no singularity in the 
pig _ -plane, (6) vanishes at w= ~, and (c) equals /*(—w), 
one fin 


fliy)= ri) f* f(w)dol (o—iy)*+ (wt iy) 7] 
= (2/n) fads Im f(w)/(w+9"). 


boy, (B2) 


so that 





We take f=1—1/e. 
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This formula aa be condensed, by means of (56), to 


Wins € =f eto im(- = 


dx “— 
{1} a, (BS) 


Twp? 


indo —— 


which might be convenient for numerical calculation 
if data become available on the function Im[—1/e(w) ], 
which measures the differential probability of longi- 
tudinal excitations.“ 

If 1/e is represented, according to (39) and to 
reference 34, as 1+w,? Sva Fa/(w*?—,?), (B4) and 
(B5) reduce to 


d W trans é 


1 P 
=—w,"} 1 _ =, Se 
dx 20? | »(—) a a ®) 


~2 Fa n( 


e.g 


P 
-#+—0-6)}. 7 


“| 0 





$ AE Fal 
=—w a In 
aw "Is 


Equations (B4) and (B6) clearly reduce to (B1) in 
the limit /=0 [no density effect, 8*?<1/e(0)]. The last 
two terms in the braces of (B6), which represent the 
density effect, differ from (1) of reference 35 only by 
the replacement of the usual oscillator strengths f, 
with the F, and of w, with Q,..8 (This difference prob- 
ably lies within the limits of accuracy of the calcu- 
lations of reference 35 which assume a coarse distri- 
bution of oscillator strengths and frequencies.) In the 
limiting case where the stopping power is fully saturated 
by the density effect [8~1, / large, ¢(il)~1—w,?/P, 
(P/w,?)(1—6?)~1], (B5) and (B7) easily reduce to 


FA) 


owing to (57). 


* This relationship to the spectrum of longitudinal excitations 
has no immediate physical meaning, in view of the remark in 
reference 36, 
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The orthogonalized plane-wave method and the cellular method were applied to a calculation of electronic 

i energy levels in potassium, using a potential obtained from a self-consistent field. The energies of twenty- 
four states at four symmetry points in the Brillouin zone have been obtained. The lowest band has been 
studied in detail and the qualitative features of the density of states were determined. Departures of the 
lowest band from free-electron behavior were found. A comparison of higher bands with the results of some 
other calculations suggests that certain features of band schemes may be reasonably independent of the 


potential used. 





I. INTRODUCTION 


LECTRONIC energy levels in the alkali metals 

have been studied for many years. The majority 

of the work has concerned the lighter elements, lithium 
and sodium.! 

Principal attention has been devoted to the cohesive 
energy and to related properties such as the equilibrium 
lattice constant and the compressibility. The heavier 
alkali metals: potassium, rubidium, and cesium have 
been studied less extensively.?~’ The work here reported 
concerns an application of the method of orthogonalized 
plane waves® and of the cellular method*-" to a calcu- 
lation of electronic energy bands in potassium. 

Gorin made a calculation of the cohesive energy of 
potassium? using the cellular method and a potential 
obtained from a self-consistent field for the K+ ion. 
The results of his work were in marked disagreement 
with experiment, in that too little binding was obtained. 
This failure gave rise to the belief that an energy level 
calculation based on a self-consistent field would be very 
inaccurate for the heavier alkali metals. The quantum 
defect method was developed by Kuhn and Van Vleck® 
and extended by Brookst and Ham® to avoid this 
difficulty by using observed spectroscopic data to 
circumvent the construction of an explicit potential. 
It has recently been shown, however, by Berman, 
Callaway, and Woods* that if proper account is taken 
of exchange interactions, a calculation based on a 
self-consistent field gives a result of reasonable accuracy 
for the cohesive energy of potassium. It then becomes 
interesting to extend their work to a calculation of 
higher electronic states. 

* Supported by the Office of Naval Research. 

1 An extensive bibilography of energy band and cohesive energy 
calculations is given by J. C. Slater, Technical Report No. 4 of the 
Solid State and Molecular Theory Group, Massachusetts Institute 
of Technology, 1953 (unpublished). 

2 E. Gorin, Physik. Z. Sowjetunion 9, 328 (1936). 

3 T. S. Kuhn and J. H. Van Vleck, Phys. Rev. 79, 382 (1950). 

4H. Brooks, Phys. Rev. 91, 1027 (1953). 

5 Berman, Callaway, and Woods, Phys. Rev. 101, 1467 (1956). 

°F. S. Ham in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 127. 

7R. M. Sternheimer, Phys. Rev. 78, 235 (1950). 

8C. Herring, Phys. Rev. 57, 1169 (1940). 

9 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 

1 F. C. Von der Lage and H. A. Bethe, Phys. Rev. 71, 612 
(1947). 


The method of orthogonalized plane waves (OPW) 
was chosen in preference to the cellular method for a 
study of the higher states because in the OPW method 
it is not necessary to satisfy boundary conditions 
explicitly. The problem of accurately satisfying the 
boundary conditions is quite serious and difficult in 
the cellular method," and it was felt that with the 
cellular method, it would have been impractical to 
study more than a small number of energy states. The 
cellular method was used, however, to study states near 
the bottom of the lowest band. The OPW method has 
the disadvantage that an explicit potential must be 
used, and more important, that the electron states in 
the atomic core must be known.” There are reasons 
why the OPW method should be expected to work well 
for metallic potassium. As in the other alkali metals, 
one has one electron moving outside of a relatively 
compact ion core. Consequently, overlapping of core 
wave functions will be negligible. The self-consistency 
problem, also, should not be serious since it is reasonable 
to expect that the average distribution of electrons in 
the core should not be significantly affected by the 
valence electron. This is supported by a calculation of 
Hartree and Hartree for the K~ ion in which it was 
found that the wave function of the 3P electron 
differed only slightly from that for the Kt ion.” The 
approximation of Wigner and Seitz is also made: that 
there is only one valence electron in an atomic cell. It 
moves in the potential of the positive ion, all other 
cells being neutral. The crystal potential and core wave 
functions used here were obtained from a self-consistent 
field with exchange for the K* ion.“ 

Because of the simplicity of the physical situation 
potassium should be a very favorable system for an 
energy band study. Such a study should furnish 
information concerning: (1) Validity of the free- 
electron approximation. There are three aspects here: 
(a) Departures of effective mass values from one, (b) 


uF, S. Ham, Ph.D. 1954 
(unpublished). 

12 J. Callaway, Phys. Rev. 97, 933 (1955). 

13D. R. Hartree and W. Hartree, Proc. Cambridge Phil. Soc. 
34, 550 (1938). 

4D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1936). 


thesis, Harvard University, 
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presence of k* and higher terms in the E(k) expansion 
near k=0, and (c) departures of energy surfaces from 
spherical symmetry. It is not justified to assume that 
if the effective mass in the lowest band is nearly equal 
to unity, that the free-electron approximation holds 
in the other respects. Because of the possibilities of 
degereracies at symmetry points and band crossings, 
higher bands may be expected to show more complicated 
behavior than the lowest band. (2) Comparison of 
energy bands in potassium with those calculated for 
other elements having the body-centered cubic structure 
is particularly interesting since one of the most im- 
portant problems in energy band theory is the question 
of how sensitive are the general features of an energy 
band to details of the potential. Comparison of energy 
bands in different elements of the same crystal structure 
should furnish information on this question. In addition, 
the effect of changes in the potential on the bands in 
potassium can also be examined. 

Unfortunately, there is little accurate experimental 
information pertaining to energy bands in potassium, 
so that a detailed comparison of theory and experiment 
is not possible. Qualitative comparisons and predictions 
can be made in some cases. It is hoped this theoretical 
discussion will stimulate experimental effort. 


Il. THE CRYSTAL POTENTIAL 


We assume that each electron experiences only the 
potential of the corresponding positive ion. This 
potential consists of two parts: (1) The Coulomb 
potential of the atomic nucleus and the average 
distribution of the core electrons, and (2) the exchange 
interaction between the valence electrons and the core. 
The Coulomb potential is obtained in the obvious way 
from the core electron distribution. The exchange 
interaction is apparently quite important in obtaining 
quantitative results in a cohesive energy calculation. 

We can define an effective exchange potential for 
the state yx’ (ith irreducible representation of wave 
vector k) in the following way: 


Vi‘(r1) 


» Wnim* (Fo) (2/radba(e)dra Waal) 


m nim : (1) 
¥x'(11) 





where Waim represents a core wave function. The 
exchange potential computed according to (1) will 
differ from state to state, and obviously depends on the 
wave function of the state considered. This means that a 
self-consistent solution of the Hartree-Fock equation 
is required. Slater has proposed two methods of 
averaging the exchange potential’® which allow one to 
use one exchange potential for all states. It is doubtful 
that such procedures will have quantitative success.!@"7 
16 J. C. Slater, Phys. Rev. 81, 385 (1951). 


16 Herman, Callaway, and Acton, Phys. Rev. 95, 371 (1954). 
17 J. Callaway, Phys. Rev. 99, 500 (1955). 
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It probably would be more accurate to assume that 
the exchange potential for a given state depends 
primarily on the angular momentum of the state 
considered, or in the case of the solid, on the pre- 
dominant angular momentum in the decomposition of 
yx‘ into spherical harmonics."* In obtaining the exchange 
potential for a state of angular momentum L of a 
valence electron, it is questionable whether it is desirable 
to average the exchange potentials of the core electron 
states of angular momentum L, since these have energy 
values in general far below that of the state we are 
considering. It seems more reasonable to construct an 
exchange potential for a given L from an approximate 
wave function for a valence electron state of that L. 
Such a procedure was followed in this calculation. 
An S-state exchange potential was constructed from 
the self-consistent field core wave functions and the 
lowest orthogonalized plane wave for the state T'). This 
potential was used for the states T}, H1, P; and ;. 
It is to be noted that the state N, will contain an 
admixture of D functions. A P-state exchange potential 
was similarly obtained from the lowest OPW for the 
state H,;, and used in the calculations for T'15, Hs, 
P4, Ny’, N3', and N4’. Py will also have some D character. 
A D-state exchange potential was obtained from a D 
function calculated without exchange in a prior calcu- 
lation of k* terms in the E(k) relation. This potential 


TABLE I. The quantity rV is given in atomic units for S, P, and D 
states, and for the Coulomb potential. 








rVb 
38.00 


rVs 


38.00 
36.78 
35.61 
34.51 
33.46 
32.53 
31.64 
30.83 
30.12 
29.60 
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was used for the D-like states T 2s’, T 12, He’, Ap, Ps, 
Ne, Ns, and N,; and also for the F-like states I's5, I's’, 
Hi», H2’, Ps and N,’. It was assumed in using the OPW 
method that the core states could, with sufficient 
accuracy, be considered as eigenfunction in these 
potentials.8 

One unsatisfactory feature of this procedure is that 
in the case of the S and P states the exchange potential 
according to (1) will have infinities where the approxi- 
mate yx" has zeros. These were removed in such a way 
as to give a reasonably smooth exchange potential. 
This smoothing is necessary in the OPW method but 
not in the cellular method, since there the exchange 
interaction can be treated as an inhomogeneous term 
in the wave equation. The Coulomb potential and the 
potential for S, P, and D states are tabulated in Table I. 
Uncertainty as to the exact form of the exchange 
interaction is significant near r= 2 for the S- and P-state 
potentials. 


III. CALCULATION OF THE ENERGY LEVELS 


The OPW method leads to a secular equation of the 
form 
(2) 


where H is the crystal Hamiltonian and X;, is an 
orthogonalized plane wave 


Xy=e*?— YD jun; Ly exp(ik-1,)o;(r—1). (3) 


Here ¢; is a core function for the core state j, r, is a 
lattice vector and pxj= (1/20) fo;*(r)e* dr, with 
Qo= the volume of the atomic cell.!® In practice we use 
linear combinations of orthogonalized plane waves 
which transform according to particular irreducible 
representations in setting up Eq. (2). 


det[ (Xy,HXn)— E(Xx,Xn) ]=0, 


TABLE II. Fourier coefficients of potential are given in rydbergs 
as functions of the number m?=(ak/27)?. Only even intergal 
values of m? occur for the body-centered cubic structure. 








Vs(m) 


0.8677 
0.2841 
0.2314 
0.1865 
0.1489 
0.1249 
0.1143 


m? Vp(m) 
0 
2 
4 
6 
8 
10 
12 
14 0.1000 
16 
18 
20 
22 
24 
26 


0.8692 
0.2900 
0.2369 
0.1913 
0.1525 
0.1266 
0.1143 
0.0996 
0.0875 
0.0772 
0.0685 
0.0632 
0.0596 
0.0552 


Vo(m) 


0.8748 
0.2843 
0.2281 
0.1824 
0.1439 
0.1192 
0.1097 
0.0973 
0.0864 
0.0769 
0.0688 
0.0636 
0.0594 
0.0562 


Ve(m) 


0.7924 
0.2346 
0.1965 
0.1612 
0.1298 
0.1106 
0.1035 
0.0922 
0.0821 
0.0733 
0.0657 
0.0610 
0.0572 
0.0558 





0.0879 
0.0775 
0.0686 
0.0631 
0.0585 
0.0540 








18 The last statement is not strictly accurate. One should use a 
procedure essentially similar to that of reference 12 to allow for 
fact that the effective exchange potential for the core states will 
deviate from that of the valence electron. It was felt, however, 
that the resultant gain in accuracy was not sufficient to justify 
the rather considerable labor involved. 

19 This calculation was made for a lattice parameter of 5.20 A, 
or r,= 4.84 atomic units. 
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Fic. 1. Brillouin zone for the body-centered cubic lattice. 


We assume that the core states ¢; are eigenfunctions 
of the crystal Hamiltonian.'* In this case, the matrix 
elements in (2) are 


(Xx,HXn)= Rent V(kK—h)— D0; Ejunj*unj, 


and 


(4) 


(Xx,Xn)=Sen— Do; Me;*unj, 


where E; is the energy value of the core state 7 and 
V (k) is a Fourier coefficient of potential 


(5) 


Vk)=95 f e*-tV (r)dr. 


The Fourier coefficients V(k) are given in Table II 
as functions of m?=(ak/2r)? for S, P, and D states 
(a is the lattice parameter). 

OPW expansions were constructed for 24 states 
mentioned in Sec. II at the symmetry points I’, H, P, 
and N in the Brillouin zone. The Brillouin zone for 
the body-centered cubic lattice is shown in Fig. 1. 
Linear combinations of orthogonalized plane waves 
were employed which transformed according to the 
irreducible representations of interest (see appendix of 
reference 17). Because high-speed electronic computing 
equipment is not available at the University of Miami, 
the computations did not in general involve higher 
than fourth order determinants. Fifth-order determi- 
nants were solved for two states: V; and P,. Third- and 
second-order determinants were used for the states in 
the F band where only a qualitative indication of the 
energy is required. Such highly excited states can 
probably be reasonably well represented by small 
numbers of plane waves. The lowest two eigenvalues 
(in one case, three) of all the representations calculated 
are given in Table III. The order of the levels at the 
four symmetry points is shown in Fig. 2. 
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TABLE III. Lowest energy states in potassium 
(energies in rydbergs). 








No. of 
waves 


S-like states 

135 —0.4304 
62 +0.2651 
40 +0.0544 
22 —0.2239 


Order of 
determinant 


Repre- 


sentation Energies 





+0.8346 
+0.9760 
+1.1445 
+0.2682 
+0.6274 


P-like states 
+0.6986 
+0.0621 
—0.1262 
=0.1902 
+0.1765 
+0.3561 


1.3277 


D-like states 
+0.2200 
+0.2640 
+0.5372 
—0.1322 
+0.4856 
+0.0552 
+0.6939 
+0.4363 


>> PO hh 


+0.2897 
+1.7401 

1.4246 
+0.7046 
+0.5967 
+0.8945 


1.5285 
+2.8097 
+1.3760 

2.0873 








In order to study the convergence of the OPW 
expansion, an eighth order secular determinant for 
the state T', was solved on the Whirlwind Computer 
at the Massachusetts Institute of Technology through 
the courtesy of Professor J. C. Slater and Mr. F. J. 
Corbato. Convergence of the eigenvalue to the value 
—0.447 found by the cellular method for this state for 
the potential V, appeared to be slow. (The best value 
of the energy of the lowest state is —0.453 rydberg 
found from the Hartree-Fock equations directly 
without the approximation of an exchange potential.) 
Table IV shows the lowest eigenvalue in each order: 
from first to eighth, and the lowest six eigenvalues in 
eighth order. It is interesting to note that the major 
change occurs between first and second order (where 
there are 13 waves). There also seems to be a clustering 
of eigenvalues in a region near E=+1.25. A small 
eigenvalue change in each order is necessary, but not 
sufficient to ensure convergence. 

Using this example as a guide, we would expect that 
those solutions of fourth-order determinants based on 
forty or more waves should be convergent to about 
0.04 rydberg. This estimate may be conservative, for 
some of the higher states may be better represented 
by a few orthogonalized plane waves than the lowest 
state. In particular, the convergence of the D-band 
states may be somewhat better. It is also reasonable 
to expect that the difference between energy levels 


found using approximately the same number of waves 
is stable. For this reason, it is likely that the state 
N, will continue to lie below N,’. However, it is possible 
that in higher order, P, would be found to lie below 
Hy2, since H,, appears nearly convergent in fourth 
order with 54 waves while P, is farther from convergence 
in fifth order with 24 waves. (By a peculiarity of the 
group theory, each order of the secular determinant for 
P, only includes a small number of additional waves.) 
Many of the results of this work depend only on relative 
positions of the levels and are probably reliable even 
if the absolute value of the energies are somewhat 
uncertain. Nevertheless, the convergence appears to be 
much poorer than that of the augmented plane wave 
method.” 

A very important question in the calculation of 
energy bands is the sensitivity of the electron energy 
levels to changes in the potential. One would hope that 
such features as the relative order of the levels at a sym- 
metry point would be reasonably independent of details 
of the potential. Unfortunately, the contrary result 
seems to be indicated by some work of Howarth on cop- 
per.” Howarth found that the assumption that the po- 
tential is constant in the region outside the inscribed 
sphere in the atomic cell was sufficient to invert the 
triply degenerate and doubly degenerate D-band levels 
at the center of the Brillouin zone in comparison to an 
earlier calculation." This modification of the potential 
is used not only in the augmented plane-wave method 
employed by Howarth” but also in the method of 
Kohn and Rostoker.” The effect of such a modification 
of the potential was examined in this case. Since the 
core wave functions do not extend into the region in 
which the potential is to be modified, it is necessary 
only to consider the effect of appropriate changes in the 
Fourier coefficients of potential. To sufficient accuracy, 
we may assume that the original potential is just the 
Coulomb potential 2/r of the positive ion. It is ad- 
vantageous to choose the constant potential so that the 
m’?=() coefficient of the difference vanishes. Since the 
Coulomb potential is reasonably flat in this region, the 
difference in the potentials is small, and the Fourier 


TABLE IV. Lowest eigenvalues by order for T; (in rydbergs). The 
lowest six eighth-order eigenvalues are also given. 








Lowest 


E(T) 


—0.4125 
—0.4232 
—0.4246 
—0.4304 


Lowest 
E(1) Order 


—0.2371 5 
—0.3834 6 
—0.3900 7 
—0.4049 8 


Lowest 6 eigenvalues in eighth order 


—0.4304 1.2621 
+0.8346 1.3309 
1.1478 1.4525 

















21). J. Howarth, Phys. Rev. 99, 469 (1955). 
2D, J. Howarth, Proc. Roy. Soc. (London) A220, 513 (1953). 
22, W. Kohn and N. Rostoker, Phys. Rev. 94, 1111 (1954). 
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coefficients of the difference in potential (which may be 
computed analytically) are so small that the effects 
on the energy levels are quite negligible. There may, 
however, be good reason why this modification is not 
so serious as in Howarth’s case.” 


IV. DEPARTURES FROM THE EFFECTIVE 
MASS APPROXIMATION 


The effective mass near k=0 can be taken from the 
work of Berman, Callaway, and Woods as 85.6% of 
the free-electron mass. However, the proximity of D 
band states at NV, H, and P to the ground state T; 
(note that N,;, and P, contain D functions as well as 
S and P, respectively) suggest that there may be 
appreciable &* terms in the expansion of E(k) near 
k=0. The coefficient of k‘ can be calculated according to 
the procedure of Silverman* within the framework of 
the cellular method. 

According to Silverman, if we write 


E(k)= Eot+ E2k?+ Exk', (6) 


then 


2 4 E? srfd\ 
Emr3B,———13(— ) 
15 y fa 


vE2 Ou 
+ 7B —) 
uo(Ps) OE +5, 


r,Uo(T,) f Pdr 
0 





7 
P(r.) sl 


where r, is the radius of the atomic sphere, and 
nee ruc? (r,)/3 ; 


uo is the cellular method wave function for k=0, fa is a 
solution of the wave equation for a D state of energy 
Eo, and P, is the P function involved in the usual 
calculation of the effective mass. This expression was 
evaluated using the results for mo, Eo, E2, and P, of the 
previous calculation of Berman, Callaway, and Woods 
plus a D function calculated using the potential Vz 
given in Table I for energy Eo. The quantity 
(0u0/0E)r,, Zo was evaluated by expressing uo for r>4 
as a sum of regular and irregular Coulomb functions 
with coefficients that are known functions of energy 
according to the procedure of Ham*™ and then differ- 
entiating the expansion. The value of E, obtained was 
1.64 in atomic units. Such a term would give a contri- 
bution to the cohesive energy in the cellular method 
of 5.81 E,/(r,)* or 5.4 kcal/mole (a repulsion), which, 
however, is probably canceled by the additional 
RR. A. Silverman, Phys. Rev. 85, 227 (1952). 


*%F, S. Ham, Office of Naval Research Technical Report No. 
204, Cruft Laboratory, Harvard University, 1954 (unpublished). 
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Fic. 2. Order of the energy levels at the four symmetry points 
T, H, P, and N. All levels with E<1 ry are shown. 


attractions resulting from polarization and relativistic 
effects. 

This relatively large value of Ey indicates that there 
will be marked deviations of the energy surfaces from 
the free-electron approximation. As pointed out by 
Cohen,”® a large E, also suggests that there may be 
important deviations of the energy surfaces from 
spherical symmetry, since if expanded in powers of k, 
the lowest such terms will be proportional to the fourth 
power of the wave vector. 


V. STRUCTURE OF THE LOWEST BAND 


In order to determine the form of the lowest E(k) 
surface, it is necessary to determine the energies of a 
large number of the states between the end points T;, 
and Hy, of the band. This is very difficult because a 
very large number of terms in the OPW secular determi- 
nant would be required in order to include a reasonable 
number of waves, even along symmetry axes like (100). 
Accordingly, we have recourse to an interpolation 
scheme. It seems natural to expand E(k) in a Fourier 
series, including only those terms which have the proper 
symmetry. An expansion in powers of &, i.e., Kubic 
Harmonics, about k=0 does not seem desirable because 


26M. H. Cohen (private communication). 
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Fic. 3. Lowest 
energy band along 
100 axis in the Bril- 
louin zone as given 
by Eq. (8) (solid 
line), and as given 
by a free-electron 
approximation for 
m/m*=1.168 (bro- 
ken line). 
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it will be difficult to obtain the proper behavior of 
E(k) at symmetry points. The Fourier series approach 
meets this requirement. If we consider the lowest 
plane waves that are periodic in the reciprocal lattice, 
we have 


E(k) = Eo+a cost cosy cos{+8(cos2é+ cos2n+cos2¢) 
+-+(cos2é cos2n+cos2£é cos2¢+ cos2n cos2¢) 
+4(cos3£ cosy cos{-+cos3n cost cost 

+cos3¢ cosy cost), (8) 


where ¢=k,a, etc. Such an expansion will have the 
proper zero gradient at symmetry points. This is just 
the form of expression for a single S band that is 
obtained from the tight binding interpolation scheme 
of Slater and Koster.”* 

An attempt was made to fit the lowest band with an 
expression of this form. A five-parameter scheme was 
chosen using Eo, a, 8, y and 6 as in (8). The constants 
were determined from the energy of the I, state 
[E(l',)=—0.4525], the effective mass near k=0 
taken from the calculation of Berman, Callaway, and 
Woods (E:=m/m*=1.168),5 and the lowest energies 
of the states H,, Ps, and N;. The constants are given in 
Table V. The energy bands determined by Eq. (8) 
are shown in Figs. 3 and 4, for the 100 and 110 axes, 
where they are compared with the parabolic bands 


‘TABLE V. Parameters in Eq. (8). 








Eo= —0.2410 
a= —0.1937 
B= —0.0277 


y= +0.0106 
6=+0.0112 








%6 J. C. Slater and G. F. Koster, Phys. Rev. 94, 1948 (1954). 


for “free electrons” with an effective-mass ratio 
m/m*= 1.168. 

The bands shown in Figs. 3 and 4 deviate in important 
respects from the free-electron approximation. It is 
likely that these deviations are too large, since if Ey is 
calculated from (8), it turns out to be considerably 
larger, though of the same sign, than that found from 
the cellular method. It is not easy to fit a spherical 
free-electron band accurately in this way. However, 
the qualitative features may be correct. The bands 
first rise somewhat faster than the free-electron approxi- 
mation indicates and then level off so as to have zero 
slope coming into H and N. 

It was believed that the accuracy of Eq. (8) with 
the five parameters given was not sufficient to justify 
a detailed and accurate calculation of the density of 
states. The numerical calculation of a density of states 
from (8) would have to be done very carefully since 
we are looking for deviation from the [E—E(I,)]! 
behavior of a free-electron band. In order to get some 
insight into the qualitative features of the density-of- 
states curve, it is probably sufficiently accurate to use 
the method of Houston” in which the density-of-states 
curve is computed along certain symmetry lines in the 
Brillouin zone, and the over-all density of states is 
found by interpolation. Houston’s method is known 
to give use to spurious singularities resulting from 
exaggerated contributions from symmetry points such 
as NV, H, and P where the energy surfaces have zero 
gradient. But the occupied portion of the band, with 
which we are primarily concerned, does not extend 
up to N, which is the critical point closest to the origin. 
Consequently, Houston’s method will give no spurious 


*7 W. V. Houston, Revs. Modern Phys. 20, 161 (1948). 
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Fic. 4. Lowest 
energy band along 
110 axis in the Bril- 
louin zone as given 
by Eq. (8) (solid 
line), and as given 
by a free-electron 
approximation for 
ah *=1.168 (bro- 
ken line). 
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singularities in the occupied portion of the density 
of state curve. 

A qualitative density of states curve is shown in 
Fig. 5 where it is compared with that for a parabolic 
band. For energies only slightly above the bottom of the 
band, the density of states curve must coincide with 
that for a free-electron band, since one of the conditions 
on Eq. (8) was that it yield the correct effective mass. 
As the energy increases, the physical curve rises more 
slowly than the free electron curve due to the effect 
of the positive k* terms. But as the energy rises still 
further, the band flattens, and the density-of-states 
curve crosses the free-electron curve. This crossover 
has probably occurred before the Fermi surface is 
reached, so that the density of states on the Fermi 
surface should be higher than for a free-electron gas. 
One would also expect deviations from spherical 
symmetry. 
|, Beyond the Fermi level, the density of states should 
rise rapidly to a peak at an energy in the neighborhood 
of the N; level. The density of states will then fall. 
At an energy 0.46 ev above the J, level, the second 
Brillouin zone begins with the P-like level Ny. The 
proximity of Vy to N; will cause the lowest band to 
curve sharply coming into N,. This curvature is not 
reproduced by Eg. (8). Vv is still } ev below the top 
of the first zone at His, so that there is considerable 
overlapping of the bands. The total band width from 
I’; to Hy is 4.36 ev, approximately two volts less than 
would be expected on the basis of the effective mass 
approximation alone. The occupied portion of the band 
has a width of about 3.1 volts using E(T), Ee, and Ey. 
Equation (8) would not give a significantly different 
result. 

The structure of the x-ray K-absorption edge in 
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potassium has been examined by Platt.?® Deviations 
from free-electron absorption in the direction of less 
absorption are noticed in a region beginning a little 
more than 1 ev above the Fermi level. One would 
expect D states to be important in this region, and these 
might serve to reduce the transition probability to the 
1s core level. 

It is interesting to compare the energy bands of 
potassium with those of the other alkali metals. Since 
reliable band calculations have not yet been performed 
for rubidium and cesium, the principal comparison 
will be with sodium. The band structure of sodium has 
been studied by many workers, the most recent calcu- 
lation being those of Ham" and Howarth and Jones.” 
Both calculations utilize the cellular method, but 
Ham’s work is based on the Quantum Defect Method 
and does not utilize an explicit potential. 

According to Howarth and Jones, the lowest level 
at the zone corner H is Hs, which is a P-like state. 
Next comes Hy, and then H;. (This ordering was also 
found by Ham.) H,2 appears to be the lowest state at 
this point in potassium. At P, the lowest state in 
sodium is P;, which is S-like. It lies 1.76 ev below P, 
which mixes P and D states. In potassium, this order 
is reversed. At N the lowest level according to Howarth 
and Jones is N;, but Ham has found NV), which contains 
P functions to lie lower than N;. N; appears to be 
lower in potassium. 

It is likely that the principal differences in band 
forms between sodium and potassium can be explained 
in terms of increased importance D bands in the latter 
element. In potassium, the lowest states which contain 


28 J. B. Platt, Phys. Rev. 69, 377 (1946). 


*D. J. Howarth and H. Jones, Proc. Phys. Soc. (London) 
A65, 355 (1952). 
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Fic. 5. Density of 
states in arbitrary 
units as a function of 
energy. The solid 
curve was obtained 
from my and the 
broken line from the 
free-electron approx- 
imation. 
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D functions tend consistently to lie lower than states 
containing only S or P functions (except of course, for 
the basic 4S level [',). The increased importance of 
D-like levels seems also to lead to greater deviations 
from free-electron behavior in this case. That D states 
should be important in potassium would naturally be 
expected from observation of the periodic table of the 
elements since as soon as the 4s level has filled in 
calcium, the D levels begin to be occupied in scandium. 
For this reason, one would also expect &* terms in the 
E(k) expansion to be more important in potassium than 
in lithium or sodium. 


VI. HIGHER BANDS 


It is interesting to discuss not only the lowest band 
but also higher levels, in particular P and D levels, to 
see to what extent the bands are similar to those of 
other elements which have the body centered cubic 
lattice. We will be concerned here primarily with the 
order of levels within a given band, rather than relative 
order of the bands. Wigner has given an interesting 
analysis of the structure of P and D bands in the body- 
centered lattice, based on possibilities of satisfying 
the boundary conditions within the cellular method. 
His work is in general agreement with this calculation. 

Wigner predicts for the P band that the k=0 state 
T';5 should be highest, that the state Ny should be 
lowest with a large separation of states at this point, 
and that the state H,; should be reasonably close to the 

*®E. Wigner, Proceedings of the International Conference on 
Theoretical Physics, Kyoto and Tokyo, September, 1953 (Science 
Council of Japan, Tokyo, 1954), p. 650. 

31 E. Wigner and F. Seitz in Solid States Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1955), 
Vol. 1, p. 97. 
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bottom of the band. The calculation confirms these 
predictions. However, Wigner also predicts that P, 
should lie near the middle of the band whereas here it 
has been found to be considerably lower than Hs. 
However, some of this lowering may be due to the 
D-like functions present in P,. 

For the D band we find N2 below Tas, as predicted. 
States of k perpendicular to the 111 directions, i.e., at 
N, are predicted to lie lowest. Since NV; may be con- 
sidered to belong to the D band as well as to the S band, 
this statement is correct. The state P, lies below NW». 
Note that Hy» is also low. Wigner’s diagrams of the 
relations between P and D bands would seem to be 
applicable only in lighter elements and are incorrect 
in this case. 

The general shape of the D band found here is in 
agreement with a recent calculation for body-centered 
iron!” by the OPW method, and in also with that found 
for iron by a modified tight-binding method.” We 
observe that here also, the separation of the triply and 
doubly degenerate D states is much less at the center 
of the zone than at the corner H, and that the maximum 
separation of the D band is at the point V. Except for 
the fact that the OPW iron calculation has N,4 above 
Ns, the relative order of the D levels at a given sym- 
metry point is much the same in iron and potassium. 
We note that in all three cases, the triply degenerate 
D-band state is lowest at k=0, but the doubly de- 
generate state is lowest at H. The order of D levels in 
potassium is also in agreement with a calculation for 
body-centered titanium,* except in that case, a more 


*F, Stern, Ph.D. thesis, Princeton University, 1955 (un- 
published). 
% B. Schiff, Proc. Phys. Soc. (London) A68, 686 (1955). 
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extensive calculation would be desirable in order to 
make a more detailed comparison. 

There is a simple device which seems to reproduce 
the calculated level order within a given band very well 
in this case. Let yx‘ represent the wave function for the 
ith irreducible representation of the wave vector k. 
¥x' is expanded in orthogonalized plane waves 

Vu'= Dn Bic, Misa, (9) 
where Xn is given by (3). The vector h runs over all 
reciprocal lattice vectors. The levels at symmetry points 
may be ordered accordingly to the quantity (k+h’)? 
where (k+h’) characterizes the OPW of lowest energy 
belonging to y,'. Since this is an ordering according to 
kinetic energy, there is a vague resemblance to the 
principle of maximum smoothness.” 

This prescription says in essence, that the order of 
levels at symmetry points in a given band is what 
would be expected for free-electron bands. It is not 
surprising that it gives the correct results for potassium. 
It is more interesting that it seems to work reasonably 
well in iron. Even in potassium, however, one must not 
suppose that the numerical energy values of the levels 
will be in good agreement with a free-electron model. 
Inspection of Fig. 2 will reveal that some levels will 
connect by bands which must depart severely from 
the free electron form. 

The successful comparison of these results with other 
calculations for the various bands suggests that at 
least the relative order of levels within a given band 
is not very sensitive to details of the potential. It is 
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possible, then, that the general forms of individual 
S, P, and D bands are now well understood for the 
body-centered cubic lattice. It is important to note, 
however, that the situation in regard to overlap of 
these bands is much less clear because the overlap is 
much more sensitive to the potential.!” It is interesting 
to note that there is apparently a very considerable 
degree"of overlap in potassium. 

Since there is evidence that the general form of a 
band is reasonably independent of potential, it is 
interesting to consider the form of the F band. It is a 
little difficult precisely to define the F band since some 
representations (I's, His, Ps, Nv, Ns, and Ny) also 
contain P functions. At k=0, the states I's, '», and 
I's contain F functions. At P we have P,, Ps, and Pi, 
and at N we have Ny, Ny, Ny, Ny. The lowest pre- 
dominantly F-like state is 25, and the top of the band 
also appears to occur at I’ with I'y. This order is 
reversed at H: Hz lies below Hos. We find Ty, inter- 
mediate between I'x5 and I'y and Hj, intermediate 
between H» and H2;. At P, the order is apparently Ps, 
P. 4) and | as 1. 
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The absorption spectra of nine neodymium salts were obtained in single crystals at liquid helium tempera- 
ture and high dispersion. The Zeeman effect of the lines was observed in a field of about 37 000 gauss with 
different orientations of the crystals, so that the magnetic splitting of the ground and excited states could 
be measured. This provides valuable clues for the interpretation of the spectra and quantitative data for 
the dirivation of the crystal field. The results are related to those obtained in paramagnetic resonance 


measurements. 


1. INTRODUCTION 


T is well known that the salts of the rare earths may 
give sharp absorption lines particularly at low 
temperatures and that often these lines are split in a 


* Work carried out with the support of the U. S. Atomic Energy 
Commission. 

+ In order to conserve journal space, this paper has been con- 
siderably condensed. More details can be found in a technical 
report [U. S. Atomic Energy Commission Report NYO-3977 
(unpublished) ] of which a limited number of copies are available 
to interested persons. This report contains in particular the 
complete wavelength measurements of the field-free absorption 
spectra of most of the salts and the Zeeman effects of all lines which 


magnetic field. It is also known since the work of 
Bethe! and Kramers? that the crystal field splits the 


show resolved patterns. This supplementary material has also 
been deposited as Document No. 4886 with the ADI Auxiliary 
Publications Project, Photoduplication Service, Library of Con- 
gress, Washington 25, D. C. A copy may be secured by citing the 
Document number and by remitting $13.75 for photoprints or 
$4.50 for 35-mm microfilm. Advance payment is required. Make 
checks or money orders payable to Chief, Photoduplication 
Service, Library of Congress. 

1H. Bethe, Ann. Physik 3, 133 (1929) ; Z. Physik 60, 218 (1930). 

2H. A. Kramers, Proc. Acad. Sci. Amsterdam 32, 1176 (1929); 
33, 960 (1930). 
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Fic. 1. Liquid helium Dewar for the Zeeman effect of crystals. 


atomic levels of the rare earth ions through Stark 
effects into 2/+1 or less components depending on the 
symmetry of the field. The observed sharp lines are due 
to transitions between the Stark components of the 
levels of the 4f” configuration of the trivalent ion where 
n goes from one for Ce (Z=58) to 13 for Yb (Z=70). 

Much experimental and theoretical work has been 
carried out in the past on these spectra, but the struc- 
ture of very few if any of them is known with sufficient 
certainty and completeness so that this knowledge can 
be used for the elucidation of the crystal force fields 
although very promising beginnings have been made. 

The structure of the rare earth absorption spectra is 
very sensitive to the crystalline force field into which 
the ion is placed. Compared to the free ion the energy 
levels are shifted and split and from the observed 
behavior of the lines one should be able to get more 
detailed quantitative data about these force fields than 
by any other method. Before the analysis of the crystal 
fields can be undertaken profitably, the structure of the 
spectra themselves should be clear, that is the nature of 
levels between which the transitions take place should 
be known for each observed absorption line. Unfortu- 
nately this is by no means an easy task. The spectrum 
of the free ions of not a single rare earth is known so 
that there is no direct comparison possible between free 
ion and the ion in the crystal. We must expect compli- 
cated interactions for the rare earth ions, so that no 
simple coupling scheme will represent the properties of 
the levels adequately. 

Because of the knowledge that can be obtained from 


the rare earth absorption spectra about the structure of 
the solid state it seemed desirable to take up the study 
of these spectra with modern techniques, particularly 
because now rare earths are obtainable in pure form in 
reasonable quantities. Many of the older results were 
falsified by the presence of unrecognized impurity lines. 

The lines are sharpest at very low temperatures and 
one can be sure that then only the lowest state of the 
ion will be able to absorb. This produces a significant 
simplification of the spectrum. For this reason almost all 
observations were made at the temperature of liquid 
helium. Very little use has been made in the past of the 
Zeeman effects of these lines’ though this presents one 
of the most powerful tools for the analysis. We have 
paid therefore special attention to the Zeeman effect. 
As far as the behavior in the magnetic field is concerned 
the rare earth ions fall into two classes with quite 
different behavior. Those with an even number of 
electrons (Z odd) have in general the spatial degeneracy 
completely removed by the crystal field, and show 
therefore no Zeeman splitting, except when the crystal 
symmetry is high when for some levels a twofold 
degeneracy remains (or even a threefold degeneracy for 
cubic symmetry). The praseodymium salts studied by 
Brochard and Hellwege’ fall into this class. 

The ions with an odd number of electrons on the other 
hand retain at least a twofold degeneracy (Kramers 
degeneracy’) in crystal fields of any symmetry and show 
therefore a linear Zeeman effect in all cases. One expects 
therefore more information from the Zeeman effect for 
such ions. 

The present paper deals with the results in nine salts 
of neodymium. Besides the early results of Becquerel,‘ 
chiefly on neodymium as impurity in natural minerals, 
there are no data on the Zeeman effect of neodymium 
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Fic. 2. General arrangement for the Zeeman effect of crystals. 


8 To our knowledge there is only one recent paper on the Zeeman 
effect in rare earth spectra which combines low enough tempera- 
tures, high magnetic fields, and high optical resolution with a 
nearly complete coverage of the spectrum. J. Brochard and K. W. 
Hellwege, Z. Physik 135, 620 (1953). 

4J. Becquerel, Compt. rend. 145, 413 (1907). Becquerel, 
Kamerlingh Onnes, and de Haas, Comm. Leiden (1925); Proc. 
Acad. Sci. Amsterdam 29, 264 (1926). 
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TABLE I. Symmetry and Stark splitting of ground states of investigated salts. 








Salt Symmetry 


a 


2 Previous work 





Nd2.Mg; (NO;) 12° 24H:O 
Nd2Zn;(NOs;) 12° 24H,O 
Nd(C2H;SO,)3;-9H:O 
Nd(BrO3)3-9H:O 
NdCl;-6H,O 
(La+Nd)Cl;-7H,O 
Nd2(SO4)3-8H:O 


(La+Nd)2(SOx)3-9H20 
Nd(CH;COO);-H,O 


hexagonal C3, * 
hexagonal C3, * 
hexagonal Cg 4 
hexagonal Co, 4° 
monoclinic® 
triclinic! 
monoclinic* 


hexagonal* 
unknown 


33 
36 
149 
115 
61 
103 
76 


26 
83 


13> 
6 
"64 
5 
‘91 


(20°)¢ 
(20°) 


(20°)°(77°) £ 
(20°)°(77°)*(83°)! 


(20°)(20°,77°)™ 


.48> 
15> 











® Determined by Hellwege for the corresponding Pr-salts which are isomorphic with the neodymium salts. 


b Measurements of this paper. 
¢ See reference 8. 


4 Point group determined by x-ray diffraction [J. D. H. Donnay and W. Nowacki, Crystal Data (Geological Society of America, New York, 1954) ]. 
¢ There is evidence that the surroundings of the Nd-ion has lower symmetry. 


f See reference 6. 


® A crystal was measured by Donnay and the monoclinic structure confirmed. 


bh F, H. Spedding and H. F. Hamlin, J. Chem. Phys. 5, 429 (1937). 
iP, C, Muhherji, Indian J. Phys. 11, 123 (1937). 


i A crystal was measured by Donnay and found to be triclinic. The number of molecules of water is not certain. 


k Crystal system as reported in the literature. 

1 See reference 7. 

m Spedding, Hamlin, and Nutting, J. Chem. Phys. 5, 191 (1937). 
®» H. Gobrecht, Ann. Physik 28, 673 (1937). 


salts in the literature except that Brochard and 
Hellwege* mention that they have obtained the split- 
tings in NdeMg;(NOs3)i2°24H,O without, however, 
giving the measurements. Chow® attempted to obtain 
the Zeeman effect of NdF; but achieved only broad- 
ening of the lines because he used crystal powder. 
Clear splittings can be obtained only in single crystals 
as the Zeeman effect is very sensitive for the orientation 
of the crystal. 

The magnetic resonance method also measures the 
Zeeman effect, but can do this only for the lowest state 
of each ion, whereas the optical spectra give also the 
Zeeman effects of the excited states. For the ground 
state the results of the two methods should be the same 
(see later on). 


2. EXPERIMENTAL TECHNIQUE 


The necessity of having the crystals in the restricted 
space between the pole pieces of a magnet at liquid 
helium temperature required a Dewar vessel of special 
construction. We are indebted to Dr. H. Meissner for 
the design of a metal Dewar vessel which was built in 
our machine shop under his supervision and proved very 
effective (Fig. 1). The crystals were mounted on a 
plastic holder and immersed directly into liquid helium. 
Under the intense illumination necessary for obtaining 
the absorption spectra in a reasonable time the helium 
lasted for 12-15 hours. The general optical arrangement 
is shown in Fig. 2. 

Most exposures were made with a 21-foot concave 
grating spectrograph in a Paschen mounting with a 
dispersion of about 1.2 A/mm. While the high resolution 
and dispersion were not necessary in all cases except 
for very sharp lines, it proved convenient to obtain all 
spectra under uniform conditions. The light source was 
a tungsten ribbon filament and the exposures were from 


5 Y. K. Chow, Z. Physik 124, 52 (1947). 


10 minutes to two hours. An iron hollow cathode dis- 
charge tube furnished the comparison spectrum. The 
spectral range covered was from about 3500 A, the 
short-wavelength cutoff of the spectrum, to about 9000 
A. The light was polarized with a large calcite rhomb. 
In general the two polarizations were obtained in two 
different exposures as the varying astigmatism of the 
spectrograph made simultaneous exposures of the two 
polarizations inadvisable. The whole spectral range 
could be covered in two sets of exposures and the 
spectrum between 3500 and 9000 A was contained on 
eleven 16-inch-long plates. The magnetic field with a 
distance between the pole pieces of about 20.6 mm was 
between 35 000 and 37 000 gauss. 

Table I gives the salts which were investigated with 
particulars about the crystals and references to the 
literature where previous data on the particular com- 
pound can be found. The figures between parentheses 
in the last column indicate the temperature at which the 
cited measurements were made. Only observations at 
the temperature of liquid air or lower have been quoted 
and in general only those papers where a substantial 
amount of experimental data is given. The Stark split- 
ting of the ground level is completely known only for 
two salts®? and the first and second levels for most of 
the remaining salts. The elucidation of the complete 
splitting requires observations at varying temperatures 
up to room temperature. At 4°K only the lowest level 
is occupied and at 77°K also the second one, but the 
higher ones have negligible probabilities at that 
temperature. 

The compounds were prepared by conventional 
chemical methods with Nd,O; as starting product. The 
crystals were obtained by evaporation from aqueous 
solutions. 


®R. A. Satten, J. Chem. Phys. 21, 637 (1953). 
7R. A. Satten and D. J. Young, J. Chem. Phys. 23, 404 (1955). 
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Fic. 3. The S group (near 9750 A) of (Nd+La)Cl;-7H,0, 
showing the increased resolution at 4°K. 


The crystals were examined under a polarizing 


microscope and the optical axes determined. These 
determine the index ellipsoid, the three axes of which 
are, the acute bisectrix, the obtuse bisectrix, and the 
axis perpendicular to the plane of the optical axes. The 
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index ellipsoid is related in the well-known manner to 
the structural symmetry of the crystal. 

In all cases measurements were made with the acute 
bisectrix (chief axis) parallel and perpendicular to the 
magnetic field, and the direction of observation per- 
pendicular to the plane of the optical axes and to the 
lines of force. This is sufficient to derive the behavior 
for all other orientations for uniaxial crystals, except 
that observations parallel to the magnetic lines of force 
would be required to determine whether the lines have 
right or left circular polarization. For biaxial crystals 
observations with other additional crystal orientations 
are also desirable. Measurements have been made for 
monoclinic neodymium chloride with all the axes 
parallel to the magnetic field. The feasibility of such 
measurements depends on whether crystals can be 
grown which can be cut so that the light can pass in the 
desired direction. 

We have used the term “chief axis” in this paper for 
the optical axis of uniaxial crystals or the acute bi- 
sectrix of biaxial crystals. 

The choice of the compounds was chiefly determined 
by the fact that reasonably good crystals could be 
obtained with relative ease. We considered it desirable 
to have crystals of as divergent symmetry properties as 
possible in order to be able to study the neodymium ion 
in widely varying surroundings. The crystal structure 
is not known for all crystals. The crystal system can be 
determined with relative ease from the shape of the 
crystals. Knowledge of the point group requires usually 
a careful x-ray analysis which is lacking in most cases. 
Eventually the evidence from the absorption spectra 
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Fic. 4. The A group (near 7400 A) for five neodymium salts. 
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Fic. 5. The R group (near 8700 A) of five neodymium salts. Note the satellite structure in some salts. 


will determine the point group reliably in each case. It 
should be kept in mind however that the point group 
obtained from the absorption spectra and that obtained 
from x-ray data are not necessarily the same. The 
former gives the symmetry of the force field at the 
neodymium ion, the latter the symmetry of the geo- 
metrical arrangement of the atoms in the unit cell. 

The chloride and sulfate were diluted with lantha- 
num because the lines of the pure salt were too strong 
and not sharp enough. It turned out, however, that the 
lanthanum salts are not isomorphic with the cor- 
responding neodymium salts and that the structure of 
the mixed crystals for the Nd concentrations used (up 
to 50% Nd for the chloride, 10% for the sulfate) was 
that of the lanthanum salt. This offered an interesting 
possibility to study salts of practically the same 
chemical composition (they differ only by one molecule 
of water of crystallization) but with different arrange- 
ment of the ions and therefore different symmetry of 
the force field. A more detailed investigation of mixed 
crystals is under way. 


3. GENERAL DESCRIPTION OF THE SPECTRA 


In the absorption spectra of all neodymium salts (and 
of the ion in solution as well), some of which are shown 
in Figs. 3-6, certain groups of lines can be recognized 


which vary very little in wavelength from salt to salt. 
These have been labeled empirically, partly following 
Ewald,’ by letters: R(8667), S(7955), A(7409), 
B(6740), C (6266), D(5796), (5227), F(5109), G(4730), 
H (4454), [(4280), K (3806), and L(3542). The wave- 
lengths given in parentheses are those of the longest 
wavelength components for the bromate. The corre- 
sponding values for the other salts vary only little. 
Below 5000 A, the separation into groups is not always 
clear. 

The accepted interpretation is that in general each 
group at 4°K corresponds to a transition from the 
ground state to another state, also of the 4/* con- 
figuration, characterized in the free ion among other 
quantum numbers by the value J of the total angular 
momentum. The upper state is split into J+} levels for 
all crystals of less than cubic symmetry and each level 
is doubly degenerate.® It should therefore be possible 
to determine the J value of the upper state by merely 
counting the lines in the corresponding group. Attempts 
to do this (see for instance Chow) have been unsuc- 
cessful. The number of components actually observed 
may be smaller than J’+4 if there are selection rules 


8H. Ewald, Ann. Physik 34, 209 (1939). 
* Exceptions are S levels which may have higher degeneracy. 
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Fic. 6. The R group (near 8700 A) of four neodymium salts. 


forbidding some transitions. Furthermore, if two levels 
of the free ion fall closely together, they interact in the 
crystal field and both together will be responsible for 
one group. In observations at the temperature of liquid 
nitrogen or higher, there is the additional complication 
that transitions from other than the ground level may 
confuse the structure of a group. 

The first task in the intepretation of the spectra is 
the identification of the levels between which transitions 
occur, that means, assignment of values for J, L, and 
S, as far as this is possible, and correlation with the 
theoretically expected levels for a f* configuration which 
are *(P, D, D, F, F, G, G, H, H, I, K, L) and 4(S, D, 
F, G, I). According to Hund’s rule ‘J should be the 
ground state. All available evidence confirms ‘9/2 as 
the ground state. 

Satten® has taken the approach of calculating the 
approximate positions of the levels by making rea- 
sonable assumptions about the interactions and thus 
has come to a tentative identification of the upper 
levels.'° The nature of the calculations makes only a 


1 See also C. K. Jérgensen, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 29 No. 11 (1955) and R. A. Satten, J. Chem. 


Phys. 23, 400 (1955). Satten and Jgrgensen agree on the approxi- 
mate position of the quartet levels but, because they assume 
different values for some perturbation ‘<eceearaa come to differ- 
ent conclusions about the doublet levels. 


rough approximation possible but even this is very 
helpful. The situation is of course complicated by the 
fact that for the heavy atoms L, S coupling is not a good 
approximation so that particularly for the excited levels 
where the density of interacting levels is high, Russell- 
Saunders symbols like “Dy may lose their meaning 
because neither the resultant spin S$ nor the orbital 
angular momentum L are even approximately constants 
of the motion. The total angular momentum J for the 
free ion remains, of course, well defined for any kind of 
interaction. 

This complex state of affairs in the free ion compli- 
cates greatly the evaluation of the influence of the 
crystal field on the levels of the free ion. The crystal 
field causes further interactions and in general destroys 
J and M as good quantum numbers. At the present 
state of affairs all that can be done is to work tentatively 
with a reasonable Russell-Saunders approximation for 
the free ion, keeping in mind the possibilities for 
departures from this approximation and estimate the 
influence of the crystal field. This analysis eventually 
should give a quantitative evaluation of the crystal 
field in great detail. With rare earths we are in the 
fortunate position that the crystal field can be varied 
with the same rare earth ion, and also that the rare 
earth ion can be changed with a constant or almost 
constant crystal field (comparison of isomorphic 
crystals of different elements). 

Because of the fairly complicated state of affairs, 
the analysis has to proceed in several steps as the 
empirical material becomes more complete. For all 
these problems the Zeeman effect will give very im- 
portant data which cannot be obtained in any other 
way. 


4. LINE WIDTH AND SATELLITE STRUCTURE 


At 4°K the lines of all neodymium salts are con 
siderably sharper than at 77°K, and this increased 
sharpness is needed for the resolution of the Zeeman 
components. This is clearly shown in Fig. 3 which gives 
traces of the S group of (La+Nd)Cl; with and without 
field. The figure shows that at liquid nitrogen tempera- 
ture there would be no chance whatsoever of resolving 
the Zeeman pattern which, however, is clearly shown 
on the lowest trace at 4°K. 

Even at the lowest temperatures not all lines are 
equally sharp. Some salts have all their lines less sharp 
than those of other salts. This may be explained by the 
fact that the crystal structure is less perfect in such 
salts. Another reason for less sharp lines is the following. 
The fact that we do have sharp lines in the rare earth 
salts depends on the fact that there is negligible inter- 
action between neighboring ions. This is equivalent to 
saying that the wave functions of the 4f orbits of 
neighboring neodymium ions do not overlap. Whether 
this is true or not obviously depends on the spacing 
of these ions and we may expect less sharp lines for 
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simple salts where the distance between neighboring 
Nd-ions is relatively small than for the more complex 
salts. It is true for instance that the lines in 
Nd2Zn3(NOs3)12:24H2O are considerably sharper than 
for the simple nitrate Nd(NO;)3:6H,O. In the former 
there are 1.5 Zn atoms, six NO; complexes, and 12 H,O 
molecules for each Nd ion, whereas there are only three 
NO; complexes and six H,O molecules for the simple 
nitrate. Dilution with another ion sometimes sharpens 
the lines because it increases the average distance 
between Nd ions. This is the case for the dilution by 
La in the chloride. In other cases dilution broadens the 
lines. This happens for dilution by La in the sulfate or 
dilution by Pr in the chloride. In this case, the Nd ions 
probably do not fit perfectly into the lattice of the other 
substance, and this produces a distorted lattice with 
less sharp lines. Both causes for line broadening prob- 
ably play a role in some of our salts. The whole matter 
deserves further experimental investigation. 

There is, however, also a great difference in sharpness 
between the different lines of the same crystal." Figure 
4 which gives the A group for five salts shows this 
clearly. The line A, in the bromate or Az and A; in the 
ethylsulfate are clearly broader than the other lines 
of the same salt. 

At the present time, definite evidence is lacking on 
which an explanation for the difference in sharpness 
could be based. 

Some lines show a close fine structure which has also 
been observed for other rare earth salts and has been 
studied particularly for europium” and praseodymium 
compounds." It is particularly evident in the bromate 
(see Fig. 5), where many lines are split into three sharp 
components with nearly equal intensities. The splitting 
varies from line to line. The maximum distance between 
the outer components is 8 cm™ for the resonance line 
R,. It is less than half of this for all other observed lines. 

There are several possible reasons for this kind of 
fine structure, which will be called satellite structure in 
order to distinguish it from true fine structure.“ Im- 
perfections in the crystal structure can give rise to 
shifts, but one would then expect a general broadening 
rather than a splitting into sharp components. Another 
possibility would be that there are several crystal 
domains with slightly different structures in a macro- 
scopic crystal. The fact that the satellite structure 

In this paper we are only concerned with pure electronic 
transitions. In neodymium and other rare earth salts, there occur 
also lines which are due to the superposition of electronic transi- 
tions with molecular and crystal vibrations. Such lines are in 
general much more diffuse. They = considerably weaker than 
the pure electronic lines in these salt 

12K. H. Hellwege and H. G. Kahle Z. Physik 129, 85 (1951). 

138A. M. Hellwege and K. H. Hellwege, Z. Physik 135, 615 
sor the literature this structure is generally called “hyperfine 
structure,” which term should be rejected, because it suggests 
that nuclear effects play a role. We call such structure satellite 
structure no matter if there is one main line accompanied by 


weaker components or whether all components have comparable 
intensities. 
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seems to be the same for different individual crystals 
speaks against this possibility. If different neodymium 
ions: have slightly different surroundings, that means if 
the crystal symmetry is lower than one would expect 
from the x-ray analysis, multiple lines can arise. This 
explanation would be in accord with the observed fact,!* 
that this type of satellite structure changes if the rare 
earth ion is diluted by another ion, for instance by 
La**+. It is also in agreement with the observation on 
europium bromate.” We have observed that there is 
no magnetic interaction between the satellite structure 
components. The Zeeman effect components show all 
the same satellite structure as the field free line.'® 
(Fig. 8.) 

Another possibility for satellite structure would be 
interaction between neighboring neodymium ions. 
Sharp components can, however, only result when the 
interaction is restricted to the immediate neighbors. 
The whole problem of the satellite structure of the rare 
earth absorption lines can be settled only after further 
experimental work. 


5. THE ZEEMAN EFFECT 


When the crystal is placed in a magnetic field, in 
general each line of a neodymium salt is split into four 
components. This is equivalent to saying that both the 
upper and lower level are split into two components, a 
result which must be expected for all noncubic crystals. 
No exceptions have been encountered from this rule 
for any Nd*++ line, which means that we have not 
found any transition to the expected 4S level or that 
the 4S level has been modified by interactions so as to 
split into two levels even in the absence of a magnetic 
field. 

From the splitting of the lines, the splitting of the 
levels can be deduced unambiguously when one takes 
into account that the splitting of the ground level must 
be common to all lines. The splitting of each level can 
then be expressed in terms of the normal splitting 
(eH /4amc). We designate these splittings by s; and s2 
if the chief axis of the crystal is parallel or perpendicular 
to the magnetic field, respectively.'® 

There are cases where s=0 for the upper level and 
thus the line consists only of two components. 

While all lines have in common that they split into 
four components, they differ in the magnitude of the 
splitting and the polarization as well as in how the 
pattern changes if the crystal is rotated in the magnetic 
field. This means that not only do the different lines of 
the same salt show different Zeeman effects but also 
analogous lines in different salts are quite different in 
this respect. This emphasizes that the magnetic be- 
havior of the Nd-ion is greatly modified by the crystal 

16 See in this connection also H. E. D. Scovil and K. W. H. 
Stevens, Proc. Phys. Soc. (London) A65, 954 (1952). 

16In most papers on magnetic resonance, these splittings are 
called g values. This is confusing, as the splitting in general is not 


equal to the Landé g factor. For such cases, where the magnetic 
quantum number M has a meaning, we have s=2Mg. 
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Taste II. Magnetic splitting of the ground level and Stark 
os a of the first excited state, 4Fs2. The symbols have 
the following meaning: s; (s2), magnetic splitting in Bohr units 
for chief axis parallel (perpendicular) to field; m; and m2, number 
of different lines from which the values were obtained; a, natural 
splitting of the first excited state ‘F3/2. If there is a plus sign, the 
M=3/2 lies above the H=1/2 level. For a minus sign, the oppo- 
site situation prevails. When no sign is given, the assignment of 
M values is unknown (or has no meaning). 








a 


—31.17 


—31.54 
37.45 
+19.21 
39.16 
73.68 
29.63 
84.71 
54.89 
33,86 


a 
. 
= 
” 


s1 m1 
0.420 6 
3.38 2 
0.450 5 
2.32 2 
7 

3 

8 





PS 
3 


Nd2Mg;(NO3)12°24H2O 
second level 
NdoZn3(NO3)12°24H:0 
Nd(BrO;)3-9H:O 
Nd(C2H;SO,)3-9H:0 
(La+ Nd)Cl;-7H.O 
NdCl;-6H,O 
(Pr+Nd)Cl; 
Hd2(SO,)3-8H:O 
(La+Nd)2(SO,)3-9H20 
Nd(C:H;0:)-H:O 


nN 
nn 
=) 


3.50 

2.446 

0.58 

1.791 

1.74 4 

069 862 
5 


SRE 

oe 

a 
COnmwONON~) 


NENMWENMNYNNON 
a 
° 


SeESSB 
UN bdo 








*® These values were obtained by means of magnetic resonance measure- 
ments by J. H. Anderson and C. A. Hutchison [Phys. Rev. 97, 76 (1955) ]. 
Through the cooperation of Professor Hutchison we were able to examine 
the absorption spectrum of one of their crystals, and there is faint but 
distinct absorption due to neodymium impurities. The value of the 4F3/2 
splittings was obtained from our plate. The magnetic splittings are those 
reported by Anderson and Hutchison as those of the praseodymium ion. 
The evidence now strongly indicates that this was probably due to the 
neodymium impurity. The p' ymium lines were relatively broad and 
this would explain the absence of distinct radio-frequency resonance peaks. 


field, and in turn indicates that from the Zeeman effect 
data valuable quantitative information concerning the 
forces within the crystal can be obtained. 

In Table II, the magnetic splitting of the ground 
state of all nine investigated salts are given. The 
ground-state data can be obtained with great reliability 
as they are present in each line and, even if most lines 
of a particular salt are relatively diffuse, enough sharp 
lines can usually be found to obtain the ground state 
splitting with satisfactory accuracy. In general, the 
agreement between the individual values derived from 
each line is within a few times 0.01 cm™ unless the line 
is diffuse or poor otherwise. Such lines have been ex- 
cluded from the average. Probably the greatest single 
source of errors in the present measurements is the 
uncertainty in the orientation of the crystal axis. 

The splitting of the upper states are listed in Table 
III. In general, each splitting here is derived only from 
one line which furnishes two values. Only those lines 
are listed which are sharp enough to give full resolution 
of the pattern. It is likely that future investigations 
with more carefully chosen crystals may give splittings 
of additional lines. 

The lines in each group are numbered according to 
decreasing wavelengths, for instance, A;, Ao, A3, etc. 
The lines with the same symbol in different salts do not, 
however, necessarily correspond to the same transition. 

It would be very important to obtain the magnetic 
splittings of all five Stark components of the ground 
electronic state, but at 4°K of course only the lowest 
of these is occupied. At the higher temperatures where 
the other components appear, the lines are usually too 
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broad to show a clear Zeeman pattern. There are a few 
favorable cases where at liquid nitrogen temperatures 
there are some lines sharp enough so that one can obtain 
the splitting of the second Stark component. In Table 
II and Fig. 7 this is given for Nd2Mg;(NO3),2:24H;0. 
Experiments are under way to make measurements at 
temperatures between 4°K and 77°K which would be 
most favorable for this level. 

For an isolated line, the Zeeman pattern is always 
symmetrical in position (but not intensity) with respect 
to the field-free line. (See Fig. 8.) If, on the other hand, 
the magnetic splitting of the upper state is of the same 
order as the distance between neighboring levels, we 
have a phenomenon analogous to the Paschen-Back!” 
effect. There are numerous examples of such effects in 
the spectra here described. In no case, however, is the 
magnetic splitting large compared to the total Stark 
splitting of a state. If this were the case, the Zeeman 
effect would be essentially that of the free ion. The 


NdgMg3(NOs),224H,0 





} 


Fic. 7. Transitions from the lowest (Si, S2) and second Stark 
level (S,', S2’) of the ground state to the same upper states, for 
magnesium neodymium nitrate. 


17 The Paschen-Back effect as observed in the spectra of free 
atoms occurs when the magnetic splitting is of the same order as 
or larger than the distance between the components of a multiplet 
(same L and S, different J). In the crystal spectra, we are dealing 
in general with two or more neighboring Stark components (same 
J, different “M”). 
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TABLE III. Magnetic splitting of the excited states. 








Nd2Mg3(NOs)12 Nd2Zn(NOs)12 Nd(BrOs)s Nd(C2HsSO,)s (Nd +La)Cls 


$2 $1 Se $1 $2 $1 S2 $1 $2 


0 0.98 0 0.525 0.815 0.63 0.51 
0.71 0.81 0 0.80 1.18 


0.27 5.40 0.27 S : 1.44 1.53 
1.21 3.45 2.46 2.03 
1.05 0.95 


0.32 3.94 
0.84 0 





0.74 
1.19 


1.07 


NdCls-6H:0 Nd(C2H302)-H:0 Nd2(SO«)s-8H:0 (Nd +La)2(SO«)s-9H20 
$1 $2 $1 Se S1 $2 $1 $2 


0.28 0.51 0.35 1.12 
Si 0.81 


Bi 0.95 
By 0.77 
B; 


Ci 
C2 


dD, 
D:; 
D; 


EZ 
Ey 
E; 


Fy J 8.27 
G; Y 6.52 


G; A 4.38 
G, ‘ 3.73 














* Pattern unresolved. 
> Line was too diffuse for resolution of the components. 
¢ These values should be increased by 9% because the crystal axis was not parallel to the field. 


situation is almost always that of a pair of closely approximation as if the unsplit lines were repelling each 
spaced Stark levels with the other levels sufficiently other and the magnetic splitting were superimposed on 
far away as not to interfere. the new positions of the lines. Furthermore, the amount 

In that case, one must expect, that for small fields the of the splitting will be changed. For very large fields 
magnetic splitting of each level is independent of that there will be four equidistant components. The trans- 
of the other. For larger fields, the result will be in first formation of the pattern is caused by an interaction of 
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H=35100 


t 
i 


Fic. 8. Zeeman effect of a line of neodymium bromate with 
satellite structure. There is no interaction between the various 
satellite components. 


the two levels caused by the magnetic field, and the 
completeness of the transformation depends on how the 
influence of the magnetic field compares with that of the 
crystal electric field which caused the original splitting 
of the level pair. Obviously the magnetic interaction 
depends on the direction of the magnetic field with 
respect to the crystal axis, so that it should be different 
for the parallel and perpendicular effects. (See Fig. 9.) 

The observed Paschen-Back effects follow this 
pattern. Figure 10 gives an example. The outer parts 
of the diagram give the position of the levels for H=0, 
the inner parts for a field of 35 000 gauss with the mag- 
netic field parallel (left) or perpendicular (right) to the 
crystal axis. The dotted lines are the centers of the 
magnetic pairs. The upper one is approximately as much 
raised as the lower one is depressed. For the parallel 
case, the four levels are approximately equidistant. 
Whether this represents the approximation for the 
large-field case, only an investigation with varying 
fields can disclose. This would also be necessary for 
settling other details. 


6. INTERPRETATION 


The Stark splitting and the shift of the levels are 
caused by the internal crystal field. If this field is 
known, the energy levels can in principle be calculated. 

In the magnetic field, a level of the free ion with the 
total angular momentum J is split into 2/+1 equi- 
distant levels shifted with respect to the field free level 


by 

AE=gMB6H, (1) 
where H is the magnitude of the magnetic field, 8 the 
Bohr magneton, M the magnetic quantum number, 
and g the magnetic splitting factor. 

If an electric field with axial symmetry is introduced, 
the levels of the free ion are shifted and split, but except 
for M=0 double degeneracy remains, as the levels with 
+M and —M have the same energy. The Zeeman effect 
is still given by (1) if the magnetic splitting is small 
compared to the electric splitting and H is parallel to 
the electric symmetry axis. The splitting is thus 
s;°=2gM in Bohr units. The values of g may have been 
changed by the crystal field interactions from those of 
the free ion. If the magnetic field is perpendicular to the 
crystal axis there is no Zeeman splitting except for 
M= 3 when the splitting is 

sf= g (J +4). 

In an actual crystal, the electric field is never axially 
symmetric but has a lower symmetry which is repre- 
sented by one of the 32 point groups. The wave func- 
tions of the electron in the actual field can always be 
represented as a linear combination of the wave func- 
tions of the axially symmetric case. The symmetry of 
the field limits the terms that can occur in the linear 
combination, or in other words makes it impossible for 
some states to interact. The general theory of this kind 
of interaction and how it depends on the symmetry has 
been given by Bethe,! Hellwege,'* and others. If there 
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Fic. 9. Splitting of the lines 5; and S: of magnesium neodymium 


nitrate. For the case in which the optical axis is parallel to H, the 
small separation is that of the ground state. The direction of 


p ss 


polarization is referred to the crystal axis. 


18K. H. Hellwege, Ann. Physik 4, 35, 127, 136, 143, 150 (1948), 
etc. 
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is a p-fold axis, a level with a given M can only interact 
with those levels with M--np where n is an integer. 


If the crystal field is not large, interactions with . 


components of the same state (same J) will be mainly 
responsible for the shifts. If the symmetry (p) is high 
and J small, it is possible that there cannot be any 
interactions within this state. For instance for J/=3, 
we have M values +}, +$. For threefold or higher 
symmetry there are no two interacting levels, as there 
are no level pairs with the condition M’=M-:np 
except +3 for p=3. Interaction of this pair is impossible 
because of the symmetry that leads to Kramers 
degeneracy. 

In this case, there will be no difference in the Zeeman 
effect between the case of an axially symmetric field 
and the actual crystal field. When J is larger or the 
symmetry is lower, this is no longer the case. It is 
possible that even then one term in the series develop- 
ment will predominate so that the situation can be 
regarded as a small perturbation of the axially sym- 
metric case, but this is not necessarily so. In a case like 
the point Group Dz, where there are three twofold axes 
perpendicular to each other, it is clear that singling 
out one of them as the approximate axis of symmetry 
cannot have any physical significance. 

It is not the purpose of this paper to go into the 
details of the quantitative interpretation of the Zeeman 
effects. A few of the main points will suffice. 


Normal State 


The normal state ‘J 9/2 splits into 5 Stark components. 
The Zeeman effect of the lowest component has been 
observed for all salts, that of the second component 
only for Nd2Mg3(NOs3).2. For trigonal or higher sym- 
metry, the data are sufficient to obtain the angle 
dependence of the wave function. 

For trigonal symmetry, we have three symmetry 





Fic. 10. Paschen-Back effect for the A4, As pair of absorption 
lines in (La+Nd)Cl;-7H;0. 
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TABLE IV. Mixing coefficients for the lowest state of 
the uniaxial crystals. 








ai? a2? a3? 
M=-—5/2 1/2 7/2 
0.839 0.117 0.033 


0.634 0.000 0.365 
0.350 0.029 0.621 





NdoMg; (NO3)2 -24H.O 
Nd(BrO;)3-9H:O 
Nd(C2H;SO,)3-9H,O 








types characterized by the symmetry quantum num- 
bers'® uw, with w=+}3 and 3. The n.=+$ levels for a 
degenerate pair. Those with +$ and —3, although 
belonging to the same symmetry type, cannot interact 
because of Kramers degeneracy. 

For the u=}3 levels we have the wave function 


Y= ay_ytawjytayr2. 


The Zeeman splitting, if the trigonal axis is parallel 
to the field, is 


$1= (—5aP?+a?+7a;*)g. 


If the axis is perpendicular to the field, the splitting is 


$2= (Say?+8a,a3)g. 


With the normalization condition 
a;+a,'+a;=1, 


and the observed splittings s; and se, it is possible to 
find the mixing constants 4@;, d@2, a3 or at least their 
absolute values, if one can assume the Russell-Saunders 
values for the g factors. As we know that this can be 
only an approximation, we cannot trust the results to 
have a very high numerical accuracy. 

Only the double nitrates, the bromate, and the 
ethylsulfate are uniaxial crystals, and the evidence 
shows that they have a trigonal axis parallel to the 
optic axis. 

The values in Table IV for the mixing coefficients are 
consistent with the observed data, although there is 
some uncertainty in the phase. For the monoclinic and 
triclinic salts, the present data do not permit a calcu- 
lation of the mixing coefficients. 

For neodymium magnesium nitrate, where the 
Zeeman effect also of the second Stark component of 
the ground level has been observed, we have s,;=3.37 
and s2,=0, which means that »=% for this level. This 
assignment is also consistent with the polarization of 
the lines originating from this component. It is opposite 
to that of the lines from the lowest Stark component 
(Fig 7), which indicates that the second component 
must have different symmetry. It must therefore be a 
linear combination of M=% and M=9/2, and the 
mixing coefficients, 


bY=0.728, b,?=0.272, 


are consistent with the observed splitting. 
The normal states of rare earth salts have been 
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TABLE V. Predicted and observed Zeeman splittings for the 
‘F 32 lines. The observed splittings are given in parentheses below 
the observed values. 








$2 





M'=} 34 2g,—0.68 
(0.71) 
M’=} 0 


(0) 








repeatedly discussed in connection with paramagnetic 
resonance measurements.” 


Excited States 


The interpretation of the excited states is much less 
certain than that of the ground states. Of the various 
attempts at identification of the excited states, only 
those of Satten® and J¢rgensen” need be considered here. 
Even these cannot be relied on for details, as the calcu- 
lations on which they are based cannot be very accurate 
and therefore no entirely satisfactory picture can be 
obtained. 

The study of the Zeeman effect gives considerable 
clarification, but additional study is required before a 
completely consistent classification is possible. The 
reason for this is that evidently some of the group of 
lines (for instance S and A) contain more than one 
excited state. Close-lying states may interact even 
without the presence of the crystal field. This has a 
consequence that the resulting states cannot even 
approximately be described by L, S coupling notation. 
The crystal field provides additional possibilities for 
interaction. This makes it virtually impossible to make 
any predictions of what the Zeeman effect should be. 
There are however a few cases where the situation is 
less complex. The following remarks indicate what 
information can be considered reasonably reliable at 
the present time. 


R Group 


As upper state ‘Fy; was suggested by Satten. This 
should yield two Stark components with »=$ and 
w= +4. In all cases, two lines have been observed 
which for many salts show satellite structure. In the 
sulfate this suggests that there are four instead of two 
lines. Unfortunately, for many salts one of the lines is 
so diffuse that the splitting cannot be observed. The 
situation is particularly favorable for Nd2Mg;(NOs)12 
where both lines have resolvable splittings. For trigonal 
and higher symmetry, there cannot be any mixing 
through the crystal field for J=$, so that the same 
conditions as for axial symmetry should prevail. We 
have then the predicted pattern shown in Table V; the 
observed values for the splitting are given in parentheses 

1 See for instance J. H. Van Vleck, Ann. N. Y. Acad. Sci. 55, 
928 (1952); B. Bleaney and K. W. H. Stevens, Repts. Progr. in 


Phys. 16, 108 (1953); K. D. Bowers and J. Owen, Repts. Progr. 
in Phys. 18, 304 (1955). 
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in the line below. This is consistent with g=0.34, while 
the Russell-Saunders value for ‘F; is 0.40. The agree- 
ment between calculated and observed values is quite 
satisfactory, particularly if one considers the fact that 
the measurements had to be made partly under very 
unfavorable conditions. That the g value is smaller 
than the Russell-Saunders value, and not larger, as one 
should expect from the fact that the chief interactions 
should be with levels of larger g, should not give too 
much concern as long as we have no clear picture of all 
possible interactions. Moreover, any misalignment of 
the crystal axis would produce smaller splittings. 

We can therefore say that the Zeeman effects confirm 
‘F; as the upper state of the R group. For magnesium 
neodymium nitrate the lower Stark component of 4F; 
has M=}. For the ethyl sulfate, it is the upper com- 
ponent. For that state, s,=0, so that the corresponding 
line splits only into two components, which fact can 
easily be recognized. 

The splitting pattern for ‘F; should be the same as 
expressed in Table V for the other uniaxial salts. For 
the bromate, the width of the lines and the presence of 
satellite structure make the data unreliable. For the 
ethyl sulfate, the situation is more favorable. The 
results contained in Table ITI for this salt are, however, 
not in accord with what should be expected. It is 
possible that the presence of satellite structure has 
confused the interpretation of the Zeeman pattern. 
Additional observations at different field strengths are 
needed to clear this point up. 

If ‘Fy is the upper state of the R group, we must 
expect the transitions to ‘Fy, 4F7/2, and *F 9/2 with 3, 4, 
and 5 components approximately at the position of the 
S, A, and B groups. The S and A groups have at least 
5 components, however (see Figs. 3 and 4). This means 
that either the assignment is incorrect or that other 
levels interfere. We are inclined to favor the latter view. 
Satten predicts the *Hi1/2 level near ‘Fy and 4S near 
‘F712. These levels would interact with each other and 
thus lose some of their original properties. In particular, 
the 4S level would split even without the magnetic field 
into a pair of twofold degenerate levels. 

The chances for interaction between different levels 
increase as we go to higher levels where the spacing of 
the levels is closer. As long as there is any remnant of 
the L, S coupling left, we must assume that the transi- 
tions to the quartet levels are stronger than those to 
the doublet levels. The identification of the C, D, E, 
and G groups with transitions to the ‘G multiplet sug- 
gested in part by Satten seems therefore reasonable, 
but if this is correct there must be interferences from 
other levels. At present it seems premature to go into 
further details. 

There is one further case where the Zeeman effect 
can give a clearcut confirmation of a proposed classi- 
fication. There is a sharp isolated line (J,) near 4280 A. 
Its Zeeman effect is clear in the ethyl sulfate. The 
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TABLE VI. Comparison with paramagnetic resonance data. 








Optical absorption 
$1 $2 


Paramagnetic resonance 
$1 Se 





Nd: Mg3(NOs3)12:24H20* 
Nd(C2H;SO,)3-9H20° 


0.420 
3.50 





2.629 
2.06 


0.45 +0.05 2.72 +0.02 
3.535+0.001 2.072+0.001 








* A. H. Cooke and H. J. Duffus, Proc. Roy. Soc. (London) A229, 407 (1955). 


> Bleaney, Scovil, and Trenam, Proc. Roy. Soc. (London) A223, 15 (1954). 


splitting of the upper state is s;=0.74, ss=0.71, which 
means that within the limits of experimental errors the 
splitting is the same with the axis parallel or per- 
pendicular to the field. As the line is an isolated line 
even in the field of lowest symmetry, there can be only 
one Stark component. Both facts indicate that J=}. 
The magnitude of the splitting is consistent with ?P,, 
which would give s;=s2=0.67. 


7. RELATION TO MAGNETIC PROPERTIES 


The phenomena described in this paper are closely 
related to paramagnetic resonance phenomena, which 
deal directly with the transitions between the Zeeman 
components of the ground state of a paramagnetic ion. 
The splitting of the ground state is obtained in both 
types of experiments, and in general there is good 
agreement (see Table VI). The accuracy that can be 
obtained seems to be approximately the same for both 
methods, although the magnetic resonance measure- 
ments should be capable of higher intrinsic accuracy. 
These also can obtain the nuclear hyperfine structure of 
the levels which cannot be resolved in the optical 
absorption measurements. On the other hand, the latter 
can obtain also the magnetic splitting of the excited 
states and thus furnish considerably more extended data 
which can be applied to the exploration of the crystal 
field. It also appears that the interpretation of the 
optical data is often simpler as a large frequency 
interval is covered with many positively identifiable 
lines, whereas the magnetic resonance measurements 
deal only with a very small frequency interval on a 
greatly enlarged scale. 

While the agreement in Table VI is in general very 
satisfactory, there are some discrepancies which exceed 
the limits of experimental errors. Possibly one ex- 
planation is that in general we are dealing with the 
pure salts while the magnetic resonance measurements 
were made with the neodymium ions highly diluted by 
lanthanum. The difference in the crystal field produced 


by the dilution may be sufficient to account for the 
differences. Moreover, in some of our measurements the 
orientation of the crystal axis in the magnetic field 
could not be carried out with very high accuracy. 

The relation between the magnetic splittings of the 
Stark components and the macroscopic magnetic 
properties, such as susceptibility and paramagnetic 
rotation, has often been discussed and need not be 
dealt with in detail here. All neodymium salts are 
highly anisotropic. If the magnetic measurements are 
made on powder with the individual crystals oriented 
at random, it is necessary to average over all orienta- 
tions. If the splittings in the direction of the three 
principal axes are s;, 52, and s3, the average of the 
squares is given by 


(S*)w=9sP-+35P+353", 


which for uniaxial crystals, with s; the splitting for the 
field parallel to the axis and s2 perpendicular to it, 
becomes 

(3?) = 952+ 3952. 


The splitting with the field in an arbitrary direction 
6,¢ is determined by 


[s(0,¢) P=s;? cos’0+,? sin’0 sin?y+s;? sin’0 cos*¢. 


To find the susceptibility, this s is entered into the well- 
known formula for the temperature-dependent part of 
the paramagnetic susceptibility : 


x= TVS/kT, 


where the susceptibility in any direction is obtained by 
substituting s(6,¢) and the average susceptibility for a 
powder by taking the appropriate average of s*. The 
formula is valid when the paramagnetism of an ion is 
due entirely to one doubly degenerate state at field 
strengths and temperatures away from saturation. 

We are indebted to Professor F. Spedding for some 
very pure neodymium and to Dr. H. Meissner for the 
design of the Dewar vessel. 
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Starting from a multivalley model of a cubic semiconductor, a calculation of the effect of elastic strain 
on certain galvanomagnetic effects is carried out. It is found that the effects are sensitive to the strength 
of the intervalley scattering. An experiment on germanium to which the calculation is applicable is described. 
It is concluded from a comparison of the theory and the experiment that the coupling constant which 
characterizes the coupling of the electrons to the intervalley phonons in the model of Herring is considerably 
smaller than the coupling constant to the acoustic phonons. 





I. INTRODUCTION 


XPERIMENTS of Smith! have shown that, in a 
multivalley semiconductor, an elastic strain which 
destroys the symmetry equivalence of the valleys can 
produce large changes in the conductivity of the semi- 
conductor. In such a strained crystal the minimum 
energies in the various valleys are not necessarily equal. 
Quantitative theories of the effects which result from 
the shifting of the energy valleys have been given by 
Herring? and by Adams.’ The treatment of Herring 
shows that two principal mechanisms are involved in 
the large elastoresistance effect, namely, the transfer of 
electrons from valleys of higher energy to valleys of 
lower energy, and the alteration of the relaxation times 
for intervalley (IV) scattering. 

The importance of the second of these mechanisms 
relative to the first depends on the strength of the IV 
scattering. Measurement of the elastoresistance coeffi- 
cient alone provides no way of distinguishing these 
contributions. Extension of the above-mentioned theo- 
ries to the Hall and magnetoresistance effects in elasti- 
cally strained germanium shows that these elasto- 
galvanomagnetic effects are quite sensitive to the 
amount of intervalley scattering which takes place. In 
this paper the calculation of certain elastogalvano- 
magnetic effects is described in some detail, and it is 
shown that the rate of IV scattering can be deduced 
from such coefficients. Some experimental data which 
show that the amount of IV scattering is small in 
germanium are presented. 


II. PRELIMINARY DISCUSSION OF THE MODEL 


In the detailed calculation of the effects we treat the 
phenomena due to elastic strain according to the model 
and methods of Herring,’ while taking the point of 
view of Adams* toward the galvanomagnetic phe- 
nomena. In this section we describe the model and 
some of the results of Herring in our notation, and 
apply the ideas of statistical equilibrium to this model. 

The energy minima considered are located on axes of 


1C, §. Smith, Phys. Rev. 94, 42 (1954). 

2 C. Herring, Bell System Tech. J. 34, 237 (1955). 

3 E. N. Adams, Chicago Midway Laboratories Technical Report 
CML-TN-P8 (unpublished). 


threefold (111) or fourfold (001) symmetry in k space. 
The minima are enumerated by a superscript (7), which 
is often omitted in formulas which are applicable to 
any single valley. Let a be a unit vector directed 
from the origin in k space to the ith energy minimum. 
Then the surfaces of constant energy are ellipsoids of 
revolution about an axis along a. The energy as a 
function of k, measured with the energy of the minimum 
as zero and the location of the minimum as the origin 
for k, is E=(h?/2m)k-a-k, where the second rank 
effective mass tensor e=a,1+(a;—a,)aa, 1 being the 
unit tensor. 

In our model we neglect all effects of strain except 
those arising from shifting of the energy minima with 
respect to one another. This approximation depends on 
the assumption that all of the impurities are ionized, 
and there are no intrinsic carriers, so that application 
of a strain does not change the total number of electrons. 
If u is the strain tensor as defined by Herring (6r=u-r), 
symmetry requires that 6(E“—f¢), the shift of the 
energy minimum with respect to the Fermi level ¢, 
has the form 


6(E°—£)=2,, (a -u-a — fe), (1) 


where 2, is a constant with the dimensions of energy 
and e=dilation=trace u. If a cylindrical specimen of 
crystal with axial direction e is stretched axially by a 
force per unit area X, application of elastic theory 
shows that 


6(E°—$)=SXO,[(a-e)?—§], (2) 


where SS is an elastic compliance, and is, in terms of the 
elastic constants, 


. 


S= 1/(Cu—C1) for 


S=1/Cu for 


(001) minima (Si), (3) 
(111) minima (Ge). (4) 


Hereafter we designate these two types of energy 
minima by Si and Ge, the fourth group semiconductors 
in which they occur. 

Now we consider the two consequences of the energy 
shifts, which are mentioned above: 

1. It is assumed that the carriers are nondegenerate, 
and also that /E«kT. Then the change in the number 
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of electrons in a valley is 


én = gn 6(E —¢) 
——=—= - (5) 
n®) kT 


where n‘ = no, independent of i, the number of electrons 
in a valley in the unstrained state. 

2. In an IV scattering process, an electron makes a 
transition from a state in one valley to a state in 
another valley. Since the energy of the electron plus 
the energies of any phonons which participate in this 
process must be conserved, and, since the density of 
final states is proportional to the square root of the 
energy of the final state above the bottom of its valley, 
a shifting of the valley energies will affect the proba- 
bility of an IV transition. 

In the crystals considered, the vectors in k space 
which connect pairs of minima, and which represent 
the change in k in an IV scattering, may not all be 
identical or symmetrical with one another. There may 
be different kinds of IV transitions, which should be 
considered separately in the theory. In this treatment, 
however, we use the approximation introduced by 
Herring,’ and employ the same functional description 
for all the IV transitions, and, in considering phonon 
induced transitions, attribute all the phonons involved 
to the same branch of the vibrational spectrum. Since 
symmetry requires that 


Or 


j aE@ i 9E@ 


Or 


0, (6) 


the dependence of relaxation time on the energy 
minima in the framework of this model can be described 


by 

Or) 1 

~7#(B)( Bu), (7 
OE® N 

where 7‘ is the relaxation time in valley i, N is the 

number of valleys, and @ is a function of E, the energy 

of the electron above the minimum of its valley. The 

change in 7“ due to a strain is 


1 
br =>P B(E) (—-#u) on —p5(E®—f¢). (8) 


In (7) and (8), 4;; is the Kronecker delta. 

Since the effect described by Eq. (8) arises from the 
IV scattering, it is apparent that the magnitude of 8 
must depend on the strength of this scattering. We can 
obtain a quantitative measure of this dependence from 
considerations of detailed balancing. If r“‘” is the 
relaxation time for scattering from valley 7 to valley j, 
and 7, is the relaxation time for intravalley scattering, 
then 


1 1 1 
a+ (9) 


tO ory itt eG 
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In equilibrium, the number of electrons scattered from 
valley 7 to valley 7 must be the same as the number 
scattered from valley 7 to valley 7: 


1 1 
n® =n ' 
ria) ri) 


Here the angular brackets { ) mean the average over 
the Boltzmann distribution. In the case of averages 
which are to be taken in the unstrained state of the 
crystal, a subscript 0 is added to the bracket. By 
differentiating Eqs. (9) and (10) with respect to E 
and using the definition (7), it is found that 


6) -——-) 
oo eee wr 


where 7; is the total IV scattering time, defined by 


(10) 


(11) 


1 N-1 


TI TO 


and 79 is the value of the r‘* in the unstrained state. 
In Herring’s model for phonon-induced IV scattering, 


By tT 1 E 4 
ko} 0 exp(0/T)—1L \ké 


E \} 
+e"(——1) | (13) 


in which the first term represents (1/71) and the second 
term (1/77). 


Ill. METHOD OF CALCULATION 


The solution of the Boltzmann equation, for an 
electron with ellipsoidal energy surfaces, in the presence 
of uniform electric and magnetic fields, has been given, 
to all orders of the magnetic field, in the form which 
we wish to use, by Adams.’ In this form the conductivity 
for one electron is 


2é 
a: (ES), 
3mkT 
1 1—ybX a+y"Aa- bb 


~ 14-ybx ai 1++7*Aa,», 


(14) 





(15) 


Here y= eBr/mc, A=determinant a=a;’a3, b is a unit 
vector in the direction of the magnetic field, and the 
notation a~,, means b- e~'-b. Setting 


f=} Tra= 3(2a1+a3), (16) 
and 

a< 2e Er) 

be a 


(17) 
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(14) becomes 


2” a-(E7S) 
f (Eno 


The total conductivity is, then 
c= > nO, 


where >> means sum over all valleys. If B=0, then 
S=1 and 


(18) 


(19) 


E= (£0/ fa. (20) 
In the unstrained state n“ =m, and 
(21) 


The change in conductivity when the crystal is 
strained is 


c= o= Nobo. 


bo =F (EMIn 4 nSE), (22) 


The change of & comes about through the change in 
7, It is easy to verify that 5(7S)=S*. Substituting 
for én‘ from Eq. (5) and for 6r“ from (8), we find 


bo seen LX (a (ES) 
a eee 
BO ss 
el. (E800 ery (23) 
kT 


with 6(E —f¢) related to the stress by (2). 


IV. MAGNETORESISTANCE 


The evaluation of the summations in (23) for a 
general direction of the magnetic field is quite lengthy, 
and of little interest because of the small number of 
constants required to describe our model. We, therefore, 
specialize our consideration of (23) to a particular 
direction of the magnetic field for each type of minima, 
namely, that direction for which a~,, is the same for 
all the valleys. This means 


b=(111)/v3 for Si, 
b= (001) for Ge, 


(24) 

(25) 

and, in both cases, Aa~',,=a,4, where 
h= (2as+a,)/3. 


With this restriction on the magnetic field, the denomi- 
nator of S“, Eq. (15), is independent of i, and factors 
out through the summation. The addition is much 
simplified, and we find, for the unstrained state, 


o= Nnol_fSo.—a;hS11Xb+AS-bb ], 


(26) 


(27) 


where 
fo / Ery* 


S,= ‘ 
flEr)\1 sa) 





(28) 
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When (S)* is expanded and the results 
a: (bXe)=A(1Xa)-b, (29) 
a: (bX a): (bX a) =A(bb—a™,,.@), (30) 
are applied, it is found that the only summations are 


Y a§(EO-F)=JNA (31) 
and 
LD a §(EO—$) = — (a,/A)INA, (32) 
where 
ev—-}4 0 0 
A=| 0 e7-} 0 
0 0 ef—} 


Cxlz 
Cyl: 
0 


(Si), (33) 


0 Cty 
A=lee, 0 
Cxlz Cylz 


(Ge), (34) 


and 
J= (a3—a)X2,,S/3. (35) 
If we define 


UV= 





fo CG) 

En)\ (1+-vaxh)? 79 
fo / Epy 

W= ; 
Perea ; 


(36) 





(37) 


and use (31) and (32), the change in conductivity can 
be written 


60 = J No —UA—2Way(1XA)-b 


1 
apeasi: SoA aS) 1 A ‘-b ° 3 
ae t+arSi(1XA)-b]}. (38) 


In practice, the resistivity tensors are more useful. 
The inversion of o gives 


(aASi?— fa5e5, 
fSo+AS: 
NoL (fS0)?+ (ashS1)*] 


and 6(e~) can be obtained by straightforward multipli- 
cation: 


fSol+euhSilXb+ 





» (39) 


(40) 


The most practical arrangement from the experi- 
mental point of view is one in which the magnetic field 
is perpendicular to the axial force e, and the current is 
parallel to e. Measurement of the resistivity is accom- 
plished, then, by measuring the component of the 
electric field parallel to e. For detailed consideration we 
choose 


§(0) = —o-d0-07. 


e= (1/v2) (110) (41) 


which satisfies the condition b-e=0 for both cases. 
Figure 1 shows the arrangement of sample, fields, and 
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electrodes for making the elastomagnetoresistance 

measurement under the conditions being discussed. 
Let &(B) be the electric field in direction e due to 

unit current in direction e. Then, in the unstrained state 


&(B)=e-o7!-e= (42) 


Nao fSo(i+r)’ 
r= ayhS;/ fSo. 


The change in & when the strain is applied is 


56(B)=e-5(o")-e 
kT 
(1+ ). (44) 
NnofSo 1+?’ So 


where 
(43) 


fkT 


With the geometry being considered, e-A-e=} for Ge 
and % for Si. The ordinary elastoresistance is 


(45) 





5&(0) (1 UkT 
80) fk Se ), 


in which a superscript 0 is used to mean “evaluated 
with B=0.” To characterize the elastomagnetore- 
sistance, we calculate 


58(B)—88(0) ae 
on &(0) 


Mada a+ E a+] (46) 
~LSo 1+ (U%T/S.?) f / Se 4 


V. HALL EFFECT 


The effect of elastic strain on the low-field Hall effect 
follows by a similar calculation from (23). In fact, all 
the results of the last section up to (40) are correct to 
first-order terms in the magnetic field for arbitrary 
field direction, because the special direction of b was 
only used in the evaluation of a~,,. In the measurement 
of the Hall effect it is also convenient to have b-e=0, 





Ge Si 








2 Te 


























Force Mognetic Force 
Current Field Current 


(a) (b) 


Fic. 1. Sample arrangements which satisfy the conditions for 
measurement of the EMR function described in the text. 


IN n-TYPE Ge 1243 


and the current parallel to e. We define &y as that part 
of the electric field component in the direction bXe 
which is proportional to the magnetic field. Then the 
result for the elasto-Hall effect can be expressed 


_ 8u/8u ees pat 
~ 88(0)/8(0) La 14+(U%T/S) Je-A-e 


VI. DISCUSSION OF RESULTS 








(47) 


In order to compare formulas (46) and (47) with 
experimental data, some evaluation of the integrals 
involved is necessary. A very simple, although some- 
what unrealistic, approximation in which the integra- 
tions can be easily performed, and which gives some 
insight into the relationship between the functions F 
and G, and the IV scattering, is the approximation in 
which r;, 7, and 6 are regarded as constants over the 
energy distribution. Let »>=1/rz, the fractional amount 
of IV scattering, and set V/(N—1)~1. Then, from (11), 


BkT=40r (48) 
and 


3 v 


G=1-— : 
f?—ash 14+47 
f 1+» 


hi+%y 


(49) 


F 1. (50) 


An important characteristic to be noted in these 
results is the sensitivity of the function G to the 
strength of the IV scattering. For a mass ratio of 20, 
which we take as representative of germanium, the 
factor {?/(f?—a1h) in (49) has the value 4.65. In actual 
cases, in which dispersion of the relaxation times also 
contributes to the magnetoresistance, this sensitivity is 
reduced, but usually remains larger than that of the 
function F. It should also be noted that, although in 
the calculation of G all orders of the magnetic field 
were included, the field exactly cancels in Eq. (49). 


VII. EXPERIMENT 


Previous work*:> on n-type germanium has indicated 
that IV scattering is not an important factor in limiting 
the mobility of electrons below room temperature. In 
an attempt to obtain a more precise estimate of the 
amount of IV scattering, we have made some measure- 
ments of the elastomagnetoresistance (EMR) effect in 
this material. For this purpose, the EMR has certain 
advantages over the elasto-Hall effect, one being the 
greater sensitivity already referred to. In addition, in 
the Hall measurement, the region of the crystal in 
which the Hall voltage is determined, i.e., the cross 
section at the Hall electrodes, is not the same as that 
in which the potential drop which determines the 
resistance occurs. Thus, if there is any gradation in 


~ 4R. W. Keyes, Phys. Rev. 99, 1655 (1955). 
5 R. W. Keyes, Phys. Rev. 100, 1104 (1955). 
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Fic. 2. Experimental values of the EMR ratio, G. The indicated 
errors represent only the scatter in the data. 


sample properties or dimensions, or in the strain pat- 
tern, the ratio of EMR to elastoresistance will probably 
not be affected as much as the ratio of elasto-Hall 
effect to elastoresistance. 

The germanium used for the experiment was n type, 
and contained 1.7X10"* excess electrons per cm*. The 
mobility product at 77°K was 27000 cm?/volt sec. 
Contacts were applied to the sample with soft solder. 
The technique of Smith was followed closely, in both 
the mechanical features and the electrical instrumen- 
tation. Magnetic fields to 3000 gauss at 77°K and to 
8000 gauss at 300°K were used. The EMR ratios defined 
by (46) were independent of field, to an accuracy of 
about 10%, within these ranges. The measurements 
were made at three convenient bath temperatures. 
The results are shown in Fig. 2. The uncertainty due 
to scattering of the data is also shown. 


VIII. COMPARISON OF THEORY AND EXPERIMENT 


The data of Fig. 2 indicate the presence of some IV 
scattering in germanium at room temperatures. In 
order to make the quantitative estimate of the strength 
of this scattering which is required, we have calculated 
by a numerical method the values of the integrals which 
occur in G in the limit of small magnetic fields for 
various values of W;/W_, the electron-lattice coupling 
parameters of Eq. (13). It is found that a factor H? 
can be cancelled from Eq. (46), and then, when the 
magnetic field is set equal to zero, 


kT(EB)o AFBr*)0 (Er*)o 
(Ero (EB) (Ero 
kT(EB)o (Er*)o ak (Ex)? 
(Er)) (Ero f* (Ene 


It has been suggested by Herman® that the energy 
minima lie at the zone edges in the n-type germanium. 











* F, Herman, Phys. Rev. 95, 847 (1954). 


If this is so, @ should be near the Debye temperature, 
362°K according to Keesom and Pearlman.’ Our highest 
temperature point then corresponds to 6/T= 1.25, and 
our calculation of G as a function of W;/W_ for this 
case is shown in Fig. 3. A comparison with Fig. 2 shows 
that W1/W, lies between 0.1 and 0.2. Measurements 
of the temperature dependence of electrical properties®.* 
are inconsistent with the higher part of this range, and 
we therefore feel that W;/W, must lie near 0.1 (if 
6= 362°K). Herring and Vogt® have recently concluded 
that, if the energy minima are at the zone faces, the 
smallness of the IV scattering is not in disagreement 
with theoretical understanding of the electronic 
properties of germanium. 

The possibility that the energy minima are not at 
the zone faces, and that the smallness of the IV scat- 
tering at 300°K is due to a high excitation temperature 
for the IV phonon has also been examined. According 
to work of Hsieh,” the highest energy phonon in 
germanium corresponds to a @ of about 500°K. We 
have, therefore, also calculated G as a function of 
W/W for @/T=1.8 and shown this result in Fig. 3. 
It can be seen by comparison with Fig. 2 that values 
of Wr/W, of 0.25 to 0.5 are consistent with our data 
in this case. 

The calculation of G for /T=1.8 can also be used to 
compare our data point at 195°K with the theory 
under the assumption = 362°K. This comparison gives 
the result that W1/W _ lies between 0.1 and 0.2, in 
agreement with our result for the 290°K data point 
and 6= 362°K. 

Obviously, extension of measurements of this type 
to higher temperatures in order to confirm the applica- 
bility of the model and to fix more precisely W1/W 1 
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J 
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Fic. 3. Calculated values of G as a function of W:/W1, the 
ration of the coupling constants for intervalley and intravalley 
scattering in the model of Herring. 





7P. H. Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 
8 F. Morin, Phys. Rev. 93, 62 (1953). 

°C, Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 

” Y. Hsieh, J. Chem. Phys. 22, 306 (1954). 
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and @ is indicated. However, the use of less pure speci- 
mens to extend the exhaustion region of conductivity 
to higher temperature creates difficulties in the interpre- 
tation of the results because of the simultaneous intro- 
duction of impurity scattering. 

A small amount of impurity scattering can have a 
fairly large effect on the value of G. When the (E87’) 
integral is evaluated with the relaxation time of Eq. 
(13) for a case in which there is only a small amount 
of intervalley scattering, the relaxation time and the 
integrand become very large near the zero of energy. 
If some other scattering mechanisms, in particular 
impurity scattering, reduces the value of 7 at low 
energies, the value of the integral will be seriously 
reduced. In our germanium we estimate that at 300°K 
the value of the impurity mobility is 10° cm*/volt sec, 
and that this much impurity scattering will decrease 
(EBr*) by 25% if W1/W1=0.1. The effect is smaller for 
smaller values of W;/W ,. Small amounts of impurity 
scattering may have a comparable effect" on the (E7*) 
integral also, but the total effect of impurity scattering 
appears to be somewhat less than the other uncertainties 
at 300°K. 

Impurity scattering has a greater effect on the scat- 
tering integrals at lower temperatures. However, it is 
seen from (51) that, as 8 approaches zero, G approaches 
1, regardless of the law of intravalley scattering, and 
that our conclusion that the intervalley scattering is 
small does not depend on an accurate evaluation of 
the integrals. For the specific orientation considered 
the transfer of electrons from one valley to another 
produces the same change in the magnetoresistance as 
in the resistance, and a deviation of G from one means 
that the elastoresistance effect is not due entirely to 
the transfer of electrons. The exact quantitative inter- 


1H. Brooks, Advances in Electronics (Academic Press, Inc., 
New York, 1955). 
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pretation of the value of G in terms of coupling constants 
for intervalley scattering does depend on the ratio of 
various scattering integrals. We expect such ratios to 
be of order of magnitude 1, and, because their precise 
values are sensitive to details of the scattering mecha- 
nism, an intrepetation of G based on the constant 7 
approximation (49) would not be entirely unsatis- 
factory. 


CONCLUSIONS 


A calculation, based on Herring’s model of the elasto- 
resistance effect, shows that the elastogalvanomagnetic 
effects provide a sensitive measure of the amount of 
IV scattering in germanium. The amount of IV scat- 
tering increases with temperature, due to the increasing 
excitation of the IV phonon. Experiment shows that, 
at room temperature, 10 to 20% of the scattering 
is of the IV type. The scatter in the measurements of 
the EMR effect, and the uncertainties in other details 
of the scattering mechanism which may affect the 
scattering integrals, prevent us from determining accu- 
rately the values of @ and W,/W1z, the parameters of 
Eq. (13). If the energy minima are at the zone faces, 
then @ is near 360°, and W;/W, is small, about 0.1. If 
the smallness of the IV scattering at room temperature 
is attributed to a high excitation temperature for the 
IV phonon, and @ is assumed to have the highest value 
consistent with the elastic properties of germanium, 
530°K, then W/W 1 may have a value as high as 0.5. 
In any case, it appears that the coupling constant for 
IV scattering is considerably less than that for intra- 
valley lattice scattering. 
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The self-diffusion of gold was measured in single crystalline specimens of 99.8 and 99.999% purity in the 
temperature range from 600-954°C, by using Au’ as tracer and applying the sectioning technique. The 
temperature dependence of the self-diffusion coefficient is given by 


D= (0.031+0.004) exp[— (39 360+280)/RT] cm?/sec. 
Together with recently reported data on self-diffusion of copper, silver, and lead, this result is compared 


with empirical and theoretical predictions. 





INTRODUCTION 


N the last decade, much effort has been given to 
developing accurate techniques for measurement of 
diffusion in metals. Generally speaking, the sectioning 
technique seems to give the most reliable results. It 
seemed worthwhile to measure the self-diffusion of 
gold by the same technique, because there is a serious 
discrepancy between the values already obtained by 
different authors,!~ only one of whom used a sectioning 
method. In the present investigation, the self-diffusion 
of gold was measured between 600 and 954°C in single 
crystalline specimens of 99.8 and 99.999% purity, using 
Aw! as a tracer and applying the sectioning technique. 
It is also of interest to compare the self-diffusion of 
gold with the self-diffusion of copper, silver, and lead 
for which very accurate data are now available.*-* 
Comparison of experimental self-diffusion data for 
different metals with predictions made by theories may 
contribute toward a better understanding of the diffu- 
sion process. 


EXPERIMENTAL 


Single crystals (approximately 10 cm long and 1.2 cm 
diameter) were grown from the melt in high-purity 
graphite crucibles in a vacuum furnace, following the 
method described by Lazarus and Chipman.’ The 
crystals were etched with KCN(NH,)2S20s. The orien- 
tation was obtained from standard Laue back-reflection 
diagrams. 

The crystal was then embedded in plaster of Paris 
and cut into cylinders of 6-8 mm thickness with a 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

1A. M. Sagrubsky, Physik. Z. Sowjetunion 12, 118 (1937). 

2H. A. C. McKay, Trans. Faraday Soc. 34, 845 (1938). 

3H. C. Gatos and A. Azzam, J. Metals 4, 407 (1952). 

4 3 C. Gatos and A. D. Kurtz, J. Metals 6, 616 (1954). 

Kuper, Letaw, Slifkin, Sonder, and Tomizuka, Phys. Rev. 96, 

1224 (1954) ; 98, 1870 (1955). 

*C. T. Tomizuka and E. Sonder, Phys. Rev. 103, 1182 (1956), 
this issue. 

™N. H. Nachtrieb and G. S. Handler, J. Chem. Phys. 23, 1569 
(1955). 
8 B. Okkerse, thesis, Delft, The Netherlands, 1954 (to be pub- 
lished). 

®D. Lazarus and D. R. Chipman, Rev. Sci. Instr. 22, 211 
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jeweler’s saw. The flat surfaces of the cylinders were 
carefully machined and made plane parallel on a pre- 
cision lathe, as described for lead in reference 8. By 
taking successively thinner cuts up to 5 microns, the 
deformed layer was easily removed by annealing the 
specimen at 950°C for 10 days in vacuum. The annealed 
specimens were etched to make sure no grains were 
present. The condition of the flat surface was tested 
with the Laue back reflection technique; after the 
annealing, the Laue spots did not show asterism. From 
several specimens the orientation of the flat surface was 
obtained ; in all cases this orientation was in agreement 
with the orientation of the original crystal. 

The Au isotope was received from the Oak Ridge 
National Laboratory in the form of gold foil with a 
specific activity of 3 curies/gram. The gold was dis- 
solved in aqua regia and the resulting solution was 
diluted and neutralized. Then KCN and NasHPO, 
-12H,O were added according to a recipe given by 
Blum and Hogaboom.” The specimens were electro- 
plated by using a gold or platinum electrode; the current 
density was 3-5 ma/cm’. It is estimated that the plated 
layer was less than 200A thick. 

The plated specimens were sealed off in evacuated 
vycor tubing and placed inside a massive nichrome 
block in diffusion furnaces with controlled temperatures 
as described previously by Tomizuka and Slifkin.” 
The temperature was measured with a platinum- 
platinum-rhodium thermocouple. The inaccuracy in 
the quoted temperatures, due to thermal fluctuations 
and errors in calibration, is of the order of 1.5°C, 
resulting in an inaccuracy in the diffusion coefficient of 
the order of 3%. The diffusion-time was chosen to give 
a measurable penetration depth of about 250 microns; 
however, because of the relatively short half-life of the 
isotope (2.7 days), this time was never longer than 
4 weeks. 

After the diffusion annealing, the specimen was 
sectioned on a precision lathe into layers of 12 or 25 
microns thickness, after removal of about 1.5 mm of 


1 W. Blum and G. B. Hogaboom, Principles of Electroplating 
and ee (McGraw. Hill Book Company, Inc., New 
York, 1949), p. 302. 

uc. T, Tobsisuka and L. Slifkin, Phys. Rev. 96, 610 (1954). 
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TABLE I. Experimental data. 








Diffusion 
temperature 
= 


Diffusion 
time 
sec 


Deviation 
from Eq. (1) 
% 


Probable 
error 


Counting oe 
o 


D cm?/sec technique* 





2.313 X 10° 
1.634X 10° 
1.621 X 10° 
1.186 10° 
1.358 X 10° 
9.225 X 105 
9.225 X 105 
6.666 X 10° 
3.372 X 105 
1.716X 105 
2.140X 10° 
2.140 10° 
8.766 X 104 
6.060 X 104 
6.060 X 10¢ 
2.478 X 104 
1.044 104 


—0.5 
—0.4 
—9.0 
+8.7 
—2.4 
+10.2 
+9.6 
—6.1 
+2.2 
—3.8 
—3.2 
—0.2 
—1.3 
+1.3 
+3.9 
+2.6 
—2.8 


0.42 


4.26X10-" 
0.56 


4.60X10-" 
1.11X10™ 
1.60X10™ 
449X104 
6.83 10-4 
6.78 X10 
6.52 10-4 
1.37X10-” 
3.14X10-" 
4.63X10-¥ 
4.77X10-” 
6.24 10-" 
1.5010 
1.5410 
1.54 10~° 
2.90 10 


earoeaarancanwe*ananan 


EEsssesssssssess: 
33 35°06 SSS 








* d =dry-counted, s =solution counted. 
> Based on least squares calculation. 


material from the outer surface. The chips were col- 
lected and dry-counted with an end-window counter in 
the same manner as described for lead. Some specimens 
were immersion-counted as well, as described in refer- 
ence 11, in order to compare the reliability of the dry- 
counting technique. The measured intensities were 
corrected for background, deadtime of the counter, and 
radioactive decay. 

From the corrected intensity and the weight of each 
layer, the diffusion coefficient was computed. For each 
point of the penetration curve the inaccuracy in the 
concentration is about 1.5%, and the inaccuracy in the 
distance is about 1%. 

All crystals were grown from gold of 99.8% purity 
(“0.998 fine”), except in one case in which gold of 
99.999% purity was used. 


RESULTS 


In all experiments a linear relationship was found 
between the logarithm of the concentration and the 
square of the penetration depth. The conditions and 
the results of all experiments are given in Table I. 

In Fig. 1 the logarithm of the diffusion coefficient is 
plotted as a function of the reciprocal absolute tem- 
perature. 

The temperature dependence of the diffusion coeffi- 
cient is given by the relation 


D= (0.031+0.004) exp[— (39 360 
+280)/RT]cm?/sec, (1) 


in which the errors are the probable errors as found 
from a least squares calculation based on the data given 
in Table I. These probable errors are of the order of 1%. 
Together with the uncertainty in the temperature of 
the diffusion annealing, these errors can account for an 
inaccuracy in each diffusion coefficient of about 4%. 
The average direction of each experimental point from 


relation (1) is 4.0%. The average deviation of each 
experimental point from this relation is 4.0%. 


DISCUSSION 


Analyzing the data, one observes that the three 
experiments, in which the chips were counted in two 
different ways, show that, in this investigation, the dry- 
counting technique is as accurate as the immersion- 
counting technique: the average deviations from the 
straight line in Fig. 1 are, respectively, 4.9 and 4.6%. 
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Fic. 1. Temperature dependence of the self-diffusion 
coefficient of gold. 
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TABLE II. Reported self-diffusion data of gold. 








Do, cm?/sec Q, kcal/mole 


0.16 53.0 
0.02 51.0 
0.265 45.3 
0.031+0.004 39.4+0.3 





Sagrubsky* 
McKay» 

Gatos and Kurtz* 
Present work 








® See reference 1. 
> See reference 2. 
© See reference 4. 


Under certain conditions (depending on the nature of 
the material, the emitted radiation and the counting 
equipment) the dry-counting technique can be a valu- 
able short cut compared to the more elaborate immer- 
sion-counting technique (see for instance reference 8). 

Within the accuracy of the experiments, there ap- 
pears to be no difference between the rate of self- 
diffusion in speciments of 99.8 and 99.999% purity. 
The average deviation of the “very pure points” from 
the straight line in Fig. 1, taking signs into account, 
is 0.3%; the positive and negative deviations are 
randomly distributed over the entire temperature 
range. 

The present investigation results in an activation 
energy of 39 360 cal/mole and a frequency factor of 
0.031 cm?/sec. Both values differ severely from the 
most recently reported values (see Table II), which 
were obtained by Gatos and Kurtz‘ by means of an 
autoradiographic technique. Over the entire tempera- 
ture range the diffusion coefficients found by these 
authors are smaller than the coefficients calculated 
from Eq. (1), the difference being larger for low tem- 
peratures. The reason for this discrepancy is not known; 
however, the scatter in the previous experimental 
results is worse than in the present investigation (on the 
average 12% and 4.0%, respectively). It should be 
observed that within the experimental error, the activa- 
tion energy is in agreement with the results obtained by 
Kauffman and Koehler,” who calculated the activation 
energy from resistivity changes in quenched gold that 
was subsequently annealed.t The value for the activation 
energy is lower than one would expect on the basis of 
empirical rules, which relate the activation energy of 
self-diffusion in metals to the latent heat of melting, 
the melting point, or the heat of sublimation. 

It is of interest to compare the present data, together 
with other recently reported values for self-diffusion in 
face-centered cubic metals (all obtained by using the 
sectioning technique), with predictions made by theo- 
retical treatments on this subject. Various authors 
have, on the basis of thermodynamic arguments, re- 
lated the Dy and Q to other physical constants. For the 

12 J. W. Kauffman and J. S. Koehler, Phys. Rev. 88, 149 (1952) ; 
97, 555 (1955). See also F. Seitz and J. S. Koehler in Solid State 
Physics (Academic Press, Inc., New York, 1956), Vol. 2, p. 397. 

t Note added in proof—The present value for the activation 
energy is in excellent agreement with the results of quenching 


experiments, recently published by Bauerle, Klabande, and 
Koehler, Phys. Rev. 102, 1182 (1956). 


case of self-diffusion in face-centered cubic metals, 
assuming the vacancy-mechanism, these theories may 
be stated as follows. Zener’® suggested that the fre- 
quency factor may be written as 


Do=a’v exp(AS/R), 


in which a is the lattice constant, v the Debye fre- 
quency, and AS the entropy change. He then assumes 
that a fraction \ of the activation-energy Q goes into 
straining the lattice elastically, and shows that the 
entropy change can be written as 


AS= \8Q/ Tm, 


in which f is a constant proportional to the temperature 
dependence of the shear modulus and 7,, the melting 
point. From experimental data Zener calculated A, and 
he found that this is reasonably constant for several 
f.c.c. metals, the average value being 0.55. Based on the 
presumably more accurate data available now, we find 
the average value of \ to be 0.45 (see Table III). 

Le Claire expanded Zener’s theory and assumed 
that the enthalpy required to form a vacancy is pro- 
portional to the heat of sublimation Q,: 


AH,= R,Q,. 


He also assumed that the free energy of motion results 
from elastic strains which are localized in a volume pro- 
portional to the atomic volume 


AF 2= ky (M/p), 


in which y is the shear modulus, M the atomic weight, 
and p the density. It is assumed that k; and ke are 
constants for metals with the same structure. It is then 
possible to relate these constants to the experimental 
values for Dy and Q. Using older data, Le Claire found 
that k, and k2 are reasonably constant, the average 
values being respectively 0.215 and 0.215. Based on 
the data available now, we find 0.26 and 0.16, as shown 
in Table ITI. 

Another attempt to correlate diffusion data on the 
basis of Zener’s derivation was made by Buffington and 
Cohen.'* These authors calculated the elastic work done 
by the diffusing atom and related this energy to the 
total activation energy for diffusion. They derived the 
expression 

Q0=KEva*, 


in which Ep is the Young’s modulus and dp the lattice 
parameter, both at 0°K. As Zener did, they assumed 
that a fraction \p of Q is needed for straining the lattice. 
They derive the expression 


Do= ay exp[\pK Eoac®(y— 3a)/R], 


in which ¢ is the temperature dependence of E and a 


13C. Zener, J. Appl. Phys. 22, 372 (1951). 

4 A. D. Le Claire, Acta Metallurgica 1, 438 (1953). _ 

16 F. S, Buffington and M. Cohen, Acta Metallurgica 2, 660 
(1954). 
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TaBLE III. Comparison of recent self-diffusion data of f.c.c. metals with theoretical treatments. 








Sectioning technique 


Cu Ag 
Kuper Tomizuka 
et al.* et al. 


Autoradiographic 
technique 


u 
Gatos 
et als 


Au Pb 
Present Nachtrieb Pb 
work et al.e Okkersed Average 





Do in cm?/sec 
Qin kcal/mole 47.1+0.3 


Q/Q. 59 65 
Q/Om 15.2 16.1 
Q/T 35 36 
Zener‘ N 0.51 0.49 
Le Clairet ky 0.22 0.27 
he 0.16 0.18 
Buffington and Cohen® K 0.049 0.050 
XD 0.60 0.57 


44.1+0.2 


0.20+0.03 0.40+0.04 0.031--0.004 


0.27 
45.3 


0.28 
24.2+0.8 


0.740.45 


39.4+0.3 25.3+0.5 


44 52 55 51 
20.4 
40 


21.3 14.9 

42 34 
0.48 0.45 0.71 
0.26 0.26 0.05 
0.17 0.16 0.16 
0.048 0.047 0.052 
0.52 0.50 0.73 


12.9 
30 


0.35 
0.25 
0.12 
0.045 
0.36 


0.41 
0.29 
0.15 
0.046 
0.44 








© See reference 7. 
4 See reference 8. 


® See reference 5. 
b See reference 6. 


the coefficient of thermal expansion. Again, they found 
the constants K and Ap reasonably well constant for 
different metals, the average values being 0.0514 and 
0.64, respectively. From the data available now, these 
values appear to be 0.047 and 0.50 (see Table III). It 
should be noted that Zener’s \ and Buffington-Cohen’s 
Ap are calculated in essentially the same way, the 
difference being in the choice of the elastic modulus 
whose temperature derivative enters into the expression. 
It is then no surprise that these constants turn out to 
be about the same, namely 0.45 and 0.50. This value 
would indicate that approximately 50% of the activa- 
tion energy is elastic energy, associated with the forma- 
tion and motion of the defects. Nachtrieb and Handler'® 
proposed a mechanism for diffusion, in which the 
elementary diffusion act takes place in a small liquid- 
like region of disorder, in which a vacancy is distributed. 
They found support for this assumption in the emperical 


16N. H. Nachtrieb and G. S. Handler, Acta Metallurgica 2, 
797 (1954). 


® See reference 14. 
b See reference 15. 


© See reference 4. 
f See reference 13. 


rule that the activation energy is proportional to the 
heat_of melting, Q,,; older data suggested 


Q=16.50m. 


From Table ITI it appears that this rule is not justified. 

Upon surveying the available data, it appears to be 
very difficult to say which theoretical relation offers 
the best approach to the understanding of metallic 
diffusion. Morever, the scatter of the different constants 
appears to be larger than originally computed on the 
basis of older diffusion data. 


ACKNOWLEDGMENTS 


The author gratefully acknowledges the many stimu- 
lating discussions with the members of the diffusion 
group of the Department of Physics of the University 
of Illinois. He is especially indebted to Professor D. 
Lazarus for his encouragement and advice and to 
E. von Goeler for his assistance in some of the ex- 
periments. 





PHYSICAL REVIEW 


VOLUME 103, 


NUMBER 5 SEPTEMBER 1, 1956 


Theory of Cyclotron Resonance Absorption in Many-Valley Semiconductors* 
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A general theory of cyclotron absorption, appropriate for energy-dependent scattering processes, is 
developed for electron diamagnetic resonance in germanium and silicon. An examination of the absorption 
arising from intravalley lattice scattering for nondegenerate electrons in germanium based on the restriction 
of an isotropic, energy-independent mean free path is made over temperatures ranging from liquid nitrogen 
to liquid helium for the resonance associated with the directional combination of magnetic and electric fields 
H [001], E [110]. Comparison with the findings associated with the assumption of a constant mean free 
time reveals that precise absolute power absorption measurements would be required to distinguish between 


these two mechanisms. 





HE original interpretation of cyclotron resonance 
absorption was made in terms of a constant 
scattering time r.!? The purpose here is to give a more 
general theory of cyclotron resonance absorption that 
has a wider range of applicability. This is done by 
removing the restriction of a constant r and allowing 
for an energy dependence of the scattering time. 

If surfaces of constant energy are also surfaces of 
constant 7, the integrals appearing in the conductivity 
tensor for the rf case may be written down directly 
from those in the dc case* by replacing 1/7(6)=»(&) by 
v(&)+ jw, where w is the applied angular rf frequency, 


yielding 
4.3 + (v+ jw)?" E4(8 fo/d 8)d& 
at oa (y+ jw) +y? 


where n= 1,2, or 3 and 7; depends on the magnetic field 
and the band structure of the material involved. 

At the bottom of the conduction band of germanium 
the surfaces of constant energy are ellipsoids of revolu- 
tion with their major axes located along the (111) 
axes in the Brillouin zone.’ The eccentricity of the 
ellipsoids is denoted by K=m,/m,, the ratio of the 
longitudinal to the transverse mass. In the customary 
arrangement for observing cyclotron resonance, the rf 
electric field E, linearly polarized, is directed along a 
(110) axis and the magnetic field H is rotated in a plane 
perpendicular to this axis. When H;=H2= (H sin)/v2 
and H;=H cos@, where @ is the angle between H and 
the [001] axis (H is rotating in the (110) plane), the 
components of the conductivity tensor o may be 





* The research in this document was supported jointly by the 
U. S. Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology. 

¢ On educational leave from the Diamond Ordnance Fuze 
Laboratories, Washington, D. C. 

¢ A/2C, U. S. Air Force. 

1 Lax, Zeiger, and Dexter, Physica 20, 818 (1954). 

2 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

8 The integrals for the dc case derive from the Boltzmann 
transport equation as shown in B. Abeles and S. Meiboom [Phys. 
Rev. 95, 31 (1954) ] but without restricting the energy dependence 
of r. Extension to the ac case involves putting G of Eqs. (2) and 
(3) in M. Shibuya [Phys. Rev. 95, 1385 (1954) ] equal to Goet#*. 


written‘: 
O1=022=g[ 21+}yH°R? sin6z; |, 
o33= gl 21+ yh*H"°K? cos*6z; |, 
O12, 1 = g{t(2Gi°—Bi2§— B11) +R PR? sin; 
FhHK[2t sinO(S2*—¥2")+2 coséZ2]}, (2) 
023, 32= 031, 13= {US 1°—Bi*) 
+ (1/v2)yh?H?K? sin8 cosé23 
FhHK[(1/v2) sind(S2*+S2°+ 2y Ko") 
+t cos6(¥2°— 2") J}. 


In these equations the first pair of subscripts refers to 
the upper sign and the second pair to the lower, 


t=(K—1)/(2K+1), y=3/(2K+1), 

z= (K+2)/(2K+1), g=—2'em,/3yrh'm), 

h=e/m, La=Ba° tn +230%, 
ye=4K HH (K+2)+(K—1)(sin’@+-v2 sin26) ], 
ye=4eK A (K+2)+ (K—1)(sin*@—Vv?2 sin26) ], 


and 
yé=4PKH"[ (K+2)—(K—1) sin’6]. 


For the electric field in the [110] axis Ei=—E» 
=E/v2, E;=0 and the absorbed power P=ReE-J 
=ReE-c-E is given by 


P= Re} (outo2—o12—02)E* 
=Reg[ (912+ 31) (14+)+29:°(1-) J. (3) 


Restricting the magnetic field to the [001] direction 
reduces all the y? to 34#H?K(K+2)=y, so %,7=3,° 
=¥,,°=, and the absorbed power Poon =4gE* Re. 
If the collision frequency » varies with the energy as 
e?/l, where / is an isotropic energy-independent general- 
ized mean free path (an approximation for the case of 
intravalley lattice scattering in the acoustic mode‘) 
and if Boltzmann statistics apply, it is shown in the 


4 These may be deduced from Abeles and Meiboom (reference 3) 
by making suitable generalizations. 
5 M. Shibuya, reference 3. 
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CYCLOTRON RESONANCE 


appendix that 
Pon/Po= 3La(wi)+a(we) ], (4) 


where a(£)=1—#—# exp(#) Ei(—#), wi2=1(kT)} 
X (wy), and Po=aok, Po being the absorbed power 
for H=0 and w=0. The critical condition which admits 
resonance cannot be put into as simple a form as in the 
constant r theory where wr>1 is required.' However, 
this condition may be transformed to a relation con- 
taining mobility? u>y.=e/wm*. If w/2r=8900 Mc/sec 
and m*=0.12 mo, u-~2.6X 10° cm*/volt sec. The mo- 
bility 4=ooR, may be related to the generalized mean 
free path / by using the relations of Abeles and 
Meiboom!: 


ron \Vgar © 
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Fic. 1. Behavior of the function a(t) = 1—#—# exp(#) Ei(—#). 
Appearance of resonance may be understood since a(w2)—>1 while 
a(w,) remains essentially constant as w2—0, wi remains large. 


The highly transcendental character of the relation 
(4) makes graphical presentation an appropriate means 
for studying the situation in more detail. A plot of a(é) 
is given in Fig. 1. Existence of a resonance point can 
be seen by considering the arguments in Eq. (4). Reso- 
nance will occur at w= since here w2 becomes zero and 
a(we) reaches a maximum. If this were the only term 
involved, the resonance peak would be symmetrical. 
The asymmetry present enters through the term a(w) 
and is more pronounced as w;(2w) decreases. When 
w1(2w) is large, say > 2.5, the maximum will be sharp 
and only slightly displaced from the resonant field. 


ABSORPTION THEORY 





T T T 





Vd 
 T=77°%K (No) 





5 T=20°K (H2) 





| 


T=10°K 
de 





T=1°%K—~_| a 
T=0.1°K: T=4°K (He) 
0.4 0.6 0.8 1.0 1.2 1.4 1.6 18 
H/Ho 


Fic. 2. The relative power absorption for H [001] and E [110] 
characteristic of n-type germanium as a function of the normalized 
magnetic field, assuming an isotropic energy-independent mean 
free path. Temperatures are as shown and the mobility is assumed 
to be 1.9X10’T—-! cm?/volt sec. For the case considered, w/2r 
= 8900 Mc/sec and H»p=440 oersteds. 


























The absorbed power over a range of temperature is 
plotted in Fig. 2 against the normalized magnetic field 
H/Ho for an idealized sample of n-type germanium 
with a mobility® of 1.9 10’7—! cm?/volt sec. The mass 
constants* were taken as m,;=1.6mo and K=19, yield- 
ing wWy,2=1.8X10-°7-"(w+y). At 20°K, wi(2w)=2.26 
and w=2.1X10° cm*/volt sec placing this value very 
near the critical point for resonance as Fig. 2 indicates. 

For comparison, the absorbed power is plotted in 
Fig. 3 for various values of an energy-independent 
7, chosen to be equivalent to the temperatures in Fig. 2 
using the relation u=er/m*. It can be seen that there 
are differences in the line shape and, in the nonresonant 
region, differences in the absolute magnitudes at the 
maxima as well. In principle, therefore, absorption 
curves arising from these two types of scattering could 
be differentiated particularly in the nonresonant region. 
However, the difficulty of obtaining absolute measure- 
ments seems to rule out such differentiation. Until 
absolute measurements can be made with the required 
precision, the procedure of arbitrarily letting the scatter- 
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Fic. 3. The relative power absorption characteristic of n-type 
germanium, assuming an isotropic energy-independent mean free 
time_as a function of the normalized magnetic field H [001] with 
E [110]. The values of wr shown are related to the temperatures 
of Fig. 2 through the relation 1.=er/m*. Other conditions are as 
in Fig. 2. 


6 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., New York, 1950), p. 287. 





1252 


ing time 7 vary with the temperature in such a way as 
to fit the line shapes seems to be as practical an approach 
as any other. 


APPENDIX 


For the magnetic field in the [001] direction, the 
absorbed power is: 


(A-1) 





© (yt jw) &4(0 fo/dE)dE 
£ Pom=4gF Re f nae . 
ke. 0 (v+ jw)*+7* 


If one assumes that Boltzmann statistics apply and 
that the scattering frequency may be represented by 
v=!" 6}, the integral of Eq. (A-1) becomes: 
exp( &r/kT) 

Re$,= Re———_—_ 

kT 0 

(7? &+ jw!) exp(— &/kT)d & 
Xx 


8—ot+7*+ j(20 64) 





After taking the real part and collecting terms, Re}; 
becomes 


ReQ=Al f 
0 


a x+ (P/RT) w+") Je“*dx 
[++ (P/AT)(u*-+4*) sic 





[xt (P/RT) (P+) P— (2Pwy/kT)® 


with the substitutions x=6&/kT and A=—(kT) 
Xexp(&r/kT). Splitting into partial fractions yields: 


xe-*dx 

0 *+(P/kT) (w+)? 
Al ¢” xe-*dx 
24, et (P/AT)(w—1)? 








(A-4) 


GOLD, BULLIS, AND CAMPBELL 


Defining w;’= (P/kT) (w+)? and w= (P/kT)(w—y)?*, 


we have 


Regi= “fo f xe~*— (wr+we af e~*dx 


© e dx © ¢ dx 
+usf ws f | (A-5) 
0 0 x+w? 


With the substitution ‘=x+w,? in the last two terms 
of Eq. (A-5) these terms become —w,‘ exp(w,’) 
XEi(—w,’), where’ Ei(—&) is the exponential integral 


xt+w? 


© gt 


—Ei(-§= J ># 


Re3i= 14 Ia (w1) +a(wr) |, (A-6) 
where a(t)=1—#—£ exp(#) Ei(—#). Thus the ab- 
sorbed power becomes 

Pou= 4gX 3A LE*La (w1)+a(we) ], (A-7) 


or in terms of Po=o EK’, the absorbed power for H=0, 
and w=0: 


Thus 


Pooi/Po= 3La(wi)+a(we) J. (A-8) 


Clearly the existence and position of the resonance 
requires study of Eq. (A-5). Solution of the derivative 
of this with respect to y set equal to zero involves a 
highly transcendental equation and rather than graph- 
ical evaluation of the extremal properties, it is just as 
well to plot (A-5) or its equivalent (A-8). If only the 
resonant term, a(we), is considered, it can be shown 
analytically that a maximum or resonance point occurs 
when w2=0. 


7 See, for example, E. Jahnke and F. Emde, Tables of Functions 
(Dover Publications, New York, 1945), fourth edition, p. 1 
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The absolute values of W, the energy to produce one ion pair, for electrons have been determined for 
purified noble gases. A parallel plate extrapolation ionization chamber, which could be evacuated, was used. 
The gases investigated were Hz, He, Ne, A, Kr, and Xe; and the absolute values of W were 36.3; 40.3; 
35.3; 25.8; 24.7; 22.0 ev respectively based on W for air being 33.9 ev. 





N a previous publication,’ we described the measure- 
ment of W, the energy required to produce one ion 
pair, for several gases, when these gases were ionized 
by fast electrons. However, with the exception of 
argon, this investigation was limited to diatomic and 
polyatomic gases, and no purification was attempted. 
The energy absorbed in the walls of a parallel plate 
ionization chamber, which met the requirements of the 
Bragg-Gray principle, was determined by the use of a 
ferrous sulfate dosimeter. Within the accuracy of the 
selected value of G, the oxidation yield of the ferrous 
sulfate reaction, absolute W values were obtained. 
Although the agreement between our W values and 
those of Jesse and Sadauskis? was excellent, it was 
suggested by Jesse that it would be desirable to extend 
our measurements to include all of the noble gases for 
which they had obtained absolute alpha-particle values. 
Their electron values are all taken relative to argon 
and it is assumed that in the noble gases the W’s are 
the same for alpha particles and electrons. 
Consequently, a new sealed ionization chamber was 
designed through which purified gases could be circu- 
lated by means of a sylphon pump. The purification 
method was similar to that used by Jesse and Sadauskis 
and comparable gas purity was probably achieved. In 
the case of helium and neon, the gases were purified 
by circulation through a charcoal trap at liquid nitrogen 
temperature ; a liquid oxygen trap without charcoal was 
used for argon. Spectroscopically pure xenon and kryp- 
ton were used without circulation or further purifica- 
tion. X-rays from the 2-Mv Chemistry Department 
Van de Graaff generator were used as a radiation source. 


TABLE I. Summary of experimental data and results. 








Ww Jesse and 
this work Sadauskis 


(33.9) 34.1 
36.340.7 36.3 
40.3408 42.3 
35.340.7 36.7 
25.8+0.5 264 
24.7+0.5 
22.0+0.4 
31.2+0.6 
34.640.7 
26.4+0.5 


Suir? 


1.00 
0.26 
0.15 
0.66 
1.11 
2.05 
2.90 
1.10 
0.97 
1.18 


(arb. units) (2) 


60.7 83.2 
9.51 15.6 
7.75 35.0 

38.6 115.0 

89.3 195.0 

171 3178 
268 486° 

71.9 92.0 

57.9 80.5 

91.8 51.4 





C:Hy 








* Calculated from J =8.8Z. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. : 
t Now at Project Matterhorn, P.O. Box 451, Princeton, New 


ersey. 
J 1 J. Weis and W. Bernstein, Phys. Rev. 98, 1828 (1955). 
2 W. P. Jesse and J. Sadauskis, Phys. Rev. 97, 1668 (1955). 


In view of the fact that an absolute W value had 
previously been determined for air, only the ratio 
W ,/W sir was obtained in these measurements. In order 
to verify the reproducibility of the experiments, several 
gases, previously determined, were again measured. 
In the case of xenon and krypton, measurements were 
made at reduced pressures of approximately 5 cm to 
reduce the contribution to the ionization by the absorp- 
tion of x-rays in the gas itself; air and oxygen readings 
were taken at about the same pressure. The other gases 
and also air were run at approximately atmospheric 
pressure. Extrapolation curves were obtained for the 
high-Z gases and ethylene. 

The experimental results are tabulated in Table I. 
The vibrating reed readings are all normalized to the 
same pressure, temperature, and resistor value. The 
ratio Wgas/W air is given by the following equation: 


W gas 
W air 


where i,ir and iga, are the ionization currents in arbitrary 
units and S,° is the ratio of the stopping powers of gas 
to air and includes the number of electrons/cc and the 
stopping power per electron. These were calculated as 
described in reference 1: the values of J, the average 
ionization potential, are listed in column 3. The W 
values for the different gases were obtained using 
33.9 ev for air. 

These values are again in excellent agreement with 
those of Jesse and Sadauskis. The slight discrepancies 
are probably within the experimental error, estimated 
to be approximately +2%. Certainly systematic errors 
which cannot be accurately evaluated are present. For 
example, in the case oi He, the value of 5,’ is markedly 
dependent on the value selected for the average ioniza- 
tion potential for which a variety of values exist in the 
literature. In the case of Ne, ordinary tank gas was used 
and it is perhaps uncertain whether purification was 
complete. Perhaps the most significant point is that 
Jesse’s assumption that the alpha and electron W’s 
for the noble gases are the same is valid to within 3%. 
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The contributions of the electrons in the H2-molecule to the moment of inertia is calculated by assuming 
irrotational flow for the motion of the electrons. Approximate expressions for the flow are obtained by 
means of a variational principle. It is found that the model accounts for at least 90% of the observed moment 
of inertia. Also the dependence of the moment of inertia on the internuclear spacing and the magnetic field 
of the electrons acting on the nuclei are calculated and found to be in rather good agreement with the 


experimental values. 





INTRODUCTION 


ECENT high-precision measurements of the radio- 
frequency spectra of H,, HD, and D: have led to 
an accurate determination of certain molecular pa- 
rameters associated with the effect of the rotation on 
the motion of the electrons.'~* Thus the so-called high- 
frequency term in the molecular magnetic susceptibility, 
which is directly related to the contribution of the 
electrons to the rotational moment of inertia, has been 
determined for zeroth vibrational, first and second 
rotational states. The magnetic field which acts on the 
nuclei as a consequence of the rotation of the electrons, 
has also been measured. 

The rotational motion is close to that corresponding 
to the model of irrotational flow,* for which the moment 
of inertia is strongly dependent on the eccentricity of 
the electron density and vanishes for spherical sym- 
metry. The irrotational flow model is exactly valid for 
a single electron in the lowest binding states in a 
rotating potential.‘ For the two electrons in the hydro- 
gen molecule, the model remains valid in the approxi- 
mation in which the electrons may be considered as 
moving independently in an average potential. We 
shall here attempt to calculate the molecular parameters 
on the basis of this approximation. 


EXPERIMENTAL RESULTS 


The high-frequency term in the diamagnetic suscepti- 
bility &n¢ is related to the rotational magnetic moment,® 
and is therefore a measurable quantity. It is assumed 
by Ramsey® that &; varies with the internuclear 
spacing R as R’, that is 


fnr=F(R/R.)', (1) 


where R, is the internuclear spacing for a nonvibrating 
and nonrotating molecule. From measurements of the 
rotational magnetic moment in the first rotational 
states in Hy, and Dg, or first and second rotational states 


1 Barnes, Bray, and Ramsey, Phys. Rev. 94, 893 (1954). 

? Harrick, Barnes, Bray, and Ramsey, Phys. Rev. 90, 260 
(1953). 

* Kolsky, Phipps, Ramsey, and Silsbee, Phys. Rev. 87, 395 
(1952). 

4G. C. Wick, Phys. Rev. 73, 51 (1948). 

5 N. F. Ramsey, Phys. Rev. 87, 1075 (1952). 


in He, Ramsey et al. found! 
oéns)1= (1.719+0.009) X 10- erg gauss~*/molecule, ’ 
1=3.76+0.10. (2) 


By using formulas given by Ramsey,* one finds, with 
this value of /: 


o((R/R.)")1=1.224-+0.009. (3) 
Thus from (1) one obtains: 


tnr(R=R,) =F .= (1.404+0.010) 
X10-* erg gauss~*/molecule. (4) 


The moment of inertia, {¥, is related to Ens by 
S=3(2mc/e)*Ens, (5) 

and from (4) one then finds: 

Sexp= (0.270340.0020) X 10 erg sec?/molecule. (6) 


The magnetic field Hy produced by the electrons at 
the position of one of the nuclei, is also measured in 
first rotational states in both Hz and De. Assuming 


Hy=0G,(R/R.)”, (7) 


where © is the angular velocity, Ramsey et al. find? 


Hn 
() = (11.25+0.05) gauss, 
o\2I/, 


(8) 


0.8<m<24, or —24<m<—08, 


where J is the rotational angular momentum. This gives 
1 
a R,) = (11.34+0.28) gauss. (9) 
I 


THEORETICAL EXPRESSIONS 


Since the molecule rotates very slowly compared 
with the motion of the electrons, the effect of rotation 
can be obtained by perturbation theory. 


In a rotating coordinate system, we have 
{H—-QL,}¥= EW, (10) 


where L, is the component along the axis of the rotation 
of the total orbital angular momentum of all the 
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electrons. Spin terms are not included since it is assumed 
that the spin orbit coupling may be neglected. To first 
order in 2, we then have 


W=potd2’ Wn, (11) 
an=20|L,|n)/(En— Ep). (12) 


Yo and y,, represent ground and excited states of the 
nonrotating molecule. 
The increase in energy caused by the rotation is 


AE= Erot = £302, 


where 


(13) 
with 


| O|Laln)|2 
S=22 E,— Eo 


(14) 


For the magnetic field Hy produced by the rotating 
electrons at the nucleus, we have 


1 prXj 
n=- | —dr 
co 


Qe s (0| L.|nXn|L./r*|0)+-(0| L./r*|n)Xn| L,|0) 


02% ’ 


mo n E,— Eo 
(15) 





where the origin of r is the nucleus at which the mag- 
netic field is determined, and j is the electron current 
density. 


POTENTIAL FLOW APPROXIMATION 
We introduce a density distribution 
o()=m f ve b(—n)dr (16) 


for the ground state, and a velocity field given by the 
equations 
(17) 


(18) 


Vp V—20p/dy=0, 
vx V=0. 


For this potential flow, the energy of rotation is given by 


we f pV'dr=4 Gin, (19) 


where {¥i;r is defined by the last equation. 
Moreover, for the magnetic field Hy produced by 
this flow, one obtains 


e rrXpV 
(H)in=— f dr. 
rs 


mec 


(20) 


(a) One Electron 


Suppose for a moment that there is only one electron. 
The current density, to first order in Q, is then given by 


j= (ih/m)>dn an{PoVWn—VnV¥o}, (21) 
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where Yo and y, are assumed to be real. Since the 
ground state wave function Yo has no nodes, we may 
introduce‘ the velocity field 


V=j/p, 


where p is the density (16). As is easily seen, V satisfies 
both Eqs. (17) and (18). Moreover, if we use this 
expression for V in (19) and (20) and compare the 
result with (14) and (15), the result will be 


3 =Sirr, Hy= (Hy)irr. 


In this case, therefore, the potential flow model has 
exact validity.4 


(22) 


(b) Two Electrons 


For a system of two electrons in the ground state, 
it is possible to show that 


3>Dise. 


To see this, we introduce 


(23) 


ih 
ji(ti,82) = hh (11,%2) — V (11,82) Vi* (11,82)} 
m 


ih 
oo } hy On{Wo(t1,82)V Wn (1,82) 
mn 


—Wn(¥i,%2)Vivo(ti,82)}. (24) 


Since Yo is always different from zero, we may also define 


Vi (11,82) =ji/o’; 
where 
p' (11,02) = mo? (11,82). 


By comparing the result with (19), one sees that 


i? 
Yer= fovedrdrs= J drydr>. 
mp 


Using Schwarz’s inequality, we find 


i? 2 
fran [ved ( firs) ’ 
vo 


and from (25) it thus follows that 


gare f 


where p is defined by (16), and where 


j(1)= finer 
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is the usual current density. If we write 


V'=j/p, (29) 


we get from (27) 


Se> f pV"dr. (30) 


It is easy to see that V’ satisfies (17), but that 
Vx V’=a. 


We may divide V’ in two parts, V and V”’, where V is 
the potential flow satisfying (17) and (18) and where 


VeV"=0, VXV"=a. 
Substituting this into (30), we get 


Ya2> fowvsverar= fovrart [ ovrar> fovrar, 


and thus 


I> Daw 


If the electrons can be considered as moving inde- 
pendently, so that y is a product wave function, one 
gets the exact result 


S=Sier and a=0. 


The magnetic field Hy is that produced by the total 
velocity field V’ [see (29)], and (Hy)irr represents the 
part which is caused by the irrotational part of this field. 

In the case of more than two electrons, the ground 
state wave function possesses nodes, and the rotational 
motion is then in general essentially different from that 
of the potential flow model. In the limit of many 
particles moving independently in a rotating field, it 
may be shown that for the ground state the moment of 
inertia approaches that corresponding to rigid rotation.® 


VARIATIONAL PRINCIPLE 


If, in accordance with (18), we put V=—V¢, the 
velocity potential ¢ is given as a solution of the equation 


V(pVo)+20p/dge=0. (31) 


Taste I. Calculation of Sirr using Nordsieck’s wave function. 
The trial function has the form ¢triai= Cixy+Cory®+Cyx*y+Cyry?, 
The table shows the result obtained by including one, two, three, 
and four terms in this trial function. R= 1.4aq. 








Sir 
erg sec? 


molecule 


0.2088 X10-« 
0.2174 X10-4 
0.2228 X10-« 
0.2274 X10-4 


C:/QR* C3/QR* C./QR-4 





—0.01646 
—0.01493 
—0.02851 


—0.01126 


0. 
—0.01094 0.001504 0.08930 





* A. Bohr and B. Mottelson, se Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 1 (1955 
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In‘order to find an approximate solution of (31), we 


introduce a variational principle.’ 
Defining 


(32) 


0 
. f Qp—d-+40(V4)* dr, 
dg 


we get by partial integration and use of (31) 
Yir= —2I. 


As is easily seen, 5%;,-=0 for first-order variations of ¢ 
around a solution to (31). If we put ¢tria=¢+¢’, 
where ¢ is an exact solution of (31), we get from (32) 


(33) 


1 
Ttrial= Texaat f (or. 


It thus follows that the moment of inertia obtained 
from (32) and (33) by using a trial velocity potential, 
is always smaller than the exact irrotational value, 


TABLE II. Calculation of Sirr using Nordsieck’s wave function 
and the trial function: ¢triat= Civy+Cory®+Cyetxy. R=1.4¢n. 








Sur Bier 


atomic erg sec? 
units molecule 


0.08613 0.219310“ 


C:/2 
0.1867 


C1/QR* 
—0.01591 


C;/QR* 
—0.01246 











that is, 
iret < Yin 8". 


NUMERICAL RESULTS 


As trial function we have chosen 
drriat=Civyt+Coxry®+Cyxtyt+Cyry'+ tee, 


which satisfies the symmetry properties required by 
(31). To obtain the electron density distribution, we 
first employ the wave function suggested by Nordsieck.® 
The result of the calculation is shown in Table I, for 
an internuclear spacing R, equal to the equilibrium 
value 1.4aq where ay is Bohr’s radius. 

As is seen from (34), we have omitted all terms 
containing z. To justify this, we have also performed 
the calculation using 


Pri =Cixyt+Cory’+Cyexy. 


The result is given in Table II, and it is seen that the 
contribution from this new term is small compared 
with the contributions from 2*y and xy. 

We have also carried out the calculations using a 
ground state wave function introduced by Newell.® The 
result is given in Table III. 


(34) 


? This variational principle was suggested to us by Professor 
F. J. Dyson. 

SA, Nordsieck, Phys. Rev. 58, 310 (1940). 

°G. F. Newell, Phys. Rev. 78, 711 (1950). 
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Of the two wave functions used, Newell’s seems to 
be the better one, first, because it gives a better 
dissociation energy (Nordsieck : 4.0 ev; Newell 4.5 ev; 
Exp. : 4.72 ev), secondly, because it gives a better value 
of the quadrupole moment Q, of the electron distri- 
bution. For this quantity, Nordsieck’s and Newell’s 
wave functions give the values 1.057a,q’ and 1.082a,’, 
respectively, while the very accurate wave function of 
James and Coolidge” leads to the value 0,=1.076ay?, 
which is in good agreement with the experimental value. 

The importance of Q, for the present purpose is seen 
from the fact that if we use only the first term of the 
trial function (34), we get 


1 OF 
,._ trial _. — " 
Sire 4 (a2-+52) 


Thus the best value of $¥;,,*t**! is that obtained from 
Newell’s wave function, which gives (see Table III). 


(35) 


erg sec? 
Sirst#!= 0.2422 10-“ ———_. 
molecule 


(36) 


Since {irr‘t*! represents a lower limit of Sir, we 
conclude that the potential flow approximation accounts 
for at least 90% of the actual moment of inertia $, 
given by (6). 

As seen from Table III, we have performed the 
calculation of Si, for three values of R (R=1.3aq, 
1.4¢y, and 1.5aq), using Newell’s wave function. From 
these results we obtain for the exponent in (1) 


1=3.40, (37) 


which is to be compared with the experimental value 
1=3.76. 

It is instructive to consider the behavior of { in the 
two limits of Raq and R>ag. In the latter limit, 
the potential flow model gives the rigid moment of 
inertia, and thus S'~R?®. For Rag, the molecule 
resembles a He atom with a nuclear quadrupole mo- 
ment. Considering the combined effect of the quadru- 
pole field and the rotational perturbation QL,, one 
finds from a fourth-order perturbation calculation 
S~R*. A quantitative calculation of $ in this region 
is made difficult by the necessity to take into account 
the mutual screening effect of the electrons. 

The fact that the observed value of / is rather close 
to the value for Ray, is consistent with the fact that 
SYovsK I rig, and is connected with the small eccentricity 
of the electron density distribution in the hydrogen 
molecule. 


1H. M. James and A. S. Coolidge, Astrophys. J. 87, 447 (1938). 
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TABLE III. Calculation of Sirr using Newell’s wave function 
and the trial function: ¢trisi=Ciry+Cory®+Csr4y+Cyry®. The 
calculations are performed for three values of the internuclear 


spacing. 








C:/QR 


R=1,30n 


C3/QR* C./QR-4 


Sire 
atomic 
units 


Sire 


erg sec? 
molecule 





—0.01487 
—0.01322 
—0.01996 


—0.01102 


—0.01070 0,0007112 


0.07028 
0.07619 
0.07892 
0.07966 


0.1790 X10-« 
0.1941 X10-« 
0.2010 X10~“ 
0.2029 X10-# 





C2/QR* 


R=1.40n 


C:/QR? C./QR* 


ur 
atomic 
units 


irr 
erg sec? 
molecule 





—0.01701 
—0.01536 
—0.02777 


—0,.01243 


—0.01221 0,001353 


0.08443 
0.09071 
0.09348 
0.09511 


0.2150 X10-« 
0.2310 X10-“ 
0.2381 X10-# 
0.2422 X10-# 





C:/QR* 


R=1.5en 


C:/QR* Cs/QR~4 


Bice 
atomic 
units 


ire 
erg sec? 
molecule 





—0.02075 
—0.01879 


—0.01405 


0.1105 
0.1187 
0.1218 


0.2814 X10-“ 
0.3023 X10-“ 
0.3103 X10-“ 


—0.03375 —0.01363 0.001791 0.1238 0.3155 X10- 








As to (Hw)irr, we have performed the calculation by 
employing Nordsieck’s wave function and including 
only the first term in the trial function (34). The result 
is 


(Hy/2]) irr****'=9.8 gauss, (38) 


which is to be compared with the experimental value 
Hy/2I'=11.34 gauss given by (9). The agreement must 
be considered as rather satisfactory since Hy is not 
calculated by a variational principle. 

As seen from (8), the experimental value of m is 
rather uncertain. It is also here instructive to consider 
the behavior of Hy in the limits Ray and Ray. 
In the latter Hy~QR™. In the limit Rag, one can 
obtain some information by using perturbation calcu- 
lation on the helium atom. Since second-order terms 
will give a contribution because of the factor r°, which 
appears in the formulas for Hy [see (15) ], one gets 
Hy~QR’; that is, m=2. One would expect, therefore, 
an experimental value of m between —1 and 2, and 
rather close to 2, which is consistent with the experi- 
mental results. 
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The increase in positronium formation due to a static electric 
field has been measured in various gases including He, Ne, A, He, 
Dz, No, and several more complex molecular gases by a study of the 
energy spectrum of the annihilation y radiation. For the rare gases 
the increase has a sigmoid dependence on the ratio of electric field 
to pressure. The fraction of the positrons that form positronium in- 
creases by a maximum factor of 1.5, 1.4, and 2.1 for He, Ne, and A, 
respectively. A similar increase was observed for Hz, De, and N2. 
No effect of the electric field was found in the polyatomic gases 
CO2, CH,, C2He, and CCl.F2, but a small anomalous decrease in 
positronium formation was seen in SFs. Some data are given using 


a microwave field at 2460 Mc/sec. The detailed theory of the in- 
crease given in the following paper provides a basis for obtaining 
from the observed data values of the elastic scattering cross section 
of positrons by the rare gas atoms, which are 0.023za,?, 0.122a?, 
and 1.2rac?+25% for He, Ne, and A, respectively. Quantitative 
interpretation for the polyatomic gases is more difficult. At the 
high electric fields for which positronium formation has its maxi- 
mum value, the fraction of positrons forming positronium is be- 
tween 50% and 80% for the rare gases and for Hz and No»; the 
mode of decay of the remaining positrons is not understood. 





1. INTRODUCTION 


REVIOUS work on the formation of positronium 
by positrons stopping in gases has been discussed 
in several review articles.':* Deutsch’ first reported the 
abundant formation of positronium in gases from his 
studies on the time delay and energy spectrum of the 
annihilation y radiation. A basic tool in his studies was 
the marked effect on the annihilation radiation of a 
small amount of NO gas, which was interpreted as due 
to the conversion of orthopositronium to paraposi- 
tronium in collisions with the paramagnetic NO 
molecules. Pond‘ measured the fraction of the positrons 
that form positronium in a gas by observing the effect 
of NO gas on the two-quantum coincidence rate. From 
these data, together with the assumption that the ratio 
of the number of orthopositronium atoms formed to 
the number of parapositronium atoms formed equals 
the statistical weight factor of 3, it can be deduced that 
the fraction of positrons forming positronium in the 
gases He, A, He, and Nz is between 0.2 and 0.4. De- 
Benedetti and Siegel’ compared the amount of posi- 
tronium formation in various gases by observation of 
the relative three-quantum coincidence counting rates, 
and concluded that the fraction of positrons forming 
positronium in the gases He, He, Ne, SF¢, and CClF»2 
is the same within + 25%. 
Ore® has given a qualitative discussion of the forma- 
* A preliminary report on this work has been given: Phys. Rev. 
98, 1173(A) (1955). 
t This work was partially supported by the U. S. Atomic 
Energy Commission. 
To be submitted in partial fulfillment of the Ph.D. thesis 
requirement at Columbia University. 
1M. Deutsch, Progr. Nuclear Phys. 3, 131 (1953). 
2S. DeBenedetti and H. C. Corben, in Annual Review 9f Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 191. 
’M. Deutsch, Phys. Rev. 82, 455 (1951). 
4T. A. Pond, Phys. Rev. 85, 489 (1952). 
5S. DeBenedetti and R. Siegel, Phys. Rev. 94, 955 (1954). 


* A. Ore, Universitetet i Bergen Arbok 1949, Naturvitenskapelig 
rekke No. 9. 


tion of positronium in gases. Positrons emitted from a 
radioactive source are slowed down in the gas by 
ionization and excitation processes until they reach 
kinetic energies of the order of the ionization energy of 
the gas, and the last inelastic collision leaves the 
positrons uniformly distributed in energy. That only 
several percent of the positrons will annihilate in flight 
in the slowing down process has been indicated both 
experimentally’ and theoretically. From Ore’s argu- 
ments, it then follows that the fraction ¢ of the positrons 
that form positronium in a gas will lie in the range 


(Eexe— Evnr)/ Exe <@¢ < (Eion— Ewnr)/Eion, 


in which Ejon is the ionization energy of the gas atom, 
Exe is the excitation energy of the lowest excited state 
of the atom, and Ew, is the threshold energy for 
positronium formation (Einr= Eion— 6.8; 6.8 ev is the 
binding energy of the ground state of positronium). 
The experimental data on all gases studied fall within 
the theoretical limits calculated from this expression. 
Any positron which falls to an energy below Eun, will 
be annihilated in a collision with an electron in a gas 
atom without the formation of positronium. Since the 
cross section for annihilation of a free positron is small 
compared to the cross sections for ionization, excitation, 
or positronium formation when these latter processes 
are energetically possible, all except several percent of 
the annihilation of free positrons is expected to occur 
for positrons with energies below Fine. 

The increase in positronium formation due to an 
electric field was first observed by Deutsch and Brown? 
during their radio-frequency measurement of the Zeeman 
effect of positronium. They suggested that the enhanced 
formation is due to the gain of kinetic energy from the 


7 Gerhart, Carlson, and Sherr, Phys. Rev. 94, 917 (1954); 
H. W. Kendall and M. Deutsch, Phys. Rev. 101, 20 (1956). 

8 H. A. Bethe, Proc. Roy. Soc. (London) A150, 129 (1935). 

9M. Deutsch and S. C. Brown, Phys. Rev. 85, 1047 (1952). 
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rf electric field by positrons which fall to a kinetic 
energy below the threshold energy for positronium 
formation. In the absence of an electric field, all such 
positrons would annihilate with electrons in the gas 
atoms without any formation of positronium; in the 
presence of an electric field these positrons can gain 
energy from the field to cross the threshold energy for 
positronium formation, and thus an increase in posi- 
tronium formation occurs. Deutsch! has also reported 
briefly that an increase in positronium formation was 
observed upon application of a static electric field. 

The detailed investigations in this and the following 
paper” on the effect of an electric field on positronium 
formation were undertaken to obtain a better under- 
standing of the behavior of positrons in a gas. Such 
understanding is helpful to experiments on the fine 
structure of positronium and to searches for the 
excited states of positronium. 

This paper presents the experimental observations on 
the effect of an electric field on positronium formation 
in various gases including He, A, Ne, He, De, Ne, and 
several more complex molecular gases. The majority 
of the data were taken using a static electric field, but 
some data were obtained using a microwave field at 
about 2460 Mc/sec. The experiment consists in 
observing the shape of the energy distribution of the 
annihilation y radiation as a function of the applied 
electric field. From these data the change in the fraction 
of positrons that form positronium as a function of the 
electric field is obtained. The accompanying paper by 
Teutsch and Hughes gives a theory of the effect of an 
electric field on positronium formation in gases. The 
experimental results can be interpreted with the aid 
of this theory to yield a value for the elastic scattering 
cross section of a positron by a gas atom. 


2. APPARATUS AND PROCEDURE 


The apparatus used in this experiment was basically 
the same as that used by Hughes, Marder, and Wu,” 
and only the few differences will be noted here. A 
cavity of the same external dimensions was used, but 
the interior was modified to allow for the application 
of a uniform electric field. A static voltage was applied 
to two parallel copper plates which are 10 cm in diameter 
and are separated by a distance of 4 cm. These field 
plates were insulated from the cavity by Teflon sheets 
which had circular depressions to hold the field plates, 
and the voltage leads were brought into the cavity 
through two Kovar to glass seals. The Cu™ source was 
the same as in the experiment of HMW, but was set 
into a depression } in. in diameter and 35 in. deep at 
the center of one of the field plates and then held in 
place by a copper spring. No internal lead shielding 


10 W. B. Teutsch and V. W. Hughes, Phys. Rev. 103, 1266 (1956), 
following paper. 

11 Hughes, Marder, and Wu, Phys. Rev. 98, 1840 (1955). This 
paper will be referred to hereafter as HMW. 


IN GASES: EXPERIMENTAL 


Fic. 1. Positron 
annihilation spectra. 
Number of counts, 
normalized to 100 
at the peak, vs y- 
ray energy for Cu# 
source in argon at 
1.2 atmos with a 
magnetic field of 
7200 gauss. For the 
experimental curves 
with crosses and 
open triangles, the 
electric field had the 
values 0 and 706 
volts/cm, respec- 
tively; for the curve 
with open circles an 
NO gas concentra- 
tion of 6% was used. 
The peak region 
from 485 to 530 kev 
and the valley region 
from 345 to 390 kev 
are indicated by 
arrows. A point in 
the valley represents 
approximately 480 
counts in the case of 
argon alone, and 
approximately 170 
counts in the case of 
argon plus 6% NO. 
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could be used inside the cavity, because of the distortion 
this would introduce in the electric field. 

In order to obtain reproducible results, it was found 
necessary to observe certain precautions to insure 
cleanliness of the cavity and purity of the gas. The 
size of the pumping line to the cavity was increased, 
and a liquid air trap was inserted. After the source was 
placed in the cavity, the system was pumped for about 
three hours to a pressure of about 5X10-° mm of Hg, 
and on some occasions further removal of residual gas 
was attempted by applying 3000 volts to the field plates. 
The cavity was then filled with gas and the system was 
shut off from the gas supply. The helium and argon 
gases used were of commercial grade with a minimum 
purity of 99.9%. In order to obtain reproducible results 
for argon it was found helpful to pass the gas into the 
system through a calcium purifier. Research grade neon 
was used with an impurity of less than 1 part in 10*. 
All of the other gases employed were of commercial 
grade. 

A magnetic field of between 5000 and 7500 gauss, 
whose direction was parallel to that of the electric 
field, was employed for almost all the measurements, 
because it focused the positrons in the center of the 
cavity. This focusing effect increased the counting 
rate due to positron annihilations in the gas, and 
decreased the background counting rate due to positron 
annihilations in the cavity walls. Furthermore it 
maintained the positrons in the region of homogeneous 
electric field. 

The energy spectrum of the annihilation y radiation 
was observed for a given gas as a function of the applied 
electric field, and, in addition, the annihilation spectrum 
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Fic. 2. Valley to peak ratio R¥(&) of y-ray spectrum 2s elec- 
tric field for the rare gases, experimental relationships. Open 
circles, full circles, and half-full circles are for argon at a pressure 
of 2.0 atmos; open and full triangles are for argon at 1.2 atmos; 
crosses are for neon at 2.0 atmos; squares are for helium at 2.7 
atmos. 


was observed when a small amount of NO was added 
(partial pressure of the NO from 1% to 5%). Typical 
spectra are shown in Fig. 1 for the case of argon at a 
pressure of 1.2 atmospheres. The curves have been 
normalized to the value of 100 at the peak, and, except 
for the curve involving the electric field, are of the 
type discussed with reference to Fig. 2 of HMW. 


3. ANALYSIS OF DATA AND RESULTS 


The application of the electric field is seen (Fig. 1) to 
cause an increase in the number of counts in the valley 
energy region (345 to 390 kev) relative to the number 
of counts in the peak energy region (485 to 530 kev). 
This increase is interpreted as an increase in the number 
of three quantum decays from orthopositronium (whose 
y-Tay energies are lower than 510 kev) relative to the 
number of two-quantum decays, and hence as an 
increase in the fraction of positrons that form 
positronium. 

Figure 2 shows the observed ratio R¥(&) of the 
number of counts in the valley energy region to the 
number of counts in the peak energy region as a 
function of the applied electric field & for the gases 
helium, neon, and argon. In all cases the value of 
R#(&), which is a measure of the amount of posi- 
tronium formation, increases with electric field in a 
sigmoid fashion to a maximum value. The amount of 
the increase in R¥(&) and the electric field region in 
which the increase occurs differ for the different gases. 
The effect of pressure is indicated by the argon data 
at 1.2 and 2.0 atmos. 

To obtain an expression for the fraction of positrons 
forming positronium, ¢(&), in terms of the experi- 
mentally observed quantities, the following equations 
are written for the number of counts appearing in the 
peak energy regions under the various experimental 
conditions. For the number of counts in the peak 
energy region: 

P#=N,"(g,+Kegp 


+ (FGo+2Gi)go+(1—F)g,], (1a) 
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P#(8)=N5"(6)[got+K(6)g> 
+ (FGo+2G;)go+ (1—F gp], 


P=N,*[4+K], (1c) 
P°(8)=N,"(8)[4+K(8)]. (1d) 


There will be corresponding expressions for V¥, 
V#(&), V° and V°(&) in which there will appear Ho 
and H, instead of Gp and G; and h, and Apo instead of 
Zp and go. These equations are almost identical to 
Eqs. (8) of HMW, and the discussion of notation and 
justification of the equations given in HWM will not be 
repeated in detail here. All of these equations apply to 
measurements made with a strong magnetic field 
applied. Equation (1a) holds for the condition of pure 
gas and no applied electric field, and Eq. (1b) holds 
for the condition of pure gas and an applied electric 
field. Equations (1c) and (id) are the corresponding 
expressions when a small amount of NO is added. The 
quantity gp and the quantities goGo and goG; are the 
probabilities that an annihilation y ray from para- 
positronium and orthopositronium decays, respectively, 
will be counted in the peak region of the energy spec- 
trum, in which Gp and G, account for the difference in 
angular distribution of the annihilation quanta from 
the different magnetic substates of orthopositronium. 
The quantity F is the fraction of M=0 orthoposi- 
tron’'m atoms which decay by three-quantum annihi- 
lation in the presence of the magnetic field H. 

The quantities VN,” and N,”(&) are the number 
of parapositronium atom annihilations with and without 
an electric field present respectively. It is assumed that 
orthopositronium and parapositronium atoms are 
formed in the statistical ratio of 3 to 1 under all experi- 
mental conditions. The quantities K and K(&) are 
the ratios of the number of positrons which annihilate 
directly to the number of positrons which form para- 
positronium with and without an electric field present 
respectively. Hence the fraction of positrons which 
form positronium when an electric field is present, 
¢(&), is given by: ¢(&)=4/[4+K(6) ]. The quantity 
@=¢(8&)/¢(0), which is the ratio of the fraction of 
positrons that form positronium in an electric field 
to the fraction that form positronium in zero field, is 
the quantity obtained from the measurements. Under 
the assumption that the number of positrons annihi- 
lating in the volume viewed by the scintillation spec- 
trometer is independent of the electric field, Eqs. (1) 
can be solved without approximation for ® to yield: 


PMO RMS)-R 
pH (RH—R,) 


(1b) 


(2) 





It is to be noted that @ is determined entirely by 
quantities obtained from the annihilation spectra, and 
hence a knowledge of probability factors, angular 
distribution corrections, and the fraction of ortho- 
positronium quenched by the magnetic field is not 
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required. If it is assumed that K and K(6&) do not 
depend on the magnetic field, then @ will be independent 
of H. Thisassumption only requires that the mechanisms 
of the formation of positronium and of the energy gain 
by the positrons from the electric field be independent 
of the magnetic field. Furthermore, ® will be inde- 
pendent of any collision quenching of orthopositronium, 
provided such quenching is independent of 6. 

Many factors must be considered in deciding upon 
the accuracy with which (6) is determined by the 
measurements. The statistical probable error in the 
R and P values associated with the number of counts 
was between 1.5 and 2.5% for all gases and for all 
values of the electric field. Because no internal lead 
shielding could be used in the cavity owing to the need 
for a uniform electric field, background wall counts were 
larger than for the experiment of HMW. If the back- 
ground counting rate is defined as one-half of the 
counting rate observed when the cavity is evacuated, it 
amounts to between 2.5 and 14% of the total counting 
rate for the various peak and valley readings taken. 
Still @ depends only on quantities which are ratios 
of observed counts, and the background effects in the 
numerator and denominator of each ratio tend to 
cancel, so that the error introduced in ® is approxi- 
mately that of the statistical counting error. 

The positrons were collimated by the strong mag- 
netic field of 5000 to 7500 gauss within about 2 cm of 
the field axis, so that edge-effect inhomogeneities in 
the electric field were less than 2%. The electric field 
was known to about 2% in view of the meters used and 
the deviations of the actual geometry from plane 
parallel plates. It will be recalled that the derivation 
of the expression (2) for @ assumed that the electric 
field did not affect the number of positron annihilations 
occurring in the region of the cavity viewed by the 
scintillation spectrometer. It might be expected that 
this assumption is valid because the applied potentials 
(<8 kv) were small compared to the initial energies of 
the positrons (for Cu™ the maximum kinetic energy is 
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Fic. 3. Figure illustrating the effect of impurities in neon. 
Valley to peak ratio R¥(&) of y-ray spectrum vs electric field, 
experimental relationships. Open and full circles show data ob- 
tained with neon at a pressure of 2.0 atmos; crosses show data 
obtained in neon which has a contamination of CCl2F» of the order 
of one part in 10‘ at a total pressure of 2.0 atmos; triangles show 
data obtained in a mixture of neon plus 3% by volume of CCl.F: 
at a total pressure of 2.0 atmos. 
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Fic. 4. Figure illustrating the reproducibility of data on helium. 
Valley to peak ratio R¥(&) of y-ray spectrum vs electric field, 
empirical relationships. Each symbol indicates data obtained 
7 a different filling of the cavity with helium at a pressure of 

./ atmos. 


650 kev), and, furthermore, when the positrons have 
been slowed down their drift velocities due to the 
electric field are too small for them to move an ap- 
preciable distance during their lifetime. The validity of 
this assumption was supported by the experimental 
observation that no variation in the various counting 
rates was seen when the polarity of the electric field 
was changed. The pressure was measured with an 
Ashcroft pressure gauge, calibrated against a mercury 
manometer, and hence is known to about 1%. 

Slight impurities in the gas were found to be a 
principal cause of lack of reproducibility in the experi- 
mental data. Deutsch! has pointed out that polyatomic 
gas impurities can suppress the enhancing effect of the 
electric field on positronium formation, and the explana- 
tion of this effect will be discussed further in the next 
section and in the following paper. The suppression of 
the electric field effect in neon by small amounts of 
freon is shown in Fig. 3. The gases SF, and NO were 
found to produce a similar effect. On the other hand, 
admixture of a few percent of argon with neon or the 
reverse did not noticeably affect the electric field effect 
characteristic of neon or argon, respectively. Because 
of this pronounced effect of polyatomic impurities, the 
precautions on cleanliness of the system and purity 
of the gas mentioned in Sec. 2 were taken. Typical 
reproducibility of data on R¥(6&) vs & is illustrated for 
five different runs on helium (Fig. 4). Except for the 
one run, the reproducibility from run to run is within 
the statistical error of the points. The anomalous run 
is shifted in the direction to be expected for polyatomic 
impurities. Data were taken for neon both with and 
without the use of the calcium purifier and no difference 
was observed. Particular difficulty was experienced 
with argon, for which an increase of R? with time was 
often observed. This drift was reduced considerably, 
and in some cases eliminated entirely, by passing the 
argon gas into the system through a calcium purifier. 
This observed drift corresponds to an increase in 
positronium formation with time and is presumably 
due to some evolution of polyatomic impurity. Data 
with argon were used only if no drift in R” was present. 

The final results on the increase in @ with increase 
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Fic. 5. The ratio @ of the fraction of positrons that form posi- 
tronium in an electric field to the fraction that form positronium 
in zero field as a function of the ratio of electric field to pressure, 
empirical relationship for helium. Values are obtained using the 
data of Fig. 4. 


in &/P are shown in Figs. 5, 6, and 7. The values of ® 
were calculated from the observed quantities for the 
various runs taken (2 to 4 runs for each gas) by use of 
Eq. (2), and the errors indicated represent our estimate 
of the experimental error, which arises primarily from 
statistical counting errors and from background effects. 
It is seen that the probable error in # is about 6%. Any 
systematic error due to impurities could not, of course, 
be included in this estimate. Argon and neon data were 
taken at pressures of 1.2 and 2.0 atmospheres, and for 
both gases the data for the two pressures lie on the 
same curve when the abscissa is taken to be &/P. The 
maximum values obtained for ® were 1.53+-0.06, 
1.41+0.03, and 2.08+0.12 for He, Ne, and A, respec- 
tively. For the polyatomic gases only data on R*¥(6&) 
vs & were obtained (Figs. 8 and 9). The increase in 
positronium formation with & for Hz, De, and Nz is 
similar in form to that for the rare gases. The more 
complex gases exhibit no effect at all except in the 
anomalous case of SF, in which a decrease in 
positronium formation is observed with increase in 
the electric field. 

Some few data were also obtained on the effect of a 
radio-frequency electric field on positronium formation 
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Fic. 6. The ratio @ vs the ratio of electric field to pressure for 
data obtained in neon, empirical relationship. Open circles are 
obtained at a pressureof 2.0 atmos and closed circles at a pressure 
of 1.2 atmos. 
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in gases during the course of a measurement of the 
Zeeman effect of positronium in an experiment similar 
to that of Deutsch and Brown.” Radio-frequency power 
from a 1-kilowatt CW magnetron operating at about 
2460 Mc/sec was fed into a high Q cavity filled with 
the gas under study, and the power in the cavity was 
measured with a bolometer fed from an output loop 
of known dimensions inserted in the cavity. From this 
power measurement, it was deduced that the rms 
electric field in the region of the cavity viewed by the 
spectrometer was known to within about a factor of 2. 
A magnetic field of about 8000 gauss was used. For 
argon at a pressure of 1.95 atmospheres, the ratio 
R#(&)/R#(0) (which will be approximately equal to 
®) was found to be 1.46+5%. For SF, at a pressure of 
1.95 atmospheres, R¥(&)/R#(0) was 0.98+5%. 

In addition to their use in the measurement of the 
relative value (8), the experimental data also deter- 
mine the absolute value, ¢(&), of the fraction of posi- 
trons which form positronium in a field & although the 
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Fic. 7. The ratio vs the ratio of electric field to pressure for 
data obtained in argon, empirical relationship. Open circles are 
obtained at a pressure of 2.0 atmos and closed circles at a pressure 
of 1.2 atmos. 


latter quantity is not determined as accurately as is 
the quantity @. Equations (1b) and (1d) can be solved 
to yield 


4[ P°(&)—P# (6) ] 
P*(8)[(2+F)—}(FGo+2G,)] 





¢(8)= 


The quantities F, Go, and G; can be computed theo- 
retically from Eqs. (3), (4), (5), and (9) of HMW, and 
the quantities P°(&) and P#(&) are experimental observ- 
ables. Values for $(0) of 0.55+0.06 and 0.36+0.06 
were obtained for neon and argon, respectively, at a 
pressure of 1.2 atmospheres. The value for argon is in 
agreement with the result of Pond‘; no previously 
reported value for neon has been found in the literature. 
Because of the small positron stopping power of helium, 
no reliable value was was obtained for this gas. 

12M. Deutsch and S. C. Brown, Phys. Rev. 85, 1047 (1952). 


Our Zeeman effect measurement will be described in detail in a 
later publication. 
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4. DISCUSSION AND CONCLUSIONS 


A simple discussion of the theory will now be pre- 
sented in order that certain general points can be 
made and in order that conclusions based on the 
comparison of the experimental results with the more 
complete theory of the accompanying paper can be 
drawn. It was pointed out in Sec. 1 that the increase 
in positronium formation due to an electric field was 
believed to be due to the gain of kinetic energy from 
the electric field by positrons which had fallen to a 
kinetic energy below the threshold energy for posi- 
tronium formation and the consequent possibility that 
these positrons will form positronium. 

In the absence of an electric field a positron which 
has a kinetic energy less than the threshold energy for 
positronium formation will eventually annihilate with 
an electron in a gas atom. The cross section for this 
process is so small compared to the cross section for 
elastic scattering that a positron will make on the 
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Fic. 8. Valley to peak ratio R¥(&) of y-ray spectrum 2s electric 
field for the gases Hz, De, and Ne. Data for H, and Dz were ob- 
tained at a pressure of 2.7 atmos, and data for N: at a pressure of 
2.0 atmos. 


average some 10‘ to 10° elastic collisions and thus 
attain thermal energy before it annihilates. 

In the presence of an electric field, the positron can 
gain or lose energy from the field between elastic 
collisions. It experiences an acceleration a=e&/m in 
which e¢ is the positron charge, m is the positron mass, 
and & is the electric field, and hence the change in 
energy between collisions is 


4m (v+al)?—4mv?=e&-1+ (e&1)*/2mr’, 


in which ¢ is the time between collisions, v is the velocity 
at the beginning of the free path, and / is the length of 
the free path. The expression on the right-hand side 
follows from the expression on the left-hand side 
provided the change in velocity due to the field is small 
compared to the initial velocity. The term eE-1 can be 
either a gain or loss of energy depending on the relative 
direction of E and v, and, indeed, its average value over 
many free paths will be zero. On the average, however, 
a positron gains a small amount of energy from the 
field association with the term (e6&/)?/2mz*. If this 
energy gain is equated to the average energy loss 
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Fic. 9. Valley to peak ratio R¥(&) of y-ray spectrum vs electric 
field for the gases C2Hy, CCloF2, CH, COs, and SFs. Data for 
C2Hs and CH, were obtained at a pressure of 2.7 atmos; for 
CCl.F:2 and SF; at 2.0 atmos; for CO: at 1.2 and 2.3 atmos, 


(2m/M)(3mv*) in an elastic collision, then it can be 
seen that the positrons tend towards an equilibrium 
energy of the order of 


(M/m)'e6l. 


And, indeed, the positrons will attain an energy 
distribution with a mean energy of this order, and with 
a spread in energy due to the random term e&-l. 
Increase in positronium formation occurs with increase 
in the electric field because the positron energy distri- 
bution is shifted towards higher energies, and there is 
then an increased probability that a positron will cross 
the threshold energy for positronium formation before 
it annihilates with an electron in a gas atom. The 
characteristic term is e&/ and since /=1/No,, in which 
N is the number of atoms/cm*-and g, is the elastic 
scattering cross section, it is clear that the appropriate 
experimental variable is &/P (P being the pressure), 
in agreement with the experimental observations. Such 
a variable is characteristic for gas kinetic processes. 
Further, it is seen that the elastic scattering cross 
section is a very important parameter. 

The following paper treats the changes in energy of 
the positrons by a diffusion equation derived from the 
Boltzmann equation. With this equation the increase 
in positronium formation as a function of the applied 
electric field and gas density is calculated. The result 
describes correctly the experimental observations and 
yields information on the pertinent atomic cross 
sections. In particular, for the rare gases helium, neon, 
and argon it can be concluded that the annihilation 
cross section, oa, for a positron incident on a gas atom 
is 3rro’c/v in which the parameter 3 is equal to the 
atomic number of the atom to within about a factor 
of two. (The quantity mro’c/v is the nonrelativistic 
Dirac annihilation cross section per electron, in which 
ro is the classical electron radius and 2 is the relative 
velocity of the positron and electron.) The cross 
section for the elastic scattering of a positron by a gas 
atom, which is the most sensitive quantity in the theory, 
is determined to have the following values for the rare 
gases: 0.023ma¢*, 0.12mrac?, and 1.5rae°+25% for 
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Fic. 10. Increase in positronium formation J vs the applied 
electric field divided by the pressure, for helium. [J =(®@—1)/ 
(®max—1), in which ® is the fraction of positrons that form posi- 
tronium in an electric field divided by the fraction that form 
positronium in zero field.] The points are computed from the 
experimental data of Fig. 5. The dashed curve is computed from 
the simple theory associated with Eq. (4), in which og=2zro’c/v 
and ¢,=0.03xa¢*. The solid curve is computed from the theory of 
the following paper, in which og=2zr,*c/v and ¢,=0.023za¢’. 


helium, neon, and argon, respectively. Figure 10 shows 
the agreement of theory and experiment for helium. 
The comparison of theory and experiment for the other 
rare gases is given in the following paper. It is to be 
noted that these cross sections are about an order of 
magnitude smaller than the corresponding elastic 
scattering cross sections for electrons. Theoretical 
estimates in the following paper indicate that this is to 
be expected because of the change in the sign of the 
interaction potential for the positron. 

It is interesting to make a simple calculation of the 
effect of an electric field on positronium formation 
which neglects the terms (e&/)?/2mv? and (2m/M) 
X (mv*/2). Then the positron is pictured as executing 
a simple random walk in energy space, gaining and 
losing energy in units of e&/, The question of interest is 
what is the probability that a positron which has fallen 
to some kinetic energy below the threshold energy for 
positronium formation shall cross the threshold energy 
before it annihilates with an electron in a gas atom. 
It will be assumed that if the positron crosses the 
threshold energy it will form positronium. This assump- 
tion will be a good one provided the cross section for 
positronium formation is large compared to the elastic 
scattering cross section. Hence the problem is that of a 
random walk with an absorber barrier at the threshold 
energy. 

The probability that a positron which lands at an 
energy E at time ‘=0 shall cross the formation threshold 
energy Er between times ¢ and /+di is given by": 


(She 


Ewnr— E 
¢ 
2t(wDt)! 





dP= | 


in which e~‘ is the probability that the positron has 
survived direct annihilation with A, being the direct 
annihilation rate in the gas. The bracketed expression 


48H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, New York, 1952). 
4S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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is the probability that a positron in the absence of free 
annihilation shall cross the threshold energy for the 
first time in the time interval ¢ to é+dt, in which 
D= (A,/2)(e&l)? and },=Nve,, where \,= frequency of 
elastic collisions. The validity of this expression requires 
that o, be independent of energy and also that A, be 
independent of energy. These two requirements are 
inconsistent because of the relationship \,= Nve,. How- 
ever, a result which is correct in order of magnitude 
will be obtained by use of some average value of \, in 
formula (3). When the expression (3) is integrated over 
time and averaged over the energy region from 0 to 
Enz, an expression is obtained for the fraction J of the 
positrons reaching this energy region that will form 
positronium in the presence of an electric field: 


I= (1-e-")/y, 
y= (200/04)! (Exnr/e6l). (4) 


In taking the average over energy it is assumed that 
positrons have equal probability of landing in any 
energy interval between 0 and Err. 

The expression (4) for the increase in positronium 
formation has the general form of the experimental 
curves. The theoretical curve is 0 at &=0 and rises 
to a saturation value of 1 at 6=. Figure 10 shows 
this curve fitted to the experimental data for helium 
by taking og=2zr’c/v and o,=0.03ma,?. A value of v 
corresponding to a kinetic energy of 10 ev was used. 
The value of o, was chosen to make the theoretical 
curve agree with the experimental curve at the halfway 
point in the rise. These values of the cross sections 
are in reasonable agreement with the values obtained by 
comparison with the theory of the accompanying paper. 

The interpretation of the experimental data on the 
polyatomic gases is considerably less certain because of 
their low-lying energy levels, including rotational, 
vibrational, and electronic levels, which can be excited 
by inelastic collisions with a positron whose energy is 
below the threshold energy for positronium formation. 
This problem is discussed in the accompanying paper, 
and on the basis of the observed difference in the effect 
of an electric field on positronium formation in H, 
and De, some evidence is presented that for these gases 
excitation of vibrational states is an important process. 
For the gases CO2, CHy, C2He, and CCF», no increase in 
positronium formation was observed up to the maxi- 
mum electric fields used (approximately 2000 volts/cm 
at pressures of about 2 atmospheres). Thus in these 
gases energy losses in collisions, presumably involving 
excitation of low-lying electronic levels, still compete 
favorably with energy gain from the electric field even 
at the highest fields used, and prevent the positrons 
from reaching the threshold for positronium formation 
before they annihilate as free positrons. The fact that 
the energy loss in a collision of a positron with a mole- 
cule of a polyatomic gas is large compared to the recoil 
energy loss in an elastic collision with an atom of a 
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monatomic gas suggests why minute traces of such 
polyatomic gases strongly suppress the enhancing effect 
of the electric field on positronium formation in those 
gases which do exhibit an increase. 

The present experiment measures primarily the 
ratio ® of the fraction of positrons which form posi- 
tronium in an electric field to the fraction which form 
positronium in zero field, although somewhat less 
accurate values for (0), the fraction of the positrons 
which form positronium in zero electric field are also 
obtained. If the values of 1.53, 1.41, and 2.08 for 
helium, neon, and argon are combined with measure- 
ments of the fraction of positrons which form posi- 
tronium in the absence of any electric field, which is 
0.34 for helium,‘ 0.55 for neon (Sec. 3 of this paper), 
and 0.33 for argon‘ (Sec. 3 of this paper), it is found 
that at high electric fields the fractions 0.52+0.05, 
0.78+0.09, and 0.70+0.08 of the positrons form 
positronium in helium, neon, and argon, respectively. 
For Hz and No, the complete determination of @ was 
not made, but data on the rare gases indicate that the 
quantity R“(&)/R* is a good approximation to ®. If 
the maximum values of R4“(&)/R*#, equal to 2.0 and 2.2 
for Hz and Ne, are used for ®,,,, and combined with 
Pond’s values of 0.38 and 0.23, it is concluded that at 
high electric fields the fraction of positrons forming 
positronium is 0.76 and 0.51 for Hz and Ng, respectively. 
Hence it is indicated that rather generally only about 
3 to of all the positrons form positronium at the high 
fields.!® 

General theoretical considerations given in Sec. 1 
indicate, however, that except for several percent of 
the positrons which annihilate in the slowing-down 
process, all the positrons which do not form positronium 
will annihilate as slow positrons with electrons in the 
gas atoms. At sufficiently high electric fields all of the 
positrons will be accelerated to velocities above the 
threshold for positronium formation, and hence the 
observed saturation of the increase in positronium 
formation at large values of the electric field should 
correspond to positronium formation by all the positrons 
in the gas except the few that decayed in flight. Possible 


15S, DeBenedetti and H. C. Corben, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 191. 
Our result disagrees with a statement in this review article that 
at high fields 100% of the positrons form positronium. 
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sources of the discrepancy are: (1) the formation of 
positron compounds and hence another mode of decay 
of positrons,'® (2) annihilation of parapositronium 
atoms formed from positrons with energies above the 
ionization energy of the atom,!’ (3) failure of the 
formation of orthopositronium and parapositronium in 
the statistical ratio of 3 to 1, perhaps by positrons 
which are accelerated by the field and form positronium 
just above the threshold energy. Four recent experi- 
ments by Dulit, Gittelman, and Deutsch!® have indi- 
cated that the addition of even small amounts of certain 
polyatomic impurities changes the fraction of positrons 
that form positronium at zero electric field. Thus in 
the cases of He, He, and Nz the combination of results 
from different experimenters should be viewed with 
caution. Further experimental evidence is needed to 
clarify these questions. 

A decrease in positronium formation was observed 
with increase in electric field for the gas SF alone, as 
shown in Fig. 9. A decrease was also observed with no 
magnetic field present and at a pressure of about ¢ 
atmospheres with a strong magnetic field. The experi- 
mental data were not accurate enough to judge the 
dependence of this decrease on magnetic field or on 
pressure. Part of the motivation for the data taken on 
other polyatomic molecules shown in Fig. 9 was to 
seek some understanding of this effect. None of the 
other gases exhibited the effect. These observations on 
SF. remain unexplained. 

The interpretation of the experimental data taken 
with the radio-frequency electric field can be made with 
only slight modifications in the theory discussed for the 
effect of a static electric field. Since the period of the 
radio-frequency field is short compared to the lifetime 
of the positrons in the gas but long compared to the 
elastic collision time, it is only necessary to replace the 
field & appearing in Eq. (4) by the rms value of the 
radio-frequency field. And, indeed, if the value of ® 
obtained for argon and SF is plotted vs &, the points 
fall on the static field curve of Figs. 6 and 9 to well 
within the experimental error. 

16 J. A. Wheeler, Ann. N. Y. Acad. Sci. 48, 219 (1946); A. Ore, 
Phys. Rev. 73, 1913 (1948); A. Ore, Universitetet i. Bergen Arbok 
1952, Naturvitenskapelig rekke No. 5. 

17C. B. O. Mohr, Proc. Phys. Soc. (London) A68, 342 (1955). 


18 Dulit, Gittelman, and Deutsch, Bull. Am. Phys. Soc. Ser. II, 
1, 69 (1956). 
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A theory is developed to explain the influence of an electric field on positronium formation in gases. 
The Boltzmann equation is used to describe the behavior of the positrons under the combined influence 
of the electric field and molecular collisions. A diffusion equation in velocity space is deduced wherein the 
annihilation of free positrons and the disappearance of positrons by positronium formation are absorption 
terms. From this equation the functional dependence of the increase in positronium formation on the 
experimental parameters is calculated. The result describes correctly the experimental observations and 
yields information on the pertinent atomic processes. In particular, the cross sections for the elastic scattering 
of positrons by helium, neon, and argon are found to be 0.0232ao*, 0.12ma0?, and 1.57ao", respectively, to 
about +25%. These values are considerably smaller than the corresponding quantities for electrons, and 


are in agreement with simple theoretical estimates. 


I. INTRODUCTION 


OSITRONS traversing matter will eventually 
annihilate with the electrons they encounter, the 
energy of each annihilating positron-electron pair being 
given off as gamma radiation. Many of the interesting 
things which have been learned about positrons by 
studying various aspects of the annihilation radiation 
under different experimental conditions are included in 
the recent review articles of Deutsch' and DeBenedetti 
and Corben,’ which give historical background and 
experimental and theoretical details. 

The probability for annihilation is sufficiently small, 
so that in many ways a positron can take part in 
ordinary atomic processes, unaffected by the fact that 
it will ultimately annihilate. For positrons in a gas, 
which is the situation of interest here, these processes 
include ionization and excitation of the gas molecules, 
elastic collisions, and, in particular, collisions in which 
a positron captures an electron from a gas molecule to 
form positronium, which is a bound hydrogen-like 
system consisting of a positron and an electron held 
together by their Coulomb interaction. The possible 
existence of such a system was suggested as early as 
1934, but experimental evidence for positronium was 
not obtained until much later.’ 

The amount of positronium formation in various 
gases has been studied both experimentally'*:> and 
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theoretically.** Deutsch and Brown" observed that 
the yield of positronium is increased in a strong radio- 
frequency electric field, and subsequently an increased 
yield was also observed in a static electric field.! The 
effect of a static electric field has been studied in detail 
by Marder, Hughes, Wu, and Bennett." It is the intent 
of this paper to provide a theoretical interpretation of 
the observed influence of an electric field on positronium 
formation. 

It became apparent quite soon that the theoretical 
considerations required were in many aspects analogous 
to those encountered in the classic problem of the 
energy distributions of electrons in a gas subjected to 
an electric field, and thus that the cross section for 
elastic scattering of a positron by a gas molecule plays 
a dominant role. In effect, the experiments measure this 
cross section, which in the cases considered is much 
smaller than the corresponding quantity for electrons. 
This apparently surprising result is due primarily to 
the difference in sign of the interaction potential. As 
will be seen, the dependence of the increase in posi- 
tronium formation in a particular gas on the experi- 
mental variables (applied electric field and gas density) 
can be described quantitatively with only the elastic 
scattering cross section and the lifetime for the annihi- 
lation of free positrons as parameters. 


II. GENERAL DISCUSSION 
A. Positronium Formation in Gases 


A qualitative description of positronium formation 
has been given by Ore.® Four regions of positron energy 


6 A. Ore, Universitetet i Bergen Arbok 1949, Naturvitenskapelig 
rekke No. 9. 

7A. Ore, Universitetet i Bergen Arbok 1949, Naturvitenskapelig 
rekke No. 12. 
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POSITRONIUM 


are distinguished (Fig. 1). These are determined by the 
minimum energy required to ionize a gas molecule 
(Zion), the minimum energy required to excite a gas 
molecule (£-x.), and the minimum energy required to 
form positronium (£;»,). The threshold for positronium 
formation is smaller than Ejo, by exactly the binding 
energy of positronium. For the rare gas atoms it turns 
out that Einr< Exe, but in the case of more complicated 
molecules it is possible and in fact likely that Etnr> Eexe, 
so that region III does not exist. 

An energetic positron from a radioactive source 
makes inelastic collisions in the gas and rapidly loses 
most of its energy. The important events that can 
occur in collisions of a positron with a gas molecule 
depend on the energy of the positron. In region I only 
energy loss by ionization and excitation are significant. 
Positronium can be formed, but only with sufficient 
kinetic energy so that it can break up by impact 
ionization. In region II positronium formation competes 
with energy loss by excitation, while in region III only 
positronium formation is important. Elastic collisions 
can occur at all energies, but are only significant in 
region IV where no inelastic processes compete. In an 
elastic collision a positron loses on the average 2m/M 
of its energy, where m is the positron mass and M is 
the mass of the gas molecule; hence a positron must 
make many collisions before an appreciable change of 
its energy takes place. Further, a positron can annihilate 
with an electron of a gas molecule without forming 
positronium. Such annihilation of free positrons can 
also occur at all energies, but its likelihood is sufficiently 
small so that most of the positrons which do not form 
positronium will reach region IV and will thermalize or 
almost thermalize before annihilating. 

From the above elementary considerations it is 
possible to estimate that 


Eiou— 
a eR? ae 
+ 
Exon 


Boxe 


Eexc— Exnr ee of positrons 


forming positronium 


The underestimate is obtained by neglecting posi- 
tronium formation in region II, while the overestimate 
is obtained by neglecting inelastic collisions in this 
region. In both cases it is assumed that the last inelastic 
collision leaves the positrons uniformly distributed in 
energy. Experimental observations'*.° indicate that the 
fraction of positrons which form positronium falls 
within the estimated limits for the gases studied. 
Mohr? has considered the hypothetical case of posi- 
trons in a gas of atomic hydrogen. Using a Monte-Carlo 
method, he finds that at high pressures a fraction 0.35 
of the positrons form positronium. This result falls 
within the limits of 4 to } obtained for atomic hydrogen 
from the previous elementary considerations. Mohr 
predicts that as the pressure is decreased below about 
one atmosphere an increasing amount of paraposi- 
tronium should be observed. This occurs because the 
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Fic 1. Energy regions (shown for positrons in He and A). 


annihilation of parapositronium atoms formed from 
positrons in region I can compete successfully with 
impact ionization of these atoms. The observed amount 
of orthopositronium should be similarly affected at 
pressures about a thousand times smaller. This annihi- 
lation of positronium formed from positrons in region 
I represents a departure from the assumptions of the 
previous elementary considerations. 


B. Effect of Electric Field 


The qualitative considerations of the previous section 
can be extended to include the effect of electric fields. 
Accelerated by such fields, positrons in region IV can 
gain sufficient energy to reach region III, where they 
have the possibility of forming positronium.” The 
alternate modes of decay—(1) annihilation of free 
positrons and (2) formation of positronium followed by 
two quantum or three quantum annihilation—compete, 
the second process being favored by high fields. The 
functional dependence of the increase in positronium 
formation on the applied electric field can be discussed 
qualitatively and treated quantitatively by utilizing 
certain results obtained for the analogous problem of 
electrons in a gas subjected to an electric field. 

Under the influence of an energy field &, a positron 
can gain or lose energy between collisions of the order 
of e&l, where e is the charge of the positron and / is the 
mean free path of the positron in the gas. For the fields 
in question, e&/ is small (~0.1 ev), so that only events 
in region IV need be reconsidered. Instead of tending 
to thermal equilibrium, a positron will now tend towards 
an equilibrium distribution” for which the probability 
of having a velocity between v and +d? is proportional 


to 
modv 
vdv en| - f—— — — 
kT+4M (e&l/mv)* 
or the probability for having an energy between E 


12§, Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1952), second edition, Chap. 18. 
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(=4mv*) and E+4dE is proportional to 





EME exp - 


dE 
ea 


For &=0, this just reduces to the Maxwell-Boltzmann 
distribution. For values of § appropriate to the experi- 
ment, kT can be neglected. In the special case / propor- 
tional to » (mean free time r=//v independent of 2), 
this is still a Maxwell-Boltzmann distribution, but 
with an “effective temperature’ determined by the 
electric field. For the low-energy positrons under 
consideration / is practically independent of velocity so 
that the distribution becomes a Druyvesteyn distri- 


bution, 
EME exp[ — (E/E*)*) 


with E*= (3M/m)'e6l. 

The experimentally observed influence of an electric 
field on positronium formation can be understood in 
terms of the equilibrium distribution to which the 
positrons thermalize. Any particular positron will con- 
tinually change its energy under the combined influence 
of the electron field and of elastic collisions. In this way 
it may be able to reach region III and form positronium, 
instead of remaining in region IV where it would 
eventually annihilate with an electron of a gas molecule. 
For & small, positronium formation by this process does 
not compete successfully with annihilation in region 
IV. Increasing & shifts the mean energy of the distri- 
bution closer to E,nr. Because of the increased likelihood 
of a positron being above the threshold for positronium 
formation, more of the positrons form positronium. 
For & sufficiently large, all the positrons from region 
IV form positronium and further increase of the 
electric field has no effect. 

The fraction of the positrons which reach region IV 
under the influence of the electric field and then form 
positronium depends on the relative size of the proba- 
bility per unit time for forming positronium and the 
probability per unit time for the annihilation of free 
positrons. In a preliminary report of this work," the 
probability per unit time for forming positronium was 
computed from the appropriate average of the formation 
cross section over the equilibrium distribution. This 
average is an integral over the “tail” of the equilibrium 
distribution above E,,, and is essentially proportional 
to the size of the tail and hence a very sensitive 
function of &. These calculations based on the static 
equilibrium distribution yield a correct description of 
the basic features of the experimental results, but do 
not give detailed agreement. 

In the following sections, the random “motion” in 
energy of a positron is treated dynamically by a 
diffusion equation. Such a description can be expected 
13 W. B. Teutsch and V. W. Hughes, Phys. Rev. 98, 1174(A) 
(1955). 
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in general for a process involving many random 
steps.4!® In this formulation, annihilation of free 
positrons and positronium formation are considered as 
absorption processes. It is to be noted that in the latter 
case the pertinent event to be counted as the disappear- 
ance of a positron is the formation of positronium, and 
not the ultimate annihilation of the positronium atom, 
which serves only to identify the event. Since the life- 
time for annihilation of free positrons is much longer 
than the relaxation time for reaching equilibrium, the 
main effect taken into account by the diffusion equation 
is the deviation of the quasi-equilibrium distribution 
from a Druyvesteyn (equilibrium) distribution, which 
occurs because of positronium formation in region III. 
Two cases are considered. If the cross section for 
positronium formation is taken to be small compared 
to the cross section for elastic collisions, then the results 
of the previous calculations" are reproduced. If, more 
realistically, the cross section for positronium formation 
(in region III) is taken to be of the order of or larger 
than the cross section for elastic collisions, then region 
III can be treated as completely absorbing, so that the 
threshold for positronium formation is considered as an 
absorbing barrier. Hence the calculations involve only 
the cross section for elastic collisions and the cross 
section for annihilation of free positrons. Very good 
agreement with experiment is obtained for reasonable 
values of these cross sections. 


Ill. DIFFUSION EQUATION 
A. Derivation 


The problem is formulated by assuming an initial 
distribution (at ‘=0) of positrons in region IV and 
asking for the fraction of those positrons which form 
positronium. This fraction J depends on the electric 
field and is proportional to the experimentally observed 
increase in positronium formation. 

Let f’(v,t) be the function which describes the 
distribution of positrons in velocity space at any time 
t, i.e., the integral over space of the complete distri- 
bution function. Normalization will be introduced 
explicitly where needed but for the sake of discussion 
it can be assumed that f’(v,/)d3v gives the fraction of 
positrons which, at the time /, are in the volume 
element (in velocity space) d;v about v. This quantity 
can then be interpreted alternately as the probability 
that a particular positron is in the indicated volume at 
the time /. The function /’ satisfies the Boltzmann 


equation. 
of’ of’ 
ot drift ot collision 


The drift term is the substantial derivative in velocity 


4S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
18M. C. Wang and G. E. Uhlenbeck, Revs. Modern Phys. 17, 
233 (1945). 
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F,) Ul 
] = < ‘Ves’. 
Ot Jaritt Ot 


The uniform acceleration a is just that due to the 
electric field, a=e&/m, and VY, is the gradient with 
respect to the velocity coordinates. The collision term 
consists of three parts, 


of’ of’ of’ of’ 

fy 7 4) 2h, 

Ot JScollision OL e OtJ, at f 
which take into account the scattering of positrons 
from one region of velocity space to another by elastic 
collisions, the removal of positrons from the distribution 
by annihilation, and the removal of positrons from the 
distribution by positronium formation, respectively. 

If there are V gas molecules per unit volume and the 


cross section for annihilation per molecule is og, the 
annihilation term is 


af’ 
—| =—Nowf’=—af’. 
ot a 


If o, is taken inversely proportional to v, A. (= Naar) 
is independent of velocity, and the effect of annihilation 
of free positrons can be completely taken into account 
by the transformation 


f'(v,t)=e™'f(v,t). 


Similarly, the formation term is 


of’ 
) ane 
at J, 


where oy is the formation cross section. In region II, 
oy vanishes and there remains only 


af) af 
ot le al |: 


ie., the transformed function obeys a Boltzmann 
equation involving only elastic collisions. For electrons 
in a gas in the presence of an electric field, this problem 
has been treated by Morse, Allis, and Lamar and 
reviewed by Chapman and Cowling.” 

Their procedure can be applied equally well to 
positrons, and leads, with the recognition of the near 
isotropy of f and the smallness of m/M, from the 
Boltzmann equation to a diffusion equation for f, the 
isotropic part of f. Only the energy distribution will be 


16 Morse, Allis, and Lamar, Phys. Rev. 48, 412 (1935). See also 
W. P. Allis and H. W. Allen, Phys. Rev. 52, 703 (1937). 
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of interest, so f provides all the desired information, 
since the probability of a positron having a velocity 


between v and v+d) is 
fears =4rr*dve* f (0,2). 
a 


With the inclusion of the term describing the “absorp- 
tion” of positrons through positronium formation, the 
desired diffusion equation becomes 


of 14 of mv oF 
salen “["3 pBecedin id ted =f, 
a vdaul3s dv ol 
where /=1/No,. 

The cross section «, which appears here is loosely 
termed the cross section for elastic collisions in this 
paper, but is more rigorously the cross section for 
momentum transfer. For a differential scattering cross 
section o(@), the total elastic cross section is 24 fo*o(@) 
Xsin6dé, while the momentum-transfer cross section is 
2m Jo” (1—cos6)o (0) sinédé, which is the quantity which 
actually appears in the above equation. For low-energy 
positrons, S-wave scattering predominates, and thus 
a(6) is practically independent of @, particularly for 
scattering from the spherically symmetric rare gas 
atoms, and the two expressions do not differ appreci- 
ably. 

The above diffusion equation without the absorption 
term should be compared to the radial part of the usual 
diffusion equation with drift: 


aW/at=¥ -(DVW+8W), 


where D is the diffusion constant and § is minus the 
drift velocity. The comparison is even more striking if 
the equation is rewritten 


of 14 10 2a? af 
ot vt av 21 3% Ov ILM 


and it is noted that random walk theory indicates that 
a simple random walk'*!5 of many steps can be de- 
scribed in terms of a diffusion equation, with a diffusion 
constant equal to [one-half the rate at which the steps 
are being taken ] times [the average value of the square 
of the step size ], and with a drift velocity equal to [the 
rate at which the steps are being taken] times [the 
average value of the step size ]. In analogy to the usual 
diffusion current, 

m ee 


Ml 


1alaf 
30 ov 


represents the “radial” flow of particles. It can also be 
noted that the equilibrium distribution mentioned in 
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the introduction, 
modv 


=e Se 
” | J 4M (e&l/mv)? 


satisfies the equation 
df/dt=0. 


B. Formal Solution 


For a given initial distribution f;(v)=/(v,0), the 
function f(»,t) is completely determined by the 
diffusion equation with the obvious boundary conditions 
i(0,t)=0 and i( ,t)=0. It should be remembered that 
the function f(»,t) does not represent the complete 
solution since it does not contain the effect of the 
annihilation of free positrons. However, this can be 
taken into account by reintroducing the factor e~**' 
where pertinent. Besides the variables and universal 
constants, the diffusion equation contains 6 and N, 
which are the experimental variables, and o, and oy, 
which can be calculated theoretically, at least in 
principle. These two cross sections as well as a, will be 
treated as parameters, using where necessary the 
functional dependence of these quantities on v discussed 
in Sec. IV. 

With the substitution 


fOH=_ fo= gy exo] - f mvdv | 
3M (al/v)? 


the diffusion equation becomes 
dg 1 ofl 0g} asv 


—— fan — ~| elf —| Wen — fog. 
ot v dvl3 Ov ol 


The initial condition is 
g (0,0) =g.(v) = fa(v)/ fol), 
and the boundary conditions are 
i(v,t) = — (4/3)rva*l fodg/dv=0 at v=0,0. 
The variables can be separated by the substitution 
8 (v,t)=g(v)e, 


which yields the Sturm-Liouville equation!’ 


d dg 
| 20) | HEat0+4r0)e=0 
dv dv 

with 


p(v)=(4/3)ra*0l fo, 9(v)= —4xv*(os/0-)(2/l) fo, 
and 
= r(v)=4rv" fo. 


17 P.M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Chap. 6. 
This text has been used extensively throughout this paper and 
its notation has been followed wherever convenient. 
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In this form, the boundary conditions are 
p(v)dg/dv=0 at v=0, 0. 


In terms of the eigenfunctions g, of this equation and 
the corresponding eigenvalues \,, the formal solution 
can be written down: 


gs” (o,t)= Yo n Cnfn(v)e>n! 
where 


cum ff r(adgia)gn(a)de / fi r(o)Len(a) Pee. 


In the expression for the coefficient c,, the normalization 
of the g, is explicitly exhibited, but the normalization 
of Si, 


J storcodemte fjuyear= 1, 


is tacitly assumed. 

The total probability that a positron will form posi- 
tronium is the desired quantity J, and is obtained by 
integrating the product of [the probability that a 
positron has a velocity between » and v+dv] and [the 
probability that a positron with a velocity » will form 
positronium in the time interval between ¢ and /+d?] 
over all velocities and times, i.e., 


=f auf dy q(v)g (v,t)e* 
0 0 


Cn a 
=) 


J ae@sntorde=¥ 6, 


n a n a 


The C,, can be expressed as 


i] 


aa f ota laid, 
0 


by making use of the differential equation and boundary 
conditions which the g, obey. From the definition of c, 
and the normalization of g;, it follows that 


yC,=1. 


The same result can be obtained by observing that in 
the absence of annihilation of free positrons all of the 
positrons will eventually form positronium, i.e., \a=0 
implies J=>>, C,=1. 

If the lifetime for the annihilation of free positrons 
is much longer than the relaxation time for reaching 
equilibrium, so that A\g&A;, then 


No 


r 
ia Cn Cerertimve 


AotAq 20 NotAa 


This expression involves only the initial distribution 
and the quasi-equilibrium distribution. 
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Case of s=0 


It is useful to consider the limiting case of no ab- 
sorption by positronium formation described by o;=0. 
The solution of the diffusion equation in this case 
agrees with that obtained in the limit 6-0 for the 
general case, independent of the magnitude of o,. 

In particular, if the mean free path / is proportional 
to the velocity (mean free time r=//v independent of 
velocity), then the eigenvalue equation can be solved 
in terms of Hermite polynomials of odd order (H2n41), 


yielding 
nf (2) 
£20" n i ie 
tl 6 \2M 


An=2n(m/M)r™. 


More generally, however, it can be observed that the 
equilibrium situation is described by go=const and 
ho=0, independent of the dependence of / on v. The 
next higher eigenvalue A, determines the relaxation 
time for reaching the equilibrium distribution for an 
arbitrary initial distribution. For the particular situ- 
ation of interest, viz. mean free path independent of 
velocity, the value of \; is obtained in Appendix I. The 
results for the two particular situations considered 
suggest that the relaxation time for reaching equi- 
librium, i.e., 1/A1, is of the order of M/m times an 
appropriate average of r over the equilibrium distri- 
bution. 

Case of “ay small” 


Secondly, consider the diffusion equation for o<o,. 
In this case go) may be approximated by the corre- 
sponding function for the case of o,=0, 


go~ const. 
This approximation yields 


C,=1, 
=0, 


n=0 


and there results simply 
IT=Xo/(Ao+Aa). 


If in addition the same approximation is used to 


evaluate Xo, 
f o[=(00—) +009 | 
o(v)| —( p(v)— o(v) dv 
q Sov ie p do q\r)g 


J rortecoree 


0 


~-f a(e)av / f r(v)dv 

0 0 

=4rf vdv Norefa / 4x f v*dv fo, 
0 0 





A= — 
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then the expression obtained previously"* is reproduced 


(see Appendix IT). 


Case of “a; large” 


Finally, consider the solution of the diffusion equation 
for o; large, i.e., ¢;> 0, for energies above E,n,. Approxi- 
mately then, this region can be taken to be completely 
absorbing, which is taken into account by replacing the 
boundary condition at »= ~, viz. i(* ,t)=0, by one at 
V=Uthr appropriate to an absorbing barrier, viz. 
f (%nr,4)=0. The other boundary condition is the 
same as in the absence of absorption, as is the diffusion 
equation, but the domain of the variable v is now 
restricted to region IV, i.e. O<v<venr. 

Strictly speaking, o, is zero at »=?nr and must rise 
smoothly, so that the desired inequality is not satisfied 
just above the threshold. Nevertheless, it is assumed 
that oy increases rapidly enough, so that the preceding 
argument need not be altered, though some deviation 
from this assumption could be taken into account by 
choosing the placement of the absorbing barrier an 
appropriate “distance” above the threshold. 

The total probability that a positron forms posi- 
tronium is obtained by integrating over time the prob- 
ability that a positron is absorbed on the barrier in 
the time interval between ¢ and ¢+-di, and is 


cs) An 
=f dt i(venr, ter’ = >. Co . 
‘ eee 


By making use of the differential equation and the 
boundary conditions applicable to this case, it can be 
seen that the C, which appear here are of exactly the 
same form as in the general case, except that the upper 
limit of the pertinent integrals is yn, instead of . 

The differential equation applicable to the case of 
oy large is of a form which is readily converted into 
an integral equation. Two integrations and use of the 
boundary conditions yields 


g(a)=> f ber f r(x") g(a""\dx"'dx’. 


0 


This form of the integral equation was found useful for 
numerical work and is equivalent to the more usual 
form 


7thr 
=r fo Glea’)r(a)glu)av, 
0 


as an integration by parts will show. 


C. Numerical Solution 


In Sec. III B it was indicated that the increase in 
positronium formation could be described primarily in 
terms of the lowest eigenvalue of the appropriate 
differential equation. This eigenvalue represents the 
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rate at which positrons from the quasi-equilibrium 
distribution form positronium. In the case of oy 
small, the problem of finding this lowest eigenvalue 
has been reduced to the evaluation of integrals over 
the equilibrium distribution which is carried out in 
Appendix II. The corresponding problem for the case 
of o, large is treated in this section. 

If the mean free path / is taken to be independent of 
v, it becomes convenient to use E* as the unit of energy 
and to introduce the corresponding unit of velocity v*, 
defined by 

3m(v*)?= E*= (§M/m)'e6l. 


The differential equation can then be written in terms 
of the dimensionless velocity variable u=v/v* as 


d dg 
“|. exp(—w))— | +1640" exp(—«‘)g=0, 
du du 


where A=}(I/v*)(M/m)y) is a dimensionless eigenvalue. 
Alternate forms of the equation can be obtained by 
using the dimensionless energy variable »= E/E*=1 
or the variable x= (E/E*)?=7’= ‘4, yielding 


d dg 
<(r exp(—a)—=) +440 exp(—n’)g=,0 
dn dn 


d dg 
—(s=) +Aa-te-*g=0, 
dx dx 


In terms of these dimensionless variables, the 


Druyvesteyn distribution is 
fo=exp(—u*)=exp(—1?)=e*. 


For the purposes of this section, the form involving x 
will be the most convenient. The boundary conditions 
applicable to the case of o, large are 


[xe~*dg/dx]eo=0 and g(xtnr)=0, 


where *thr= (Einr/E*?=nnr= tur’. It is to be noted 
that while Ey, is fixed for any particular gas, the 
magnitude of x, varies in an inverse manner with the 
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Fic. 2. Overestimates and underestimates for the eigenvalue 
Ao divided by the approximate value of Ao versus ¢, a dimensionless 
parameter proportional to the applied electric field &. The label 
on each curve corresponds to the subscript of the trial function 
which was used to obtain it. 
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applied electric field. Thus the problem of finding \o as 
a function of & becomes in the dimensionless form the 
problem of finding the lowest eigenvalue Ao as a function 
of Xthr- 

Approximate evaluation of Ao can be attained by 
employing certain results of variational methods.'* 
Specifically, Ao was approximated by 


AS AoS [A], 


d dg 
faces =) 
dx 


A=min———_—_——_, 
a-te-=g 


tthr qd dg Zthr 
[A]= f (ae) de y ate-*g'dx, 
0 dx dx 0 


and suitable trial functions to approximate the exact 
lowest eigenfunction go were used. 

The trial functions considered in this connection 
were of four types: 


where 


8A(k)= Xthr*— 2", 
£B(k) = Xthr*e***— xke*, 


ack) = Xehrtettthr— xkelt, 


Zthr 2’ 
g= f wyer f (x0"")~he-?"" dae! dx 
z 0 
=h(xnr)—A(x), 
2thr 2’ 
gor f (yer f (a0”")-te- 2" (1— 20" / ene) daxdx’ 
z 0 


= (1 —3/4xnr) Lh (xnr) a h(x) }+-4 (ant x?) /32nr. 


The function A(x) is defined in terms of an integral 


h(x)= f (x’)e”’ f (x0"")~te-2"da!"dx’. 
0 0 


Various overestimates and underestimates were 
obtained,” and intermediate values were selected as 
approximations to Ao (see Table I in Sec. IVA). 
Some of these overestimates and underestimates divided 
by the approximate value of Ao are plotted in Fig. 2 vs 
a dimensionless parameter e: 


o= Sar t= E*/Enr, 


which is proportional to &. It can be seen that the 
approximate value of Ao must agree with the true value 
of Ao within at least 5% except perhaps in the neighbor- 


18 Reference 17, Chap. 9. 

9 Various mathematical tables were used, especially K. Pearson, 
Tables of the Incomplete T-Function (H. M. Stationery Office, 
London, 1922), and Tables of Sine, Cosine, and Exponential 
Integrals (National Bureau of Standards, Washington, D. C., 
1940), Vol. 2. 
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hood of e=0.7 (xtnr~2). In view of the rapid variation 
of Ao with e¢, this is quite adequate (see Fig. 3). For tnr 
larger than about 7, Ao=1/h/(xtnr) holds to better than 
one percent. Hence the behavior of Ao for large 2thr 
(small &) can be readily inferred from the asymptotic 
behavior of h(x), 


h(x)~T (8)ae-*. 


The increase in positronium formation as calculated 
for the case of a, large involves besides the eigenvalue 
Xo only the quantity Co, provided \;>A,. The equation 


Xo 
I=Cy +1—Co 
NotAa 


and the rapid variation of A» with & imply that Co 
plays a pertinent role only as long as Ao/(Ao+Aaq) is 
small. This occurs only for small &, specifically for e 
less than about 0.5 for the gases considered. If the 
initial distribution and the function go were known 
exactly, Cy could, of course, be determined exactly. 
However, in view of the approximate constancy of go 
except near the threshold which is suggested by the 
good trial functions, the expression 


f 'r(0)ge(0)g0(0)d0X f ‘r(o)go(s)ée 





Co= 


J rereeaex J "(oh Lge) Pa 


indicates that Cy does not depend on the initial distri- 
bution or the electric field in a sensitive way and does 
not differ appreciably from unity for any reasonable 
initial distribution and for the electric fields in question. 

An estimate of Co, using an initial distribution uni- 
form in energy and the function gp; as an approximation 
to go, does indicate that Cy varies only slowly with & 
[compared to the marked variation of \o/(Ao+Aa)_] and 
is very nearly one for pertinent values of 6. Further 
detailed considerations of Cy are not warranted at 
present in view of the limits of accuracy of the available 
experimental data. 


IV. CROSS SECTIONS 


Consideration of the effect of an electric field on 
positronium formation involves the cross sections for 
the three pertinent atomic processes which can occur 
in a collision of a positron with a gas atom and which 
are elastic scattering, annihilation, and positronium 
formation. The assumptions which have been made 
concerning these cross sections follow from simple and 
rather general considerations, as will be discussed in 
this section. It is to be remembered that only the 
functional dependence of these quantities on v has been 
assumed and that their magnitudes have been left as 
parameters. The calculation of these cross sections from 
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fundamental principles forms the basis of another 
investigation.” Some preliminary results of that 


investigation are included in this section. 


A. Elastic Scattering 


The scattering of a positron from an atom is a 
many-body problem, involving the positron coordinates 
and all the electron coordinates even if the nucleus is 
assumed to remain fixed. However, as a first approxi- 
mation, it is possible to regard the atom as a center of 
force unperturbed by the colliding positron. In this 
approximation, there is obtained the one-body problem 
of a positron scattered by a fixed central potential 
which represents the average potential of the nucleus 
and all the electrons. This potential is repulsive at all 
distances (for positrons). 

It follows on rather general grounds” that for such a 
repulsive potential, strong variations of the scattering 
cross section with energy cannot occur; moreover, at 
low energies the S-wave scattering always predominates. 
This situation is in distinction to the one for attractive 
potentials, where resonances and the Ramsauer effect 
can occur. These effects are closely associated with the 
existence of bound states, which are of course totally 
absent for a repulsive potential. Calculations for a 
square potential, which can be carried out exactly, 
illustrate these observations very clearly, and indicate 
also that the scattering cross section for a repulsive 
potential is in general smaller than that for the corre- 
sponding attractive one. If the effective radius of a 
repulsive scattering potential is less than the wavelength 
of the scattered particle, S-wave scattering predomi- 
nates, and the cross section for scattering is practically 
independent of energy. Positrons with energies below 
the threshold for positronium formation satisfy this 
criterion, so that to a good approximation the scattering 
of positrons in this energy range by gas atoms is 
isotropic and energy-independent. 

To obtain an estimate of the cross section for elastic 
scattering of positrons by atoms and especially to 
study the relative size of this cross section for various 
atoms, it is convenient to employ the simple model used 
by Allis and Morse” for the corresponding problem for 
electrons. This model has a nucleus with a charge 
+Zerse surrounded by Ze+s electrons on a spherical shell 
of radius rg. The electrostatic potential of such a 
configuration is 

Zen(r 1-12), 


V(r)= 
0, T2>%o. 


°S%a, 


Calculation of the cross section for elastic scattering of 
positrons, using the Schwinger variational principle as 


2” W. B. Teutsch and V. W. Hughes (to be published). 

21N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1949), second edition, Chap. 
II. 


2 W. P. Allis and P. M. Morse, Z. Physik 70, 567 (1931). 
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TaBLE I. Cross sections for elastic scattering of positrons. 








e/a 8B oe (units of rao*) 


He 0.55 0.80 0.07 
Ne 0.75 1.71 0.4 
A 1.4 2.7 2 
He hydrogenic potential 0.5 


Element 











given by Morse and Feshbach** with the simple trial 
function R(r)=r, yields 


20 7 
ond 
18+15/8 


in the limit of low positron energy. The quantity £ is 
defined by 
B= }Ze117o/d0, 


where dy is the first Bohr orbit and 7,/a9 corresponds 
to the ro of Allis and Morse. Table I lists the results 
so obtained with the values of 8 and r,/ao which Allis 
and Morse used to fit the scattering data for electrons. 
That these results should be considered as order of 
magnitude calculations is emphasized by the different 
value of the cross section which is obtained for He using 
a potential arising from an electron distribution given 
in terms of a hydrogenic wave function. 

The representation of an atom by a fixed central 
potential is, of course, only an approximation, since the 
presence of the positron distorts the atom, increasing 
the electron density in the vicinity of the positron. 
The net effect of this polarization is to make the 
potential seen by the positron less repulsive or possibly 
even attractive. A small amount of polarization makes 
the actual cross section somewhat smaller than the 
value which is calculated using the static potential of 


TABLE IT. Eigenvalues. 








Ao A* 


1.47X10-* 7.341077 
3.44X 10~* 1.75X10~* 
8.76X 10-* 4.53X10-¢ 
2.18 10-5 1.15X10~° 
5.45 1075 2.93 10-5 
1.3410 7.36X 10-5 
3.27 10 1.84 10~ 
7.86X 10+ 4.54X 10~ 
1.8710 1.11X 10% 
4.33X 10% 2.66X 107% 
9.78X 10% 6.25X 10-% 
2.17107 1.45X 10? 
4.67X 107 3.30X 10 
9.87107 7.50X 10 
2.08 X 10 1.75X107 
3.32107 3.00 107 
5.40X 107 5.40107 
7.45X 107 8.00 107 
1.03 1.23 

1.98 2.80 


Aol’ (})e*thr 





0.707 
0.816 
1.000 
1.155 
1.414 
2.000 
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the unperturbed atom. A large amount of polarization 
can actually make the potential attractive on the 
average and thus lead to completely different values 
for the cross section. For example, Ore® uses a potential 
corresponding to the interaction of a helium atom with 
a (stationary) unit positive charge, thus overestimating 
the effect of polarization, and obtains roughly ¢,=41a,?. 


B. Annihilation 
The cross section for the annihilation of a positron 
with an electron has been calculated by Dirac** neg- 


lecting their electrostatic interaction. In the nonrelativ- 
istic limit, his result becomes 


oe”) =ar°c/v, 


where » is the relative velocity of the positron and 
electron, c is the velocity of light, and ro is the classical 
electron radius, 

ro=e/me. 


The cross section for annihilation per molecule can 
be written 
Ca= ja = gxre*c/v, 


where 3 is some effective number of electrons per 
molecule. The parameter 3 would be just the number of 
electrons Z per molecule if electrostatic interactions 
were absent. The repulsion by the nucleus tends to keep 
the positron away from the region of high electron 
density and thus tends to make 3 less than Z, whereas 
polarization tends to increase the electron density in 
the vicinity of the positron and so has the opposite 
effect. In general, 3 would not be expected to be inde- 
pendent of positron energy, but in the absence of any 
specific theoretical or experimental evidence, it is 
simplest to take 4 to be constant. It seems reasonable 
to make this approximation for the low-energy positrons 
in question. 

Calculation of 3 with the simple function R(r)=r 
leads to the result 3=Z. A better estimate for He is ob- 
tained using the iterate of this trial function and the 
hydrogenic wave function for the electrons, and yields 
4~1. The treatment of Ore yields 3=2.7. 

The only published experimental data on the lifetime 
of free positrons in gases seems to be that of Deutsch” 
on oxygen. From his value of the decay rate , divided 
by the pressure P, 


ha/P=5X10° sec atmos“, 
the value 327=1.7Z can be inferred for molecular 


oxygen. 
C. Positronium Formation 


The cross section for positronium formation is of 
course zero for positron energies less than Eynr. For 








* Reference 17, Chap. 12. 


%* P, A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 361 (1930). 
25M. Deutsch, Phys. Rev. 83, 866 (1951). 
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higher energies the energy dependence of the formation 
cross section can be separated into two factors 


E—Evnr 4 
oye (—) o/'(E). 
E 


The factor [(E—E,nr)/E}} is proportional to the ratio 
of the velocity of the outgoing positronium atom to the 
velocity of the incoming positron, and varies rapidly 
with positron energy in the vicinity of the threshold. 
The factor a,’ is proportional to the square of the 
transition probability from the initial state to the final 
state. 

Massey and Mohr® have calculated a, for atomic 
hydrogen both by the Born approximation and by the 
method of distorted waves. The magnitude of the 
cross section in the Born approximation is indicated 
by the result o,’(E:nr)=32a0? for atomic hydrogen and 
o;' (Exnr)=5xa¢? for helium.” An adequate description 
for positron energies not too much larger than Eynr can 
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Fic. 3. The quantity A* ‘ 
versus ¢, a dimensionless 
parameter proportional to 
the applied electric field &. 
The value of A,* used to fit 
the experimental data is 
shown for each of the gases 
considered. 











be attained by writing 


E— Evry ; 
«=(—) of (Etnr). 
E 


V. RESULTS 
A. Theoretical 


In Sec. III B it was indicated that the dependence of 
the increase of positronium formation on the applied 
electric field & could be described primarily in terms of 
the dependence of the eigenvalue \») on &. The values 
of the dimensionless eigenvalue Ao (see Sec. III C) and 
the quantity A*, defined by 


A*= e4Ao=} (l/r) (M/m)Xo, 


are given in Table II, and A* is plotted vs ¢ in Fig. 3. 
It is to be noted that on the scale used, the overesti- 
mates and underestimates for A* would be indistin- 
guishable. The increase in positronium formation can 


now be written as 
Xo A* 


Fu os 
AotAa A*+A,* 
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Fic. 4. Increase in positronium formation J versus ¢, a dimen- 
sionless parameter proportional to the applied electric field &, 
shown for a number of different values of A,*. The results depicted 
are obtained by taking ay large. 


and is plotted vs ¢ in Fig. 4. (The corresponding plot 
for a; small is shown in Fig. 5.) In this form A* 
carries all the dependence on & and 


Aa* 7” i (l/v nz) (M/m))a 


is a constant which depends only on the gas. The values 
of A,.* used for the various gases is also indicated in 
Fig. 3. If Aa= NV gmri’c is inserted, there results 


gmre’c M 3M ry ; 
Aa*= —=—(—~) 1.79 10-4, 
40 Mh m Ce Evnr 


where ry is the energy corresponding to one rydberg, 
M is in amu and g, is in units of wa,?. 

The relationship between ¢ and the experimental 
variables is obtained in terms of its definition and is 


E* (- =) e6l E& sry \ M 
e=— = a ———$ = ——, 
Etnr 3 m Eun poe a 


where 6 is in volts/cm and # is the ratio of the density 
of the gas to the density of an ideal gas at NTP. The 
quantity p can then be written as 


p=N/No, 


where No is Loschmidt’s number, and if the gas in the 
experiment can be treated as an ideal gas, becomes 


p=(P/Po)(To/T), 

















Fic. 5. Increase in positronium formation J versus ¢, a dimen- 
sionless parameter proportional to the applied electric field &, 
shown for a number of different values of (07/3) (Etnr/ry)*. The 
results depicted are obtained by taking oy small. 
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Fic. 6. Increase in positronium formation I versus &/P, the 
applied electric field divided by the pressure, for helium. The 
theoretical curves are obtained -4 aa “es large,” and using 
g=2and o,=0.0231ra¢ » %e= 0.018200 - - - , o, = 0.02820? -—-. 
The experimental points were taken at 27 atmos. The typical 
statistical error of the experimental data is indicated, as are the 
values of &/P corresponding to e=1. 





where P is the pressure, 7 the absolute temperature, 
and Po and T» are the pressure and temperature corre- 
sponding to NTP. If T=300°K is assumed, then 


& 2) = 
Po.\ Eur 1184 


with P in atmospheres is obtained. It may be noted 
that the conversion from the theoretical variable ¢ to 
the experimental variable &/P involves only known 
quantities and o,, which can be selected to obtain the 
best fit between the theoretical and experimental curves 
for the increase in positronium formation. In this sense 
the experiments can be considered to measure the 
elastic cross section a. 


B. Comparison with Experiment 


Marder e¢ al." report their experimental results in 
terms of a quantity @ which is to be interpreted as the 
ratio of the fraction of positrons which form positronium 
in the field & to the fraction of positrons which form 
positronium in the absence of an electric field. For 
&=0, the quantity ® is unity and for large & it attains 
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Fic. 7. Increase in positronium formation J versus &/P, the 
saa electric field divided by the pressure, for neon. The 
retical curves are obtained by taking oy large, and {using 
3=10 and o,=0.127a¢. The experimental points were taken at 
1.2 atmos. The typical statistical error of the experimental data 
is indicated, as is the value of &/P corresponding to e=1. (Some 
experimental points at larger values of &/P do not appear on 
this figure.) 
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a saturation value ®,,.x. To compare theory and experi- 
ment the quantities ® and J are related by 


I= (e- 1)/(®max— 1). 


To fit a theoretical curve to the experimental data, 
there are two parameters available; one is a scale factor 
relating ¢ to &/P and the other determines the steepness 
of the rise. In addition, there is a choice between the 
theoretical results for oy, small and those for oy 
large. It is readily ascertained that the experimental 
data cannot be fitted with the theoretical curves for 
oy small for reasonable values of o,'/3, so that in the 
detailed comparison of theory and experiment only 
theoretical results for a, large are used. 

In obtaining the experimental data for any particular 
gas, it was found that the reproducibility from run to 
run was not as good as the internal consistency of any 
particular run. For this reason, comparison with theory 
will be made only for the results of a single representa- 
tive run for each gas. The run so chosen agrees with the 
average of all the runs to within experimental error. 
The results for the rare gases He, Ne, and A; the gases 
He», D2, and No; and the other gases which were meas- 
ured will be considered separately. 


The Rare Gases 


The various assumptions which were made in ob- 
taining the theoretical description for the increase in 
positronium formation in a static electric field are 
expected to hold fairly well for the rare gases. The 
experiments can then be considered to measure o, and 
3, in the sense that a particular set of values for o, and 
3 yields a theoretical curve which represents the experi- 
mental results. 

It is to be noted that 3 enters only through A,* and 
that A,* is related to the steepness of the rise of the 
theoretical curves, but not in a sensitive way (see 
Fig. 4). Thus a range of values of 3 gives an acceptable 
fit of the experimental data, this range includes 3=Z 
and extends to values of 3 differing from Z by about a 
factor of two. It is encouraging that the experiment 
finds 3 to be in the range of values expected from rough 
theoretical arguments. In the absence of more particular 
indications than those given in Sec. IV B, it is felt best 
at present to take 3= Z and treat only o, as a parameter. 

Experimental and theoretical results for the increase 
in positronium formation J as a function of 6/P are 
compared in Figs. 6-8 for helium, neon, and argon. 
The theoretical curve shown in each case is one with 
3=Z and with o, adjusted to obtain a “best fit” of the 
experimental data. The experimental points shown are 
from a representative run for each gas; the typical 
statistical error of these points is indicated separately. 
The value of &/P corresponding to e=1 is also shown 
so that the various graphs may be intercompared. 

The data for helium have been fitted using 5=Z=2 
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and ¢,=0.023ma,? as shown in Fig. 6. Curves corre- 
sponding to 3=2 and o,=0.018ra,? (dotted) or o, 
=(0.028ma,? (dashed) are also shown, and give some 
indication of the accuracy with which a value for o, 
can be selected. If the helium data are fitted with 
curves (not shown) corresponding to 4=1 or 4=4, 
agreement is noticeably poorer but still within experi- 
mental error; the value of o, which then gives the 
best fit is about 25% higher or lower, respectively. 

The data for neon have been fitted using 3=Z=10 
and ¢,=0.127a,? as shown in Fig. 7. Somewhat better 
agreement can be obtained using 4~5, which then 
yields a best fit with o, about 30% larger. The data 
for argon have been fitted using 3=Z=18 and o, 
=1.52a¢? as is shown in Fig. 8. 

Table IIT lists the values of o, obtained for He, Ne, 
and A using 3=Z, together with other pertinent data”® 
for these atoms. These values of the cross sections for 
the elastic scattering of positrons are radically smaller 
than the corresponding quantities for electrons, in 
agreement with the rough theoretical considerations of 
Sec. IV A. The detailed agreement of the theoretical 
curves and the experimental results for reasonable 
values of the parameters indicates that a correct 


TABLE III. Summary of pertinent data for the rare gases. 





Ce 
(units of ao?) 
theor. Fig. 


Eion Eexe Ever 
(units of ry) exp. 


2 4 1.81 1.46 1.31 0.023 0.07 6 
10 20 1.59 1.23 1.09 0.12 0.4 7 
18 40 1.15 0.85 0.65 1.5 2 8 


Ele- 


ment Z (amu) 











description for the increase of positronium formation 
in a static electric field has been attained. 


Hydrogen, Deuterium, and Nitrogen 


The qualitative considerations which served as back- 
ground for the quantitative calculation of the increase 
of positronium formation in a static electric field no 
longer strictly apply to polyatomic molecules. In the 
case of the rare gas atoms, the threshold for positronium 
formation, E;nr, lies distinctly below the lowest excited 
state, Exe. Positrons with energies below E.x- can lose 
energy in a collision with a gas atom only through the 
recoil of the gas atom. For polyatomic molecules the 
corresponding considerations are more complex because 
of the existence of low-lying energy levels.”’ 

In a polyatomic gas, positrons can lose energy by 
ionization or excitation of the gas molecules, as is of 
course true in a monatomic gas. As before, Ejon is 


26 Atomic Energy Levels, National Bureau of Standards Circular 
467 (U. S. Government Printing Office, Washington, D. C., 1949). 

27 For considerations on energy loss by electrons in collisions 
with molecules see H. S. W. Massey and E. H. S. Burho 
Electronic and Tonic Impact Phenomena (Clarendon Press, Oxford, 
1952), Chap. IV. 
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Fic. 8. Increase in positronium formation J versus &/P, the 
applied electric field divided by the pressure, for argon. The 
theoretical curves are obtained by taking oy large, and using 
3=18 and o,=1.5rac?. The experimental points were taken at 
2.7 atmos. The typical statistical error of the experimental data 
is indicated, as is the value of &/P corresponding to e=1. (Some 
experimental points at larger values of &/P do not appear in 
this figure.) 


written for the minimum energy required to ionize the 
molecule, and Einr=Eion—O0.5 ry is the threshold for 
positronium formation, but now the various modes of 
excitation are considered separately. The minimum 
energy required to produce electronic excitation of the 
molecule is distinguished according to spin state of the 
appropriate level. In the pertinent case of He, De, and 
No, 'Eexe and *F,x. correspond to the lowest excited 
singlet and triplet level. The minimum energy required 
to produce vibrational and rotational excitations is 
sufficiently small (less than 1 ev in all cases) so that 
positrons of essentially all energies are able to produce 
such excitations. In view of this complication, it is clear 
that the theory as developed for the rare gases cannot 
be applied directly to yield 3 and o,. 

However, it has been possible to select curves from 
the family obtained in Sec. V A (Fig. 4) which represent 
the experimental data for H2, D2, and N». These curves 
are shown in Figs. 9-11 together with the experimental 
points. The experimental values for J are not obtained 
from ® as before but from another quantity which is 
more directly related to the raw data and which has 
the same general dependence on &/P as does ®. The 
parameters which were adjusted (instead of 3 and a,) 
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Fic. 9. Increase in positronium formation I versus &/P, the 
applied electric field divided by the pressure, for H2. The theo- 
retical curves are obtained by taking oy large, and using 
Aqg*=2X107 and &/P+e=1400 volts cm™ atmos. The value 
of &/P corresponding, to e=1 is so indicated. The experimental 
points were taken at 2.7 atmos. 
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Fic. 10. Increase in positronium formation I versus &/P, the 
applied electric field divided by the pressure for D2. The theo- 
retical curves are obtained by taking oy large, and using 
A.*=3X107 and &/P+e=1180 volts cm~ atmos. The value 
of &/P corresponding to e=1 is so indicated. The experimental 
points were taken at 2.7 atmos. 
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were simply A,* and the conversion factor from the 
dimensionless electric field variable to the corresponding 
experimental variable &/P+.«. As before for 3 and o., 
the quantity A,* is determined within about a factor 
of two and the choice of A,* has some influence on the 
value of &/P+e, which is obtained. But because the 
curves here are steeper a change in A,* by a factor of 
two changes &/P+e by only about 10%. The values 
of A,* and &/P+e for the best fit of the theoretical 
curves and the experimental results for H2, De, and N2 
are listed in Table IV together with other pertinent 
data** for these molecules. Except for a comparison of 
the corresponding values for H, and Dz, (below), no 
particular significance is attached to these parameters; 
nor is any inference drawn from the observation that 
the theoretical curves do fit the experimental data, 
in view of the manifold of such curves which is available. 

Some understanding of the influence of low-lying 
energy levels on the effect of an electric field on posi- 
tronium formation in polyatomic gases can be obtained 
from a comparison of the experimental data for the 
isotopes Hz and D2. The only difference which should 
be observable will be due to the difference in their 
nuclear masses. It is to be noted that electronic, 
vibrational, and rotational energy levels depend differ- 
ently on the mass (by factors of M°, M-}, and M-, 
respectively). The electronic energy levels of these 
molecules is such that 'Eexe>Etnr>*Eexe. Since the 
ground state is a singlet state and positrons can cause 
a spin change only via their (weak) magnetic inter- 
action, it follows that positrons cannot readily excite 
these molecules to triplet states. Electrons, of course, 
do excite such states very readily via exchange inter- 
action. Moreover, because of the small mass of the 
positrons, excitation of vibrational and rotational states 
is also unlikely. However, the quantity to be considered 
is not the probability for a particular type of collision 
but the average energy loss which can be written 


2G. Herzberg, Molecular Spectra and Molecular Structure 
(D. Van Nostrand Company, Inc., New York, 1950), second 
edition, Vol. I. 


roughly as: 
(GE)=L obE/D oi, 


where a; is the cross section for a particular type of 
collision, 5Z; is the corresponding energy loss, and the 
summation is to be extended over all possible collisions 
including elastic collisions. Some understanding about 
(6E) may be obtained by comparing the value of 
&/P~« for hydrogen and deuterium. The theory which 
includes only energy loss by molecular recoil requires 
that M!8/P+.e, as well as M-'A,*, be the same for 
isotopes of a particular element. Comparison of &/P~+.« 
for H. and Dz» shows that this is not what is observed. 
However, if it is recalled that M appears because 
(6E)« M- when only elastic collisions occur, then the 
quantities which should be considered are (6E)-'&/P+ 
and (6£)A,*. The values of &/P-+« can then be related 
by taking (6EZ)« M-'; this is not to be deduced from 
the values of A.* which have been specifically adjusted 
to conform to this result. Hence it is clearly indicated 
that energy loss to molecular recoil (or rotation) does 
not predominate and strongly suggested that energy 
loss to molecular vibration does predominate; but other 
explanations are not precluded. The energy level 
structure of N2 is similar to that of Hz and Ds, and 
hence the results of the above discussion should apply 
to N2 also. 
Other Gases 


Experiments with CO2, CHy, C2He, CCloF2, and SF 
show no increase in positronium formation up to the 
maximum electric fields used (approximately 2000 
volts/cm at pressures of about 2 atmospheres). Thus 
in these gases energy losses in collisions still compete 
favorably with energy gain from the electric field even 
at the highest fields used and prevent the positrons 
from reaching the threshold for positronium formation 
before they annihilate as free positrons. This strong 
energy loss is presumably due to the existence of 
electronic energy levels which can be excited by posi- 
trons below the threshold for positronium formation. 
It is to be supposed that for sufficiently high values of 
&/P, even these gases would exhibit an increase in 
positronium formation, but it is not clear that the 
required values of &/P can be attained without compli- 
cating effects, e.g., breakdown, occurring. The negative 
observations for these gases clearly show why minute 
traces of such polyatomic gases strongly affect the 


TABLE IV. Summary of pertinent data for hydrogen, 
deuterium, and nitrogen. 
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results in these gases which do exhibit an increase of 
positronium formation in a static electric field. 


C. Discussion 


From comparison of the theoretical dependence of 
the increase in positronium formation in a particular 
gas on the applied electric field and the gas density, 
as developed in Secs. III and V A, with the experi- 
mental results of Marder ef a/." for the rare gases, it 
has been possible to deduce some information regarding 
the magnitudes of the cross sections for the pertinent 
atomic processes. It is found that the cross section for 
positronium formation is “large” and that the cross 
section per molecule for annihilation of a free positron 
with an electron of a gas molecule is about Z times the 
annihilation cross section per electron. The most accu- 
rately determined cross section is that for elastic 
scattering. The values obtained for this quantity are in 
general agreement with the results of simple theoretical 
considerations. 

Agreement between theory and experiment was ob- 
tained by taking the energy region III as completely 
absorbing in the diffusion treatment of the positron 
energy distribution. This requires that in region III the 
formation cross section be sufficiently large, presumably 
of the order of the elastic cross section or larger. 
Because of the small values of the latter cross sections 
for any particular gas, the magnitude of the formation 
cross section so indicated was to be expected @ priori. 

The parameter 3 related to the cross section for the 
annihilation of free positrons has been determined to 
be 3~Z within about a factor of two. Since Z varies 
from 2 for He to 18 for A, this result indicates that the 
correct interpretation has been given to the parameter 
3. Because 3 enters into the present considerations in a 
rather insensitive way it cannot be determined very 
accurately. It may be remarked, however, that experi- 
ments of a quite different kind can measure directly 
the decay rate for the annihilation of free positrons in 
a gas and hence determine 3. Moreover, the energy 
dependence of 3 can be tested by measuring this decay 
rate in an electric field. No such experiments on the 
rare gases seem to have been reported in the literature. 

The quantity which is determined to any useful 
degree of accuracy is the cross section for the elastic 
scattering of positrons by the gas atoms. The principal 
uncertainty in this quantity arises from the uncertainty 
in 3. If 3% were known, then o, would probably be 
determined to about 10% from the present data. 
However, in the absence of specific knowledge about 3, 
the (experimental) values of o, listed in Table III 
should be considered uncertain by about +25%. 

The detailed fit of theory and experiment suggests 
that the fundamental processes which are involved are 
correctly described. It may be remarked however that 
the general dependence of J on & illustrated in Fig. 4 
can be expected to hold for considerably more varied 


IN GASES: THEORETICAL 








€ =! 








l n L 
500 1000 1500 


G/P (outs cu atwos™) 

Fic. 11. Increase in positronium formation J versus &/P, the 
applied electric field divided by the pressure, for N2. The theo- 
retical curves are obtained by taking oy large, and using 
Aq*=2X10 and &/P+«=810 volts cm™ atmos™. The value of 
&/P corresponding to e=1 is so indicated. The experimental 
points were taken at 2 atmos. 


conditions than indicated by the assumptions used in 
deriving that relationship. Thus if o, has a different 
dependence on v than was assumed, or if the energy 
loss is by excitation of rotational levels instead of by 
recoil, the indicated dependence of J on & will be 
obtained but now a different significance must be 
attached to the parameters which appear. 

The qualitative considerations of Sec. II suggest 
that the saturation of the increase in positronium 
formation at large values of the electric field corresponds 
to positronium formation by all the positrons in the gas. 
The experiments under discussion" indicate that only 
about % of all the positrons form positronium at the 
high fields. This might be due to formation of positron 
compounds” or to the annihilation of parapositronium 
atoms formed from positrons in region I.’ Clearly more 
direct experimental information on these questions 
would be desirable. 

As further points of interest it may be noted that 
the effect of radio-frequency electric fields on posi- 
tronium formation is readily taken into account in the 
Boltzmann equation (Sec. IIIA). The Boltzmann 
equation can also be altered to take into account 
mixtures of gases, and energy loss by vibrational and 
rotational excitation. Experiments show marked effects 
due to small admixtures of polyatomic gases in the 
rare gases, and from experiments of this type it may 
be possible to obtain useful information about such 
polyatomic molecules. 
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APPENDIX I. RELAXATION TIME FOR 
REACHING EQUILIBRIUM 
In Sec. III B, considerable simplification resulted by 
assuming the relaxation time for reaching equilibrium 
2 J. A. Wheeler, Ann. N. Y. Acad. Sci. 48, 219 (1946); A. Ore, 


Phys. Rev. 73, 1313 (1948) ; A. Ore, Universitetet i. Bergen Arbok 
1952, Naturvitenskapelig rekke No. 5. 
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was much shorter than the lifetime of free positrons, 
so that the corresponding decay rates satisfied \;>)q. 

Consider first the case of ¢=0. Using the dimension- 
less notation of Sec. III C, the appropriate differential 
equation becomes 


d dg 
“| exp(—w)—|+ 16Au? exp(—u*)g=0, 
du du 


with the boundary conditions 
uexp(—w)dg/du=0 at x=0,. 


The transformation 
g=y exp(3w') 
leads to 


1 
os a [8u?—4u®+16Au }y=0. 


due udu 


This equation should be compared with the equation 


ay’ 1 dy’ 
—+-——+ [bu—7°u'+16A'uly’=0, 
dv udu 


which has the eigenvalues 
An’ = He (2n+1)—7eb. 


The eigenvalues of the original equation may be under- 


estimated by noting 
An2An’, 


as long as b and y are chosen so that 
4u®—8u? > y°ut— bu 


is satisfied for all positive values of «. The best under- 
estimate using this method is obtained if 6 and y are 
adjusted, subject to this restriction, so as to maximize 
el 

This yields the desired underestimates: 





| 38(2K)) (16-+15K%)'— 16 
60 [(16++15K2)#—4]? 


nZviin 


with 
K=3(2n+1). 


For n=0, where Ao=0 is known, the underestimate 


becomes 
Ao> —0.115. 


For n=1, the quantity of interest A; is underestimated 


by 
A, >0.755. 


To ascertain that this is a realistic estimate for Aj, 
it is useful to obtain an overestimate for this quantity. 
In terms of the variable x=, a simple trial function 
for g: is 1—(4/3)x. The 4/3 occurs because the trial 
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function must be orthogonal to go= const, 


Lo] 


f a~te-*(const)[1— (4/3)x]=0. 


0 


With this trial function, the Rayleigh-Ritz principle 
yields 

) dg 2 

f x =| dx 
0 dx 1 
os 1'(7/4 
f ate-*g2de dia 
0 


so that indeed A;1. 

Turning to the interesting case of oy large, a rough 
underestimate for the rate of attaining quasi-equilibrium 
is simply 





Ai< [Ai ]= 


Ailey large | > Ailos= 0}. 
That 
AL>Aq 


holds for pertinent values of & may be noted by 
observing equivalently that 

€A>0.755e5>A,* 
holds, except for very small ¢, which do not occur in 
the analysis because E*>>kT is always assumed. 


A somewhat more sophisticated underestimate for A, 
may be obtained by noting 


Zthr 
G(x,x)a-te-*dx= h(aine) => n(1/An)- 
0 


From this, there results first 
h(xtnr)21/Ao ‘or 

as before, and secondly 
h(xenr)21/Ao+1/A, or Ai >[h(%enr)— 1/Ao}", 


where in the last expression Ao may be replaced by any 
overestimate without affecting the inequality. 


1/h (nr) < Ao, 


APPENDIX II. NUMERICAL SOLUTION 
FOR o; SMALL 


If oy is taken to be small, the increase of positronium 
formation in an electric field can be described in terms 
of Ao, which can be approximated by 


hod f vdv Norah / 4x f v'dv fo, 
0 0 


as indicated in Sec. III B. Using the dimensionless 


‘energy variable »=E/E*, so that fo=exp(—n’) and 


Mthr= Exnr/E*=€", and writing 


(=) ; (— i 
E ” 
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‘with a,’ taken to be constant, there results 


f n¥(n—nens)* exp(—a)da 
‘thr 





ho= Novena 


f nt exp(—a)dq 


The denominator is readily integrated to yield 3T (#). 
However, the integral in the numerator must be 
approximated. Putting £=7—m nr, the numerator be- 
comes 


f a¥(q—euns)! exp(—a?)dy 
” 


thr 


=exp(—nar) f (E+-nenr) #4 exp(—2mnré— )dé, 
0 


= Mhr | exp ( ret Mar) (3)/2v2, 


where it may be noted that the major contribution to 
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the integral occurs for values of 7 in the range 
Nthr <n Sturt 1/2nthr, 


and the approximations 


exp(— #?) ~1, (E+ntnr)!=nenet, 


were used. This is completely adequate for the present 
purpose. 

Using the values of the integrals indicated, and 
recalling that A\g=V 3rro*c, there results for the increase 
in positronium formation J in the present approximation 


Xo 


T= 
NotAa 


ps 1.3X 10°12! exp(—mnr’) 
1.3 10%nen2? exp(—nenr?) + (3/07’) (Etne/ry)? 


with g,’ in units of wao?. Figure 5 shows this result 
plotted vs the dimensionless field parameter ¢=nar™ 
for a number of different values of (o/'/3)(E:ns/ty)*. 
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Density Effect on the Ionization in Gases by Electrons* 


W. C. BARBER 
High-Energy Physics Laboratory, Stanford University, Stanford, California 
(Received May 16, 1956) 


The density effect on the ionization produced by electrons has been observed by comparing their specific 
ionization in He and Hz gases at one and ten atmospheres pressure. The measurements were made by 
sending primary electrons of energy variable from 2~—35 Mev through an ionization chamber into a Faraday 
cup. No density effect is observed or expected at one atmosphere pressure at these energies, but at ten 
atmospheres pressure, the results indicate the onset of the density effect at about 10 Mev in Hz and 20 Mev 
in He. At 35 Mev, the percentage reduction in ionization from that expected without density effect amounts 
to (8.0141) in Hz and (3.5+1.3) in He. These results are in near agreement with the calculations of 


Sternheimer. 


I. INTRODUCTION 


OR some time, it has been known!” that the mass 
stopping power of any material for charged par- 
ticles should be dependent on the density of the ma- 
terial. This dependence arises when the particle velocity 
approaches ¢ and the relativistic extension of the 
particle’s transverse field is affected by the polarization 
of the surrounding material. This effect has been 
demonstrated as influencing the energy loss of particles 
in solids,’ the ionization produced in gases,*® the grain 
* The research reported in this document was supported by the 


joint program of the Office of Naval Research and the U. S. Atomic 
Energy Commission. 

1W. F. G. Swann, J. Franklin Inst. 226, 598 (1938). 

2. Fermi, Phys. Rev. 57, 485 (1940). 

3 Goldwasser, Mills, and Hanson, Phys. Rev. 88, 1137 (1952). 

‘Perry, Rathgeber, and Rouse, Proc. Phys. Soc. (London) 
A66, 541 (1953). 

’ Ghosh, Jones, and Wilson, Proc. Phys. Soc. (London) A67, 
331 (1954). 


density in nuclear emulsions,® and the light output of 
scintillators.’ 

In gases at atmospheric pressure, the density effect 
begins to occur when the kinetic energy of the charged 
particle is about 100 times its rest energy. In order to 
demonstrate the effect at lower particle energy, it is 
necessary to increase the gas pressure. The theory of 
the effect* indicates that the correction to the rate of 
energy loss depends on the gas pressure P and particle 
momentum only as a function of the product (pP?). 

The measurements described in this paper were made 
with an ionization chamber at 10 atmospheres pressure 
using electrons of up to 35-Mev energy. The observed 


6 J. R. Fleming and J. J. Lord, Phys. Rev. 92, 511 (1953). 
7 Theodore Bowen, Phys. Rev. 96, 754 (1954). 

8 R. M. Sternheimer, Phys. Rev. 88, 851 (1952). 

9R. M. Sternheimer, Phys. Rev. 91, 256 (1953). 
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Fic. 1. Schematic drawing of the Faraday-cup beam collector 
showing the high-pressure ion chamber in front of the cup. 


density effects should be the same as would attain at 
atmospheric pressure with electrons of up to 100 Mev. 


Il. APPARATUS 


The methods and apparatus used were essentially 
the same as described in an earlier paper on specific 
ionization by electrons.'° The primary electrons were 
accelerated in the Stanford 35-Mev linear accelerator, 
then formed into an energy-analyzed beam of 3-in. by 
l-in. rectangular cross section. This beam was then 
passed through an ionization chamber into a Faraday 
cup. (Figure 1 shows the configuration employed.) The 
ratio of the collected ionic charge to the charge collected 
in the Faraday cup is then proportional to the specific 
ionization. The details concerning the primary energy 
calibration, the method of measuring the accumulated 
charges, the tests indicating the reliable performance of 
the Faraday cup, and the various corrections to the 
observed data are given in reference 10. The only im- 
portant change in the apparatus was the use of thicker 
windows, capable of withstanding the higher pressure, 
in the ionization chamber. These windows (0.0075-in. 
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Fic. 2. Ratio of the collected ion charge to collected Faraday- 
cup charge (in arbitrary units) as a function of the average 
primary beam intensity. 


” W. C. Barber, Phys. Rev. 97, 1071 (1955). 
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stainless steel, 4 in. in diameter at the exit) resulted in 
appreciable scattering or absorption of the low-energy 
primary particles. An experimental evaluation of this 
effect was made by measuring at atmospheric pressure 
with the thick window chamber and comparing these 
results with the previous atmospheric pressure measure- 
ments made with the same ion chamber fitted with thin 
windows.” 

The recombination of ions in the gas was an im- 
portant effect which limited the precision of the experi- 
ment. In order to minimize this effect, the ion density 
was kept as low as possible by employing gases of low 
electronic density (H, and He) and primary beams of 
large cross-sectional] area and low intensity. A correction 
for the recombination was evaluated by observing the 
ratio of ion charge to Faraday cup charge as a function 
of primary beam intensity and extrapolating the result- 
ing curves (straight lines) to zero beam intensity. 
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Fic. 3. Relative specific ionization in Hz at one and ten atmos- 
pheres pressure as measured with the thick-window ion chamber 
shown in Fig. 1. The data were normalized to give agreement in 
the region from 2 to 6 Mev. 


Figure 2 shows a few of these curves as measured under 
the best conditions. The extrapolations from the 
measured points of lowest intensity amount to 2 or 3% 
with possible errors of about 1%. 

The necessity of avoiding gas “breakdown”’ inside 
the chamber limited the voltage which could be applied 
to 10 kv in the case of H» and 5 kv in the case of He. 
It was found that the long-term reproducibility of the 
measurement on Hy, was better than on He. 

All measurements were made with the gases flowing 
through the ion chamber at about 1 cc/sec. The He gas 
was electrolytic H, (supplied by the Stuart Oxygen 
Company) which was passed through a liquid Ne trap 
to remove condensable vapors. The He gas had been 
mass spectrometer checked to be 99.99% pure. No 
further trapping or purification was used. 

The gas pressure was measured with a barometer 
and a calibrated gauge. The experiments were all con- 
ducted at a uniform temperature of 23°C. The 10- 
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atmosphere data were taken at 145 psi (gauge) which, 
to 1% accuracy, gave the same number of atoms/cm® 
as at 0°C and 10 atmospheres absolute pressure. 


III. RESULTS 


Figures 3 and 4 show experimental data taken with 
H, and He by using the thick window chamber at both 
one and ten atmospheres pressure. The ordinate scales 
are arbitrary and the high- and low-pressure data have 
been normalized to correspond in the region from 
2-6 Mev. The errors indicated on the figures are 
standard deviations calculated from the reproducibility 
of the measurements. Because the large beam cross 
section made the effect of the fringing fields of the ion 
chamber rather uncertain, and because the control on 
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Fic. 4. Relative specific ionization in He at one and ten atmos- 
pheres pressure as measured with the thick-window ion chamber. 
The data were arbitrarily normalized to give the best average 
agreement in the region from 2 to 9 Mev. 


gas purity was not particularly good, absolute specific- 
ionization measurements were not attempted. However, 
the observed increase with pressure agreed with that 
theoretically calculated from the ratio of gas density 
and the change in secondary cut-off energy, To, to 
about 5%. 

Figures 5 and 6 show data used to evaluate the effect 
of the thick windows. The effect of the windows is 
chiefly due to single scattering whose cross section is 
nearly proportional to 1/Eo’. Therefore, the measured 
values of the thick-window ionization were multiplied 
by a factor A(1—B/E,*), with A and B empirically 
chosen to give agreement with the thin-window data. 
With Zo measured in Mev, the chosen value for B was 
0.28. The value of A was near unity and was chosen 
to give agreement with the specific ionization measure- 
ments reported in reference 10. 
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Fic. 5. Illustration of the effect of the thick windows on the 
specific ionization in Hz observed with the apparatus shown in 
Fig. 1. The data were arbitrarily normalized at high energies. 


A window correction proportional to 1/E,? was applied to give 
the agreement indicated at low energies. 


Figures 7 and 8 show a comparison of the specific 
ionization with theoretical curves of the expected rate 
of energy loss due to ionization and excitation. The 
theoretical curves show the expected density effect at 
10 atmospheres pressure as given by Sternheimer.*® 
The so-called “probable” energy loss 


(= dx “) probable 


which is Eq. (43) of reference 9, has been used for 
comparison with the ionization chamber measurements 
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Fic. 6. Comparison of the measurements on He with thick and 
thin windows on the ion chamber. The same window correction 
was used as in the case of H: (Fig. 5). 
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Fic. 7. Comparison of the specific ionization measurements in 
ten atmospheres of He (crosses and circles) with the theoretically 
e ted energy loss in Hz (solid curve). The lower branch of the 
edad Cotes takes into account the expected density effect at ten 
atmospheres pressure while the upper branch is the expected 
energy loss without density effect. The points were arbitrarily 
normalized to fit the solid curve in the region from 2.8 to 6 Mev. 


because the size and gas content of the chamber 
effectively impose a cut-off energy, To, on the secondary 
electrons which are fully detected. Equation (1) repre- 
sents the rate of energy loss not including the losses in 
collisions where energies greater than 7) are given to 
the secondary electron. It is valid for all particles, 
provided 7» is sufficiently less than the primary energy. 
The 6 represents the density effect and depends on the 
dielectric properties of the medium. It depends on 
primary momentum and pressure only through the 
product (pP#). In evaluating expression (1), J was 
taken as 18 ev for H; and 27 ev for He. The values of To 
were calculated to be 56 kev for the chamber filled with 
10 atmospheres of H, and 51 kev with He, 
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Fic. 8. Comparison (analogous to Fig. 7) of the measurements 
= ten atmospheres of He with the theoretically expected energy 
oss in He. 


IV. CONCLUSIONS 


The direct comparison of the one- and ten-atmosphere 
data (Figs. 3 and 4) shows clear evidence for a leveling 
off in the relativistic rise in ionization as is predicted by 
the density effect. This result is independent of possible 
errors in the window correction discussed above. The 
density effect is observed at lower energies in Hz than 
in He, a result which is expected as a consequence of 
the tighter binding of the electrons in He. Comparisons 
of the data with the theory of energy loss (Figs. 7 and 8) 
show agreement within experimental error in the case 
of He and nearly so in the case of H2. At 35 Mev the 
calculations of Sternheimer predict a reduction in 
energy loss due to the density effect of 6.5% and 3% in 
Hz and He, respectively. The corresponding experi- 
mentally observed reductions are (8+1)% in He and 
(3.5+1.3)% in He. 
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The decay of Yb by electron capture has been studied with permanent magnet spectrographs and 
scintillation counter techniques. Multipolarities of all transitions (including mixing) have been deduced. A 
level scheme is proposed. Two metastable levels of 4X10~7 and 4.5X10-® second have been found, in 
addition to the well-known 6.4 X 1077 sec level. These metastable levels are all depopulated by D+-Q mixtures 
in which the dipole radiation is greatly retarded (by factors of 10° to 108) and the quadrupole radiation is 
retarded by factors of 10? to 10* as compared to the single-particle estimates. For certain transitions the 
corrections to the M1 internal conversion coefficients (necessary because of finite nuclear size) have been 
obtained for the K, Ly and Ly shells. The screening correction for the K-LL Auger lines has been obtained 


for this nucleus (Z=69). 





I. INTRODUCTION 


T has been long known! that Yb (30.6-day)* decays 
via electron capture to levels in Tm, which are de- 
populated by a complex y-ray spectrum. In addition, 
a metastable level of ~0.7 usec has been observed by 
several investigators.' However, no consistent decay 
scheme had been proposed because of the lack of 
sufficiently good experimental data and lack of knowl- 
edge of the behavior of level spacings and transition 
probabilities for nuclei in this region of Z and A. The 
recent striking successes of the Bohr-Mottelson* 
model, and the extensions to this model have made a 
reinvestigation of this complex level scheme quite 
worthwhile. The Coulomb excitation experiments® on 
Tm have indicated that the second excited state is at 
~130 kev, and by implication suggested that the first 
excited level is at ~10 kev for this nucleus whose 
ground state spin is 1/2. Johannson’ has published a 
scintillation spectrometer study of the decay of Yb 
and has established that one may, indeed, construct a 
level scheme consistent with the theoretical premise 
that there exists here a rotational band (K=1/2) with 
spins 1/2, 3/2, 5/2, 7/2, and perhaps 9/2. In addition, 
there are levels not belonging to the K=1/2 band, and 
y-ray transitions from these levels to levels in the 
rotational band are apparently greatly impeded. More 
recently, Cork et al.? have published the results of an 
investigation with high-resolution electron spectro- 
graphs. These results are in general agreement with 
those of Johannson’ and Hatch et al.’ 


1 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

2 Cork, Brice, Martin, Schmid, and Helmer, Phys. Rev. 101, 
1042 (1956). 
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7 Sven A. E. Johannson, Phys. Rev. 100, 835 (1955). 

8 Hatch, Marmier, Boehm, and DuMond, Bull. Am. Phys. Soc. 
Sec. IT, 1, 170 (1956). 


We have studied the radiations succeeding the 
electron capture of Yb with 180° permanent magnet 
photographic recording spectrographs and two scintilla- 
tion spectrometers which could be operated with a 
variable time delay between them. We have obtained 
good values for the transition energies, in excellent 
agreement with those of Cork et al. and Hatch et al. 
We have resolved the L-conversion lines of most transi- 
tions, and have measured conversion line intensities on 
our photographic plates. We are able in all cases to 
assign multipole orders and intensities of the various 
transitions. These multipole assignments are also in 
agreement with those of Hatch et al. We have con- 
firmed the coincidence data of Johannson and have 
extended such measurements. Electron capture branch- 
ing ratios have been obtained, which should give some 
information as to the character of the Yb ground state. 
In addition, we have established the existence of two 
additional metastable levels of half-lives 4.5X 10-8 sec 
and 4X 10-7 sec. We also have been able to determine 
empircally the corrections to M1 conversion coefficients, 
required due to the finite size of the nucleus. We have 
calculated the correction required for the energies of 
K-LL Auger lines, this correction” being needed be- 
cause the screening is changed when there exists a 
vacancy in one of the L subshells. 


II. CONVERSION ELECTRON DATA 


The spectrographs used were similar to those pre- 
viously described by one of us," and had fields of 82 
and 180 gauss. The spectrographs had been carefully 
calibrated energy-wise against lines of known energy.” 
Electron intensities were obtained photometrically, and 
as a check, the relative intensities of conversion lines 
from a source of Ta'® were compared with those ob- 


® A. H. Wapstra and G. J. Nijgh, Nuclear Phys. 1, 245 (1956). 

107. Bergstrom and R. D. Hill, Arkiv Fysik 8, 21 (1954). 

" Gillon, Gopalakrishnan, De-Shalit, and Mihelich, Phys. Rev. 
93, 124 (1954). 

#2 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952), 
and Hatch, Boehm, and DuMond (private communication, 1955) 
to Nuclear Sci, data cards, No. 56-1-85. 
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tained by Murray ef al.!* with a counter spectrometer. 
The agreement was good within 10% for electron lines 
of energy greater than 50 kev. 

The sources were prepared as follows'*: Yb.Os, after 
an irradiation of two weeks in the Argonne National 
Laboratory CP5 facility, was dissolved in 3.0N HCl 
and the solution evaporated to dryness over a steam 
bath. The chloride thus formed was dissolved in 
Pyridine to form the bath for electrodeposition. With 
a potential difference of 6 volts, free ytterbium was 
deposited from this bath onto a 10-mil Pt wire which 
served as the cathode. This wire was then used as the 
spectrograph source. 

Figure 1 is a reproduction of the electron spectra 
obtained. Table I presents the conversion line energies, 
intensities, and assignments. Table II illustrates the 
consistency of the individual transition energies and 
their sums as compared to the appropriate crossover 
transitions. 


Ill. ESTABLISHMENT OF MULTIPOLE ORDERS 


In general, one attempts to determine the multi- 
polarity of y-ray transitions in a radioactive decay 
process by means of internal conversion data. In 
particular, these data are the absolute internal con- 
version coefficients (henceforth abbreviated as ICC) 
for the K and L shells and the relative ICC for the three 
L subshells (the LZ ratios) and the relative ICC for 
the M subshells, if such data are available. If one is 
able to compare these experimental data with accurate 
theoretical values of ICC,!* then in essentially all cases, 


1% Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 
1007 (1955). 

“Thanks are due Mr. Charles Armbruster who prepared the 
sources for us. 

48 Rose, Goertzel, Spinrad, Haar, and Strong, Phys. Rev. 83, 
79 (1951); M. E. Rose in Beta and Gamma Ray Spectroscopy, 
edited by Kai Siegbahn (North Holland Publishing Company, 
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Fic. 1. Reproduc- 
tion of internal con- 
version electron spec- 
tra of Yb! as ob- 
tained with photo- 
graphic _ recording 
permanent magnet 
spectrographs. 
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one can specify a unique multipole assignment. Such 
a procedure is feasible, at least for nuclei of sufficiently 
high Z and transition energies which are not greater 
than, say, 200 or 300 kev. 

Unfortunately, it has become evident that there is an 
error in the theoretical values of the ICC for transitions 
of multipole order M1,° this error being due to the 
finite size of the nucleus. There is apparently a correc- 
tion needed for the K, Li, and Ly conversion of this 
multipole order, and there are possibly corrections 
required for other multipole orders. We have assumed 
that, if there is a correction to the Ly ICC, it is small 
and can be neglected. These corrections, only roughly 
determinable at present, make the precise, or even 
correct, determination of dipole-quadrupole mixtures 
difficult. We have attempted to make our interpretation 
by adjusting the correction applied to the K, Lr, and 
Ly shell ICC and the dipole-quadrupole mixing ratio 
so that the absolute ICC and the L ratios are internally 
consistent. 

If the LZ ratios are not sufficiently sensitive to the 
unknowns, or perhaps not obtainable, then a directional 
correlation measurement would be useful in order to 
establish the multipole order (including mixing) and 
hence, the correction to the theoretical ICC. 

In our calculations, we have assumed that the only 
multipole order requiring correction is M1, and in 
particular that the E2 ICC are correct. If one considers 
the case of M1+ 2 mixtures, and makes the assump- 
tions stated in the last paragraph, then the following 
procedure is possible. Let us call the correction to the 
K, Ly, and Ly shells “f,” “g,” and “h,” and the frac- 
tional part of the photons which go via an electric 
multipole transition “é,” the fraction going via a 
magnetic multipole transition being (1—6). Then the 


Amsterdam, 1955), Appendix IV, p. 905; Rose, Goertzel, and Swift 
(privately circulated tables). 
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correct value of the ICC, which we label with an as- 
terisk, is equal to the appropriate correction factor 


times the uncorrected theoretical value. Thus, 


Bx*= SB, 
Bx*=g8iut+hbiut+Bim. 


TABLE I. Conversion electron data for Tm!®. 








Transi- 
Electron Energy tion Visual Intensity 
energy sum energy intensity (photo- 


(kev) (kev) (kev) estimate* meter) Remarks 





5.84 8.15 vvw 
6.10 8.19 8.17 vvw 


Or Li—-MuMu 
Or L1—-MuMin 


18.43 20.74 vw 
20.51 j 20.71 vvw 


42,98 45.07 
44.62 45.00 


3.65 63.05 vvw 
52.78 & a m-s 


VVVW 

vvVw 

(1900) (Obtained using 
250 aiX =0,80) 


53.30 B ! m 90 


m | 


110 


90 
54 } 110—N is 


50 between these 


two. 

(20) Estimate. On 
low-energy tail 
of 177-K 


about 1/10 of Lr 
<10 
about 1/10 of Li 


198.6 <10 
262.1 Estimate 3 


w 
308.4 <10 





Auger lines 


Experimental Theoretical 


electron 
energy (kev) 


Vacancies 


electron 
energy (kev) 


Remarks 





5.84 
6.10 


li-MuMu 
Li-—-MuMu1 
K-LiLi 
K-Lilu 

K -—Lilut 
K -—LuLin 
K-—LinLui 
K-LiMi 
K-LuMiu 
K-—LinMin 
K-MiiMi1 
K-MuNu 


6.14 


Or 8.15—M1 
Or 8.19 —~Mi1 








® vy =very, w =weak, m =medium, s =strong. 
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TABLE II. Consistency of energy sums (kev). 











109.8+8.2 


Crossover 


109.8+-20.7 
Crossover 


118.0 
118.2 


130.5 
130.7 


177.7+20.7 
Crossover 


198.4 
198.6 


198.6+ 109.8 
130.7+-177.7 


Crossover 


308.4 
308.4 
308.4 


198.6+ 63.0 
Crossover 


261.6 
262.1 


138.9 
138.9 
138.7 


316.6 
316.6 
316.8 
316.6 
316.6 


130.7+ 8.2 
118.2+ 20.7 
109.8+ 20.7+-8.2 


308.4+ 8.2 
198.6+109.8+ 8.2 
198.6+ 118.2 

177.7+118.2+-20.7 
177.7+130.7+ 8.2 








If one has determined the experimental K and L shell 
ICC (ex and e,), and the L ratios, then one has a 
sufficient number of independent data to determine the 
four unknowns (f, g, 4, and 6), provided these experi- 
mentally determined quantities are sufficiently sensitive 
to the unknowns and the experimental data are suffi- 
ciently accurate. 

We shall discuss our analysis of the multipolarities of 
the various transitions in some detail. The 130-kev 
transition has been taken to be pure £2 and we have 
assumed its correct ICC to be the theoretical value. 
We obtain the e; (experimental ICC for shell i) by 
normalizing our electron intensity data to the photon 
intensities of Johannson (assumed to be good to within 
10%) at the 130-kev transition, and thus obtain ratios 
of conversion electron intensity for shell 7 to the photon 
intensity for each transition. 

In general, the following relationship holds for a 
mixed transition : 


€;=B;*—5(8,*—ai), 


where ¢;, 8;*, and a; are the experimental, corrected 
theoretical magnetic and theoretical electric conversion 
coefficients for electron shell i, and 


6=y2/(yut+7z), 


where yy and yz are the intensities of the magnetic 
and electric unconverted photons and yy+y2=1. The 
theoretical conversion coefficients for the transitions 
under discussion appear in Table III. 


(a) 63-kev Transition (£1) 


The experimental value of ¢,=0.19+0.04 and the 
experimental L ratios 2.3/0.8/1.0 are consistent with 
the theoretical £1 ICC of 0.15 and theoretical L ratios 
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TABLE III. Theoretical internal conversion coefficients (ICC). 








K shell L shell 
a a2 Bi Bz a a2 Bi 


63 =~ 0.80* ~2.5" ~4.0* ~58.0* 0.152 13.67 1.747 
94 , 0.89 3.7> 35.0° 0.0513 2.08 0.535 
110 . 0.68 2.46 20.0° 0.0345 1.043 0.349 
118 0.58 1.95 15.0° 0.0281 0.780 0.294 
131 0.47> 1.55 10.0° 0.0215 0.556 0.220 
178 0.233 0.60 3.15 0.0095 0.138 0.091 
199 0.168 044 2.1 0.0071 0.079 0.065 


L ratios 
Mi 


phy 5 


energy 


> 


El E2 


2/0.8/1.0 0.04/0.97/1.0 
3/0.85/1.0 0.13/1.1/1.0 
7/0.85/1.0 0. S 
9/0.86/1.0 

/0.86/1.0 

/0.92/1.0 





rs 


308 0.049 0.13 0.47 0.0022 0.014 


0.019 


2. 
3. 
3. 
3. 
4. 
5. 
6. 
9: 


SOONY PON 
SaSREEe |" 


3 
4 
0/0.93/1.0 
0/1.0/1.0 








* ICC obtained through extrapolation to threshold value obtained from B. I. 


Spinrad, Phys. Rev. 98, 1302 (1955) and Church, Herbst, and Monahan 


Argonne National Laboratory Report ANL-5174, 1954 (unpublished), pp. 69-71. 


b ICC taken from J. R. Reitz, Phys. Rev. 77, 10 (1950 


). 
© ICC obtained through extrapolation of results of Rose et al. (reference 14). All other ICC also come from Rose et al. 


of 2.2/0.8/1.0. A small admixture of M2 (at most a 
few parts in 10 000) would be consistent with our data, 
as such an admixture would tend to increase the ICC 
and slightly enhance the J; line. Such a mixture is 
compatible with the measured half-life of the level 
from which this transition proceeds. 

One may exclude an M1+£2 mixture since ez is 
much too low for any possible such mixture. Therefore, 
we conclude that this transition is predominantly £1 
with a small admixture of M2 possible. 


(b) 94-kev Transition (M1-+ E2) 


Intensity measurements were made on the ZL; and 
Ly electron lines and along with the Ly/Li ratio 
reported by Cork,? the total Z shell ICC was obtained, 
which is then 0.34+0.05. Assuming that the theoretical 
E1 and M2 ICC’s are correct, this value would corre- 
spond to a mixture of Ei+M2 (3.5%). However, this 
mixture would make the L ratios 4.3/0.56/1.0 which 
is incompatible with the observed ratios of 10/1.8/1.0. 
On the other hand, neither can one reconcile the L 
ratios and L ICC with M1+ £2, unless a correction is 
made to the M1 ICC. It is found that g=0.55+0.09, 
h=0.63+0.08 and 6=0.023+0.005 are compatible with 
the ez and L ratios. In fact, only the stated values are 
consistent with these measured data. 

We then conclude that this transition is M1+ 2 
(2.3%). In addition, it appears that this transition is 


one for which one is able to obtain the required correc- 
tions to the M1 ICC. 


(c) 110-kev Transition (M1+ E2) 


For this transition, the values ex=1.27_o,251?, 
€,=0.30+0.06, and the L ratios (10/1.8/0.6) indicate 
that the only logical assignment is M1+ £2. Here again, 
unless one makes a correction to the Mi ICC, no 
satisfactory agreement with the experimental data is 
possible for any mixing ratio. The following values make 
all data internally consistent: f=0.54_0.1971®, g=0.77 
+0.16, h=1.2340.22, and 6=0.024+0.006. This 
multipole order is that expected if this transition pro- 
ceeds between two levels of a rotational band. 


(d) 178-kev and 199-kev Transitions 


The establishing of the multipole orders of the three 
transitions de-exciting level E is difficult. Transitions 
ED and EC are certainly dipole plus quadrupole (D+Q) 
mixtures, but whether or not there is a parity change is 
difficult to ascertain. 

By reference to Table IV it may be seen that the 
value of €x(178) lies between that for pure M1 and 
pure £2. If one takes the 178-kev transition as pure 
M1, a minimum value of f would be 0.65. This is 
somewhat higher than that which was found for the 
lower energy 110-kev transition. Any £2 admixture 


TABLE IV. Transition data. 








Transition 
intensity 


Transition 


energy Photon 


Experimental Multipole 


(kev) 


intensity® 


Net+Ny 


ex? 


€L 


Li/Lu/Li 


order 





63 250 

94 34 
110 nee 
118 
131 “O1 
178 146 
199 214 
308 60 


4806° 
746 
3650 
379 
1828 
2226 
3173 
619 


>0.83 
1. 21a. eg 


0.47 

0.49 +0.10 
0.45 +0.09 
0.059+0.012 


0.19 +0.04 
0.34 +0.05 
0.30 +0.06 


0.53 +0.05 


>0.084+0.017 
>0.068+0.014 


23/8/10 
100/18/108 
167/30/10 
—/110/100 
28/128/100 
100/?/~10 
100/?/~10 


E1+ (M2) 
M1+£2(2.3%) 
Mi+E2(247,) 


E2 
M1i+£2(10%) 
ible asta! 








* Obtained from Johannson (reference 7). 


b All experimental IC 


¢ Obtained using a:X =0.80. 


4L ratio obtained using Lm/Lin ratio of Cork ef al. (reference 2). 


C have been normalized to a:* (130) =0.47. 
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would require an increase in the value of f since a2* is 
considerably smaller. However, our estimated L1/Lry 
ratio of approximately 10 indicates an £2 admixture of 
10+5%, where we have taken 0.5<g<1.0. Such a 
mixture is consistent with the measured half-life from 
which this transition proceeds (see Sec. VI). For the 
extreme values of ex and 6 the value of f is between 
0.66 and 1.09. If a mixture of E1i+M2 is considered, 
the data indicates an M2 admixture of 15+4%. 

A similar situation exists for the 199-kev transition. 
Here again a minimum value of f is 0.81, which is 
higher than both the 110-kev and 178-kev transitions. 
The £2 admixture indicated by our data (L1/Lin~10) 
is 136%, where we have considered g over the same 
range as in the 178-kev transition. The extreme values 
of ex and 6 in this case yielded an f value between 
0.85 and 1.43. A mixture of Zi+M2 would require an 
M2 admixture of 20+5%. It may be noted that in 
both cases within the limits of our accuracy, the L1/Li1 
ratio is compatible with either assignment. 

In the absence of a good determination of the L 
ratio for both the above transitions, a clear-cut choice 
cannot be made. 


(e) 308-kev Transition 


We obtain ex=0.059+0.012 which again indicates 
D+Q. However, if the 316.6-kev level has a (+) 
parity, it has, almost certainly, a spin >7/2, since the 
316.6-kev ground state transition is, as an upper limit, 
10% of the 308-kev transition. If the spins of the 
rotational band are correct, then the 308-kev transition 
must be pure £2 since an M1 transition cannot carry 
off the required two units of spin. The theoretical value 
of a2* is 0.049. 

The observed ex is also compatible with an assign- 
ment of E1+M2(10%). In this case the 316.6-kev level 
has a (—) parity, and it has a spin=5/2, since all 
de-exciting transitions are D+-(Q (change in parity). 


IV. DELAYED COINCIDENCE MEASUREMENTS 


The fast—slow apparatus consisted of two scintilla- 
tion spectrometers and a moderately fast coincidence 
circuit which employed as input pulses the outputs 
from two linear amplifiers (Atomic Instruments Model 
518). After suitable amplification and shaping, the 
pulses were sent down a tapped delay line which was 
grounded at some point. Pulses were picked off from 
each side of the delay line, added and then passed 
through a discriminator which rejected singles. Both 
the delay introduced and the resolving times could be 
varied. The delay introduced between two incoming 
pulses was variable in steps of 0.066 usec. With the 
“prompt” radiation of Ta'®, the time delay curve had 
a slope corresponding to a decrease in counting rate 
by a factor of 50 per delay section introduced. 

If one counter were made to view photons of 63 kev 
and the other viewed an integral spectrum of photons 
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Fic. 2. Delayed coincidence curve with energy selection on 
K x-rays and 63-kev photons. Each section of delay line introduced 
corresponds to a delay of 0.066 usec. 


above 110 kev, the slope of the delayed coincidence 
curve (delaying 63-kev y rays) corresponded to a half- 
life of 0.64+0.04 usec. This lifetime is undoubtedly 
that of the level at 316.6 kev, in agreement with the 
conclusion of Johannson. 

The evidence for the two additional metastable levels 
was obtained as follows. First, a thin (2mm) Nal 
crystal (thin in order to minimize the Compton back- 
ground due to the higher energy photons) viewed the 
63-kev photons and a crystal of 1X1} inches viewed 
K x rays. Figure 2 presents the results obtained when 
either counter’s pulses are delayed with respect to the 
other. The delaying of the pulses from the x-ray counter 
results in a curve resolvable into two components 
corresponding to half-lives of 0.4 and 0.045 usec. One 
should note that K-capture branches feed both the 63- 
and 94-kev transitions. The delaying of pulses from 
the 63-kev counter results in a decay component 
attributable to the x-rays arising from internal con- 
version occurring below the 0.64-usec level at 316.6 kev. 
Interchange of amplifiers and delay lines was made in 
order to insure that the slopes obtained were real and 
not instrumental. 

Secondly, the thin crystal viewed the 63-kev y ray 
and the larger viewed the 94-kev y ray. The fact that 
the 94-kev “window” also included some 110-kev 
photons was not deleterious since the 110-kev y rays 
are already delayed with respect to the 63-kev y rays 
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Fic. 3. Delayed coincidence curve with energy selection on 94- and 
63-kev photons. Each section of delay corresponds to 0.066 usec. 


because of the metastable level at 316.6 kev. Figure 3 
is the delayed coincidence curve. When 63-kev y rays 
are delayed, a decay component of 0.64 usec is observed, 
this being due to the fact that the 110-kev y rays are 
included in the 94-kev window. The delaying of the 
94-kev pulses results in a slope corresponding to a 
decay component of 4.5X10-* sec, which should then 
be the half-life of the level from which the 63-kev 
transition proceeds. The premise that the 63-kev gate 
is free of x-rays is borne out by the fact that any com- 
ponent of 0.64-usec decay is vanishingly small on the 
94-kev delay side. 

Therefore, we conclude that the levels G and H have 
half-lives of 0.4 and 0.045 usec respectively. A discussion 
of the y-ray transition probabilities will be presented 
in another section of this paper. 


V. CONSTRUCTION OF THE DECAY SCHEME 


It would seem that the levels at 8.4, 118.2, and 138.8 
kev are the levels belonging to a rotational family 
with K= 4 and ground state spin of 34 (predicted 
+parity).6 The Coulomb excitation experiments of 
Huus and of Heydenburg and Temmer' are in accord 
with this interpretation, as are the multipolarities of 
the transitions involved. Taking the energies of the 
first two excited states as 8.4 and 118.2 kev, one finds 
that the value of #?/29 (where g is the moment of 
inertia) is 12.39 and the value of a (coupling parameter) 


is —0.774. With these constants,‘ one finds that the 
predicted energy of the 7/2 level is 137.9 kev (as com- 
pared with the experimental value of 138.9) and of the 
9/2 level is 335.7 kev. This indicates that a positive 
second order correction is needed to give our experi- 
mental value. There is some evidence for the existence 
of the 9/2 level, which if present, is very weakly 
populated. With regard to the multipolarity of the 
various transitions, apparently those of 118 and 131 kev 
are pure £2. The transition of 110 kev between the 
levels of spin 5/2 and 3/2 is M1 with 2.4% E2 ad- 
mixture. There is no data available regarding the 
multipolarity of the 8.4-kev transition, while the 20.7 
kev is predominantly M1 since Cork has observed 
only the Ly; conversion line. We have obtained an 
estimate of the unconverted photon intensity of this 
latter transition by performing absorption measure- 
ments on the escape peak of the K x-ray which is at 
this energy. Since the escape peak will absorb like 
50-kev photons, one is able to break the absorption 
curve into two components corresponding to 50 and 
21 kev. In this way, we are able to estimate the 21-kev 
photons to be 2% as intense as the K x-rays. 

The next level (316.6 kev) is not yet fully understood. 
As was mentioned in the section on multipolarities, 
one cannot unambiguously determine the parity of 
this state. However, one can say that if the parity is 
negative (assuming now that the parity of the ground 
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Fic. 4. Level scheme diagram for Tm’. The half-lives for 
levels E, G, and H are shown beneath the preferred values of spin 
and parity. 





ELECTRON CAPTURE OF Yb!** TO LEVELS IN Tm!®*?® 


TABLE V. Experimental and theoretical comparative lifetimes. 








Comparative lifetimes 


Partial half-lifes 
(sec) 


M2 M1 E2 
(—8.079)¢ (—13.447)¢ (—8.204)° 


— 6.954 


Ei 
(—14.176)¢ 
— 6.244 


Mixing of photons> 


86% E1+14% M2 
90% M1+10% E2 
80% E1+20% M2 
90% M1+10% E2 
90% E1+10% M2 


Assignment 


Fi+M2 

178 1.78X 10~* 
M1+£2 
Fi+M2 


M1+£2 


Transition 





—7.752 —5.423 


—7.054 
1.25X10-* 


Fi+M2 —5.229 


308 6.42 10-* 


M1i1+£2 100% E2 


—4.744 








* Partial half-life calculated by using experimental ICC, 


> The E1+M2 mixing has been obtained through a comparison of ex and theoretical K ICC, and the M1+£2 from the L1/Lim ratio and an assumed 


value of g =0.75. 


© The numbers in parentheses are the theoretical comparative lifetimes for single proton transitions. 


state is positive), then the spin must be 5/2, since the 
three main transitions depopulating it are dipole- 
quadrupole mixtures and go to levels of spin 3/2, 5/2, 
and 7/2, and the selection rule on conservation of 
angular momentum is a rigorous one. 

On the other hand, if the parity is positive, then one 
is almost forced to assign a spin of 7/2, since an upper 
limit of any 316.6-kev ground state transition is 10%, 
and one would find it difficult to explain why this £2 
transition does not exist, as it should if the spin of the 
upper level were less than 7/2. 

Accordingly, we shall discuss the levels above the 
one of 316.6, employing both alternatives of spin and 
parity. First, let us take this level as one of 7/2(+). 
Since the 63-kev transition is £1, the parity of the level 
G is (—). Transitions GD(241 kev)*® and GC(262 kev) 
are both observed. The ratio of the intensities of the 
262-K line and 199-K line is ~1/400. On the other hand, 
when one analyzes the photon spectrum in coincidence 
with photons of 110 kev, it is found that the photons 
of 262 kev are ~2% as intense as the 199-kev photons. 
Therefore €x(262) is roughly 0.06, which is consistent 
with either an E2 or E1+M2 assignment. No multi- 
polarity data are available for the transition of 241 kev. 
Hence, the level G would most likely be 9/2(—). In 
view of the absence of transition HE, level H should be 
one of 11/2(—). 

Level H has a measured half-life of 0.4 usec. Taking 
the transition probability for the M2 crossover (HE) 
as 1/100 of the single-particle estimate, one finds that 
the crossover transition should be ~1% as intense as 
the 94-kev transition. We would not have observed a 
transition of this intensity. 

The half-life of level H precludes the possibility of 
levels H and G being members of a rotational band, 
K=9/2. If such were the case, for the spins postulated, 
the value of #?/29 would be 10.4, which is to be com- 
pared with the value of 12.39 for the K=1/2 band. 

Let us consider the case where the transitions ED, EC, 
and EB entail a change in parity. Then the spin and 
parity of level E are 5/2(—). Level G is 7/2(+) and 


level H is 9/2(+). This possibility does not appear to 
be as likely, since it is difficult to explain the absence 
of transition GB(371.4 kev) which should be of £2 
character. Hence, we prefer the first alternative. 

There is some evidence for the 9/2(+) level of the 
K=1/2 rotational band. We observe electron lines 
which apparently belong to a transition of 45 kev 
(transition GF). Johannson reported the existence of a 
photon of 194 kev. which could proceed between levels 
F and D. One may note that the energy of this postu- 
lated level is in very good agreement with that predicted. 

On the decay scheme, (Fig. 4) we have indicated the 
intensity of the electron branches feeding the various 
levels. The branch to level D is in some doubt. 


VI. GAMMA-RAY COMPARATIVE LIFETIMES 
(a) 63 kev 


The measured half-life of level G is 4.5X10-® sec, 
and taking the total conversion coefficient as ~1.0, 
Ty=9X10-* sec. Then the logarithm of the com- 
parative lifetime,'® log{7,A!E,°}, is —9.26 (considering 
pure £1), which is to be compared with the theoretical 
value!’ of — 14.18. If one considers a possible admixture 
of M2 of 10 parts or 1 part per 10 000, then the log of the 
comparative lifetime for M2 radiation, (log{r,A!E,5}), 
is —8.56 and —7.56 respectively, as compared with 
the theoretical value of —8.08. Hence a very small 
admixture of M2 radiation is consistent both with the 
conversion data and the lifetime measurements. 


(b) 94 kev 


This transition is M1+ #2 (2.5%) and the half-life 
of the level which it depopulates is 0.4 10~® sec. Here 
the value of log{r,£,*°} is —8.99, which is to be com- 


16M. Goldhaber and A. W. Sunyar in Beta and Gamma Ray 
Spectroscopy, edited by Kai Siegbahn (North Holland Publishing 
Company, Amsterdam, 1955), Chap. XVI (II), p. 463 

17§. A. Moszkowski in Beta and Gamma Ray Spectroscopy, 
edited by Kai Siegbahn (North Holland Publishing Company, 
Amsterdam, 1955), Chap. XIII, p. 371. 
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pared with the theoretical single-particle value of 
— 13.45. Hence, the M1 radiation is considerably slowed 
down. The E2 radiation has a value of log{r,A**E,5} 
of —6.48; the single-particle value is —8.20. The com- 
parative lifetime is normal for an unenhanced £2. 


(c) 178, 199, and 308 kev 


The dipole component of these mixtures, regardless 
of whether it is of E1 or M1 character, is 10® to 10° 
times slower than the theoretical single-particle value, 
whereas the quadrupole component is 10° to 10° times 
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slower which is not unreasonable for transitions which 
are not enhanced. The comparative lifetimes for both 
components of the above mixtures are shown in Table V. 


Vil. AUGER LINE SCREENING CORRECTION 


For Z=69, the screening correction AZ was found 
to be 0.51+0.15 for the Ly shell, 0.58-+-0.15 for the Lr 
shell and 0.76+0.20 for the Lim shell. These values are 
to be compared with those obtained by Bergstrom and 
Hill” for mercury (Z=80). They found AZ=0.55 for 
L; and Ly shells and 0.76 for the Ly shell. 
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Angular Distribution of Fragments from Neutron-Induced Fission of U?** and Th?**+ 


R. L. HENKEL AND J. E. Broitey, Jr. 
Los Alamos Scientific Laboratory of the University of California, Los Alamos, New Mexico 
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The angular anisotropy of neutron-induced fission in Th** and U™* has been investigated with a double 
fission chamber whose common center high-voltage electrode was also a collimator. Ratios of or(0°,E,)/ 
or(90°,E,) were measured at a number of neutron energies from the thresholds near 1 Mev to 20 Mev. 
Larger variations were found in the anisotropy of fission fragments for U™* and Th*? than in earlier measure- 
ments for other nuclei, particularly at neutron energies immediately above the fission thresholds. For Th”, 
there seems to be direct correlation between the variations in the anisotropy and those in the fission cross 
section. At 1.6 Mev, corresponding to a peak in the Th” fission cross section, the angular distribution of 
fission fragments showed a maximum at 90° to the neutron direction. All previous measurements have shown 


maxima along the neutron direction. 


INTRODUCTION 


N earlier studies'* it was shown that the fragments 
of fission induced by high-energy neutrons were 
anisotropically distributed in the center-of-mass system. 
In the first experiments!” the anisotropy was observed 
in varying degree for different nuclei bombarded with 
14-Mev neutrons. These data were represented by 
angular distributions of the form 1+ A cos*@. More re- 
cent measurements’ showed that the anisotropy changed 
considerably when the bombarding neutron energy was 
changed. In addition, more careful angular distribution 
measurements were fitted by 1+A cos*#+B cos? with 
the B cos‘? term being dominant. The only study of 
angular anisotropy as a function of neutron energy* was 
for U*** which has a negative neutron energy threshold. 
It seemed useful to extend the work to include fission- 
able nuclei having positive neutron energy thresholds 
for fission. It has been suggested‘ that near the threshold 
the number of energy levels involved might be small 
enough to make possible quantitative theoretical 


t+ Work performed under the auspices of the U. S. Atomic 


Energy Commission. 
a C. Dickinson and J. E. Brolley, Jr., Phys. Rev. 90, 388 
(195 


(19 


3). 
2 J. E. Brolley, Jr., and W. C. Dickinson, Phys. Rev. 94, 640 
94). 


* Brolley, Dickinson, and Henkel, Phys. Rev. 99, 159 (1955). 
‘ Breit, Bohr, and Wheeler (private communications). 


analysis. The present work gives the measurements 
with U** and Th in an effort to furnish pertinent 
data to assist in the theoretical interpretation of the 
fission process.5~7 


EXPERIMENTAL METHOD 


The collimated double fission chamber used in the 
present measurements was the same as that used in the 
previous work.’ The details of the chamber, the associ- 
ated electronic apparatus, the testing and calibration of 
the chamber, are all described in detail in reference 3, as 
well as experimental details concerning’the neutron 
sources and background measurements. Since this 
information is identical for the present experiment, it 
will not be repeated here. 

The Th*” foil having a thickness of 0.9 mg/cm? 
was evaporated on a 0.9-mg/cm? gold foil backing. 
Similarly, a 1.06-mg/cm?* foil of depleted U** was 
evaporated on a 1-mg/cm? gold foil backing. The 
angular distribution data were obtained by counting 
the relative number of fissions produced for different 
rotational positions of the chamber while the foils were 


5D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 
6 Peter Fong, Phys. Rev. 89, 332 (1953). 

the International Conference on the 

gy, Geneva, June 1955 (United 

I, p. 151. 


7A. Bohr, Proceedings o 
Peaceful Uses of Atomic 
Nations, New York, 1956), Vol. 
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irradiated in a monoenergetic flux of neutrons, Various 
neutron energies from threshold (1 Mev) to about 20 
Mev were employed. The neutrons were produced by 
the T(p,n)He*, D(d,n)He*, and T(d,n)He‘ reactions 
using bombarding particles from the Los Alamos large 
electrostatic accelerator. The effects resulting from 
background neutrons of various kinds were ignored 
since errors due to backgrounds were much smaller than 
the statistical errors. 

The counting rates were so low that it was not possi- 
ble to obtain statistically significant information of the 
angular distribution of the low- and _ high-energy 
groups of fission fragments separately. Hence, all angu- 


TABLE I. Ratio of the fission fragment yield at 0° to the neutron 
beam, to the yield at 90°. The values have been corrected for the 
finite angular resolution of the apparatus. 








Neutron energy 0°/90° Ratio of fragments 





1.260-+0.071 
1.348+0.081 
1.474+0.103 
1.979+0.060 
2.498-+0.056 
3.246+0.061 
4.870+0.215 
6.008+0.140 
7,.265+0.105 

14.5+0.500 
17.77+0.300 
20.28+0.120 


0.989+-0.32 
1,090.16 
1.70+0.12 
1.364-0.06 
1.403-0.06 
1.18+-0.05 
1.25+-0.09 
1,470.08 
1.69+0.08 
1.40+0.14 
1.26+0.12 
1.36+0.10 


0.68+0.10 
0.10-0.05 
0.15+0.07 
0.98+0.20 
1.74+0.17 
1.65+0.21 
1.39+0.14 
1.152-0.08 
1.12+0.16 
2.21+0.22 
2.41+0.23 
2.20+0.22 
1.79+0.16 
1.96+0.38 
1.85+0.80 
1.34+0.16 
1.79+0.37 
2.10+0.46 


1.400-+-0.072 
1.607+0.067 
1.607+0.067 
1.800+0.064 
2.260+0.057 
2.400+0.054 
3.000.046 
4.00+0.038 
6.00+0.028 
6.230+0.140 
7.147+0.113 
7.777+0.100 
9.562+0.054 
14.50.30 
14.5+-0.30 
16.36+0.252 
17.862-0.150 
20.32+0.085 








lar data are given by the integral over both groups of 
the spectrum measured at various angles. 


EXPERIMENTAL RESULTS 


The ratio of the fission fragment yield at 0° to the 
neutron beam to that at 90°, or(0°,E,)/or(90°,En), was 
measured at a number of energies and the data are 
shown in Table I. Angular variations of the differential 
fission cross section were measured for three cases and 
the results are compiled in Table II. The energy limits 
indicated in Table I and Table II represent the half- 
spread of neutron energy intercepted by the foil result- 
ing from degradation of charged particle energy in the 
gas target and by geometrical factors. Errors shown 
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Fic. 1. Energy dependence of the anisotropy of fission fragments 
and the total fission cross section for U™8, 


are simply those due to statistical fluctuations since 
estimated systematic errors were small in comparison. 
Estimated corrections were made to the results shown 
in Table I to account for the effect of the finite angular 
resolution of the apparatus. This effect shows up in 
Fig. 2 by the “zero” degree data being plotted at an 
effective angle of about seven degrees. 


URANIUM-238 


Figure 1 shows a comparison of the neutron-induced 
fission cross section and the anisotropy of fission 
fragments. The fission cross section® is that measured in 
this laboratory by relative measurements of a fission 
counter and a long counter® while both were irradiated 
by the same neutron flux. Normalization of the relative 
curve" was based on the absolute determination of the 
U*5 fission cross section by Diven.” 
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Fic. 2. Relative differential fission cross sections. On the curve 
for U8, “E,=7.26 Mev” should read “E,=7.27 Mev.” 


8D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report, BNL-325 (Super- 
intendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955). 

® A. O. Hansen and J. L. McKibben, Phys. Rev. 70, 673 (1947). 

0G. A. Jarvis e¢ al. (unpublished). 

1B. C. Diven, Los Alamos Scientific Laboratory Report 
LA-1336 (unpublished), and Phys. Rev. (to be published). 





R. L. HENKEL AND J. 


E. BROLLEY, 


TABLE II. Angular distribution of fission fragments. 











Substance En o° 25° 


30° 60° 90° 





U™ 7.27 Mev 1.58+0.06 
Th? 7.15 Mev 2.30+0.16 
Th* 1.60 Mev 0.330.03 


1.58+0.06 
2.150.15 
0.61+0.08 


1.24+0.05 0.99+0.04 1.00+0.04 
1.45+0.10 1.03+0.07 1.00+0.08 
0.86+0.12 0.92+0.12 1.00+0.10 








Conspicuous at the threshold, is a considerable for- 
ward peaking of the fission fragments. High-energy 
resolution investigation of the fission cross section 
near threshold” shows the effects of possible single 
energy levels of U** at neutron energies of 0.9 and 1.1 
Mev. No such effects were noticed at 1.5 Mev. The 
anomalous behavior of the anisotropy near threshold 
shows a greater change over a neutron energy interval 
of 0.25 Mev than that reported previously for any 
nucleus, 

Figure 2 gives an angular distribution of the dif- 
ferential fission cross section for U™* at 7.27 Mev. The 
errors indicated are those arising from statistical 
effects only since other errors were small in comparison. 
The data taken at 0° and 15° to the neutron beam are 
plotted at effective angles of 7 and 16° respectively due 
to the finite resolution of the collimator and the angular 
distribution of neutrons from the source. The smooth 
curve shown for the U™* distribution is that obtained 
from a fit of the data with an expansion of Legendre 
polynomials of the form W(@)=}>>*AenP2n(cosé), in- 
cluding terms up to P¢(cos#). The earlier method of 


analysis using a simple expansion of W(@)=1+ A cos’6 
+B cos‘@ was abandoned since it was inadequate for 
fitting the thorium data and because it seemed to have 
no theoretical significance. The present analysis suggests 
what values of angular momentum may be involved. 


THORIUM-232 


Figure 3 shows the comparison of the fission cross 
section and the anisotropy of the differential fission 
cross section for Th”, The Th?® fission cross section® 
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Fic, 3. Comparison of total fission cross sections and relative 
differential fission cross sections for Th”. 


2 Malcolm E. Ennis (private communication). 

%R. L. Henkel and R. K. Smith, in D. J. Hughes and J. A. 
Harvey, Neutron Cross Sections, Brookhaven National Laboratory 
Report BNL-325 (Superintendent of Documents, U. S. Govern- 
ment Printing Office, Washington, D. C., 1955). 


was measured in the same manner as described for U™8. 
The fluctuations of the fission cross section above 
threshold are larger than for any other reported nucleus 
and imply that levels having about hundred kev 
spacings are contributing. In the study of this interest- 
ing region near threshold, it was found that again large 
changes in the differential fission cross section occur 
near the threshold. In particular, there is a close 
correlation between a narrow maximum in the fission 
cross section and a minimum in the 0°/90° yield of 
fragments at 1.6-Mev neutron energy. This peaking 
of the differential fission cross section at 90° to the in- 
cident neutron beam was surprising and a number of 
changes in the instrumentation were made to verify 
that the effects were real. 

An angular distribution was taken at 7.15 Mev and 
the results are shown in Fig. 2. The smooth curve was 
calculated from a Legendre polynomial expansion using 
terms up through A¢Ps(cosé). The peaking of the 
fragments along the neutron direction is greater for 
Th at 7.15 Mev than for any other nucleus measured. 

At 1.6 Mev, another angular distribution was meas- 
ured which showed a definite minimum in the differen- 
tial fission cross section along the neutron direction. The 
smooth curve shown is from an expansion of Legendre 
polynomials using terms up through A¢Ps(cos#). The 
improved fit using higher order terms does not seem 
justified considering the accuracy of the data. The ac- 
curacy of the data is not sufficient to infer a vanishing 
of the 0° cross section. 

Figure 4 shows a comparison of all the angular dis- 
tributions made to date. At 7-Mev the anisotropy, 
or(0°)/ar(90°), seems to be a linear function of Z?/A. 
Th has about the lowest value of this parameter 
which can be easily measured with the neutron flux 
intensities available at present. The 1.6-Mev distribu- 
tion stands out as being unusual in this comparison. 

A summary curve of the measurements for U™*, 
U8, and Th?” as a function of neutron energy is given 
in Fig. 5. The anomalies near threshold, the maxima 
above 6 Mev, and apparent variations as high as 20 
Mev are shown by the comparison. 


DISCUSSION 


At first, it seems curious that variations showing 
resonance-like structure should appear in neutron- 
induced reactions with nuclei as heavy as uranium and 
thorium. However, it has been suggested™® that a 

4D. M. Chase, and L. C. Wilets (private communication). 


1 N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939); 
N. Bohr, Phys. Rev. 58, 864 (1940). 
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large proportion of the energy available from the 
neutron binding and kinetic energy is probably used up 
in distorting the nucleus before fission and the excitation 
energy of the transition state at the time of fission is 
very low. Another way of saying this is that after the 
neutron interacts with the nucleus, the excited nucleus 
“cools off” by using energy for deformation before 
fission can occur. Since this effect might leave the 
excitation energy close to zero, level spacings similar to 
those of levels near the ground state might appear in 
fission excitation curves. Indeed, this suggestion is not 
in disagreement with existing measurements since the 
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fission “levels” have about 100-kev spacing, low-lying 
levels of even-even nuclei have about 40-kev spacing, 
and not every level would be expected to contribute 
heavily to the fission cross section. 

The fact that the fission cross section of Th rises 
about 6 Mev is probably due to ineiastic scattering of a 
neutron which can leave more than 6 Mev of excitation 
energy in the nucleus and cause it to fission. Bohr 
and Wheeler'® predicted in 1940 that such effects 
are probable from (n,n’), (m,2n), etc., processes. 
Thus, below about 6 Mev, fission would probably 
be from a compound nucleus in the following manner: 
A+n-—(A+1)*—fission. Above 6 Mev, another compo- 
nent of fission yield is possible from the original excited 
nucleus (A+n—A*—fission). Since above 6 Mev a 
“quasi-threshold” appears for fission of the excited 
nucleus, one might expect more resonance structure if 
one investigated with high enough neutron resolution. 
In fact, similar effects might appear for (m,2n), (,3m), 
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Fic. 5. Summary of anisotropy measurements for U5, U8, Th, 


etc., processes at higher energies, perhaps diluted by the 
fission contribution of the heavier components. 

The fact that expansions of Legendre functions up to 
at least Ps(cos@) are required, suggests that neutrons 
having angular momentum of at least /=3 participate 
in the process. At 1.6 Mev, this may seem high; how- 
ever, measurements of the angular distribution of 
scattered neutrons in this energy range also require 
relatively high / values'* to fit the data. 

Anisotropic yields of fission fragments have been 
found in 22-Mev proton-induced fission'’’* for a 
number of nuclei with yields greatest along the direction 
of the bombarding particle. At energies between 60 and 
600 Mev,'® 90° peaking has been observed for proton- 
and deuteron-induced fission. Bohr’? and Hill and 
Wheeler*" have attempted to interpret this phenome- 
non in fission by using the collective model of the 
nucleus. At the present time, no quantitative predic- 
tions of anisotropies have been made. Each of these 
theoretical approaches looks promising to explain the 
peaking along the neutron direction. 

In addition, Bohr’s considerations seem to be able 
to account for lemniscatal distributions provided the 
nucleus bombarded be even-even and the neutron 
energy be sufficiently near threshold that only one chan- 
nel is available for fission. Thus, at the saddle point, the 
nucleus is in the lowest rotational state and is partially 
aligned normal to the incident neutron direction."* The 
curves for Th? show such a distribution at 1.60-Mev 
neutron energy. 

16M. Walt and J. R. Beyster (private communication). 

a Jones, McCormick, and Ferrell, Phys. Rev. 94, 625 
18 Cohen, Ferrel-Bryan, Coombe, and Hullings, Phys. Rev. 98, 
685 (1955). 


9 Loshkin, Perfilov, and Shamov, Proc. Acad. Sci. U.S.S.R. 103, 
No. 3, 407 (1955). 
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The sideways-peaked angular distribution of fragments from neutron-induced fission of Th** near thresh- 
old, measured by Brolley and Henkel, is found to be consistent with the model of A. Bohr. It is assumed 
that the saddle-point states through which the fissioning nucleus passes include primarily only a few mem- 
bers of a particular rotational band. Indications are adduced that this band has K=3/2 and odd parity. 





ROLLEY and Henkel! have found that the angular 
distribution of fission fragments from Th near 
threshold is concentrated in a direction normal to that 
of the incident neutrons. They are the first to report 
such sideways distributions in neutron-induced fission. 
While the considerations of Hill and Wheeler? and of 
Bohr® lead to the more generally observed forward- 
peaked fission distribution, we should like to point out 
in this note that near threshold the Bohr model predicts 
a sideways distribution for even-even target nuclei. 
Bohr has emphasized that near threshold a unique 
behavior is to be expected. 

Regarded classically, the angular momentum vector 
of the incident neutron points approximately normal to 
the incident direction (m,=0, m,=+1/2). The com- 
pound nucleus formed of an even-even target (spin 0) 
and an incident neutron is also characterized by an 
angular momentum vector pointing approximately 
normal to the incident direction. 

Although the compound nucleus may live for many 
nuclear rotational periods, it is assumed that the fission 
process proceeds rapidly once the saddle-point shape is 
reached. Thus the direction of the nuclear symmetry 
axis at the saddle point determines the angular distri- 
bution of fission fragments. 

With threshold energy at the saddle point, the nucleus 
is essentially “cold”; only the lowest nuclear state is 
occupied.t The lowest state is that for which the rofa- 
tional angular momentum (and energy) is lowest. Thus 
the nuclear symmetry axis is nearly parallel to the 
angular momentum vector, which in turn lies nearly 
normal to the incident direction. The fission fragments 
then come out predominantly normal to the incident 
direction. For higher energies the nuclear symmetry 
axis rotates nearly normal to the angular momentum 


* Work supported by the U. S. Atomic Energy Commission. 

t Recently a visiting member of the Department of Physics, 
Iowa State College, Ames, Iowa. 

1R. L. Henkel and J. E. Brolley, Phys. Rev. 103, 1280 (1956). 

?D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

3A. Bohr, Proceedings of the International Conference on the 
Peaceful Uses of Atomic Energy (United Nations, New York, 
1956), Vol. 2, p. 151. 

‘We shall refer to the (decaying) states through which the 
fissioning nucleus may pass at the saddle point as “saddle-point 
states”; the term “transition states” has also been used [for 
example, see N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 
(1939) } 


vector; in this case Bohr’s theory leads to forward 
peaking. 

This description can be made quantitative in the 
following way. In the unified model the wave functions 
describing the orientation of the nuclear symmetry 
axis are the functions® 


D! ux (6,6,Y), (1) 


properly symmetrized with respect to the sign of K, 
the component of angular momentum along the nuclear 
symmetry axis. For an odd nucleus, J=K, K+1, 
K+2---. The rotational energy levels are given by 


E= BUI (I+1)—K(K+1)], (2) 


where the constant B is a decreasing function of 
deformation and therefore is smaller for the saddle- 
point than for the ground-state shape. We presume 
that only a few rotational states are excited at the 
saddle point. For a spin-zero target nucleus, the spin J 
and parity mr of the compound nucleus are related to the 
orbital angular momentum L of the contributing partial 
neutron wave by J=Z+1/2 and r= (—1)4. 

The orientation of the nuclear symmetry axis, and 
hence the angular distribution of fission fragments, is 
given by 


Wg(0)« f IW [*dody = | Dax [+ |Duyx|%, (3) 

















oi 
1.0 ° 


0.5 
COSINE @ 
Fic. 1. Theoretical angular distributions of fission fragments 
from saddle-point states of the fissioning nucleus with spin J 
equal to K, the projection of J along the nuclear symmetry axis, 
for various values of J. The normalization is arbitrary. 


5A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
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since the | D/x| do not depend on ¢ or ¥. The distri- 
butions are independent of the sign of M. Explicit 
formulas, derived from expressions® for the D/yx, are 
given below for the first three rotational states 


(2K)! 
(2K+1)! 
(K+ 
<[1+4K(K+1) cos’#], 
(2K+3)! 
(K-44) (K-49) 1284 
x<[1—4K cos’8@+4K(K+2) cos‘#]. 


W*x(0)= sin?x—19, 


(4a) 





Wk+1x(0)= sin?x—19 


(4b) 





Wk? (9)= sin?*—19 


(4c) 


The normalization is such that /—;!W!«d(cos#)=1. The 
functional dependence of W/x(6) on @ near 6=0 is 
determined by K only. 

Plots of the distributions W‘r(6) for 1<9/2, arbi- 
trarily renormalized to unity at cos#=1, are shown as 
functions of cos@ in Fig. 1. All display sideways peaking 
except the curve for J=1/2. The distributions for 
I>K tend toward forward peaking. In the inset of 
Fig. 2 are plotted W?!? 370, W572, and W723, 

The experimental data of Brolley and Henkel at 
1.6 Mev are shown in Fig. 2. The steep rise in the 
distribution near @=0 strongly indicates a saddle-point 
band with K=3/2, since the W’x for all other K rise 
more slowly, having vanishing slopes at 2=0. A mixture 
of angular distributions corresponding to the first three 
rotational states of the band K=3/2 and an isotropic 
contribution has been fitted to the data (by least 
squares). The result is 


W (6) = 0.63W*!?3/0(8)+-0.18W *3/0(8) 
+0.33W7!3/2(0)+0.68X4. (5) 


This (unnormalized) function is plotted in Fig. 2. The 
constant (isotropic) term is interpreted as due to further 
“wobbling” of the nuclear axis past the saddle point, 
to nonaxially symmetric shape, or possibly to a nearby 
K=}3 band. The coefficients of the W’x give the rela- 
tive probabilities of fission through the several saddle- 
point states. 

The following observations can be made concerning 
(5). All members of a particular saddle-point rotational 
band have the same parity; hence only partial neutron 

6 See, for example, E. P. Wigner, Gruppentheorie und ihre 


Anwendung auf die Quantenmechanik der Atomspektren (Friedr. 
Vieweg and Sohn, Braunschweig, 1931), p. 180, Eqs. (27). 
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Fic. 2. Angular distribution of fission fragments from »+Th™ 
at 1.6-Mev incident energy. The points represent experimental 
data of Brolley and Henkel. The curve constitutes a least-squares 
fit based on assumption of a K =3/2 saddle-point rotational band. 
Inset: plots of the normalized angular distribution functions 
[W‘x(6)] for the saddle-point states K=3/2, I =3/2, 5/2, 7/2. 


waves of the same parity contribute to fission through 
states of this band. In particular, the saddle-point state 
K=3/2, I=7/2 can be formed via either the partial 
wave L=3 or the wave L=4, but not both. At the 
incident neutron energy 1.6 Mev, the product kRo of 
neutron wave number and average radius of the Th”? 
nucleus is ~2.4 (for Ro~1.42K10-"A"* cm). Since 
one expects the contribution to compound nucleus 
formation (or any other process) from the partial waves 
to fall off steeply with ZL when L>kRo, the large 
admixture of W7/?3,. in the angular distribution (5) 
suggests that the L=3 wave, rather than the L=4 
wave, is the contributing one.’ According to this 
supposition, only the L=3 wave contributes to the 
W*/?so term in (5) (and only L=1 to the W*/*5). term). 
A statistical factor of 4/3 then tends to increase the 
W732 term relative to the W*’3,2 term. On the other 
hand, larger J implies less energy available for deforming 
the nucleus and therefore smaller probability for fission ; 
this effect tends to decrease the former term relative 
to the latter. In view of the uncertainty of the experi- 
mental data and the incomplete state of the theory, 
the coefficients of (5) are at least qualitatively reason- 
able. 
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The consequences of spheroidal deformation of nuclei on the barrier transmission in alpha decay are 
considered. A set of coupled differential equations is derived relating the amplitudes of the various groups 
of alpha particles emitted from a nucleus described by the Bohr-Mottelson model. The cases of the decay of 
Th** and Cm™? were studied numerically and from them information regarding the probability distribution 
of alpha particles on the nuclear spheroidal surface is obtained. It is found that the one-body model of an 
alpha particle in a well does not yield these distributions, and it is thus concluded that “alpha-particle 
clusters” have a short mean free path in nuclear matter. The shift in the surface distributions of Th?** and 
Cm*? may be explained qualitatively in terms of the order of nucleon orbital filling. 

The over-all penetration factors for the spheroidal case are compared with those for the spherical case, 
and it is found that the resultant enhancement due to the deformation is not nearly as large as that pre- 
dicted by Hill and Wheeler on the basis of a one-dimensional approximation. 





INTRODUCTION 


ECENTLY an impressive amount of data has 
been amassed demonstrating the existence of rota- 
tional spectra in regions far removed from closed-shell 
configurations.! The existence of such level schemes is 
predicted by the Bohr-Mottelson? strong-coupling 
model of the nucleus in which it is assumed that the 
nucleus has an appreciable spheroidal deformation. 

In the region of heavy nuclei (A 2230) where alpha 
decay is generally a prominent mode of decay, the 
rotational bands are particularly well developed, and 
some cases of alpha emission by even-even nuclei to 
members of the rotational band as high as the 8+ level 
have been observed.’ Alpha decay of even-even nuclei 
to states other than the rotational band members has 
been observed only in the case of a few nuclides. 

One of the most conspicuous features of the recent 
data involves the variation between nuclei of the rela- 
tive intensities of the various alpha groups. Asaro‘ has 
calculated “hindrance” factors for all alpha groups, 
where the hindrance factor is defined as the ratio of the 
intensity of the alpha group leading to the ground state 
to the intensity of the alpha particles leading to the 
particular excited state, corrected for the energy dif- 
ference between the states. For the energy dependence 
of the decay rate, he used Preston’s® alpha-decay for- 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Present address: General Electric Research Laboratory, 
Schenectady, New York. 

1 For a review of the experimental data and for an extensive 
list of references see: A. Bohr, Rotational States of Atomic Nuclei 
(Ejnar Munksgaard, Copenhagen, 1954), and A. Bohr and B. R. 


Mottelson in Beta and Gamma Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955). 

2A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952); A Bohr and B. R. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

3]. Perlman and F. Asaro, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 157. 

*F. Asaro (unpublished, 1955). 

5M. A. Preston, Phys. Rev. 71, 865 (1947). 


mula (for no spin change®). Figure 1, which is due to 
Asaro, summarizes the data. A more fundamental 
presentation of the experimental alpha intensity varia- 
tions is to be found in the comprehensive study by 
Winslow.” 

It is to be expected that the occurrence of large 
spheroidal deformations will have pronounced effects 
on the process of charged-particle emission. In contrast 
to the case of spherical nuclei, the electrostatic field of 
a spheroid is not central. The coupling resulting from 
the noncentral nature of the field will have a bearing 
on the relative amplitudes of particles emitted with 
different orbital angular momenta. It is one of the 
purposes of this note to see whether it is possible to 
explain the values and trends for the hindrance factors 
of the /=2 and /=4 waves in the decay of even-even 
nuclei in terms of the noncentral electrostatic field. 

Another consequence of the distortion of the nucleus, 
earlier explored by Hill and Wheeler,® is a thinning out 
of the potential barrier in certain directions leading to 
directed alpha emission in those directions. They gave 
an approximate expression for the penetrability based 


®It is of interest to compare the hindrance factors for alpha 
particles having angular momentum /<4 to the reduction from 
the centrifugal barrier. R. G. Thomas [Progr. Theoret. Phys. 
(Japan) 12, 253 (1954) ] for example, has calculated the reduction 
factors, 7, in the JWKB approximation and finds that for a 
5-Mev uranium alpha emitter they are 0.59 for /=2 and 0.18 for 
l=4. The smaller results of J. J. Devaney [Phys. Rev. 91, 587 
(1953) ] appear to be in error. From the approximate formulas of 
G. Gamow and C. L. Critchfield [Theory of Atomic Nucleus and 
Nuclear-Energy Sources (Oxford University Press, Oxford, 1949), 
p. 173] one can obtain the following simple expression for 7, 
which agrees fairly well with Thomas’ results: 

v hil (l+-1) 
m= XP! ~ (MR) Z—2)te) 

In this equation, Z is the atomic number, R the effective nuclear 
radius, and M the mass of the alpha particle. From the equation, 
it is evident that nowhere in the alpha emitter region will 1, be 
small enough to account for the observed / <4 hindrance factors. 

7G. H. Winslow, Argonne National Laboratory Report ANL- 
5381, 1955 (unpublished). 

8 D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1134 (1953). 
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a DECAY OF SPHEROIDAL NUCLEI 


on a one-dimensional WKB integration through the 
“thinnest” part of the barrier. It is to be noted though 
that if the decay is highly directional with respect to 
the nuclear symmetry axis, it is necessary that com- 
ponents of the alpha waves with high / values® occur 
with large amplitudes. These would be the components 
leading to the higher rotational states. Since these 
components experience a much larger effective potential 
than the S wave, because of the centrifugal potential 
and the additional energy associated with rotation of 
the recoil nucleus, one might expect significant devia- 
tions from the penetration formula of Hill and Wheeler® 
based on a one-dimensional WKB integration through 
the thinnest part of the barrier. In the final section of 
this note, the total barrier penetrabilities for Cm” and 
Th*8 are calculated. 

In the next section we derive the general equations 
governing alpha decay to a rotational band of the 
daughter nucleus. In the following section, equations 
for decay from an even-even nucleus are formulated in 
prolate spheroidal coordinates, and these equations 
serve as the basis for the subsequent exploratory nu- 
merical work. 


FORMULATION OF THE ALPHA-DECAY PROCESS 


To formulate the problem of alpha decay in the 
region external to the nuclear surface, it is necessary to 
take into account the electrostatic interaction between 
the alpha particle and the residual nucleus. The first 
question to be settled is which degrees of freedom of the 
nucleus are required for an appropriate description of 
the process. In the case of a spherical daughter nucleus 
it is easy to see that it is unnecessary to consider the 
Coulomb interaction between the alpha particle and 
the protons individually, as this force is very much 
smaller than nuclear forces. It thus suffices to consider 
only the interaction of the alpha particule with the 
nucleus as a whole, and the appropriate nuclear co- 
ordinates are those of the center of mass of the system. 
In the case of a deformed nucleus the interaction be- 
tween the alpha particle and the quadrupole field of the 
nucleus is not small compared to the energy character- 
izing rotation. Here it is necessary to include in the 
description of the process the rotational coordinates of 
the nucleus. Alternatively, it is necessary to include in 
the total wave function the low-lying rotational states. 
The emitted alpha particle can then be thought to 
induce transitions between the rotational states 
through the quadrupole component of the field. 

In general the Schrédinger equation for the system 
can be reduced to a system of coupled equations in the 
variable r by expanding the wave function in terms of 
some complete orthogonal set of functions in the re- 
maining variables 


¥=LRy(1)Q,(x:,9,6), (1) 


®J. A. Rasmussen, University of California Radiation Labora- 
tory Report UCRL-2431, 1953 (unpublished). 
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Fic. 1. Hindrance factors of alpha groups in even-even nuclei 
(defining the ground-state transition as unhindered) from 
Asaro.‘ 


where x; is the set of variables required to describe the 
recoil nucleus. 

Multiplication by 2,* and integration over all vari- 
ables except r reduces the partial differential equation 
to a set of ordinary differential equations in r.° 2, can 
be expanded in terms of products of eigenfunctions of 
the residual nucleus and normalized spherical har- 
monics, Y;,m(@,¢), in the angles of the alpha particle 
with respect to axes fixed in space. The set necessary 
to describe the decay process is limited by the con- 
straints that the angular momentum of the parent 
nucleus J; and its space projection M; be conserved. 
The constraints are satisfied by the summation" 


@(1 5M iT 5,1,6)= Yom ( sl M —m m|\ I lM) 
Xx(Zy, M ;—m, £)Vi,m(9,¢), (2) 


where (J;l M;—m m|\I;lI,M;) is a Clebsch-Gordan co- 
efficient and x(J;, M;—m, ¢) is a normalized nuclear 
wave function for a state with angular momentum J, 
and component M;=M;—™m. The remaining quantum 


1 For example, see M. A. Preston, Phys. Rev. 75, 90 (1949). 
1 See E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1935). 
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numbers used to describe the nuclear state are repre- 
sented by ¢. 

The set of equations obtained from (1) and (2) will 
contain coupling terms the strength of which will de- 
pend on the magnitude of -the electric transition mo- 
ments connecting the nuclear states involved. The 
outstanding examples of large electric moments be- 
tween nuclear states are those resulting in the “fast” 
electric quadrupole transitions between members of a 
rotational band. Thus, we see that the low rotational 
bands, both because their members constitute the 
low-lying nuclear states and because band members 
are connected by large matrix elements, are the appro- 
priate nuclear states for our problem. We shall in the 
following restrict ourselves to the decay to the states 
of one band. 

For explicit nuclear wave functions we turn to the 
work of Bohr and Mottelson,! in which nuclear motion 
is approximately separated into “rotational” and “‘in- 
trinsic” parts. In the Bohr-Mottelson model of strongly 
deformed nuclei the rapid individual particle motion is 
thought to take place in a deformed nuclear field (or 
well) which rotates nearly adiabatically. The deformed 
nuclear field is taken to have axial symmetry, although 
there may be cases where this is not true.” The wave 
function for the nucleus then approximately factors 
(apart from a symmetrization) into 


2I+1\? 
x(M,K,9)=60(x:)(——) Du'x(®), (3) 


where ¢o(x;’) is the state function for the particle struc- 
ture, x,’ being the coordinates of the particles with 
respect to a frame of reference fixed in the nucleus. (2 is 
the particle-structure quantum number which for 
approximately independent particles is given by 
=)°.2;, where Q; is the angular momentum of the ith 
particle about the nuclear symmetry axis. The function 


[(22+1)/8a*}!Duy'x(®,) 


is the normalized state of rotation (or wave function 
for a symmetrical top) having as arguments the 
Eulerian angles, ©;(=61,02,03) ; K denotes the projection 
of the angular momentum of the nucleus, I, on the 
symmetry axis, and is in this model an approximate 
constant of the motion. 

The Hamiltonian of which (3) is an eigenfunction is 


Hoawei= A p(x!) +H r0r(93), (4) 


where H p(x,’) is the energy operator for the individual 
particles in the deformed well and H,o:(,) is the rota- 
tional energy operator which gives rise to a spectrum 
of the form 

E;= (#?/23)1 (I+1). 


%, which is interpreted as a moment of inertia, de- 
pends on the details of the particle structure, in par- 


2 B. Segall, Phys. Rev. 95, 605(A) (1954). 
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ticular on the interparticle forces.* Its value is, in 
general, larger than that predicted from the irrota- 
tional fluid picture but smaller than the moment 
associated with a rigid rotation. 

To obtain the complete Hamiltonian for the alpha 
decay problem in the center-of-mass system, we add to 
(4) the energy operator for the alpha particle in the 
region outside the short-range nuclear force field 


Ha= (h?/2u)A+Vei(r; O,). (S) 


The inclusion of ©; in the electrostatic energy indicates 
that the field at a point in the space-fixed system varies 
as the daughter nucleus rotates. u is the reduced mass 
of the system. 

A consequence of the assumption that the nuclear 
well is axially symmetric is that the nucleons within 
the nucleus have an axially symmetric distribution. 
This will reflect itself in a corresponding symmetry for 
the alpha particles on the surface. To incorporate this 
symmetry into our formulation of the problem and also 
to effect a simplification of the electrostatic interaction 
we shall consider the description of the process in a 
system of coordinates fixed in the daughter nucleus, 
i.e., a coordinate system whose polar axis coincides with 
the nuclear symmetry axis. We then expand the wave 
function of the system as 


v= y 2 1 wr m(r)T (1i,M i; l,m,K ;,Q), (6) 
im 


where Wim—e*" whenr— o, 


TUM; 1,m,K,Q) =¢a(x;’) (2I+ 1/8x*)! 
X Da xim(Oi)Vim(O',¢’), (7) 


and (r,0’,’) are the spherical polar coordinates of the 
alpha particle in the new system. 

That (7) is the appropriate state for this problem— 
that is, contains the states of the daughter nucleus 
belonging to the single rotational band with quantum 
number K; and has the proper transformation prop- 
erties (i.e., represents a state with angular momentum 
I; and component M ;)—can be demonstrated by trans- 
forming to the space-fixed frame of reference. For this 
purpose, we make use of the transformation properties 
of the spherical harmonics, 


Vim(O’,¢’) =DimDn' tn’ (O,) Vim’ (6,¢) 
= Dom (—1)"’*"D_m'm(Oi)Vi,m(8,¢), (8) 
where D't is the Hermitian adjoint of D', and the 
Clebsch-Gordan expansion for the D’s, 
D_m’!—m( i) Du" x4m (95) 
I+l 


- 


I’=|I—l| 


(IM —m!' | IU’ M—m’)(Il K-+-m —m|IU'K) 


XDu-m'"'x(8:), (9) 


13 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 1 (1955) and S. A. Moszkowski, Phys. 
Rey. 103, 1328 (1956), this issue. 





a DECAY OF SPHEROIDAL 


to obtain 


T(1,M ; 1,m,K 2) = a(x’) (22+1/8x2)3 
X¥Lr(—1)" 1 K+m —m\|I1I' K) 
XLm(— 1" (1M —m'\I LI M—m’) 

X Daum" x(9:) Vi. m(6,¢) 
=$o(«) Er (— 1)" 1 K-+-m — mI 1I'K) 
Em (1 M—m! m’ | I'L M)(21'+1/892)! 


X Dum" K(O%) Vim’ (8,¢). (10) 


In the above formulas, well-known properties" of 
Clebsch-Gordan coefficients under interchange of in- 
dexes were employed. From (2) and (3), we can im- 
mediately see that 


TU.,M;; l,m, K ;,Q) 
=>" (—1)™*4-i(7l Ky-+m —m\ Il I;K;) 


Tf 


X@(1i,M i; 1;,1,K7,Q), (11) 


and hence that T(/;,M;;l,m,K;,Q) has the proper 
transformation properties and generally contains a 
mixture of rotational states of the daughter nucleus. 

To obtain the differential equations for w;,m(r), we 
substitute (6) in the complete Schrédinger equation, 
multiply by T*(/;,M;; K,;,/’,m’); and integrate over all 
the independent variables except r. We get 


VU+1)  4yZe 


r hy 





Jew m’! (r) 


2u 
—— 2 wi, m(r) (Um | H rot | 1,m) 


“ lm 


Qu 2Ze 
ree x wnt (tm'| V-—-— im) =(), (12) 


“lm = 


where Ee,x; merely determines the arbitrary zero of 
energy. Since the states in general contain more than 
one member of a nuclear rotational band, the nuclear 
rotational energy operator is not necessarily diagonal 
in the T representation. The matrix elements of Hrot 
may be readily evaluated with the aid of the expansion 
(11) and the relationship 


Ayo ®(1i,M 5; I 4,1,K7,Q) 


2 


“Sq rTM: T;1,K s,Q), 


~ 


and we find 


h? 
(U'm' | H rot | l,m) arr aad x (—)" I (+1) 
If 


x (J l' K y+’ —m’' |Il'l;K;) 


X (7 l' K;+m — 1 I U'1;K;). (13) 
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The electrostatic interaction experienced by the alpha 
particle, though rather complicated in the space-fixed 
system, is in the body-fixed system merely the charge 
of the alpha particle times the electrostatic field of the 
stationary deformed nucleus. If we make the usual 
multipole expansion, V is given by 
2Ze 2e?0oP2(cos6’) 
V =—+—_———_+ 


tay 2r’ 


where (p is the “intrinsic” quadrupole moment of the 
nucleus (the quadrupole moment with respect to the 
nuclear symmetry axis). With the relation 


f Vv,m'* (0,6) Pi (cos@) V1, m(0,6)dw= c@ (/m,l'm’), (14) 


where the c“*)(lm,l’m’) are defined and tabulated by 
Condon and Shortley,'"® the matrix elements of elec- 
trostatic energy can be readily evaluated. Equation 
(12) then becomes 


ae Qw 2Ze L(l+1) 
4+ (£- Bax) —)- —— funni 
dr i? r , 


r 


M 
“2 a Wim (r)(— )m m'T (1 7+1) 
- Ty ,m' 


XK il Kp +m! —m' | Tl Ks) il Kym —m|\ Ill Ks) 


2p Qve? 
—— — Pwr. m(r)c (lm; I'm) =0. (15) 
I 


rr 


For the alpha decay of an even-even emitter to the 
lowest band of the daughter (K;=0), we have /;=K;, 
= K;=m=m’'=0. The Clebsch-Gordan coefficients ap- 
pearing in (15) are then nonzero only for the terms 
I;=1; and (15) reduces to a form derived earlier®:'*: 


ad 2B 2Ze" or 7 
[+ (B-Bon - -)—(F+- Jun 
dr he r a 


2u Que? 
——— ¥ wp(r)c (10,10) =0. 
vf 


wi(r) 


(16) 


We now return to the question of the approximate 
conservation of angular momentum about the sym- 
metry axis and the related question of the axial sym- 
metry of the alpha distribution. As mentioned above, 
the distribution of alpha particles on the nuclear surface 
is axially symmetric; then, because of the approximate 
conservation of the projection of the total angular 


4 FE. U. Condon and G. H. Shortley, reference 11, p. 175. 

16 The C)(Im;l'm’) can be expressed in terms of Clebsch- 
Gordan coefficients; thus C) (/m; I’m’) = (—1)™(2/+-1)*(2l’+1)! 
X (2k+1)-1 (00 | RO) (Ul’m —m' | Il'km—m’). See G. Racah, Phys. 
Rev. 62, 438 (1942), Eq. (52). 

16 L. Dresner (unpublished). 
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momentum on the symmetry axis, the only nonvanish- 
ing Wz, on the surface are those having m=AK 
= K;—K,. It is to be noted from (15) that the electro- 
static potential has no off-diagonal elements in m. The 
only mixing in of components with m#AK results from 
Hox. This mixing is probably small in the region of 
large nuclear deformation, so that the w;,» with m“AK 
are not likely to be important in the barrier region. The 
sum over m in (6) reduces to the single term m= AK. 

The above considerations with Eq. (11) provide us 
with a means for determining the branching ratios for 
decay to the different members of a band. A case of 
special interest, which was discussed by Bohr, Fréman, 
and Mottelson,! is that of the “favored’”’ transitions in 
odd-A nuclei. In these transitions the odd-nucleon 
wave function is thought to remain essentially un- 
altered.!7'8 Thus, in the case of the favored transitions 
AQ=0 and K;=K;,; hence, the decay is similar to the 
decay of an even-even nucleus to the lowest band of 
the daughter (K;= K;=0). From Eq. (11) with m=0, 
we find that, for decay with alpha particles with angu- 
lar momentum /, the relative reduced transition proba- 
bilities to the members of the rotational band with 
K,=K,;, are 


BUI ,,Ki; 10 ,)= (Ui 1K; OT: 1 1; Ky). 


The relative reduced transition probabilities here may 
be regarded as the alpha-group intensities expected for 
the limiting case of infinite nuclear moment of inertia, 
i.e., degenerate nuclear rotational levels. Bohr, Fréman, 
and Mottelson,'’ who first derived this relationship, 
make an approximate correction to the limiting case by 
applying the ordinary Gamow-type alpha decay rate- 
energy relations to reduce the relative intensities of 
alpha groups to the higher rotational states. To obtain 
the branching ratios of the decay to various rotational 
states, the reduced probabilities B(/;,K;; /,J;), must be 
multiplied by the relative probabilities, C,, of emitting 
an alpha particle with angular momentum / (i.e., 
Ci~ |wux!|*) and summed over /. Approximate C;’s 
can be obtained from the decay of neighboring even- 
even nuclei. The agreement of the intensities computed 
in this way with experimental values is generally good.” 


DECAY EQUATIONS IN SPHEROIDAL COORDINATES 


There are two procedures that one could follow in 
treating alpha decay. In the first, the decay equations 
are integrated outwards starting with nuclear surface 
boundary values which may be arrived at by a model 
describing the formation and behavior of alpha par- 
ticles in nuclear matter. The other procedure is almost 
the reverse of the first and consists of starting at 
“infinity” with empirical amplitudes and integrating 
in to the nuclear surface. (It should be noted here that 

17 Bohr, Fréman, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 10 (1955). 

18 J. O. Rasmussen, Arkiv Fysik 7, 185 (1953) 


AND B. SEGALL 
the alpha-group intensity measurements do not yield 
information regarding the relative phases.) 

In either approach it is necessary to work with the 
equations in regions close to the nuclear surface, for 
there the noncentral electrostatic field is most effective 
in coupling the various partial waves. Since, in the 
following, we shall assume that the nuclear surface is a 
prolate spheroid, it is convenient to use prolate sphe- 
roidal coordinates. 

We take the foci of the spheroids to be at (x=y=0; 
z=+a/2) and define the spheroidal coordinates of a 
point in space as 


&=(n+r2)/a, 
n= (ri—?12)/a, 
o=tan"(y/x), 


where 7; and r2 are the distances between the point 
and the two foci. The parameter a is specified by the 
condition that one of the spheroids, §= £, corresponds 
to the surface of the nuclear spheroid. The connection 
to spherical polar coordinates is most easily seen in the 
asymptotic region : 


1<t<~, 
—1<n<1, 
O<o<2r, 


(17) 


§— (2r/a), n—cosd ¢=¢,asr— ~. 


We shall consider the special case of an even-even 
(J;=0) nucleus. The wave equation in spherical co- 
ordinates in the coordinate system fixed in the daughter 
nucleus is, from (16), 


hh h 
[-§-a-sahw)+V (ra) —E}p=0 (18) 


fe -2g 
ia 0 
(x) 
ror\ or 


Since the lowest band of an even-even nucleus is 
characterized by K=O, and since we are considering 
only decay to the lowest band, the alpha-particle wave 
function will be axially symmetric (M=K;—K;=0). 
In prolate spheroidal coordinates, Eq. (18) becomes, 
for axially symmetric wave functions, 


d a a 
{|__| (e409) | 
a®(#’—y?) LOE BE On an 


a (#—1) a a 


— —(j]— 2) 


3 (2-1) an an 


L(ee)=r | - 


V(éEn)=0. (19) 


Qu 
ee" V (&,)) 


The rotational energy term is not exactly represented 
by the second term in (19). This term is an approxima- 
tion good when #>>n*. For the deformations expected 
in actual nuclei the condition is not fulfilled near the 
surface (f>=1.5 for Pu™%), but near the surface the 
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whole rotational term is negligible compared with the 
potential energy. When the term becomes important 
(near and beyond the turning point), the approximate 
expression is accurate. 

If we represent the wave function by the expansion 


¥(E,n) = (PH — 1) *wi(E) Vi, o(cos™n), (20) 
we obtain for the equations satisfied by the w,(é): 


1 a 
—+] ——-—I(/+1) 
p-1 49 


n(&) 
de \(e—1) Jou 


tou (é) fv *LE—V (én) ] 
mee v 1,0 ” 


X (2-9) Vv, ododn=0. (21) 


It is now necessary for us to evaluate the potential 
V (én). Since the details of the charge distribution 
inside the nucleus are not at present known, we shall 
make the usual and probably reasonable approximation 
that the charge density is constant throughout the 
nucleus. The potential can then be found by integrating 
the Green’s function in spheroidal coordinates'® over 
the nuclear volume; and we find 


P2(n)Qo(€) J, (22) 


4Ze* 
V (én) =——LQo(é)— 
a 


where Qo(&) and Q2(£) are Legendre functions of the 
second kind and equal are to 


§+1 
Oo(&)=3 in), 
&—1 


+1), 
Qo(E) = Po(E)5 n(—) -1 


Asymptotically, 
coordinates as 


V(&n) can be expressed in spherical 


2Ze 
V (&,n) ogra ae 


r 


_— (cos@) 
a 


where the intrinsic quadrupole moment, Qo, is given by 
Qo=Za?/10. (23) 


The above relationship between the intrinsic quad- 
rupole moment, Qo, and the interfocal distance, a, 
permits us to determine a from experimental data. 

Evaluating the integral in (21) by using (14) and 


f V1,0¥(n) Po(n)?¥ 1,0(n) de 


12 11 
vo. Ores, (000)+—w, (24) 


’ P.M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Part IT, p. 
1291. 
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we obtain for the Schrédinger equation in the exterior 
region 
1 
—wi— (Vot Vi) wi- DY wr (Vie 
d? Vv 


where 


Q4Viy%)=0, (25) 


2yuZe? 


V o(§) =————_-(é 
h?(#—1) 


c (10,10) 


2 Ea 11 
7 (or }+(e-"Jouo} 
3 4Ze? 21 


ude noes 
“ae e- 
The coupling between various / waves results in part 
from the noncentral nature of the field and in part from 
the nature of the spheroidal coordinate system. The 
Coulomb term is contained in Vo, and Vj, is sig- 
nificantly larger than V,,“) throughout the region of 
interest. 


Vu 


(10,10) Q2(&). 


Numerical Work 


In all of the regions that must be considered in the 
treatment of decay through a single barrier (the 
“barrier” region, the “turning-point” region, and the 
“far” region), the calculations for the present problem 
are obviously more difficult than for the corresponding 
problem with uncoupled waves. However, since the 
coupling decreases rapidly with distance, we need only 
give special consideration to the barrier and turning- 
puint regions (the wave functions being very nearly 
Coulombic in the far region).?° 

In the following, we shall seek approximate solutions 
to 

wo’ — Vowo= Voowet V paws, 
We!’ — ( Vot V2)Wo= V poxWo+ V ogg, 
wa’ — (VotV4)we= Voawot V aqwe, 


which is the set of equations (25) in which all of the 
partial waves with L>4 are neglected. 
Within the barrier region, the wave functions undergo 
extremely large variations in their magnitudes, making 
7 R. F. Christy, Phys. Rev. 98, 1205(A) (1955); and L. Dresner 


and J. A. Wheeler (reference 13) have also studied the problem of 
decay through a nonspherical barrier. 


(26) 





1304 5. te, 


direct calculations with (26) difficult. Instead we have 
preferred to work with the ratios y(t)=we/wo and 
2(£)=w,4/wo inasmuch as their magnitudes vary within 
a small range. Solutions for y(é) and 2(€) arising from a 
WKB-type approximation are 


y(&)= (Ko/K2)! exp| — f K.—Koae}, 


(27) 
2(¢)= (Ko/K,)' exp 


= f (KK, 


Ko=(VotVory+ V og }}, 
K2= [Vot Vot+ Vo2/y+ (2, 'y) Va}, 
Ky= [Vot+ Vat (1/z) Vost (y/z) Vg |}. 


As a result of the coupling, the equations (27) them- 
selves constituted an extremely complicated set of 
integral equations. We have solved (27) by an iterative 
procedure, in which y(£) and 2(£) are assumed over a 
small range of £ and are used to calculate improved y’s 
and 2’s. 

This procedure, which was continued until self- 
consistent values were obtained, was found to converge 
fairly rapidly. To circumvent the difficulty occurring 
where y or z goes through zero, a change of dependent 
variable of the type 7= (w2+bwo)wo'=y+b, with ba 
constant, was made. Barrier region integrations were 
made in this manner for both outward and inward 
integrations. 

The solutions (27) are, of course, inapplicable in the 
turning point region. In this region the wave functions 
do not vary radically, so that it is feasible to work with 
the wave equations directly in the form of (26). 


where 


Outward Integrations for Cm**? 


It was decided at first to see whether the simpler 
pictures of the alpha particle in nuclear matter could 
lead to the observed ratios of the partial waves. Cm?” 
was selected as an interesting case, as it exhibits a 
very large /=4 hindrance factor. Probably the simplest 
models are the one-body model in which the alpha 
particle is thought to move intact in nuclear matter 
for at least a few traversals of the nucleus and the 
model in which alpha particles are formed uniformly 
on the surface of the nucleus. The angular distribution 
with reference to the nuclear symmetry axis is then 
altered by the nonuniform barrier. 

For the individual alpha-particle model, we assume 
that the alpha particle is in the lowest state in a 
spheroidal well (of uniform depth), the depth of which 
is adjusted so that the emitted alpha particle has the 
experimentally observed energy. The wave equation 
for the interior region is separable in spheroidal co- 
ordinates and has as its solution an “angular” part 
which may be expressed as an infinite sum of Legendre 
polynomials in 7 and a “radial” part which is a sum of 
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spherical Bessel functions in &.! From these solutions 
the boundary values of the alpha-particle wave function 
on the nuclear spheroid are obtained. 

It is appropriate at this point to look into the ques- 
tions of the size (in this context, the volume) and the 
shape (i.e., the interfocal distance) of the nuclear 
spheroid. There is some uncertainty regarding the 
appropriate nuclear size”! to be used in these considera- 
tions. Thus, our calculations were performed for two 
“sizes” of nuclei. One had a volume equal to that of a 
sphere of radius 1.20A!X 10-" cm, the other to a sphere 
of radius 1.354! 10-* cm. 

To determine the interfocal distance, a, of the sphe- 
roidal coordinate system employed and hence the nu- 
clear shape use was made of the relation (23) between 
Qo and a. Since the intrinsic quadrupole moment for 
Pu** is not empirically known, we used a semiempirical 
connection’ between quadrupole moments and energy of 
the first rotational state, E2(kev) : 


|Qo| =1.2ZEs-!X 10 cm’, (28) 


where Z is the charge. This formula is based on the 
experimentally known relation between intrinsic quad- 
rupole moments (from gamma-ray lifetimes and Cou- 
lomb excitation cross sections) in the heavy rare earth 
region. The formula yields a |Qo| of 17 10~-* cm? for 
Pu**, Subsequent to the completion of our calculations, 
data on the quadrupole moments of a few heavy 
nuclei, obtained from Coulomb excitation experiments 
and spectroscopic observations, have become available. 
It appears that the values of |Qo| predicted by (28) are 
somewhat larger than the empirical values”; but it is 
not possible at present to state quantitatively by how 
much the semiempirical formula overestimates the 
correct values.” In view of this, the quantitative de- 
tails of our numerical work are subject to some modi- 
fication, but it seems unlikely that any of our qualitative 
conclusions will be altered. 


21:On the assumption of spherical shape, various nuclear radii 
have been obtained by different experiments. For example, the 
Stanford high-energy electron scattering data [Yenni, Ravenhall, 
and Wilson, Phys. Rev. 95, 500 (1954)] yield what might be 
called a charge radius of 1.14!X10-% cm. This value is probably 
small for our purpose, as it neglects the greater extension of the 
neutrons [M. H. Johnson and E. Teller, Phys. Rev. 93, 357 
(1954) ], the finite range of nuclear forces, and the radius of the 
alpha particle. The radius of the alpha particle is about 2X10™" 
cm as determined by electron scattering. The alpha-particle 
scattering measurements of G. W. Farwell and H. E. Wegner, 
Phys. Rev. 95, 1212 (1954) indicate a value of (1.504!+1.4) 
X10-" cm, but this is probably more a measure of the major axis 
of the spheroid (because of the lower barrier at the tips) and hence 
a large value for the spherical shape. See also H. A. Tolhoek and 
P. J. Brussard, Physica 21, 449 (1955). 

* The |Qo| values for U8 and Th* of 8X 10-* cm? and 9X 10-* 
cm? respectively, determined by Coulomb excitation [G. Temmer 
and N. Heydenburg (private communication) ], indicate that (28) 
may be in error by as much as 50%. However, the recent spectro- 
scopic quadrupole moment determination for Am*! and Am** of 
Q=+4.9X10-* cm? by Manning, Fred, and Tomkins [Spec- 
troscopy Symposium, Argonne National Laboratory, B3, 1956 
(unpublished) s to an intrinsic quadrupole moment, Qo, 
(for =5/2) of Qo=+14X10- cm? which is less than 15% below 
the value predicted by the semiempirical formula. 
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TABLE I. Results of outward integrations for Cm™*. 








Boundary conditions at £o 
fo yo 0 


Calculated values at Calculated @ group intensity (using 
&=5.6 connection formula approximation) 


¥ £4 a2: ao a4: ao 





Uniform surface 1.406 0 0 
distribution 1.514 0 0 


One-body j 1.406 —0.277 +0.025 
model 1.514 —0.232 +0.016 


Values needed to match experimental intensities 


+1.20 +0.298 1.13 0.058 
+0.91 +0.230 0.68 0.035 


+0.83 +0.202 0.56 0.029 
+0.72 +0.156 0.43 0.017 


+0.74 —0.02 0.357 4.8X10 








The assumption of uniform charge density may be 
open to question in that it is expected that the protons 
beyond the closed shell of 82 will fill the lower energy 
orbitals with maximum concentration in the ends of 
the prolate spheroid. There is insufficient knowledge to 
justify any such refinement here. 

The interfocal distance, a, corresponding to the Qo 
being used for Pu*, is 1.35 10-" cm. With this value 
of a, the two surfaces of the spheroids of different 
volume are given by &)=1.41 and &=1.51. 

Table I summarizes the results of these calculations. 
It is seen that there is some suppression of the /=4 
group, but the agreement with the experimental in- 
tensities is not satisfactory. We can conclude only that 
neither simple picture represents the physical situation. 

Dresner'® has independently drawn the same con- 
clusion from his work. 


Inward Integrations for Cm**? and Th*?* 


As mentioned earlier, one can exploit the available 
experimental data directly by integrating the equations 
for the various partial waves inwards to the nuclear 
surface and thus obtain information about the alpha 
probability distribution on the nuclear surface. In the 
following, we shall restrict ourselves to the study of 
the two nuclides Cm? and Th’, These nuclides are 
of interest in that they exhibit opposite extremes in 
the /=4 hindrance factors, Cm” being very strongly 
hindered and Th”* being virtually unhindered. The 
data and information pertinent to our calculations on 
these two nuclides are presented in Table II. 

The observed intensities, of course, determine only 
the amplitudes of the various / waves but not their 
phases. The condition used to determine the possible 
sets of phases was that the phase factors, e**', of the 
waves, which are pure outgoing waves at large separa- 
tions, be such as to produce an exponential damping 


of the imaginary part of the partial waves within the 
barrier. With these phases, one can then obtain the 
real part of the wave by inward integration. 

In carrying out the above procedure of integrating 
through the turning point and into the barrier region, 
we have used two different methods. The first, which 
is very simple but approximate, is based on the cir- 
cumstance that Eqs. (26) are decoupled at the turning 
point in that prolate spheroidal coordinate system in 
which the interfocal distance a, is given by a?=6Qo/Z. 
Assuming that the coupling terms remain negligible 
(compared to the remaining terms in the equation) in 
a small region about the turning point (an assumption 
probably reasonable for the Th”* case), one can apply 
the simple WKB connection prescription. A trans- 
formation to the spheroidal coordinate system appro- 
priate for the barrier region of the nucleus in question 
is then performed. 

It is important to note that the phase determination 
procedure yields not one but four sets of relative phases 
for the three partial waves. This is most readily seen 
when the coupling can be neglected, as in the above- 
mentioned approximation. If 6; insures that the part 
increasing exponentially as §— 1 is pure real, so will 
Oi+7n. 

Because of the very small magnitude of ws as com- 
pared to we and wo in the case of Cm™*, the assumption 
of negligible coupling in the turning point region in the 
special coordinate system is not valid. In this case, we 
resorted to direct numerical solutions to Eqs. (26) (in 
spherical coordinates) on the UCRL Bush-Type electro- 
mechanical differential analyzer.” 

Table III summarizes the results for the integrations 
through the turning point. The values of y(£1) and 2(£1) 
contained therein served as initial values for the inte- 
grations in the barrier region by the method described 
in the preceding section. There are two additional phase 


TABLE II. Information used in inward integration studies. 








Alpha disintegration en- Energy of Energy of 
ergy (including electron 2+ state 4+ state 
Nucleus screening) (Mev) (Mev) (Mev) 


Relative alpha abundance to Assumed Qo of 
0+ 2+ 4+ daughter (107% cm?) 





Cm*? 6.252 0.044 0.146 
Th 5.553 0.084 0.253 


73.7 26.3 0.035 +17 
71 28 0.2 +11.6 








% J. Killeen, University of California Radiation Laboratory Report UCRL-2239, 1953 (unpublished). 
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TABLE III. Initial values for the barrier integrations. 





Cm™? (€; =5.6) 
Case I Case II Casel 


0.74 0.77 0.93 
—0.022 0.025 0.18 


Th** (; =6.0) 
Case II Case III 


0.94 —0.94 
—0.23 0.22 


Case IV 


—0.93 
—0.17 





y(&1) 
2(&:) 








choices for Cm™* which because of the small magnitude 
of w, in the turning point region lead to essentially the 
same results as the two listed sets. 

While the several sets of y(£1) and 2(£1) values lead to 
the observed intensity and proper behavior of the 
imaginary part, all but one for each nucleus are physi- 
cally unlikely. Unless the distribution of alpha particles 
on the nuclear surface is restricted to a narrow band 
about the equator, we would expect that in the turning 
point region the distribution will be at least somewhat 
peaked at the poles because of the lower barrier in those 
directions. On the basis of these considerations we can 
select the physically most plausible set, and in Figs. 2 
and 3 are shown the results of the integrations for these 
cases in the two nuclei (Cases I). 

The other choices of phases listed in Table III were 
also studied. Case II for Th®* exhibits a somewhat 
pathological behavior in that y and z increase drastically 
in the integration inwards. Thus, this choice of phases 
is unlikely to represent the physical situation. 

In Fig. 4 we have plotted the surface distributions 
for all the above cases. It is to be noted that the 
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Fic. 2. Results of an inward numerical integration of the 
alpha-wave equation for Cm™ in prolate spheroidal coordinates 
( I). Boundary conditions at =5.6 are based on experi- 
mental alpha-group intensities. The parameter y goes over 
asymptotically into the ratio of wave amplitudes of /=2 and 
1=0 groups, and s, into the ratio of the /=4 to the /=0 groups. 
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|v |*surface are symmetric about the equator, since only 
even / values enter in the decay to the lowest band of 
an even-even nucleus. In each case the distributions are 
given for the two sizes of nuclei. The results do not 
differ much with the variation in volume considered 
here. 

As expected, all but the two physically probable sets 
of initial values at £; lead to |W|*surface narrowly re- 
stricted about the equator of the spheroids. Granting 
that cases I probably represent the physically signifi- 
cant cases for both Th”* and Cm we can observe 
that there is a shift in the surface distribution from a 
broad peak about the poles in Th”’* to one more con- 
centrated in the regions midway between poles and the 
equator in the case of Cm™*. That the shift in surface 
distribution is gradual can be inferred from the con- 
tinuous growth of the hindrance factor in going from 
Th”® to Cm (see Fig. 1). 
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ALPHA WAVE FUNCTION RATIOS 











Fic. 3. Results of an inward numerical integration of the alpha- 
wave equation for Th” in prolate spheroidal coordinates (Case I). 
Boundary conditions at §=6 are based on experimental alpha- 
group intensities. 


It was suggested in a preliminary report? on the 
coupled alpha-decay problem that for nuclei of greater 
atomic number and deformation than Cm the con- 
tinuation of the intensity trend might show a reversal 
of the decreasing behavior of the /=4 group. The 
increasing /=4 group of these heaviest nuclei would 
bear a phase relationship with respect to the /=0 group 
which was the opposite of that of the lower mass alpha 
emitters. Subsequent to this speculation the study* of 
alpha emitters Cf and Fm? actually showed the 
increase in abundance of the /=4 group. The discussion 
of the preliminary report® also suggested speculatively 
that the intensity of the /=2 group might begin to 
decrease for heavier nuclei, and this also was found 
subsequently for californium and fermium isotopes. 
The idealized model on which these guesses were based 
considered a sharp angular alpha distribution of a delta- 
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function nature. The qualitative success of the guesses 
certainly does not imply any detailed validity of the 
delta function picture. Indeed, it seems most probable 
that the alpha angular distributions, particularly in 
the turning point region, are fairly broad. 

The 6-function model was intended only as a first 
orientation of the effect of the quadrupole coupling. 
From the results of the present calculations it does not 
appear probable that the distribution of alpha particles 
on the nuclear surface is very sharp. The inclusion of 
components of the wave function with />4, which are 
smaller than the ones considered in this work, should 
not seriously alter the surface distributions of Fig. 4. 

A comment on another section of the preliminary 
report® is in order. Uncertainty was expressed as to 
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Fic. 4. Calculated alpha-probability distributions on the 
spheroidal nuclear surface from inward integrations based on ex- 
perimental alpha-group intensities. The different cases result 
from different possible choices of relative phases of the various 
partial waves. Cases I for Cm™* and Th** are believed to be the 
most likely physically significant cases. The solid lines correspond 
to a choice of the surface to enclose a volume equal to that of a 
sphere of radius 1.35 10~%A! cm, and the dashed lines, that of a 
sphere of radius 1.20 10-34! cm. 


whether the variation in hindrance factors (especially 
for 1=4) for different isotopes meant a change in nuclear 
surface boundary conditions or was simply a conse- 
quence of the increase of Qo with atomic number. From 
the work of the present paper we can now definitely 
say that there must be a shift in nuclear surface bound- 
ary conditions between thorium and curium alpha 
emitters, yet the role of the large quadrupole coupling 
is an important one in the detailed interpretation of 
alpha emission in the heavy region. 


Total Barrier Penetration 


It is of interest to see how the occurrence of a sphe- 
roidal deformation affects the total decay constant. Let 


TABLE IV. Barrier penetration factors. 








loge (Pp/ Pc) 
loge Por Hill-Wheeler 
(spheroidal loge 1-dimen- 
case X(Po1/Pc) sional WKB 
(this work) (this work) formula 
—72.58 


2.15 
—70.39 2.40 


Alpha loge Pe 
emitter (spherical) 
Th28 


Cm 





4.98 
6.77 


—74.73 
—72.79 











us define a generalized penetration factor P as 


J Ivitas 
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p=——__, 
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where S, is a surface at a large distance from the 
nucleus and S,, is the nuclear surface. y is the complete 
wave function, which asymptotically goes over into a 
pure outgoing wave. For the case of a spherical nucleus, 
the penetration factor obtained using first order WKB 
wave functions is 


Pco= (—) a ~f"eatven-ED i - 


where R, is the nuclear radius and R;, is the classical 
turning point. 

With y and z known as functions of &, it is a simple 
matter to compute the penetrability for the spheroids 
taken in the above calculations for Th”*® and Cm, 
with the nuclear volumes in all cases equal to those for 
spherical nuclei with radii R=1.20X10-"A? cm. The 
inward integration results, Cases I, are used. 

In the last column of Table IV are the values pre- 
dicted by the Hill-Wheeler* one-dimensional WKB 
formula for the penetration factor, evaluated through 
the thinnest part of the barrier. While both the Hill- 
Wheeler formula and the present work lead to larger 
penetrabilities than in the case of the spherical nucleus 
(as would be expected), the one-dimensional formula 
predicts a much larger increase than the detailed treat- 
ment and a much larger increase for Cm™ than for 
Th”8, This last fact is rather difficult to reconcile with 
the success of the old correlations of decay-rate data 
with spherical barrier formulas. The much lower en- 
hencement of penetrability which the present numerical 
work finds does much to remove the above difficulty. 

It appears then that the one-dimensional formula 
does not give a good estimate for the alpha decay 
problem. This implies that the alpha wave is unable to 
take full advantage of the thinner barrier in the vicinity 
of the poles. The reason for the failure of the one- 
dimensional estimate may be expressed qualitatively 
as follows: if the alpha wave function were to be 
sharply channeled along the most favorable penetration 
trajectory, the total wave function would contain high 
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angular momenta components with large amplitudes. 
The increased centrifugal barrier and higher nuclear 
rotational energy associated with the wave function 
would produce a dissipation of the wave function along 
the trajectory much larger than the one-dimensional 
WKB integral indicates. The wave function adjusts 
itself to a compromise involving moderate angular con- 
centration of the wave function along the favorable 
penetration trajectory. 

One can also note from Column 3 of Table IV that 
the spheroidal shape enhances the penetration factor 
of Th”* almost as much as that of Cm” despite the 
fact that Cm*” has appreciably larger deformation. 
This is easily understood when we consider that the 
distribution of alpha particles on the nuclear surface 
is peaked about the axis in the case of the Th”* while 
the peak for Cm is closer to the equator. 


DISCUSSION 


The numerical studies of this paper, which are of an 
exploratory nature, serve to illuminate some of the 
general features of alpha decay from strongly deformed 
nuclei. It appears that though the electric quadrupole 
field plays an important role in determining the 
abundances of the various alpha groups, the predomi- 
nant factor in the shifting of relative alpha group in- 
tensities with atomic number is the initial distribution 
of alpha particles on the nuclear surface. While this 
fact complicates the picture, it is fortunate in that it 
makes the study of the relative abundances a tool 
helpful in the understanding of the formation of alpha 
particles in nuclear matter. From the failure of the 
one-body model to yield the proper ratio of intensities 
in the Cm case and from the shift of the peaks of the 
surface density with increasing atomic number, we can 
conclude that the one-body model does not adequately 
represent the physical situation. That is, the alpha 
particle has a transitory existence in the nucleus and it 
does not move intact for times of the order of a period. 
We must envision the alpha clusters as continually 
forming and dissolving with short mean free paths. 


O. RASMUSSEN AND B. 
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Also, the picture of alpha particles being distributed 
uniformly on the nuclear surface does not appear to 
represent the physical state of affairs. 

We might think of the situation in the following way: 
the alpha clusters that have any appreciable probability 
of forming and penetrating the barrier are those which 
are made up of the most loosely bound neutrons and 
protons. The distribution of these clusters will then 
reflect the distribution of the most loosely bound 
nucleons. If, as we expect, case I is the one that corre- 
sponds to the correct picture, we would conclude that 
the outer nucleons tend to concentrate near the poles 
in Th”* and nearer to the equator in Cm™*. In a prolate 
spheroidal well of appreciable eccentricity, the states 
concentrated near the poles are expected to be filled 
first. These are the states with Bohr-Mottelson quan- 
tum numbers Q2=-+3 (all other states have nodes at 
the poles). One might suppose that orbitals with large 
probability densities at the poles are filled around 
A= 230 and that subsequent nucleon pairs tend to fill 
states with density distributions shifted toward the 
equator. 
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The hyperfine structure in the paramagnetic resonance spectrum of Gd**+ was resolved and a nuclear spin 
of $ was found for each of the two odd isotopes Gd!** and Gd'*’, The ratio of the nuclear magnetic moments 
is uy (Gd***) /u;(Gd'*") =0.75+0.07. The hyperfine structure in the *Sz/2 state of Gd** arises probably from 
unpaired s-electron states which are admixed to the ground state by configurational interaction. Assuming 
the same degree of configurational interaction in Gd** as in isoelectronic Eu?*, one finds the ratio u;(Eu!) / 
us (Gd?5") = 11.3, If one takes u;(Eu!*') =3.6 nm, the values of the moments of Gd are u;(Gd'*") =0.32 and 
u1(Gd!*5) =0.24 nm. The experiments were made on single crystals of LaCl;-7D20 and BizMgs(NOs)12 


-24H.O using enriched isotopes. 





HE detection! of hyperfine structure in the para- 

magnetic resonance spectrum of Eu*+ indicated 
a possibility of determining the spins and magnetic 
moments of the odd isotopes of gadolinium in Gd**. 
Previous work'? had indicated that such a hyperfine 
splitting would be less than 40 gauss. 

We have detected and resolved the hyperfine struc- 
ture resulting from the odd isotopes 155 and 157 of Gd 
in the electronic transition 3>—}. Nuclear spins of $ 
were found for both isotopes. The ratio of the nuclear 
magnetic moments is u(Gd!55)/u(Gd!5") =0.75+0.07. 

Measurements were made at room and liquid nitrogen 
temperatures at 3.2 and 1.2 cm on single crystals of 
bismuth magnesium nitrate (BizMg;(NO3)12°24H.O) 
and deuterated lanthanum chloride (LaCl;-7D,0) con- 
taining about 1 part in 5000 gadolinium enriched to 
about 70% in either 155 or 157. Four hyperfine lines due 
to the isotope 157, and a central line with intensity of 
about 1.6 that of the hyperfine lines due to the even 
isotopes, were completely resolved in the double 
nitrate salts. The line width between points of maximum 
slope of the hyperfine lines was about two gauss. In 
lanthanum chloride the lines were partially resolved, 
the line width apparently larger, of about 3-4 gauss. 
For the isotope 155, only the two outer hyperfine lines 
and the central line were completely resolved. The only 
possible assignment of the spin of this isotope consistent 
with the observed line shape in the double nitrate salt 
is 3}. The hyperfine structure constants are: 


Bismuth magnesium nitrate: 
Ais5=4.0+0.3 gauss, 
A1s7=5.34+0.17 gauss, 


Lanthanum chloride: 


g=1.991, 


As7=5.7+0.3 gauss, g=1.99, 

* This work was supported by the U. S. Atomic Energy Com- 
mission. 

¢ On leave of absence from the Hebrew University, Jerusalem, 
Israel. 

1B. Bleaney and W. Low, Proc. Phys. Soc. (London) A68, 55 
(1955). 

2B. Bleaney and H. E. D. Scovil, Proc. Phys. Soc. (London) 
A63, 1369 (1950). 


Gd**, like the isoelectronic Eu**, has 4/7 electrons, a 
half-filled shell and, therefore, a ground state of *S7/2. 
No hyperfine structure should be present in an ion in an 
S state. Presumably the hyperfine structure in Gd**, as 
in the case of Eu**, results from unpaired s electron 
states such as 4f 5s 6s which are mixed to 4/ 5s? by 
configurational interaction.’ This hyperfine structure is 
expected to be only slightly dependent on the crystalline 
environment. This can be seen for the two gadolinium 
salts, from their approximately equal hyperfine struc- 
ture constants. For Eu** it has similarly been shown‘ 
that the hyperfine structure varies by less than 5% 
(SrS: A15:= 30.8, SrCly: Aji=32.1, in units of 10-4 
cm). Assuming the same degree of configurational 
interaction in Gd*+ and in Eu*, one can calculate the 
ratio of the nuclear magnetic moments of gadolinium 
and europium. Taking (1/r*),, to be 62 A~* for Gd and 
57 A~* for Eu,® one finds the ratio of the nuclear 
magnetic moments to be u(Eu!®™)/u(Gd!®") = 11.3. With 
a nuclear magnetic moment of 3.6 nm for Eu'®!,®7 the 
nuclear magnetic moments of the gadolinium isotopes 
are |u(Gd!§7)|=0.32 and |u(Gd!®)|=0.24, with an 
error of probably less than 15%. 

Recent optical hyperfine structure measurements on 
GdI by Speck® yielded also spins of } for Gd'®® and 
Gd'*’, the ratio u(Gd'®)/u(Gd'*?)=0.80+0.02, and 
u(Gd!57) = —0.37+0.04 nm. Our results are within the 
limits of the combined errors, but are in somewhat 
better agreement with the earlier results of Murakawa® 
who found y»(Gd'*")=—0.3340.06 and y(Gd'5)= 
—0.19+0.05 nm. 

These results indicate that configurational interaction 
is a general phenomenon in paramagnetic resonance 
spectra and may play a role in spectra of the 5/ electron 
shell as well. 

The author is grateful to Professor C. A. Hutchison, 
Jr., for kind encouragement. 
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The Ca“(d,p)Ca“ reaction was investigated with the MIT-ONR electrostatic generator, a 180-degree 
magnetic spectrograph, and a magnetic broad-range spectrograph. Bombarding energies from 2.5 to 7.0 
Mev were used; targets were made of natural calcium; and the reaction angle was 90 degrees. The Q value 
for the transition to the ground state of Ca is 6.140+-0.009 Mev. Twenty-five excited states of Ca‘! were 
found in the region of excitation from 1.947 to 4.194 Mev. 





I. INTRODUCTION 


ARLY work on the Ca“(d,)Ca* reaction was done 
with the Yale cyclotron by Davidson! and later 
by Sailor.? Davidson measured Q values for the transi- 
tions to the ground state and the first excited state; 
Sailor remeasured these Q values and found six more 
partly resolved proton groups from higher excited 
states. Holt and Marsham,* using the Liverpool 
cyclotron, measured Q values of eight proton groups 
and angular distributions of six. In all these investi- 
gations, the energy of the protons was measured by 
their range in aluminum. 

With the Chalk River pile as a source of neutrons, 
Kinsey ef al.4 measured the high-energy gamma rays 
from the thermal neutron capture in natural calcium, 
while Braid’ found a 1.93-Mev gamma ray with a 
scintillation spectrometer. 

Levels in Ca*! at 1.95 and 2.47 Mev were found both 
in the (d,p) and in the (n,y) work. The gamma transi- 
tions from the neutron-capturing state (3+) to these 
levels are of the £1 type,* so that their spins and parities 
are }~ or $-. No direct ground-state transition was 
observed. This is in agreement with the work by Holt 
and Marsham who find angular distributions indicating 
l,=3 for the ground state and /,=1 for the 1.95- and 
2.47-Mev levels. They suggest 7/2-, $-, and }-, 
respectively, for these states because of relative intensi- 
ties and shell-model predictions. 

Recently, the Ca“(n,7~)Ca* reaction was also studied 
by Demidov ef al.’ with a magnetic Compton-electron 
spectrometer. Most of the gamma rays found by 
Kinsey or Demidov can be fitted into the level scheme 


* This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

NO se oy address: Physisch Laboratorium, Utrecht, Nether- 
nds. 

1W. L. Davidson, Phys. Rev. 56, 1061(L) (1939). 

*V. L. Sailor, Phys. Rev. 75, 1836 (1949). 

*J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 565 (1953). 

‘ Kinsey, Bartholomew, and Walker, Phys. Rev. 85, 1012 (1952). 

5 T. H. Braid, Phys. Rev. 91, 442(A) (1953). 

*B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 93, 1260 
(1954). 

7A, M. Demidov (private communication); see also Groshev, 
Adyasevich, and Demidov, Proceedings of the Internationa 
Conference on the Peaceful Uses of Atomic Energy, Geneva, 1955 
(United Nations, New York, 1956), Vol. 2, Paper No. 651. 


for Ca“; and, from an experiment with enriched Ca®, 
Demidov concludes that 90% of the integrated gamma 
spectrum of natural calcium is indeed associated with 
the capture of a neutron in Ca“. This is in disagreement 
with measurements® of the capture cross section of 
enriched Ca*, which would lead to the conclusion 
that about half of the neutron captures in natural 
calcium should occur in that isotope. 


Il. EXPERIMENT 


The major part of our work on the Ca(d,p)Ca" 
reaction was done with the equipment described in the 
first paper of this series. The analyzed deuteron beam 
of the MIT-ONR electrostatic generator was used 
to bombard targets of natural calcium, and the proton 
spectrum was measured with the 180-degree magnetic 
spectrograph. 

Partial surveys of the spectrum were taken at 
bombarding energies of 6.0, 5.4, 5.0, and 2.9 Mev. 
Diatomic ions were accelerated through 5.8 million 
volts to obtain a beam of 2.9-Mev deuterons. The 
6.0-Mev survey covered the range of proton energies 
corresponding to Q values of the Ca(d,p)Ca reaction 
below 5 Mev; the region below Q=2 Mev was observed 
again in the 5.0-Mev survey, while the 5.4- and 2.9-Mev 
surveys each covered Q values between 2 and 7 Mev. 
Above Q=2 Mev, most of the groups from the 
Ca“(d,p)Ca reaction are well resolved, but the lower 
part of the spectrum is much more complex and is also 
partly obscured by very strong groups from the 
C"(d,p)C® and O'*(d,p)O" reactions. We have therefore 
restricted our further work to Q values greater than 
about 2 Mev. 

The reaction energy of the ground-state transition 
was carefully measured with an incident beam of 
2.9 Mev. The deuteron energy was chosen so low to 
avoid proton energies that would require a spectrograph 
field strength higher than 12 kilogauss. The result, 
6.140+0.009 Mev, is in good agreement with the 
measurements of Sailor and of Holt and Marsham. 
Eighteen more proton groups, corresponding to excited 
states from 1.947 to 3.95 Mev, were also assigned to 
Ca“! on the basis of their energy shift when the energy 


8H. Pomerance, Phys. Rev. 88, 412 (1952). 
9C. M. Braams, Phys. Rev. 101, 1764 (1956). 
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Fic. 1. Spectrum of proton groups obtained with 180° magnetic spectrograph. The angle of observation was 90°. 


of the incident beam was varied. For some portions of 
the spectrum, this required exposures at incident 
energies of 2.5 and 7.0 Mev. 

The 5.4-Mev spectrum taken with the 180-degree 
spectrograph is shown in Fig. 1. The results obtained 
with this instrument prior to January, 1954 are given 
in Table I. A new magnetic spectrograph” has since 
become available in this Laboratory, and we have used 
this instrument to review the Ca(d,p)Ca* reaction 
at incident energies of 6.5 and 7.0 Mev. The superior 
resolution of this instrument has made it possible to 
obtain better energy measurements on proton groups 
which were not completely resolved by the old spec- 
trograph and to find more groups than had been seen 


10 Buechner, Browne, Enge, Mazari, and Buntschuh, Phys. Rev. 
95, 609(A) (1954); and Buechner, Mazari, and Sperduto, Phys. 
Rev. 101, 188 (1956). 


before. The 7.0-Mev spectrum is shown in Fig. 2. 
Numerical results are listed in Table I. 

A comparison between the second and the third 
column of Table I shows that, apart from random 
differences between the results of the two spectrographs, 
there is a systematic deviation, reaching a maximum of 
about 6 kev at 2.5 Mev. It seems unlikely that such a 
systematic error could occur in the measurements with 
the 180-degree spectrograph because the measured 
Q values are averaged from three or more measurements 
taken at different bombarding energies with different 
targets and showing a mean deviation of the computed 
averages of about 2 kev. The adopted Q values in the 
fourth column of Table I are derived from the assump- 
tion that the measurements of energy differences 
between neighboring peaks are more accurate with the 
broad-range spectrograph, because of its higher dis- 





Fic. 2. Spectrum of 
proton groups obtained 
with broad-range mag- 
netic spectrograph. 
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persion, but that systematic errors are smaller with 
the 180-degree spectrograph because of its more direct 
calibration. The quoted errors include a random error 
of about 3 kev and a systematic error of 0.15% of the 
excitation energy. 


III. DISCUSSION 


The 1.947- and 2.469-Mev levels are probably the 
ones that were observed by Sailor, Holt and Marsham, 
and Kinsey and Bartholomew. At 90 degrees to the 
incident beam, these are by far the strongest groups in 
their region of the spectrum, and, since Holt and 
Marsham report angular distributions showing a 
definite / value of the captured neutron, it is likely that 
the same two proton groups are predominant at all 
angles. The assignment of p; and #; orbitals to these 
states, suggested by Holt and Marsham, has raised the 
question of the position of the f; state predicted by the 
shell model. This orbit is filled between the p; and 
states," and it is reasonable to look for it in that part 
of the Ca“ spectrum. From this point of view, it is 
encouraging that we have found a new level at 2.014 
Mev. Because the first excited state of Ca“ lies at 
3.35 Mev, one would not expect to find low-lying 
excited states in Ca‘! that are formed by excitation of 
the 20-20 core. This would support the hypothesis 
that the 2.014-Mev level is indeed a single-particle 
state which puts the first core-excited state of Ca‘ at 
2.584 Mev. 

On the other hand, the intensity at 90 degrees of the 
proton group from the 2.014-Mev level, in comparison 
with that from the ground state, is much lower than 
would be expected from the statistical factor 2j+i, 
which should govern their relative intensities if these 
states form the f72—fs;2 doublet. Furthermore, not 
enough data are available on the position of single- 
particle levels in nuclei of different mass numbers to 
support the assumption that the order in which the 
j values occur as ground states in a given mass region 
should also be the order of the single-particle states 
in a much lighter nucleus. Recent calculations by 
Bleuler and Terreaux” show that, in particular, the 
relative position of the 1f/; and 23 states may be a 
function of the mass number. In light nuclei, however, 
the 1f, state is expected to lie between the 2p, and 

uP, F, A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 


2K. Bleuler and Ch. Terreaux, Helv. Phys. Acta 28, 245 
(1955). 
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TaBLE I, Energy ievels of Ca‘! from Ca®(d,p)Ca*! reaction. 








180° 
spectrograph 
6.140 


Broad-range 
spectrograph Adopted value 
6.141 6.140 +0.009 


Ground state 
Q value (Mev) 


Excitation 
energy (Mev) 


1.947+0.004 
2.014+0.005 
2.469+0.005 
2.584+0.006 
2.612+0.006 
2.677+0.006 
2.890+0.006 
2.967 +0.006 
3.056+0.006 
3.206+0.006 
3.375+0.007 
3.405+0.007 
3.500+0.007 
3.531+0.007 
3.619+0.007 
3.682+0.007 
3.736+0.007 
3.837+0.007 
3.854+0.007 
3.921+0.007 
3.950-+0.007 
3.982+0.007 
4.023+0.007 
4.101+0.007 
4.194+0.007 


Excitation 
energy (Mev) 


1.947 1.943 
2.014 2.010 
2.469 i 
2.582 

2.612 

2.677 

2.890 

2.967 

3.054 

3.207 

3.373 

3.403 

3.500 

3.531 

3.619 


3.737 
3.856 
3.950 


Excitation 


Level energy (Mev) 
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2p; states. High-resolution measurements of angular 
distributions of the proton groups from the Ca(d,p)Ca*! 
reaction are presently being made in this Laboratory"; 
further speculations on the character of the Ca* levels 
should await these results. 
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A y-coincidence method has been developed for measuring relative electric excitation cross sections of 
the first two excited levels in odd-A nuclei. This method has been applied to eight nuclei in the region 
63 <Z<75. In general the results agree very well with the strong-coupling collective-model theory, indi- 
cating that in any one nucleus Q is constant to within about 20%. The deviations, though small, are outside 


the limits of experimental error for a number of nuclei. 





INTRODUCTION 


N the collective model theory of nuclear structure 
the electric quadrupole moments of nuclei, static 
and dynamic, are given in terms of two parameters, 
one of which is customarily taken as the ground state 
spin and the other as the quantity defined by Bohr 
and Mottelson as intrinsic quadrupole moment. It is 
well known that in many nuclei the spins of the low- 
lying levels as well as the relative level spacings are 
predicted correctly and accurately by this theory. 
Once the spins and positions of the energy levels in any 
nucleus are known, the theory gives the static and 
dynamic quadrupole moments in an unambiguous 
manner. The values of these moments are found to 
differ considerably from the values predicted from the 
level spacing. Discrepancies in Q? as large as factors of 
six are not uncommon.” However, in some odd-A 
nuclei electric excitation cross sections have been 
measured for both the first excited state and the second 
excited state; and the ratio of the B(E2)’s thus ob- 
tained is in fair agreement with the collective model 
value.‘ The present work is an attempt to measure this 
ratio of B(E2)’s systematically and accurately in the 
region Z= 63 to Z=75 where the rotational level scheme 
is well developed. The improved accuracy of the method 
is obtained by measuring the ratio of electric excitation 
cross sections directly and simultaneously rather than 
by measuring two cross sections separately, in which 
case the ratio contains an accumulation of two inde- 
pendent errors. 


EXPERIMENTAL METHOD 


The level scheme in an odd-A rotational nucleus is 
shown in Fig. 1, where K is a half-integer (in all the 
nuclei investigated here K~4). The K+1 level decays 
by means of photons and conversion electrons of both 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

¢ On leave of absence from the Weizmann Institute, Rehovoth, 
Israel. 

1A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

2H. Mark and G. T. Paulissen, Phys. Rev. 100, 813 (1955). 

8K. W. Ford, Phys. Rev. 95, 1250 (1954); A. W. Sunyar, 
Phys. Rev. 98, 653 (1955). ; 

4A. Bohr, Rotational States of Atomic Nuclei (Ejnai Munks- 
gaards Forlag, Copenhagen, 1954). 


E2 and M1 types. The K+2 level decays: (a) by the 
cascade transition (K+2—K+1-—K), where (K+2— 
K-+1) is again an E2-M1 mixture, and (b) by a direct 
(K+2-—K) transition which is pure E2. The electric 
excitation of both levels depends, however, almost 
entirely on the E2 moments. In the present work, as in 
most experiments to date, the excitation cross section is 
determined from the number of de-excitation processes 
observed. For the K+2 state, evaluation of the cross 
section requires knowledge of both cascade and cross- 
over transitions. However, in many nuclei the cascade 
is the predominant mode of decay, and will generally 
be so whenever the M1/E2 ratio for the (K+2—-K+1) 
transition is considerably greater than unity. In these 
nuclei the ratio of the number of cascade transitions 
(K+2—K+1-—K) to the number of direct transitions 
(K+1—K) when bombarded by charged particles of 
some given energy, is directly related to the ratio 
B(E£2, K-K+2)/B(E2, K-K-+1). The simultaneous 
measurement of this “‘cascades-to-singles” ratio is the 
essential feature of this method. The influence of the 
crossover transition is considered as a comparatively 
small correction and this method of evaluating E2 
moments will be the more accurate the bigger the M1 
percentage in the M1+ E2 transition (K+2—K-+1).% 

The ratio “cascades to singles” is measured by view- 
ing the target with two y counters, one counting 
(K+2—K+1) photons and the other (K+1-—K) 
photons. If the latter counts V, sec~! and the number 
of coincidences in the two counters is V, sec~!, then the 
ratio “cascades-to-singles” is given by (N./N,)(1/n), 
where 7 is the over-all counting efficiency for (K+2— 
K-+1) y rays. 

Under the conditions of these experiments, the electric 
excitation is essentially of the pure E2 type. The cross 
section for this process}for any given energy level is 


f , 1) 


where £ is the incident particle energy in the center-of- 
mass system, Ep is the excitation energy of the nucleus, 
and the other notation is taken from reference 5. 


5K. Alder and A. Winther, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 29, No. 19 (1955). 
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RATIOS OF TRANSITION PROBABILITIES 


The yield per incident particle of excited nuclei in a 
target of finite thickness AZ is given by 


E 


n 
Y= E')-dE', (2) 
fies “ 


K 


where m is the number of target atoms per cm? and x is 
the proton energy loss per cm, dE/dx. 

The ratio of B(£2)’s for the two excited levels can be 
expressed in the following way: 
B(E2,K--K+2) ,N, 1 1+ (€:/€2) 

Bei — ; 
B(E2, K-K+1) N, ne.) 1—[(N-/N,.)(1/nes) ] 


here: 


(3) 








. — Ex+x+1 


E’ 
f {E(B ——— ae 
E—AE 


= K 





f= ’ 


E E' 
f fEEH(ED) 
E-AE 


— Exx 
UE! 


K 


where £ is the proton energy, +! and é**? refer to the 
transitions (K-+K+1), (K-+K+2), respectively, AE 
is the target thickness, »y is the branching ratio: 
number of K+2—K photons/number of K+2—K+1 
photons, ¢ is related to the conversion coefficient a by 


No. of photons 1 





e= i, 
No. of photons+No. of electrons 1+a 


€1, €2 relating to the (K+2—K+1), (K+2-—K) transi- 
tions respectively. The factor 1/{1—[(N-/N.)(1/ne:) J} 
derives from the fact that the (K+1—K) photons arise 
both in direct transitions from the K-+-1 level and from 
cascade transitions from the K-+2 level. 


COINCIDENCE MEASUREMENTS, N./N, 


Protons of about 3 Mev were produced in the Massa- 
chusetts Institute of Technology-Rockefeller electro- 
static generator. At the target the beam spot was less 
than 1/64 in. in diameter. The y counters were 2 in. 
X2 in. “Harshaw” NaI(T1) canned crystals optically 
bonded to DuMont 6292 photomultiplier tubes. The 
coincidence counting assembly is shown in Fig. 2. The 
crystal faces have been brought as close as possible to 
the target in order to get high coincidence yields, and 
to minimize the effects of anisotropic distribution of the 
7 rays (in most cases the relevant distributions were 
unknown). With the geometry of Fig. 2 it can be shown 


Fic. 1. Level scheme for a 
typical odd-A rotational nu- 
cleus, showing electric quad- 
rupole excitation of the first Ee 
two energy levels and the sub- 
sequent decay. The crossover 
from the second level to the 
ground state is pure £2 while 
the cascade transitions are 
mixed M1 and £2. 
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I =Kei 
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Fic. 2. Counting assembly cutaway diagram showing solid 
angle and lead shielding. The lower inset shows the complete 
assembly. 


that the uncertainty thus introduced cannot exceed 
2 percent. In order to avoid coincidence counts from 
Compton-back-scattering events, the lead and gold 
double-cone shield, detailed in the upper part of Fig. 2, 
was introduced. 

Graded and “staggered” absorbers were placed in 
front of each crystal to absorb atomic x-rays. The 
“staggering” was done by building up the absorbers 
from a large number of thin concentric circular foils 
whose radii were chosen so that a y ray penetrated the 
same amount of material in reaching the crystal regard- 
less of its incident angle from the target. The uniformity 
of absorption thus obtained helps minimize the effects 
of the anisotropic distribution of the y rays. 

The coincidence circuit was of the “fast-slow” type 
with a single-channel pulse-height analyzer for each 
counter. The fast resolving time was 0.2 usec. 

The number of random coincidences was determined 
directly by comparing the total coincidence rate at 
widely differing proton currents. In the normal runs 
the random rate was always less than 0.1 of the real 
coincidence rate. 

The experiment was performed in the following way: 
In one analyzer the window was opened wide to cover 
the range from below the escape peak of the K+1—K 
radiation to above the photopeak of the K+2—K+1 
radiation. In the second analyzer the window was com- 
paratively narrow, and by changing the base line, both 
the singles spectrum and the coincidence spectrum were 
recorded simultaneously. The spectra (corrected for 
random coincidences) are shown in Figs. 4 to 7. 
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Fic. 3. Gaussian analysis of the singles pulse-height distribution 
from Hf!"?, The 138-kev peak is clearly visible when the parabola 
corresponding to the 112-kev y ray has been subtracted. 


In the single-count spectrum one can usually discern 
a small peak due to (K+-2—-K+1) y rays, on the high- 
energy side of the main peak produced by (K+1—K) 
y rays. The general background arises mainly from 
proton bremsstrahlung. By graphical Gaussian analysis 
one can determine the height of the main peak to 
within 2 or 3%. Figure 3 illustrates the general method 
applied to the Hf’? singles spectrum, where the 
(K+2-—-K+1) y ray is most difficult to resolve. 

In the coincidence spectrum the two peaks are always 
clearly visible. Apart from corrections yet to be dis- 
cussed one would expect the two peaks to be of equal 
area, i.e., to differ in height by the inverse ratio of their 
respective widths. The resolution of the counters as a 
function of energy has been determined experimentally 
and the expected ratio between peak heights could be 
evaluated. For an accurate determination one should, 
however, take into account the following processes: 


(a) Every photopeak is accompanied by an escape- 
peak of energy 28 kev less than the full y energy. 

(b) The y rays absorbed in the Pb and Au absorbers 
between the two crystals produce characteristic x-rays 
which in some cases lie within the coincidence window. 
The increase in counting rate introduced in this way 
can be estimated with fair accuracy. In most cases it 
is very small; only in Ho and Eu is the correction 
appreciable, ~7%. 


If (a) and (b) are taken into account, the ratio of 
peak heights, for the two coincidence peaks, can be 
calculated accurately. In all cases the measured ratio 
is different from the calculated ratio by not more than 
5%. This is the expected experimental accuracy and is 
a reassuring internal-consistency check, particularly 
with respect to background subtraction and random 


correction. 
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The quantity V./N, is deduced from the peak heights, 
after subtracting the background and correcting for the 
processes (a) and (b) discussed above. 


EFFICIENCY MEASUREMENT, » 


As has been explained in the first section, this experi- 
ment depends critically on the absolute counting of the 
y’s from the first (K+2—K+1) transition in the 
cascade. In the nuclei investigated, these radiations 
range in energy from 105 to 180 kev. The counter 
efficiencies have been determined directly for energies 
of 125 kev and 175 kev and interpolated for the energies 
required. 

A Co*’ source emitting y rays of 119 and 131 kev 
served as an effective “125-kev” source. For the 175-kev 
calibration an As” source was produced from a natural 
Ge target using 3.1-Mev protons in the reaction 
Ge™(p,y)As™. The diameter of both sources was about 
the same as that of the beam spot. The sources were 
calibrated by “4a geometry” counting in a 2-in.- 
diameter well-type crystal. Small corrections had to be 
made for absorption in the aluminum wall, and for 
escape through the crystal. For the As” source, a cor- 
rection was also made for the loss of counts due to 
coincidence events between the 175-kev y ray and an 
annihilation quantum, which shift the pulse to a higher 


energy. The calibrated sources were mounted in the 


target position, attached to the target proper (to include 
self-absorption in the target material) and counted in 
the usual manner. 


BRANCHING RATIO MEASUREMENT, v 


The measurement of the crossover-to-cascade branch- 
ing ratio is the least accurate part of the present work. 
In principle, a coincidence system such as ours can be 
used to evaluate branching ratios, and some measure- 
ments have been reported using such methods.”:*.? This 
procedure, however, is somewhat uncertain because the 
conversion coefficient for the (K+1-—K) radiation 
must be known. In our work no great accuracy in the 
value of » is required and therefore we preferred to 
measure it in the less accurate but more direct way of 
comparing the (K+2—K) and (K+2—-K+1) peaks in 
the singles spectrum. For Ta we used the value for » as 
reported by Stelson and McGowan,’ who had measured 
it using essentially this latter procedure. For other 
nuclei we used our own data, with this Ta value’ as a 
calibration point for the (K+2—K) y ray. 


CONVERSION COEFFICIENTS 


The M1 to E2 mixing ratio, 5’, for the (K+2—-K+1) 
radiation was obtained by comparing the experimental 


®G. M. Temmer and N. P. Heydenburg, Bull. Am. Phys. Soc. 
Ser. II, 1, 43 (1956). 

7N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 

8P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 
(1955). 





RATIOS OF TRANSITION PROBABILITIES 


branching ratio v with the value »’ obtained for pure 
E2 transitions according to the collective model. This 
procedure presupposed the validity of the collective- 
model calculations, which is in effect the problem under 
investigation in this work. Nevertheless, it seems to us 
justified for the following reasons: 


(a) The final results of this work confirm the validity 
of the collective model, so that the procedure is in this 
case consistent. 

(b) It has been mentioned above that in cases of 
interest 5? is large. In such cases ¢; [of Eq. (3)] is 
relatively insensitive to 6?: 


de, €,d6? 

jae (az— 

€. (1+6*)? 
where ay, ag are the M1 and £2 conversion coefficients 
respectively. 

The calculations of conversion coefficients by Rose 
et al.® and Gellman et al.!° are based on the assumption 
of point nuclei. For very high Z this assumption may 
not be valid, especially for M1 transitions. Wapstra 
and Nijgh! report the measurement of the conversion 
coefficient for a transition in Tl and according to that 
paper the M1 coefficient is only about 0.6 of the value 
given by Rose. The general trends of the dependence 
of this correction factor on Z and on energy are also 
discussed in that paper and it appears that for the 
transitions considered here the correction factor would 
be closer to unity. We have investigated this problem 
directly in the following manner: the ratio of coinci- 
dence counts to singles counts from the (K+2—K+1) 
transition could be determined directly from our data; 
this ratio is equal to 73/1+a3, where a3 is the con- 
version coefficient and 3 the counter efficiency for the 


am), 
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Fic. 4. Ta!*!, coincidences and singles pulse-height distribution. 
The level scheme is shown at the right. 
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Fic. 5. Re!®5 and Re!87, coincidences and singles 
pulse-height distribution. 
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(K+1-—K) radiation. Since we know 7; fairly accu- 
rately, we have in effect a measurement of a;. In order 
to get the value of the M1 coefficient we adopted the 
values of Huus et al.!? for the M1/E2 branching ratio. 
Most of these transitions [in the (K+2—K-+1) transi- 
tions | are predominantly M1 and therefore no accurate 
value of the mixing ratio is required. Our results are 
consistent with correction factors p (to the values given 
by Rose) of 0.8<p<1. We expect p to be the same for 
the (K+2-—K-+1) transitions as for the (K+1—K) 
transitions and for our final results we have adopted the 
value p=0.8. In order to show the dependence on p the 
ratios of B(E2) are also given as calculated with the 
extreme (and improbable) values p=1 and p=0.6. 


Tantalum-181 
The low-lying levels of Ta'*! have been examined 
very thoroughly?7:*:!?-™ and our own work on Ta 


12 Huus, Bjerregaard, and Elbek, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 

13H. Mark and G. T. Paulissen, Phys. Rev. 99, 1654 (A) (1955). 

4 F, K. McGowan and P. H. Stelson, Phys. Rev. 99, 127 (1955). 
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Fic. 6. Hf'”’, Hf, and Lu!”, coincidences and singles 
pulse-height distribution. 
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could be used to serve as a check for the experimental 
procedures adopted. 

The target was prepared from Ta foil 0.00025 in. 
thick mounted on thin Ta wire. In order to measure 


the energy loss of protons in the foil directly a second 
Ta target, thick to protons, was placed 2 cm behind 
the foil and counters were arranged to accept only y’s 
emitted from this thick target. The yield of y’s per 
proton for various proton energies was measured with 
the foil both in and out and the results were compared. 
A cylinder of Ta foil of the same diameter as the two 
targets was inserted coaxial with the beam and between 
the two targets to intercept Rutherford-scattered pro- 
tons. The thickness of the 0.00025 target was found to 
be 650-kev at 3.1-Mev proton energy. 

In the calculation of r [Eq. (3)], x=dE/dX was 
assumed to be constant over the range of proton energies 
involved. This assumption is based on material pre- 
sented in the review article by Allison and Warshaw"® 
on proton absorption in Au. 

The Ta coincidences and singles spectra are shown 
in Fig. 4. The ratio of the two B(E2)’s was found to be 
0.22+0.04, in good agreement with previous work.®:!6.!7 

The mixing ratio 6? of M1/E2 in the (K+2—K+1) 
radiation has been determined in Ta, in an angular 
correlation measurement.’* From this one gets for ¢ 
the value 0.485 (for p=1). If one calculates e; from the 
collective model E2 radiation intensities'® with the 
value of Stelson and McGowan for the branching 
ratio v, v=0.575, one gets for €,:¢,=0.475, in close 
agreement with the experimental value. This derivation 
of ¢, thus seems well justified. 


Rhenium-185, Rhenium-187 


Re targets were prepared by pressing powdered 

isotopically enriched Re metal on an aluminum screw 
covered with 0.001-in. tin foil. The thickness was 50 
mg/cm?*. The targets for the nuclei discussed subse- 
quently were prepared in a similar manner. 
L* It is not possible by this method to obtain targets 
much thinner than 4 mg/cm?. Targets which are thick 
to protons, however, are unsatisfactory for accurate 
cross section determinations because the dependence of x 
[in Eqs. (2) and (3)] on energy is not known with 
sufficient accuracy.“ A “subtraction method” was 
therefore employed: the targets were bombarded with 
protons of 3.1 Mev and 2.6 Mev. The differences of the 
counts per proton of the two energies give the thin- 
target yields (see Fig. 5). 

In practice the thick-target yields were measured 
carefully and the thin-target values were obtained by 
applying a correction factor, A, based on the measure- 
ment at different proton energies. A should be very 
nearly the same for Re'** and Re!*’ since the excitation 
energies and therefore the ~ are rather close. The ratio 


16S, K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 
779 (1953). 
16 Risinger, Cook, and Class, Phys. Rev. 94, 735 (1954). 
11 W. I. Goldburg and R. M. Williamson, Phys. Rev. 95, 767 
1954). 
18 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 





RATIOS OF TRANSITION 


of A’s for the two isotopes may be calculated to high 
accuracy. In working out the data in any one of the 
isotopes, one can therefore make use of the A obtained 
for both and in this way the accuracy of this correction 
procedure is increased. 


Hafnium-177, Hafnium-179, Lutecium-175 


The isotopically enriched HfO, targets were 86 mg/ 
cm? thick, while the Lu,O; (natural Lu) target was 
32 mg/cm? thick. They were bombarded with protons 
of energy 2.9 Mev and 2.5 Mev for the thin-target 
yield determination. The A factor was derived in these 
cases from pooled information from all three targets. 

In the Hf!”’ and Hf!” single-counts spectra, Figs. 6(a) 
and 6(b), peaks are observed which are ascribed to 
even-isotope impurities.’ With careful Gaussian analysis 
they can be isolated from the main odd-isotope peaks, 
and do not affect the accuracy of the measurements 
appreciably. 

In Hf!” the branching ratio » is so large that the 
measurement of the ratio of B(£2)’s has comparatively 
low accuracy. 


Europium-153, Holmium-165 


Targets of Eu'* and Ho'® were prepared from oxides 
of the natural elements. Ho is monoisotopic. Eu has 
two stable isotopes but only Eu!®* has low-lying levels 
of the normal rotational type.*’ The lowest level of 
Eu’! has recently been reported to be at essentially 
the same energy as the second level in Eu! The 
results reported here take into account the ratio of 
yields of these two y rays. The targets were 30 mg/cm? 
thick and were bombarded with protons of energy 
2.9 Mev and 2.5 Mev. 

The main peaks in the singles spectrum, Figs. 7(a) 
and 7(b), are markedly asymmetrical; we ascribe this 
to the degradation of the y’s in the Pb—Au back- 
scattering shield and subsequent re-emission of charac- 
teristic x-rays. 

This degradation is also responsible for the fact that 
the two coincidence peaks are of almost the same height. 
This may best be understood if one considers the 
degradation as a broadening of the (K+1—K) peak, 
and therefore instead of having a (K+1—K) peak 
which is narrower than the (K+2—K-+1) peak and 
higher, one gets in these spectra (K+1—K) peaks 
which are as broad (and therefore also as high) as the 
(K+2—K-+1) peaks. 

The contribution of these degraded y’s must of 
course be known for the determination of the ratio of 
the B(E2)’s. Although it may be estimated, the error 
is sufficiently great to affect the over-all accuracy of the 
measurement. 


RESULTS 


The results are summarized in Table I. We have also 
included in the table a value recently obtained by 


19 G, M. Temmer (private communication). 
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Fic. 7. Eu’ and Ho, coincidences and singles 
pulse-height distribution. 


Sharp” by measuring relative cross sections for inelastic 
proton scattering from Tb. The results indicate that 
the intrinsic quadrupole moments ( in any one nucleus 
for two different E2 transitions are remarkably con- 
stant. The agreement is certainly better than the 
agreement between (y’s calculated from electric excita- 
tion cross sections, and from the level spacings. In 
particular it is interesting to note that the mean ratio 
B(£2, K-K+2)/B(£2, K-K+1) for all the nuclei 
investigated is 0.267+0.05 whereas the corresponding 
collective-model value is 0.315. 

This seems to indicate that the general theory is 
correct and applicable to a class of nuclei and that the 
main discrepancy lies in the relation between Qo and 
the moment of inertia [reference 1: Eqs. (V, 7), (VI, 2), 
and (II, 6a) ]. No regularity could be detected in the 
discrepancies between experiment and theory in the 
ratios of B(E2)’s. 

Hf!”’ is unique in that it has an unusually large 
branching ratio y. Compared to the crossover transition, 


*” Richard D. Sharp (private communication). 
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TABLE I. Ratios of B(£2)’s calculated from the experimental results using different values for the M1 conversion coefficient. The 
quantity p denotes the ratio between the value used and the value given by Rose ef al. The numbers given in the last column are con- 
sidered accurate to 20%, including the uncertainty in the conversion coefficient. Relative values for different nuclei are accurate 


to ~12%. 








Ground NV /f1 cascades crossover 
state (5 =} =—_—__— v= 
Nuclide spin Ni/ \n, singles (K +1-K) cascade 


B(E2, KK +2) 


B(E2, K-+K +1) 
Observed Observed 
with p=0.6 with p=0.8 


Observed 


with p=1 Calculated 





Tb 


Re!8? 
Re 
Eu 


0.0760+0.005 
0.0845 0.006 
0.0465=0.003 


0.0467 +0.003 
0.0342 +0.003 
0.0484+0.003 
0.0564+0.004 


0.048 +0.004 


Ta™ 
H f' 177 
Lu™ 
Ho'® 


Hf” 


0.22 +0.05 
0.23 +0.05 
1.3 +0.02 


0.574+0.05 
43 +0.6 

0.90 +0.15 
0.14 +0.015 


0.50 +0.07 


0.36" 


0.28 
0.35 
0.285 


0.555 


0.25 
0.30 
0.21 


0.31 
0.40 
0.24 


0.24 
0.34 
0.24 
0.22 


0.25 


0.350 


0.20 
0.30 
0.22 
0.17 


0.22 
0.32 
0.23 
0.195 


0.19 0.22 








* This value was obtained from inelastic proton scattering measurements [Richard D. Sharp (private communication) ]. 


the cascade transition is (10.13) times the value pre- 

dicted for a pure £2 transition. We may therefore con- 

clude that the magnetic moment for this transition is 

exceedingly small, or in the description of the collective 

model: go~gr. The (K+1—X) transition in Hf!” is 

also reported’ to be essentially pure E2 (see Table II). 
We believe the relative value 


EE —— E& | 
B(E2, K>K+1) B(E2, K>K+1) 


=0.80 


Rss 








Re'®? 


to be accurate to +0.08. This ratio, for which the 
collective-model value is unity, is the most accurate 
measurement we have of the modification of the mean 
rotational structure. 

In Table II we summarize the information on the 
branching ratio M1/E2. The values for the K+1—-K 
transition are taken from reference 12. The numbers for 
the two transitions are listed as 6?/[K(K+2)] and 
6?/[(K+1)(K+3)] respectively, because according to 
the collective model these two numbers should be equal 
[being proportional to (ga—gr)*/Qo]. Since the meas- 
urements are rather inaccurate, the differences between 
the two values may well be within the limits of experi- 
mental uncertainty for all nuclei except Lu and Eu'®. 
For these two there seems to be a real and significant 
discrepancy. 
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TABLE II. M1/E2 ratios. The first column is taken from 
Huus e/ al.!? and the second column gives the values derived from 
our measurements. The values are normalized in such a way that 
the collective model theory would give equal numbers in both 
columns. The values in the last column have been computed 
under the assumption that Q» is constant. The uncertainty thus 
introduced is not taken into account in the errors quoted in the 
last column. 
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® This value is derived from the value of reference 8 for ». From angular 
correlation measurements (reference 13), one gets the value 0.14. 


supplying the enriched isotopes which were used in this 
work. Our thanks go also to Dr. G. M. Temmer who 
kindly gave us data on the Eu isotopes, and to Dr. 
Richard D. Sharp who furnished us his recent results 
on Tb. We have benefited greatly from useful dis- 
cussions with Professor Martin Deutsch and with 
Dr. Hans Mark and Dr. F. K. McGowan, and we are 
grateful for their continued interest. We are highly 
indebted to Mr. Matti K. Salomaa, who designed and 
built the electronic equipment, and to Mr. Stewart 
Collins, who performed many of the calculations. 





PHYSICAL REVIEW 


VOLUME 103, 


NUMBER 5 SEPTEMBER 1, 1956 


Inelastic Scattering of Protons from Isotopes of Sc, Mn, Fe, Ni, and Cut 


P. M. Winpuam,* C. R. Gossett,t G. C. Pxrtirps, AND J. P. ScHIFFER 
The Rice Institute, Houston, Texas 


(Received May 31, 1956) 


The inelastic scattering of protons from eight nuclides has been studied using a precision 180° magnetic 
spectrometer. Energy levels in these nuclides were obtained to about 1.6 Mev of excitation. Proton energies 
of 4.4 to 5.7 Mev were used from the Rice Institute Van de Graaff accelerator. Cross sections for the inelastic 


scattering processes were obtained. 





INTRODUCTION 


HE Rice Institute Van de Graaff accelerator, in 

conjunction with an annular magnet spectrome- 

ter,| has been used to study inelastically scattered 

proton groups from some of the isotopes of iron, nickel, 

manganese, copper, and scandium. The purpose of this 

paper is to describe these experiments and to report the 
excitation energies of states in these nuclei. 


EXPERIMENTAL METHODS AND PROCEDURES 


The magnetic spectrometer was used to determine the 
momenta of the scattered protons at 180° with respect 
to the incident beam. The bombarding energy was 
calculated from the momenta of the elastically scattered 
groups of protons. Q values for the reactions and the 
corresponding excitation energies were calculated from 
equations previously given.! The atomic mass values 
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Fic. 1. Number of protons scattered from weighed iron oxide, enriched in Fe™, per momentum interval versus the magnetic rigidity Bp. 
The target backing for the top spectrum was a relatively thick carbon foil. The lower spectrum had a thin Ni foil for a backing. 
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Fic. 2. Number of protons scattered from weighed oxides of 
nickel, enriched in Ni** and Ni®, on carbon foil backings versus the 
magnetic rigidity Bp. The only elastic peak shown is from the W 
contaminant produced in the evaporation of the film. The in- 
elastic groups corresponding to the first excited state of each 
isotope are indicated. 


used in these calculations were those tabulated by 
Bainbridge.’ 

The targets for the experiments were either thin foils 
of the target material or thin layers of the target 
material evaporated in vacuum onto foils of nickel or 
carbon. Thicknesses of the evaporated targets were 
determined by the change of weight of a foil placed 
adjacent to the target at the time of evaporation. The 
target thicknesses were also calculated directly from the 
spectra, using the stopping power of the target material 
to protons, and the observed line widths of the particle 
groups. Where it was possible to compare the values of 
target thickness obtained in this manner, to the value 
obtained by weighing, the two methods agreed to 
about 20%. 

For the spectra shown in Figs. 1 to 4 the various 
proton groups due to elastic scattering from all isotopes 
in the target are labeled according to the element 
responsible. Similarly, excited states are indicated on 
the plots by an asterisk, except for scandium, where the 
excitation energies are given. The energy scale at the 
top of each spectrum indicates the scattered proton 
energy, E2, while the bombarding energy, Ai, is given 
on each plot. Excitation energies and cross sections are 
listed in Table I. 

Effects due to contaminant layers on the targets were 
observed in most cases. The lines due to the contami- 

2K. T. Bainbridge, Experimental Nuclear Physics, edited by 


E. Segré (John Wiley and Sons, Inc., New York, 1953), Vol. I, 
Part V, pp. 745-758. 


nants could be identified by changing the bombarding 
energy. Since in most cases the contaminant lines ap- 
peared to be thin surface deposits it was usually possible 
to differentiate between particle groups due to the target 
element, and those due to surface contaminants. 


1. Fe(p,p’)Fe 


The top of Fig. 1 shows the spectrum obtained from 
a target of ~90 ug/cm? of iron oxide enriched to about 
95% in Fe™.* Contaminants of zinc, sulfur, silicon, and 
tungsten appear on this spectrum. This target was 
evaporated on a rather thick carbon backing as evi- 
denced by the broad carbon and oxygen lines. The 
region of excitation that was obscured by oxygen and 
carbon was studied using another iron target, enriched 
in Fe™, of ~50 ug/cm?, on a nickel backing, and is 
shown on the bottom of Fig. 1. The spectrometer back- 
ground was very small in this partial spectrum. Similar 
spectra were obtained for a target of natural iron with 
about 92% Fe®*. The experiments with iron targets 
indicated lines corresponding to only one level in each 
isotope up to about 1.6 Mev of excitation. 

The data with targets of natural iron (91.6% Fe**) 
showed the well-known level in Fe** to be at 0.845 Mev. 
A state was reported at about 0.85 Mev in the decay of 
Mn*® and Co*.4 Reports of ineiastic neutron scattering 
experiments from Fe®* have indicated a number of lower 
energy y rays in addition to the y ray from inelastic 
scattering to the 0.845-Mev state’; however, fewer 
rays were found in other experiments using similar 
techniques.*® On the basis of the data obtained with the 
annular magnet, the low-energy y rays are probably 
associated with cascades produced by inelastic scatter- 
ing from the states above the 0.845-Mev state. 

Fe™ appears to have its first excited state at 1.413 
Mev. A vy ray at 1.37+0.02 Mev has been observed by 
Sinclair’ by the inelastic scattering of neutrons from 
iron enriched in Fe™, 

The two isotopes of iron, then, fit the general features 
of the shell model where 28 neutrons form a closed shell 
in Fe. On this basis the first excited state for the 
semimagic isotope, Fe™, should be higher than the 
first excited state of Fe®*, which is not magic in either 
protons or neutrons. 


2. Ni(p,p’)Ni 


The isotopes Ni** and Ni® are abundant to 68% and 
26% in natural nickel, so that natural nickel foils 
should produce inelastic proton groups corresponding 


3 All of the enriched isotope target materials were obtained from 
the Oak Ridge National Laboratory. 

*L. G. Elliott and M. Deutsch, Phys. Rev. 64, 321 (1943); 
Sakai, Dick, Anderson, and Kurbatov, Phys. Rev. 95, 101 (1954). 

5 Lafferty, Rayburn, and Hahn, Phys. Rev. 96, 381 (1954). 

*M. A. Rothman and C. E. Mandeville, Phys. Rev. 93, 796 
(1954); Garrett, Hereford, and Sloope, Phys. Rev. 91, 441(A) 
(1953); G. L. Griffith, Phys. Rev. 98, 579 (1955). 

7R. M. Sinclair, Phys. Rev. 98, 1147(A) (1955). 
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Fic. 3. Number of protons scattered from copper, enriched in Cu® versus the magnetic rigidity Bp. The target for the upper spectrum 
was copper, enriched in Cu", evaporated upon a Ni foil, while the lower spectrum was obtained with a copper foil, enriched in Cu®. 


Five excited states in Cu® are indentified. 


to excited states in both isotopes. Thin natural nickel 
foils were employed, while in addition evaporated 
nickel oxide targets, enriched in Ni** and Ni® were 
used to establish the isotopes responsible for the ob- 
served levels. Figure 2 shows partia! spectra for the 
scattering of protons from such targets. The desired 
isotope was enriched to about 98.5% with about 1.5% 
of the other naturally occurring isotopes present. These 
spectra revealed a state at 1.453 Mev in Ni®* and one at 
1.329 Mev in Ni®. 

The isotopes Ni** and Ni® each have only one excited 
state below about 1.5 Mev. These levels are known 
from several experiments. The y rays from the decay 
of Co are widely used as y-ray energy standards. The 
energy of these y rays from the first excited state of 
Ni® has been determined with great precision as 
1.3325+0,.0003* and 1.3316+0.0010.2 The value for 
the energy of this state, as given in Table I, is in 


8 Lindstrom, Hedgran, and Alburger, Phys. Rev. 89, 1303 
953). 


(195. 
® Lind, Brown, and DuMond, Phys. Rev. 76, 1838 (1949). 





agreement with these values to within the experimental 
errors. The energy of the Ni®* state was not previously 
known to such precision. A level at 1.497 Mev was 
reported for inelastic proton scattering from Ni,!° with 
an over-all quoted accuracy of about 20 kev. This value 
is in fair agreement with the present value of 
1.453+0.005 Mev. 

No states were observed below the 1.329-Mev state 
in Ni® or the 1.453-Mev state in Ni®*. For the nickel 
isotopes with a closed shell of 28 protons, one expects 
the higher energy first excited state to occur in Ni®8, 
which is semimagic with 28 protons and two excess 
neutrons outside the 28 shell. Ni®, being magic in 
protons, but with 4 neutrons outside the 28 shell, has a 
slightly lower first excited state. It is interesting to note 
that the energies of these first excited states are about 
the same as that of Fe, which is also semimagic with 
26 protons and 28 neutrons. 


0 Ely, Allen, Arthur, Bender, Hausman, and Reilly, Phys. Rev. 
86, 859 (1952). 
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Fic. 4. Number of protons scattered from Sc** versus the magnetic rigidity Bp. The target for the spectrum with closed circles was an 
evaporated layer of Sc** oxide upon a Ni foil and shows the elastic Ni group and the two inelastic Ni groups, the latter showing resonance 
structure in the relatively thick Ni foil. The open circles are for a spectrum obtained at the same bombarding energy, with a target of 


Sc* oxide upon a C foil. 


3. Mn**(p,p’)Mn* 


Only one complete spectrum was obtained with a 
manganese target, and for this experiment data were 
taken to about 1.4 Mev of excitation in Mn* using a 
bombarding energy of 4.776 Mev. No levels were found; 
however, the contaminants on the thick carbon backing 
may have obscured possible states. A few plates at 
bombarding energies different from 4.776 Mev were 
exposed in the momentum region of the manganese 
elastic group. The manganese 0.128 Mev state appeared 
on these plates. Presumably the higher bombarding 
energies increased the yield so that the state was ob- 
servable above background. The results of these experi- 
ments are given in Table I, although no spectrum is 
shown. 

The manganese experiments are incomplete, and more 
work is needed to ascertain that states do not fall under 
contaminants. Evidence for the 0.128-Mev state, how- 
ever, is fairly conclusive. This level is in agreement with 
that obtained by Coulomb excitation." 

1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 96, 426 


(1954); Mark, McClelland, and Goodman, Phys. Rev. 98, 1245 
(1955). 


4. Cu®*(p,p’)Cu®* 


The two abundant isotopes of copper, Cu® and 
Cu®, were studied by bombarding natural copper 
targets. Proton groups arising from Cu® were identified 
by the use of targets enriched to about 99% in that 
isotope. 

The spectrum resulting from the bombardment of a 
copper target, enriched in Cu®, is shown in the top part 
of Fig. 3. This target was evaporated on a foil of natural 
nickel so that elastic nickel groups and inelastic groups 
corresponding to the excited states of Ni®* and Ni® all 
appear in addition to proton groups from several 
contaminants. The Cu® elastic group is well resolved 
to the right of the elastic nickel groups. At lower 
momenta there are five proton lines attributable to 
Cu®, These groups correspond to levels at 0.669, 
0.961, 1.325, 1.411, and 1.546 Mev of excitation in Cu®. 
The discontinuities in the background in the low 
momentum region of the spectrum were due to varia- 
tions in the alignment of the incoming beam, resulting 
in more or less scattering from material in the target 
region. Nevertheless, the states were all clearly present 
above background. 
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TABLE I. Energy levels for the nuclides Sc, Mn**, Fe, Fe5*, 
Ni**, Ni®, and Cu determined by inelastic scattering and 
approximate cross sections for inelastic scattering. 








Bombarding Cross section 
energy (Mev) (mb/sterad) 


Observed 0.2 
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4.514, 
5.033, 
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Mean energy of 
excitation (Mev) 
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* The cross sections for each excited state of Sc* are listed in the same 
order as the bombarding energies. Where no cross section is given for Sc*, 
the state was not observed at that bombarding energy. 


The lower part of Fig. 3 shows the results of bombard- 
ing a Cu foil, enriched in Cu®, that had been peeled 
off the aluminum foil onto which it was evaporated. The 
thickness of this foil was 400 ug/cm?. These data con- 
firmed the existence of states at 0.669, 1.411, and 1.546 
Mev. They left in doubt the states at 0.961 and 1.325 
Mev since these two lines fell under oxygen and carbon 
peaks. Since the 0.961-Mev state was well established” 


12 Huber, Medicus, Preiswerk, and Steffen, Helv. Phys. Acta 20, 
495 (1947). 
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by other means only the 1.325-Mev state was somewhat 
questionable. However, the high points on the base of 
the carbon line from the back surface of the foil indi- 
cated that the copper level was probably present, and 
energy calculations using this group agreed with those 
obtained from the top spectrum of Fig. 3. No known 
contaminant lines could explain the proton group ob- 
served in the spectrum shown in the upper part of Fig. 3. 

No levels have as yet been positively identified 
in Cu®, 


5. Sc**(p,p’)Sc** 


To observe the level structure of Sc** targets of ScO 
evaporated onto thin nickel or carbon foils were 
bombarded at three bombarding energies: 4.5, 5.0, and 
5.6 Mev. Due to the complexity of the inelastic proton 
spectrum observed in the initial bombardment, these 
energies were chosen such that any group, obscured by 
elastic protons from contaminants at one bombarding 
energy, would be observable at the other two bombard- 
ing energies. 

Figure 4 shows a typical spectrum obtained in one of 
the bombardments. The intense groups are due to the 
elastic scattering from Sc and O'* in the target 
material, a C” surface contamination, and inelastic 
scattering from the natural nickel used as a backing 
foil. A number of weak groups, assigned to other surface 
contaminants, also appeared in each of the spectra. 

Table I lists the mean values of the excitation energies 
of Sc** determined from the lines ascribed to that 





1326 


isotope in each of the three spectra. The states of Sc*, 
thus deduced, are shown in the energy level diagram 
of Fig. 5. For the states shown by solid lines, the evi- 
dence is conclusive; groups yielding this Q value were 
observed in two or more spectra, and could not be 
ascribed to contaminants. The two dashed lines indicate 
possible states. The proton groups which could be 
interpreted as due to such states showed better con- 
sistency if considered as due to N and C® surface 
contaminants. 

The work of Temmer and Heydenburg" indicated a 
level in Sc“ at 388 kev, which is in reasonable agreement 
with the 377-kev level found in the present experiment. 
Since their work was concerned with levels below 500 
kev, they did not observe the 541-kev level, which the 
present results indicate to be the second excited state 
of this nucleus. 

The 8 decay of Ca* has an end point of 0.254 Mev 
and thus produces no information on the level structure 
of Sc**. The 8 decay of Ti*® has a maximum energy of 


9st) M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 
(1954). 

“ B. H. Ketelle, Phys. Rev. 80, 758 (1950); Macklin, Feldman, 
Lidofsky, and Wu, Phys. Rev. 77, 137 (1950); L. Marquez, Phys. 
Rev. 92, 1511 (1953). 
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1.02 Mev; however, various observers'® do not agree 
on the presence of y rays in this process. The only 
reported y-ray energy, 0.450 Mev, does not agree with 
the first excited state energy found here. 


CROSS SECTIONS 


Cross sections were estimated for all of the reactions 
studied. The values obtained are probably only accurate 
within a factor of two or three. For these measurements 
target thicknesses were determined as described pre- 
viously. The yield was determined by direct count of the 
proton tracks that appeared in a given line on the photo- 
graphic plate, while the incident beam was measured 
by means of a current integrator. The solid angle 
subtended by the spectrometer detection system was 
calculated from geometric considerations of the spec- 
trometer dimensions, but was more accurately deter- 
mined empirically by measuring the yield of reactions 
of known cross sections. The cross sections for the 
individual reactions are given in Table I along with the 
energy level information. 

16H. E. Kubitschek, Phys. Rev. 79, 23 (1950) ; Ter-Pogossian, 
Cook, Porter, Morganstern, and Hudis, Phys. Rev. 80, 360 (1950) ; 


oo Van Leishout, and Wapstra, Phys. Rev. 92, 207 
1953). 


NUMBER 5 SEPTEMBER 1, 1956 


Total Neutron Cross Section of Thulium in the Energy Region 0.038 to 1.56 ev* 


E. G. Joxt anv J. E. Evans 
Phillips Petroleam Company, Atomic Energy Division, Idaho Falls, Idaho 


(Received May 22, 1956) 


Measurements of the total cross section of thulium as a function of neutron energy have been made with 
the Materials Testing Reactor crystal spectrometer. Twelve cylindrical pellets which contained a total of 
2.414 grams of metallic thulium were used as a sample. The low-energy data can be described by the expres- 
sion ¢(Z) =6.5+20.1£.,~+ (barns). The extrapolated value for the total cross section at 0.0253 ev is 13443 


barns. 


I. INTRODUCTION 


RECISE values of the neutron cross section of 
thulium are of importance in the production of 
high specific activity thulium x-ray sources. Measure- 
ments of the resonance structure of thulium have been 
made by Foote, Landon, and Sailor' and Harvey, 
Hughes, Carter, and Pilcher.2 When metallic thulium 
became available to the cross-section group at the 
Materials Testing Reactor (MTR), measurements were 
undertaken to increase the statistical accuracy of the 
data below 1 ev and to extend the measurements 
to 0.03 ev. 
* Work carried out under contract with the U. S. Atomic Energy 
Commission. 
1 Foote, Landon, and Sailor, Phys. Rev. 92, 656 (1953). 


? Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 
(1955). 


Il. EXPERIMENTAL DETAILS 


The cross-section measurements were made on the 
MTR crystal spectrometer at 5-minute increments in 
glancing angle with the 240 planes of a sodium chloride 
monochromating crystal. The over-all instrument reso- 
lution was 0.9 ysec/meter or 2.5% in energy at 1 ev. 

The sample consisted of 12 cylindrical metal pellets 
that were sent to the MTR for irradiation. These were 
made available for cross-section measurements prior to 
irradiation. The pellets were 0.422 cm in diameter, 
0.160 cm high and had a measured density of 9.00+0.05 
g/cm*. The thulium was purified and fabricated into 
pellets by Dr. F. H. Spedding and his colleagues at the 
U. S. Atomic Energy Commission’s Ames Laboratory. 
The pellets, made by powder metallurgy techniques, 
contained small voids which were visible under low 
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magnification. A spectrographic analysis, supplied with 
the sample, listed the following impurities: Si<0.02%, 
Ca<0.04%, Mg<0.02%, Ta<0.05%, and Y<0.03%. 

To use the pellets in-transmission measurements, two 
sample containers were made of 2 in. thick pieces of 
borated Lucite containing about 2% by weight of 
boron. Holes 0.366 cm in diameter were counter-bored 
to a diameter of 0.430 cm and a depth of 0.320 cm. 
Since the plastic had poor dimensional stability, it was 
clamped tightly between } in. plates of brass. The two 
assemblies were made as alike as possible by doing all 
surfacing and boring operations on a milling machine. 
One of the containers held the thulium pellets, and the 
other was used in the “open beam” position to correct, 
approximately, for the effects of the container material 
and geometry upon the Bragg beam. Both containers 
were mounted with the collimating holes in a vertical 
plane on a circular turn table which placed them 
alternately in the Bragg beam of the spectrometer. 
Since the transmission of this thickness of plastic is of 
the order of 0.05%, the Bragg beam was limited to 
passing through the circular openings. A single pellet 
would have had a high transmission in the low cross- 
section region so two pellets were placed in each of the 
bottom six holes of one container, and the top five holes 
of both were covered with pieces of borated plastic 
2 in. thick. The resulting sample thickness was 
0.3199+0.0021 cm or 2.88-++0.02 g/cm’. Prior to loading 
the pellets, the containers were translated and rotated 
in the Bragg beam to obtain a maximum counting 
rate. Because of the difficulty of alignment and possible 
dissimilarity of the containers, their counting rates 
differed by about 3%. Corrections for these differences 
were made as described in the next paragraph. 

For the purpose of this discussion designate the empty 
container “container A” and the one containing the 
thulium “container B.” If 7; is the transmission of 
thulium, 7, the ratio of the transmitted intensities for 
unloaded container B and container A, and 7},2, the 
ratio of intensities for the loaded container B and 
empty container A (the observed transmission), then 
T1,2=T;T:2. Converting T; to cross section, we obtain 
oTrm= — (In7;)/n, which reduces to 


orm= — (nT, 2)/n+ (InT2)/n=o(obs)— Ao, 


where is the number of thulium atoms/cm’. 'The term 
Ao varies slowly with neutron energy and is essentially 
constant for energy increments large compared to the 
separation between individual points. The quantity 7: 
was measured at several energies during the course of 
the experiment and corresponding correction factors 
were applied. 


Ill. RESULTS AND DISCUSSION 


Figure 1 shows a plot of the total cross section of 
thulium as a function of energy. For comparison, data 
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Fic. 1. Total neutron cross section of thulium as a function of 
energy. For convenient plotting several adjacent energy points 
were averaged. The number of individual observations averaged 
for one plotted point varies from ten at 0.04 ev to two at 1.5 ev. 
The triangular points are those obtained by Foote, Landon, and 
Sailor.’ The vertical bars indicate standard deviations of the aver- 
aged points due to counting statistics. The full width at half- 
maximum of the triangles below the data represent energy spreads 
due to averaging of adjacent energy data and to instrument 
resolution. 


obtained by Foote, Landon, and Sailor! between 1 and 
1.7 ev are included. The MTR data were plotted as a 
function of E-? and were found to fit the empirical 
relationship, ¢=20.1E,,-'+6.5 barns from 0.04 ev to 
0.7 ev, with a root-mean square deviation of 1.4 barns 
for the individual points from the fitted line. Extrapola- 
tions to infinite and thermal (E=0.0253 ev) energies 
give values of 6.5+3 barns and 134+3 barns, respec- 
tively. The difference gives a value of 127+4 barns for 
the thermal absorption cross section. (The standard 
deviation includes the precision of fitting the data, 
uncertainty in sample thickness, and an estimate of the 
errors resulting from the use of the collimating sample 
holder.) This value is to be compared with the values 
of 118+6 barns obtained by Pomerance’® and 106+20 
barns obtained by Seren, Friedlander, and Turkel.* The 
relation for the potential scattering cross section, 


Ose= 4 (1.45X 10-4 4)? cm?, 


gives a value of 8.0 barns for thulium which agrees with 
the observed intercept. 


ACKNOWLEDGMENTS 


The authors are indebted to Mr. L. G. Miller for his 
valuable assistance in obtaining the data. They wish to 
thank Dr. R. L. Doan and members of the MTR staff 
for making the thulium pellets available for these 
measurements. 


2H. Pomerance, Phys. Rev. 83, 641 (1951). 
4 Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1949). 





PHYSICAL REVIEW 


VOLUME 103, 


NUMBER 5 SEPTEMBER 1, 1956 
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Inertial parameters for nuclear rotation and quadrupole shape 
oscillation are known to be. several times as large as the values 
assuming irrotational flow. These parameters may be calculated 
by using a method due to Inglis and applied in recent work by 
Bohr and Mottelson. The nucleus is assumed to be mainly in the 
lowest possible intrinsic state, but slightly perturbed by the time- 
dependence of the nuclear shape. It is convenient to separate the 
nuclear Hamiltonian into interactions of the individual nucleons 
with an average potential of the anisotropic harmonic oscillator 
type and residual interactions independent of deformation. Then 
the intrinsic motions of the nucleons must satisfy, at least approxi- 
mately, self-consistency conditions between the potential and 
nuclear density. The nucleons outside closed shells are seen to 
contribute about half of the-nuclear deformation. The excess of 
the inertial parameters over the irrotational values is related 
directly to the spread in energy of admixed excited states of the 


intrinsic motion, an essential consequence of the approximately 
independent motions of the nucleons. 

The inertial parameters are determined mainly by excitation of 
nucleons outside closed shells and they are inversely proportional 
to the square of the average excitation energy within a major 
shell. In summary, the nuclear collective motion appears to 
resemble the shell model situation more than was thought pre- 
viously, especially as regards the dominant role of the nucleons 
outside filled shells. 

Empirical values of the inertial parameters are discussed in the 
light of these results, and a comparison is made with the recent 
analysis of Bohr and Mottelson. Anomalies in the empirical gyro- 
magnetic ratios of rotational motion for odd-A nuclei result from 
the important role of the unpaired nucleon. With the aid of a 
simplified model in which the unfilled shell is assumed to be a 
p shell, it is possible to account qualitatively for a number of the 
observed features. 





I. INTRODUCTION 


N the last few years much progress, both experimental 
and theoretical, has been made in the interpretation 

of nuclear states. Thus for a large number of heavy 
nuclei far removed from closed shells, the level schemes 
are characterized by very striking rotational bands.!~* 


Detailed evidence for the rotational nature of such 
states is provided by the empirical ratios of excitation 
energies and by the branching ratios for transitions 
leading to several states of a band.** In even-even 
nuclei the energies are, apart from small corrections, 
given by 


E= (#?/23)1U+1), 


where {% is the rotational moment of inertia. The 
intrinsic quadrupole moments of these nuclei, as 
deduced from electromagnetic transition rates, are an 
order of magnitude larger than the values expected on 
basis of a single-particle model.7~* Also, even before the 


I=0, 2,4, -->, (1) 


*This work was supported in part by the National Science 
Foundation. 

1A. Bohr and B. R. Mottelson, Kgl. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

2A. Bohr, Rotational States in Atomic Nuclei (Ejnar Munks- 
gaard, Copenhagen, 1954). 

3A. Bohr and B. R. Mottelson in Beta and Gamma Ray Spec- 
troscopy, edited by K. Siegbahn (North Holland Publishing 
Company, Amsterdam, 1955), Chap. 17. 

‘ Alder, Bohr, Huus, Mottelson, Winther, and Zupancic, Revs. 
Modern Phys. (to be published). 

5 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 

Danske Videnskab. 


Danske Videnskab. 


‘Bohr, Froman, and Mottelson, Kgl. 
Selskab, Mat.-fys. Medd. 29, No. 10 (1955) 

7A. W. Sunyar, Phys. Rev. 98, 653 (1955). 

8G. M. Temmer and N. P. Heydenburg, Phys. Rev. 99, 1609 
(1955); N. P. Heydenburg and G. M. Temmer, Phys. Rev. 100, 
150 (1955). 

*Huus, Bjerregard, and Elbeck, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 


discovery of rotational states, the large values of spec- 
troscopic quadrupole moments’ for nearby odd-A 
nuclei as well as evidence from isotope shifts"? sug- 
gested considerable deviations of the nuclear shape from 
spherical.* Now the nuclear deformation must represent 
the collective effect of many nucleons. The rotation of 
such nuclei, i.e., the precession of the nuclear sym- 
metry axis about the angular momentum vector, is 
therefore a collective motion.’ The excitation energies 
within a rotational band are, at least for even-even 
nuclei, quite small compared to the energies for other 
forms of excitation, in particular, excitation of nucleons 
to higher intrinsic quantum states.?* In other words, 
the nuclear shape rotates slowly compared to the char- 
acteristic periods of the nucleonic orbits. The motion 
of nucleons can then be separated into intrinsic motion 
(i.e., for a static shape) and collective motion induced 
by the time-variation of the shape. Thus the total 
nuclear energy can be written approximately as a sum 
of an intrinsic energy (i.e., energy for a static field) 
and a collective kinetic energy, the total kinetic energy 
of the mass transport induced by the changing nuclear 
shape. 

In early studies of the collective motion it was 
assumed that as the nucleus rotates, the induced 
velocity field of the nucleons is irrotational.!+~* This 
assumption was partially motivated by its inherent 
simplicity and by the previous success of the semi- 


% Townes, Foley, and Low, Phys. Rev. 76, 1415 (1949). 

1 Pp, Brix and H. Kopferman, Z. Physik 126, 344 (1949); Phys. 
Rev. 85, 1050 (1952). 

a Wilets, Hill, and Ford, Ph _ on a (1953). 

at § Rainwater, Phys. Rev. 79, 43 

4 A, Bohr, Kgl. Danske Viderskab. CSclskab, Mat-fys. Medd. 
26, No. 14 (1952). 

6D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

16K. Ford, Phys. Rev. 90, 29 (1953). 
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empirical liquid-drop model in accounting for many 
gross features of nuclear structure. According to this 
viscosity-free hydrodynamical model, the rotation takes 
place mainly at the nuclear surface. The resulting 
moment of inertia is only a small fraction of the moment 
for rigid rotation of the entire nucleus. It was, however, 
recognized quite early that the empirical moments of 
inertia, as deduced from the positions of rotational 
energy levels, are several times as large as the irrota- 
tional values, and appreciable fractions of the rigid 
values.”~*:!718 As a typical example, for the nucleus 
Yb!"°, we have’: 


Feunp—5.5 jerot0.453} sig. (2) 


The failure of the hydrodynamical model in predicting 
details of the collective motion should, however, not be 
surprising. One of the essential features of a hydro- 
dynamical situation is that the mean free path of the 
particles involved is small compared to the dimensions 
of the system itself. Thus in a changing field, the induced 
current at each point is quickly shared among many 
particles, and the resulting kinetic energy is small. On 
the other hand, the striking success of the shell model 
in accounting for many nuclear properties!** indicates 
that the nucleons move approximately independently 
in the average binding potential; i.e., a nucleon spends 
several periods in a given orbit.” Thus some of the 
nucleons will be able to respond strongly to the time- 
variations of the potential throughout the entire nucleus. 
The induced current will be shared with relatively few 
other nucleons and a large kinetic energy results. 
These features may be studied quantitatively by 
using a method due to Inglis* and applied in a recent 
paper by Bohr and Mottelson.'* The nucleus is assumed 
to be essentially in its lowest intrinsic state. However, 
any time-variation (e.g., rotation) of the potential 
makes it impossible for the nucleus to be entirely in any 
stationary state; thus some admixtures of higher in- 
trinsic states are required. The extra energy due to this 
admixture is just the kinetic energy of the collective 
motion. For rotation of frequency w slow compared to 
nucleonic frequencies, the collective kinetic energy is 
given by 
Trou = 7S", (3) 


where the moment of inertia may be expressed in 
terms of the intrinsic energies and wave functions as 


17K. Ford, Phys. Rev. 95, 1250 (1954). 

8A, Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 30, No. 1 (1955). 

19M. G. Mayer, Phys. Rev. 78, 16 (1950). 


2M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 

21E. Feenberg, Shell Structure of the Nucleus (Princeton Uni- 
versity Press, Princeton, 1955). 

2 This is also strongly supported by the analysis of low-energy 
neutron-nuclei scattering cross sections using an optical model 
with a very small absorption term [Feshbach, Porter, and Weiss- 
kopf, Phys. Rev. 96, 448 (1954) ]. 

3D. R. Inglis, Phys. Rev. 96, 1059 (1954) ; 97, 701 (1955). 


follows!®- ; 


$= 2h? ¥ x (AEK 1) | (K | d/00| L)|?. (4) 


The letters Z and K denote lowest and excited intrinsic 
states, respectively. AE xz is the excitation energy of 
state K, and the Dirac notation is used for the matrix 
elements. For a nucleus possessing axial symmetry, the 
axis of rotation (angle of rotation about this axis=@) 
is, for the lowest rotational band, perpendicular to the 
axis of symmetry. 

In this method, the nuclear rotation is, in a sense, 
treated semiclassically, that is, we calculate the moment 
of inertia for rotation about a prescribed rotation axis 
with fixed frequency. The same value should, of course, 
result from a proper quantum-mechanical treatment 
of the rotation. 

In their recent paper, Bohr and Mottelson find for 
several limiting cases, that if the nucleons are assumed 
to move independently in the average potential, the 
moment of inertia has the solid-body value. They 
point out, however, that the expected value will be 
somewhat less (but still greatly exceed the irrotational 
value) because of correlations between the motion of 
individual nucleons induced by the inter-nucleon inter- 
actions. 

In the present paper the collective motion is discussed 
further, with the aim of understanding somewhat more 
fully the origin of the large inertial parameters in the 
approximately independent motions of the nucleons. 
Both rotations and vibrations are studied ; however, we 
restrict ourselves to quadrupole oscillations. It is 
assumed that the nuclear potential energy is made up 
of two parts: (a) the interaction of each nucleon with 
an average binding potential of the anisotropic har- 
monic oscillator type, and (b) residual interactions of 
various kinds'*: 

VEL DY Vi.0. (ay, 8) +L DL V res. (1iste)- (S) 

a: 4 i<k 

The harmonic oscillator (H.O.) is a particularly con- 
venient form of potential to use for calculational 
reasons. Thus, energy levels, wave functions, and 
matrix elements are readily obtained in closed form.?’ 
Yet, the results obtained with this potential should not 
differ very strikingly from those of a more realistic (but 
much less tractable) rounded well potential.?* 

The residual interactions include, in principle, all 
interactions which are not taken into account in the 


*F. Coester, Phys. Rev. 99, 170 (1955); Bull. Am. Phys. Soc. 
Ser. IT, 1, 194 (1956). 

6 Lipkin, de-Shalit, and Talmi, Nuovo cimento 2, 773 (1955). 

*6 F. Villars (unpublished). 

27S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

% The effect of deviations from an H.O. potential and of the 
spin-orbit coupling on the motions of individual nucleons has 
been considered by Nilsson.2”? Thus the difference between the 
“false” magic numbers* (2, 8, 20, 40, 70, 112) of the pure H.O. 
potential and the empirical magic numbers (2, 8, 20, 28, 50, 82, 
126) can be accounted for. 
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H.O. potential, i.e., both one-body and two-body 
terms; however they are here assumed to be inde- 
pendent of the deformation parameters, i.e., parts of 
the spin-orbit coupling, Coulomb effect, surface effect, 
as well as the correlations due to internucleon interac- 
tions can be included here. Consequently Eq. (5) 
represents a good approximation to the nuclear poten- 
tial energy. Now, certain properties of the nuclear 
structure (e.g., equilibrium deformations and ground 
state spin®) depend sensitively on the detailed 
character of the residual interactions. On the other 
hand, some very essential aspects of the intrinsic and 
collective motions depend only on certain general 
characteristics of the residual interactions, such as the 
over-all correlations between the motions of individual 
nucleons. It is these properties which are treated in 
the present paper. 

As is particularly evident for an isotropic H.O. 
potential, the motion of nucleons in filled and in 
unfilled major shells are very different. While most of 
the nucleons in a heavy nucleus are inside filled shells, 
the Pauli principle restricts their motion drastically 
(i.e., no transitions to other states in this shell can 
occur). On the other hand, the nucleons in unfilled 
shells constitute a small fraction of the total; yet the 
Pauli principle is much less effective in restricting their 
motion because of the availability of low-lying unoc- 
cupied excited states in this shell. As will be seen below, 
it follows from this that a considerable fraction of the 
quadrupole moment and almost all of the collective 
kinetic energy is due to the nucleons in unfilled shells. 
These results suggest that the collective model resem- 
bles the shell model more than had been previously 
thought. 

In Sec. II of this paper we discuss certain essential 
aspects of the intrinsic motion, such as the requirement 
of self-consistency. In Sec. III, the collective motion is 
related to the intrinsic motion, in a way independent 
of details regarding nuclear wave functions and essen- 
tially dependent only on the energies of the excited 
intrinsic states admixed by the time variation of the 
nuclear shape. 

In Secs. IV and V we apply the above results to an 
analysis of the empirical data on collective excitations. 
A comparison is made with the recent analysis of Bohr 
and Mottelson'* on the rotational moments of inertia. 


Il. INTRINSIC MOTION 


We consider first some general aspects of the motion 
of nucleons when the potential energy is given by Eq. 
(5). The H.O. part of the interaction for each particle 
may be written as follows: 


V (a@,r) =V (r’) see gmwr”, (6) 


*® B. R. Mottelson and S. G. Nilsson, Z. Physik. 141, 217 (1955) ; 
Phys. Rev. 99, 1615 (1955). 

*® Kurt Gottfried, Ph.D. dissertation, Massachusetts Institute 
of Technology, June, 1955 (unpublished); Bull. Am. Phys. Soc. 
Ser. II, 1, 194 (1956); Phys. Rev. 103, 1017 (1956). 
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where r’ is defined in terms of r by the volume pre- 
serving transformation: 


r’=[exp(— a) ]-r=[1—e+-4e-a@]-r. (7) 


The symmetric spurless tensor « is defined in terms of 
the five well-known deformation coordinates? a, by 


Fea-t=) oy PV oy. (8) 


The following approximate equality can be easily veri- 
fied : 
r-a@: a: r= (5/8r)r°6", (9) 


where 


2 
= D lal? (10) 


For small @ we have, approximately : 


Vix.0. (4p, 8s) = }omee?{ [1+ (5/40) 6 vr? 
—2y. ay Y m4 (2,77 ]}}, (11) 


for particle i. The symbol Q; denotes angle coordinates. 
Now the interaction of individual nucleons with this 
average potential represents the major part of the 
nuclear potential energy, and almost all of the deviation 
from sphericity. Yet any deformation is not imposed 
from the outside, but is due to the nucleons themselves. 
It is then reasonable to expect that there is a close 
relation between the deformation coordinates of the 
potential and the coordinates of the nucleons. Let us 
first assume that the density distribution follows the 
potential ; e.g., as in the Thomas-Fermi statistical limit 
of many particles moving independently in the nuclear 
field. The density is then a function of V and thus of r’ 
alone. For this case it is easy to show that (to first 
order, in a,) 


an f o(r’)°V dr / f p(rrtdr, (12) 


regardless of how the density depends on 1’. 

Now the expression on the right hand side of Eq. (12) 
is just the quadrupole parameter, even if the density 
does not depend solely on the magnitude r’. A general 
definition of the quadrupole parameter is’ 


4m (L|Si7?V2,*| L) 


a,?=— 


5 > r? 





, (13) 


where 
LD r?=(L|Lir?|L). (14) 
By means of the relations 


(L| 8/da,| L)=0, (15) 
dE 
zs 


= L)={1 ~ Voor) L), (16) 
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it is then readily shown that 


4n dE, 


, 
Sma? > r? da,* 


(17) 


ay? = Oy — 


regardless of the nature of the residual interactions 
(except that they must be independent of the a,). As 
a special but important case, for any configuration at 
equilibrium, we have simply 


(18) 


for all five pairs of parameters, even though in general 
the density is not a function of r’ alone. Equation (18) 
expresses the approximate self-consistency of the in- 
trinsic motion. (In the statistical limit it is, of course, 
satisfied automatically.) This equality appears indeed 
reasonable since the nuclear potential is expected to 
follow the density quite closely*! (apart from the effect 
of the finite range of the nuclear forces). 

Let us now consider the way in which the ground 
state nucleonic wave function adjusts adiabatically 
to a change in the deformation. In this section we 
neglect any effect of the finite rate of change in the 
shape. The response of the nucleons to the changing 
potential is twofold: First, the wave function of each 
nucleon undergoes a simple distortion so as partially 
adjust to the changed potential. However, in addition 
more complicated changes in the wave functions occur. 
These can be described as mixing with close-lying 
states. We study these two effects in turn. 

For a potential of the H.O. type, the quadrupole 
parameters a,’ change upon distortion, but only half 
as fast as the corresponding deformation parameters ay. 
To show this more explicitly, we define a double primed 
coordinate system as follows: 


r’=[exp(—$a) ]-r=[exp(3q) ]-r’. (19) 
A configuration is here specified by y(r’’). Distortion 
may then be defined as a change of the wave function 


¥(r) without a change in the configuration. In particu- 
lar, we have 


Oy? = Ay 


(Say?) dist = dba, (20) 


The configurations are often conveniently characterized 
by one of the following sets of quantum numbers (for 
each nucleon): rectangular: , m2, m3; cylindrical: 
N, m3, A; spherical: NV, /, A, where 1, 2, 3, denote prin- 
cipal axes, N=m+m2+ns3. Here n; is the number of 
nodes along axis 7, / is the orbital angular momentum, 
and A is the component of orbital angular momentum 
along the symmetry axis. 

For each configuration, there exists a unique set of 
equilibrium deformation parameters a,(eq). Further- 

31 It is emphasized that his self-consistency refers only to the 
angular shape and not to the radial shape. In fact, it — very 
strongly that the radius of the density distribution is about 10-" 
cm smaller than the radius of the potential. [For a summary of 
these results see, for example, the review article by K. Ford 


and D. Hill, Annual Review of Nuclear Science (Annual Reviews, 
Inc., Stanford, 1955), Vol. 5, p. 25.] 
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more, it is easily seen from Eqs. (18) and (19) that 
a,’=}[a,+a,(eq) ] (21) 


for any given configuration and deformation. We also 
note that 


a,’(eq) =a, (eq) = 2a,"(0), 


where «,°(0) refers to the value of the corresponding 
quadrupole parameter when the potential is spherically 
symmetric. As a simple example, a closed-shell con- 
figuration has zero equilibrium deformation. For any 
configuration, in the H.O. model fully half of the 
quadrupole moment at equilibrium deformation is due 
due to the intrinsic density anisotropy of the nucleons 
in unfilled shells, and only half is due to distortion, 
mainly of the core of filled shells.” 

It is also of interest to write down the expression for 
the total intrinsic energy for a given configuration and 
deformation. This is readily done with the aid of Eqs. 
(17) and (21) and the assumption that }> r? does not 
depend on the a, to first order. The result is 


Ex (a,) =E, (eq)+ (5/162) mur? > re |a,—a, (eq) * (23) 


We now assume, and justify later, that the parameters 
a, and a,’ are equal not only at equilibrium, but at 
least approximately so for the lowest intrinsic state at 
any deformation. Thus it is required that 


Sa,?~dary. 


(22) 


(24) 


On the other hand, from Eq. (17) we find immediately 
that 
day? de PE, 
—=1— ; (25) 
Ooty Sma? > 1? da,da,* 





In view of the results contained in these equations, we 
see that the rigidity of the nucleus with respect to 
deformation, defined by 


C=@E/da,0a,*, (26) 


must be small compared to the value Co which would 
result if only distortion were allowed.* 


CKCo, (27) 
Co= (5/89) mae? © 12. (28) 


The validity of Eq. (24) requires that as the deforma- 
tion changes not only distortion occurs, but also another 
kind of adjustment which involves a change in the con- 
figuration. This adjustment consists of mixing between 
close-lying intrinsic states, and for small deformations 
only nucleons outside closed shells can participate in it. 


#Tt is expected that regardless of the detailed form of the 
average potential (as long as it resembles the nuclear potential), 
the outer pune contribute significantly to the quadrupole 
moment. The fraction contributed may differ somewhat from the 
H.O. value 4, though probably not by very much. 

% This is evidently realized in both the statistical limit and the 
liquid drop model. For both cases, whatever small rigidity there 
is arises from the surface energy and is partially canceled by the 
Coulomb energy. 
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Fic. 1. Ground state energies vs deformation for various 
strengths of the residual interactions. This diagram is illustrative 
only. It is assumed that ao is positive and that the other four 
quadrupole deformation coordinates vanish. The curve labeled 
“With Resid. Int.” indicates qualitatively the expected behavior 
of the ground state energy as function of deformation in nuclei. 
The equilibrium deformation giving minimum energy is shown. 
In this example, it has practically the same value for the two 
upper curves. 


If there are no residual interactions, the change of 
configuration associated with a changing shape can 
occur in jumps. Thus, as is seen in Fig. 1, the curve 
representing the lowest energy as function of deforma- 
tion (for a spheroidal deformation characterized by ao) 
is the envelope of a number of intersecting parabolas, 
each one corresponding to a different configuration. 
While the local curvature of the envelope varies 
between Cy (the average curvature of each parabola) 
and —« (at the jumps), the average curvature of the 
envelope is only a small fraction of Co. For this case 
the quantity a,’ fluctuates rather strongly about a,. 
Similarly, the slope of the dashed curve shown in Fig. 2 
is } (pure distortion) between crossover points, and © 
at jumps, since the configuration and a,’ change dis- 
continuously at these points. For this case the self- 
consistency condition is satisfied only on the average. 

On the other hand, for pure rotation without change 
of shape, the energy is independent of orientation and 
Eq. (24) must be satisfied even without residual inter- 
actions, provided that the nucleus is at equilibrium 
deformation. For this case the mixing proceeds con- 
tinuously rather than in jumps. In any case, the presence 
of residual interactions, especially those representing 
internucleon couplings, smooth out considerably any 
local deviations from self-consistency. Thus even for 
rather weak residual internucleon interactions, such as 
expected in nuclei, the minima in Fig. 1 are much 
shallower than without such interactions. Note that the 
residual interactions are expected to have an especially 
large effect near spherical shapes.'* 


The role of residual interactions near a crossover 
point is illustrated in more detail in Fig. 3. In the 
absence of residual interactions, the energy levels cor- 
responding to configurations 1 and 2 (each of which 
is assumed to have one node) cross at (c). For deforma- 
tions between (a) and (c), the system will be in con- 
figuration 1. As the deformation changes, say from (a) 
to (6), the wave function, and thus the node, is distorted 
without change of configuration. When the deformation 
crosses the value (c), the nucleus suddenly jumps into 
configuration 2 with a quite different wave function. 
The presence of residual interactions prevents the two 
energy levels from crossing and the configuration 
changes gradually from 1 to 2, a process of mixing. The 
range of deformations over which this change occurs is 
essentially proportional to the strength of the inter- 
action. 

It is seen that the velocity of the node when mixing 
occurs is much larger than it is for pure distortion. In 
the absence of residual interactions, the velocity would 
in fact, be infinite at the crossover point. The presence 
of residual interactions, by virtue of spreading out the 
region of the crossover, decreases the nodal velocity. 
In anticipation of the results in the next section, the 
collective motion corresponding to distortion is irrota- 
tional. The motion representing mixing involves large 
nodal velocities, and also large kinetic energy of the 
transported matter. It is motions of this kind which 
result in the large values of the inertial parameters for 
collective oscillations. 
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Fic. 2. Variation of quadrupole parameter as function of defor- 
mation for various strengths of the residual interactions. In this 
figure the quadrupole parameter ao? [defined by Eq. (13) of the 
text] is plotted against deformation for the same ground state 
configuration as in Fig. 1. We illustrate here the fact that of the 
quadrupole parameter at equilibrium, fully half is due to the 
intrinsic anisotropy of the density distribution in unfilled shells 
[denoted by a,?(0)] and only half is due to core distortion. 
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It is seen from detailed work,’ and illustrated in 
Fig. 1, that there are, as a rule, several equilibrium 
deformations corresponding to different configurations. 
Now, for any given configuration, the deformation 
giving the lowest energy is uniquely defined. [Equation 
(22) must be satisfied at equilibrium. ] Conversely, for 
any particular deformation, the configuration which 
gives minimum energy is also, in principle, uniquely 
determined.* On the other hand, the value of the defor- 
mation (and associated configuration) giving the abso- 
lute minimum energy depends on the details of the 
intrinsic motion. The strong sensitivity of the absolute 
equilibrium deformation may be seen in Fig. 1. Thus a 
slight “tilting” of the energy curve could throw the 
absolute minimum from configuration 3 to configuration 
2. An effect of this type has been postulated to be the 
cause of the striking difference between the empirical 
deformations of Eu'®' and Eu!®,”*. Further, even when 
it is known which of the several minima is the absolute 
one, the value of the equilibrium deformation still 
depends somewhat on the detailed structure. Thus it is, 
in general, expected to decrease with increasing strength 
of the internucleon coupling. If this interaction were 
strong enough, the shell structure would be erased, 
and we would have the hydrodynamical limit for which 
the energy has the characteristic liquid-drop behavior 


Ejiq. drop= Ex(0)[1+C6*—4C38* cos3y], (29) 


where C; and C; are positive constants. The fractional 
elongations along the three principal axes are given 
by'4.16 


(AR, /Ro) = (5/4x)*8 cos(y—§an). (30) 


This curve is very shallow, gives a minimum for 
spherical shape, and discriminates less against prolate 
shapes (y=0, 22/3, 43/3) than against oblate shapes 
(y=7/3, m, 54/3) of the same @. As far as is known, 
all strongly deformed nuclei have axial symmetry® and 
positive quadrupole moments,*® i.e., essentially prolate 
spheroidal shapes, apart from the influence of higher 
multipoles. The quadrupole moments are known to 
reach maximum values approximately midway between 
closed major shells. To calculates these equilibrium 
deformations from first principles, it would seem 
necessary to correct for the effect of deformation on 
the Coulomb and surface energies [e.g., as in Eq. (29) ]. 

We note again that the large empirical equilibrium 
deformations imply that the configurations have strong 
intrinsic anisotropy. The values of empirical quadrupole 
moments require about ten unpaired nucleons add their 
intrinsic quadrupole moments. In a spheroidal field, 
neither the angular momentum of each nucleon, nor 


* There may be some ambiguity because of uncertainty regard- 
ing the residual interactions. However, Mottelson and Nilsson,” 
and independently Gottfried,® have been able to give a classifi- 
cation of nucleonic states in strongly deformed nuclei which agrees 
very well with experimental evidence. 

35S. A. Moszkowski and C. H. Townes, Phys. Rev. 93, 306 
(1954). 
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Fic. 3. Effect of residual interactions on the behavior of energy 
levels, configurations and nodes near a crossover point. As the 
deformation of the nucleus goes through the crossover point (c), 
the configuration is assumed to change from “1,” a wave function 
with one radial node, to “2,” a wave function with one angular 
node. For each configuration we indicate its node and the coef- 
ficients ¢1, c2, the approximate amplitudes of the two limiting 
configurations. 


the total intrinsic angular momentum are good quantum 
numbers (only their components along the axis of sym- 
metry are), since the coupling of the nucleons to the 
deformed nuclear shape dominates their direct coupling 
to each other.'** In terms of an independent-particle 
description we must have, for these cases, strong con- 
figuration interaction. 

It may be instructive to compare the conclusions of 
the present work with those of Rainwater.“ In Rain- 
water’s paper, it was assumed that only a few unpaired 
nucleons provide the centrifugal force which causes 
the deformation, and that the rigidity of the nucleus 
against deformation has essentially the liquid-drop 
value. On the other hand, the configuration is not 
assumed to change with deformation. Thus on this 
model the outer nucleons determine the value of the 
quadrupole moment by virtue of their deforming 
influence, but most of this quadrupole moment arises 
from distortion of the core of filled shells. However, as 


36 For configurations in which the direct coupling of the nucleons 
to each other dominates over the effect of deformation (e.g., L-S 
and j-j coupling) it seems difficult to obtain quadrupole moments 
larger than the single-particle values. 
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is emphasized in the present paper, large deformations 
can result only from the combined action of many 
nucleons. A small average rigidity results only if we 
permit the configuration to change with deformation.*” 
Such changes of configuration are necessary anyway 
to maintain self-consistency. As will be seen in the next 
section, these changes are also at the root of the large 
inertial parameters. 

Finally, it may be of interest to look more closely at 
the dependence of the nuclear density on the deforma- 
tion. Since the deformation is assumed to be volume- 
preserving, no over-all change of the density should 
occur. Now, for a system of uniform density confined 
within an ellipsoid of arbitrary shape but fixed volume, 
it is readily shown that 


» 2 r?(a,)=> r?(0)[14+ (5/4), |oy?|*]). (31) 


For an arbitrary density distribution, it follows from 
the virial theorem that 


pe r? (a,) — (mw?) E1(—a,). (32) 


Thus from Eqs. (21) and (23) we find, for any given 
configuration : 


L 1? (cy) = (me?) Ex (eq) ] 
+[(5/4r)(a,")? D r?(0)]. (33) 


Making the plausible assumption (less restrictive than 
the self-consistency requirement) that E,(eq) depends 
only weakly on a,, we see that (31) is valid for an arbi- 
trary density distribution. 


Ill. COLLECTIVE MOTION 


In this section we study the effect of a slow time 
variation of the potential on the nuclear wave functions 
and energies. Such effects (i.e., the collective motions) 
depend very strongly on certain properties of the intrinsic 
states and especially on the behavior of the nuclear 
ground state as function of deformation, which was 
treated in the previous section. 

To begin with, in view of the time-dependence of the 
potential, the nuclear system cannot be in any sta- 
tionary state. The wave function corresponding to 
lowest mean energy is readily shown to be”.*8 


y=urthia ¥ xl (AExr)-\K | d/da| L)ux ], 


to first order in a. Here a refers to any deformation 
coordinate (e.g., a,, 6, or 8). For simplicity, we restrict 
ourselves to a consideration of a single deformation 
parameter, but the results may be easily generalized to 
take into account all five quadrupole deformation 
parameters. Associated with the complex wave function 
y is a current 


j= (h?/m)a xl (AEx1)-\K | 0/da| L) 
X(urLVux—uxvur) |, (35) 
inted out by S. Gallone and C. Salvetti, 


(34) 


7 This was previously 
Nuovo cimento 10, 145 (1953), and by Hill and Wheeler."® 
8 Apart from a time-dependent phase factor of modulus unity. 
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and an extra energy (above E,), the kinetic energy of 
collective motion!*.* 


To = $ Ba’, (36) 


where 
B= 28? ¥) x(AEx1)~|(K|0/da| L)|*. (37) 


The quantity B is designated as the inertial parameter 
corresponding to the deformation variable a. If a is 
one of the quantities a,, then B is described more 
specifically as the mass parameter.'-'4 The density (and 
a,*) adjusts itself adiabatically to the changing defor- 
mation, apart from terms of order a’. 

It is convenient to relate changes in the a,’ to 
changes in the potential with the following expression : 


a,’=a[ ox wx ], (38) 


where wx is defined to be the “weight” of an admixed 
excited intrinsic state. 

With aid of definition (13) and of the” following 
equation: 


(K|0/da,|L)=(AEK1)maX(K| dir? Vo*|L), (39) 


it is readily verified that 


we=[(8a/(Smwc? Dr?) JAEKx|(K|0/da,|L)|?. (40) 


The self-consistency condition Eq. (24) requires that 
Dx wx=1. (41) 


It proves very convenient to express the mass parameter 
in terms of the weight of each admixed state, rather 
than in terms of the matrix elements as in Eq. (37). 
Then we obtain the simple result 


B/Br=2 > x(hwo/AEx )*wx, (42) 


where B; refers to the value assuming irrotational flow, 
with maintainance of self-consistency (as for a hydro- 
dynamical model). 


Br= (5/8r)m > r?. (43) 


The equation for the mass parameter may also be 
written in more symmetrical form 


(B/Br)=(Dx(AExt)*wx [> x (AEx1) wrx], 
as is verified by use of the sum rule 
Dx (AExr)*wx= 2 (hwo). (45) 


Equation (43) holds provided only the potential energy 
is of the form (5) and independently of any details of 
the residual interactions. 

It is seen immediately that the mass parameter can 
never be smaller than B; if it is required that self-con- 
sistency be satisfied. The irrotational value is attained 
only if all admixed excited states are degenerate. This 
is indeed the case for a strict hydrodynamical model, 
where no distinction between the particles can be 
made, The excess of the mass parameter over the irrota- 


(44) 
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tional value is a consequence of the spread of the 
excitation energies. This feature is a necessary con- 
sequence of the approximately independent motions 
of the nucleons. Thus the average excitation energy as 
defined by Eq. (43) is of order hwo, but for independent 
particle motion there are some excited states at much 
lower energies. 

Let us now consider the nature of the collective oscil- 
lations allowing only distortion to occur. Of course, the 
resulting imperfect adjustment of the nucleonic density 
to the changing deformation expressed by (20) and by 


(Sox wx) aist= 4} (46) 


violates the self-consistency condition. However, this 
case, which has been considered by Inglis,” is quite 
instructive. 

For pure distortion, the collective current is given by 


(j)dise= pa? r=p Ls 2a,°V (V2), (47) 


where p denotes the density, and the tensor @? is 
defined as in (8). Equation (47) may be readily verified 
by making a transformation to the double-primed 
coordinate system. In this system the wave functions 
are static, apart from a harmonic time factor. Thus the 
collective motion resulting from pure distortion is 
irrotational. Note that all nucleons (and thus mainly 
those in filled shells because of their greater number) 
participate in the flow. The mass parameter is given by 


Baist=4Br. (48) 


The occurrence of the factor } in this equation is a 
result of the breakdown of self-consistency. Thus the 
collective kinetic energy for this case is given by 


Tcon= 3 Br LDu| ey? |2= 5Baist Lal &yl?. (49) 


In terms of Eq. (37), in the limit of small deformation, 
the nucleonic states admixed by the distortion are at 
an excitation energy 2/wo, i.e., in the next major shell 
of the same parity. 

The rigidity of the nucleus with respect to deforma- 
tion (allowing only distortion) is given as follows [see 
Eqs. (28) and (43) ]: 

Co= Brwe’. (50) 


Thus the characteristic vibrational quantum energy is 
(hwvin) aist= 2hwo, (51) 


clearly violating the original assumption that the col- 
lective kinetic energy is small compared to the spacing 
of nucleonic energy levels. Thus collective motion 
which consists entirely of distortion, e.g., oscillations 
of a closed shell configuration, cannot be adiabatic. 
Nonadiabatic oscillations of this type seem, however, 
to occur, and they result in enhanced probabilities for 
E2 transitions, even for light nuclei near magic 
numbers.*:8 

Let us now consider the role of mixing. Clearly, 
specific effects of mixing depend on the details of the 
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Fic. 4. The role of nucleons in filled and unfilled shells for 
various collective properties. 


nucleonic level scheme. However, a general property of 
mixing must be that when it occurs simultaneously 
with distortion, the changing nuclear"density satisfies 
the self-consistency condition. In view of Eqs. (41) and 
(46) it is then seen that 


(Sx WK) mix=}. (52) 


Thus the rigidity of the nucleus is reduced to a small 
fraction of Co, as was indicated in Eq. (27). Perhaps an 
even more important effect of mixing is its dominant 
contribution to the mass parameter. This results from 
the fact, expressed by Eq. (42), that the contribution 
of an excited state to the mass parameter varies inversely 
as the square of its excitation energy. More specifically, 
the mass parameter is given, approximately, by the 
simple expression 

(B/Br)= &*, (53) 


where & is an appropriately defined average excitation 
energy [Eq. (42) ] in hwo units, of admixed states with 
nucleons in the same major shells as the ground state. 
Thus we see that the dominant role of the few nucleons 
in unfilled shells on the collective motion results from 
the small excitation energies of some of the admixed 
states. The large mass parameter and small rigidity 
resulting from mixing combine to give vibrational 
energies smaller than nucleonic excitation energies. 
Thus the adiabatic condition is usually satisfied.” 

The role of distortion and mixing for the various 
collective properties of interest is shown in Fig. 4. Also 
in this figure, these results are compared with those 
based on a model assuming irrotational flow but self- 
consistency, e.g., the hydrodynamic limit. 

The inertial parameters depend considerably on the 
strength of the internucleon interactions. As was pointed 

*Tt is emphasized again that the simple numerical factors 
which appear in the present treatment result from the use of the 
H.O. potential. However, it is expected that regardless of the form 
of the average binding potential, the nucleons outside closed shells 
contribute (by virtue of mixing) the major share of the inertial 
parameters, and much more than the irrotational values. 


® Unless, as occurs for some odd-A nuclei, there exists a nu- 
cleonic excited state of very low energy, much smaller than ha6. 
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out by Bohr and Mottelson,'* the correlations induced 
by these slow down the collective flow below the values 
for independent particle motion and thus decrease the 
inertial parameters. In the language of Eqs. (42) and 
(43), the residual interactions increase the average 
energy denominator. If the residual interactions are 
strong enough to destroy the shell structure (i.e., if the 
mean free path for nucleons is small compared to the 
nuclear diameter), then we have essentially the hydro- 
dynamica] situation with irrotational flow. 

The inertial parameters may also be expressed in a 
slightly different form. From Eq. (25) we see that the 
admixture of an excited nucleonic state decreases the 
rigidity of the nucleus against deformation by an 
amount proportional to its weight. Thus we obtain 


C=2Co— Dx ACx, (54) 
where 


ACKk= 2Cwwx. (55) 


The magnitude of the inertial parameter is simply 
related to the rigidity as shown by the following 


equation: 
B hwy \* ACK 
(5)-Hae) 
Brs K\AExt! Co 


To obtain further insight into the role of energy 
differences for determining the essential features of the 
collective motion, we consider the simple case that the 
excited states admixed by a time-dependence of the 
potential are at only two different energies relative to 
the ground state. The energies are denoted by &y and 
&p (in units of fwo) for mixing and distortion, respec- 
tively. The weights of all states at each of these two 
energies are assumed to total }. We now define a new 
variable ¢ as follows: 


tan}{= (6/&p). 
It is then seen from Eq. (45) that 
6u=2 sinkf, 


&p=2 costf. 


(56) 


(57) 


(58) 
(59) 
The mass parameter is given by 


(B/By)=csceX. (60) 


The parameter ¢ is evidently related to the strength of 
the residual interactions. If ¢ is small, so is the energy 
of some of the admixed states, i.e., the spread of excited 
state energies is large. This situation, resulting from 
independent particle motion, leads to a large value of 
the mass parameter. 

As ¢ increases, the excitation energies move close 
together, and the inertial parameter decreases. When 
¢ reaches the limiting value $7, the excited states are 
degenerate, and the inertial parameter has the irrota- 
tional value, just as for the hydrodynamical model. 

It is also of interest to study the behavior of the 
induced collective current for this case. Equation (35) 
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may, after some manipulation, be rewritten (apart from 
sums over particles) as 


7 1 TeV ott 
arg 
# EuSp UL 
Ep—&m Q Ue 
+———“9( - )} (61) 
(Eu6p)! UL 
The terms inside the sum are the components of the 


collective velocity ; only the first of these is irrotational. 
The function Q,uz is defined as follows: 


O.uL= 61(0u,/Oay,)+C2(r?V outer), 


where the coefficients are chosen so that Q,ux has the 
same normalization as r’Y.2,4; and is orthogonal to it. 
If the two levels are degenerate, the flow is evidently 
irrotational. As the two levels separate, the irrotational 
part of the flow increases in magnitude. However, 
another kind of flow now appears and in fact dominates 
for &y<K6p, i.e., in the independent-particle limit. 
The difference between these two motions can be 
understood as follows: Both flows are irrotational away 
from the nodes of the wave function.“ Also whenever 
uz, vanishes, so does r?Y.2,u,; on the other hand, since 
Q, is a differential operator Q,«, remains finite. Thus 
at the nodes, the velocity of the irrotational flow remains 
finite, but the velocity for the other kind of flow di- 
verges, giving rise to vorticity of the collective flow. 





(c.> 0), (62) 


IV. INTERPRETATION OF THE INERTIAL 
PARAMETERS 


To make rough estimates for the magnitudes of the 
inertial parameters, we may apply Eq. (53). Consider 
first the rotational moments of inertia, about which the 
most is known. The nucleus is assumed to have prolate 
spheroidal shape and to be rotating slowly about an 
axis perpendicular to the symmetry axis. If the nucleons 
are assumed to move independently in the harmonic 
oscillator potential (i.e., if no residual interactions of 
any kind are present), then the moment of inertia has 
the rigid value provided we are at an equilibrium 
deformation.'*” The rigid moment is also attained in 
the statistical limit of independent particle motion; i.e., 
if the nucleus is a rotating Fermi-Thomas gas of arbi- 
trary shape.'* In fact, for this limiting case, there is 
no current at all with respect to the rotating system— 
the collective motion is simply rigid rotation. 

For a nucleus of the shape considered here, the rigid 
and irrotational moments are related by the well- 
known equation 


R) irrot — Srig@, (63) 


41 As was previously pointed out by G. C. Wick, Phys. Rev. 
73, 51 (1948), the induced flow is rigorously irrotational for a single 
particle in the (nodeless) ground state of an arbitrary potential. 

“V. F. Weisskopf, Reported at Ottawa Conference on Theo- 
retical Physics, June, 1955 (unpublished). 
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where « is defined in terms of the shape parameters 8 
by" 
e=[45/ (162) }#8~0.958, 
and for small deformations 
hia (Rnaj— Rmin)/Ro, 


the fractional difference between major and minor axes. 
Thus, in the language of Eq. (53), the average excita- 
tion energy of states in the same major shell admixed by 
the rotation is given by 


(64) 


(65) 


&=«. (66) 


The nucleonic ground state has 2 (the component of. 


intrinsic angular momentum about the symmetry axis) 
equal to zero.' The rotation, by virtue of the Coriolis 
force, induces a small admixture of excited states with 
Q=-+1. Mixing represents coupling to close-lying states 
of this type. It is easily seen that whenever all unpaired 
nucleons are in the same major shell, then the close- 
lying excited Q=-+1 states are also in the same major 
shell as the ground state. Further, these states are all 
degenerate, at an excitation energy given, for small 
deformations, by fwoe. For this case, Eq. (53) is then 
true exactly, rather than in an “average” sense. 

The use of an average excitation energy is useful for 
estimating the effect of residual interactions on the 
inertial parameters. The most important residual inter- 


action is the pairing effect'® resulting in a lowering of 
the ground state (all nucleons in paired orbits) relative 
to other states (e.g., 2=+1) in which at least two 
nucleons are not paired. Let us say that the average 
excitation energy is thus increased by an amount fwop. 
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Fic. 5. Empirical moments of inertia for nuclei with mass 
numbers between 150 and 190 plotted against neutron number. 
Empirical moments of inertia are deduced from the position of 
the excited states. The rigid moment of inertia is calculated using 
Eq. (70), assuming a nuclear radius of 1.2X10~%A! cm. The 
numbers have been taken from the compilation of reference 18. 





Fic. 6. Empirical 
moments of inertia for 
even-A nuclei with mass 
numbers between 150 
and 190 plotted against 
deformation. Values of 
deformation (¢,8) are 
deduced from £2 transi- 
tion probabilities. 
(Qo=#ZeR*e). Numbers 
are taken from the com- 
pilation of reference 18. 
The curves _ indicate 
values of &¥/Srig, for 
several assumed values 
of the pairing term p 
[Eq. (1). The curve 
v=0.3 (Eq. (82) Jis very 
similar to the corre- 
sponding curve in ref- 
erence 18. 
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Then the moment of inertia is given as follows: 


9 


4° toy? 
S=Brig --.) -3im(—) . 
e+p e+p 


For weak residual interactions, such as expected in 
nuclei, the resulting moment of inertia is smaller than 
the rigid value but larger than the irrotational value. 

Empirical moments of inertia for strongly deformed 
nuclei with mass numbers between 150 and 190 are 
compared with the rigid values in Fig. 5. For even-even 
nuclei, the empirical moments are given in terms of 
the position of the first excited state by' 


Foy 24 = 3h?/S. (68) 


For odd-A nuclei (except when J>=+}$), they are 
given by 


(67) 


Exyoty41= (Lot 1) hy. (69) 


The rigid moment of inertia is calculated on the assump- 
tion that the nucleus is of uniform density. Then" 


Srig=m Lily?+27)= 3MAR?(1+}e- 4 *), (70) 


where Rp is the nuclear radius averaged over directions. 

In Fig. 6, it is shown that the empirical moments for 
even-A nuclei can be fitted quite well by Eq. (67) with 
values of p ranging from 0.15 for the most strongly 
deformed nuclei (e~0.4) to 0.2 for the least deformed 
ones (but still exhibiting rotational spectra, e~0.2). 
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It is also interesting to note that S seems to be 
approximately proportional to the deformation. Thus 
we have shown, for the even-even nuclei, 


S/Brig™1.3¢. (71) 


This feature can be interpreted as resulting from a 
semirigid rotation of the nucleus*®; i.e., rigid rotation of 
the outer nucleons and slow (irrotational) motion of 
the core. On the basis of such a model, the moment is 
easily shown to be given by 


S/Srie= (Gf) +0(2), 


where G is a geometrical factor which depends only on 
the angular shape of the outer particle density dis- 
tribution. For the reasonable distribution 


(72) 


Pouter= p(r) cos’6, (73) 


we have G=2. The symbol f denotes the fraction of 
the quadrupole moment due to the outer particles; on 
basis of the H.O. model it is 3. The coefficient of ¢ in 
Eq. (72) is then calculated to be unity, in good agree- 
ment with the experimental value 1.3, considering the 
crudity of the model. 

Elements with mass numbers above 225, mainly of 
the actinide series, also exhibit striking rotational 
spectra.®“ For the even-even nuclei in this group, two 
features stand out. First, the rotational excitation 
energies and thus the moments of inertia, are roughly 
constant, and are about half the rigid values between 
mass numbers 234 and 250. The energy of the first 
excited state is close to 44 kev for all these nuclei.*.*:* 
As Blin-Stoyle recently pointed out,** this may indicate 
that while correlations are important for the nucleonic 
motions, these motions can in these limiting cases be 
described as approximately independent, but with an 
effective nucleon mass only about half of the value for 
a free nucleon.‘’“* This “saturation limit” is apparently 
reached more readily in the actinide series than for the 
rare earth elements. Another feature of interest concerns 
the relation of moments of inertia to deformation. Only 
for two nuclei, Th*? and U™®, are the intrinsic quad- 
rupole moments known.® In both of these cases the 
moments of inertia are about 50% larger than the 
values calculated using Eq. (67) and with p~0.15-0.20. 
This large difference suggests the existence of higher 
multipoles, e.g., E4 moments, which are expected to 
become significant only for the heaviest elements. In 
fact, it is difficult to explain detailed features of the 
a-decay fine structure, e.g., the branching ratios for 
the L=4 mode as function of nucleon number, without 


“K. Ford and D. L. Hill, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 25. 

“4 J. Perlman and F. Asaro, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 157. 

45 J. M. Hollander (to be published). 

4° R. J. Blin-Stoyle (to be published). 

‘7K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 

48M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 
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invoking an E4 moment.®:” In other words, one may 
assume that the nuclear radius varies somewhat more 
with angle in the region of the least bound nucleon 
than would be the case for a spheroidal potential. No 
change in the intrinsic quadrupole moment results. On 
the other hand, the average excitation energy is 
increased, and consequently the residual interactions 
will be relatively less effective and a moment closer to 
the rigid value than for a spheroidal shape is expected. 
In addition to this, the parameter p is expected to be 
slightly smaller for the actinides than for the rare earths 
because of the larger nuclear size.'* 

Moments of inertia for odd-A nuclei are in general 
somewhat (10-40%) larger than those for neighboring 
even-even nuclei,*!* as is also shown in Fig. 5. In some 
cases (e.g., W'®,5! Np? 5), part of this difference can 
be attributed to the existence of a low-lying nucleonic 
state of the same parity as the ground state and with Q 
differing from the ground state value by 1. While such 
states may have a small weight [Eq. (40) ] because of 
their small excitation energy, so that they do not greatly 
affect the contribution of the other states, they may 
nevertheless contribute significantly to the inertial 
parameters. In addition, it is expected (see next 
section) that the effect of residual interactions is some- 
what less for odd-A nuclei than for even-even nuclei. 
Both of these effects will enable the moments for odd-A 
nuclei to attain values closer to the rigid values than 
is the case for even-A nuclei. This is also seen especially 
for the actinide elements where the quantity #?/2% is 
roughly constant at 6.2 kev for odd-A nuclei as com- 
pared to 7.3 for even-even nuclei. In any case, the 
larger moments of inertia for odd-A nuclei can be 
attributed to a comparatively large contribution of the 
unpaired nucleon to the collective motion. 

Thus in a typical heavy nucleus, perhaps 10 to 
20% of the nucleons are outside filled major shells. 
Yet these few nucleons are expected to contribute half 
of the quadrupole moment and fully 80 to 90% of 
the collective kinetic energy. Furthermore, for an 
odd-A nucleus, the unpaired nucleon contributes 
perhaps about 10 to 20 percent to the collective kinetic 
energy, as much as the entire core of filled shells! 

The important role of the unpaired nucleon in odd-A 
nuclei is expected to show up in the empirical values of 
gr, the gyromagnetic ratio of the collective motion. 
Thus it is easily shown that 


gr™(Z/A)+[go— (Z/A) }(AS/9), (74) 


where go is the intrinsic gyromagnetic ratio of the 
unpaired nucleon, and A} is the contribution of this 


R. F. Christy, Phys. Rev. 98, 1205(A) (1955), and private 
communication. 

% J. O. Rasmussen and B. Segall, University of California 
Radiation Laboratory Report UCRL-3040 (unpublished). 

514A. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 15 (1956). 

82 Hollander, Smith, and Rasmussen, University of California 
Radiation Laboratory Report UCRL-3239 (unpublished). : 
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nucleon to the moment of inertia (i.e., the difference 
between <¥ for the nucleus under consideration and the 
average value of {¥ for the neighboring even-even 
nuclei). The gyromagnetic ratio of the paired nucleons 
outside filled shells is usually close to Z/A.18 While the 
value of go depends on the state of the unpaired nucleon, 
this quantity is, in general, expected to be larger than 
Z/A for protons and smaller than Z/A for neutrons. 
A recent analysis of empirical M1 transition prob- 
abilities in odd-proton nuclei indicates that gr exceeds 
Z/A~0.4 in four out of five cases," averaging about 
0.55. This result is consistent with the value expected 
from Eq. (74) if gom1, a reasonable average value for 
an odd proton and if AY~0.25%. For Np®’, the 
quantity gp seems to be significently larger than 7/A .?f 

While much is known about rotational moments of 
inertia, information regarding inertial parameters for 
shape oscillations is much more limited. Some con- 
clusions can, however, be drawn from a study of the 
excitation spectra. Thus for even-even nuclei with mass 
numbers between 66 and 150 but away from magic 
numbers, both the first and second excited state have 
spin 2 and a ratio of excitation energies between 1.8 
and 2.5.%5° This behavior has been qualitatively 
explained on the basis of the following assumptions*®*: 

(1) The energy of the intrinsic ground state is taken 
for these nuclei, independent not only of the nuclear 
orientation, but also of the shape parameter" y. 

(2) The mass parameter has essentially the same 
values for oscillations in y as for rotations.} 

Some information is also available regarding the 
characteristic of shape oscillations about a stable 
equilibrium shape, both from a study of vibrational 
excitation spectra and from a careful analysis of the 
very small deviations of the rotational spectra from 
the 7(J+1) law.** Both of these features involve the 
quantum frequencies for vibrations, which in turn 
depend not only on the values of the inertial parameters, 
but also on the average rigidity of the nucleus against 
changes in the shape. Thus, it is likely that the rigidity 
of the nucleus against changes in 8 is, in general, larger 


58 G. M. Temmer and N. P. Heydenburg, Bull. Am. Phys. Soc. 
Ser. II, 1, 43 (1956). 

t Note added in proof—A forthcoming review article‘ lists 
13 odd-A nuclei for which information on the gyromagnetic ratios 
is available. For at least 9 of these, ge appears to deviate signifi- 
cantly from Z/A in the expected direction. It is emphasized, 
however, that this trend is expected only on the average, and the 
fact that there are exceptions to it (e.g., the well-explored case of 
Ta!*!) should not be surprising. 

% G, Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

55 M. Nagasaki and T. Tamura, Progr. Theoret. Phys. (Japan) 
12, 248 (1954). 

56. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 

t Note added in proof—More detailed analysis of the empirical 
data‘ suggests that the effective mass parameters for shape 
oscillations (assuming they are adiabatic) are somewhat larger 
than for rotations. The ratio B/B; seems to be largest for nuclei 
near closed shells. On the other hand, nonadiabatic effects are 
expected to be of considerable importance here and they tend to 
increase the inertial parameters above the value calculated by 
time-dependent perturbation theory. 
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than its irigidity against changes in y. This conclusion 
is suggested empirically by the appearance of the 
y-oscillation spectra, and by the fact that the lowest 
known nonrotational excited even-parity states in even- 
even nuclei (Gd!5,57 W!® 58 Py? %) have spins 2. It is 
suggested theoretically by the hydrodynamic result, 
and by more detailed calculations of nucleonic energies 
as function of 8 and y.'*® It is also expected and con- 
sistent with the data that the rigidity against 8 defor- 
mations is much smaller than the value Cp [Eq. (28) ] 
which would result from pure distortion, but somewhat 
larger than the hydrodynamic value.§$ 


V. p-SHELL NUCLEON MODEL 


To interpret some of the features discussed in the last 
section, it is useful to consider a highly simplified model 
of the intrinsic nuclear motion. In this paper we assume 
that the nucleus contains only one partially filled 
shell; a p shell. The deforming force and the main 
features of the intrinsic and collective motion are then 
determined by the motion of the small number of 
nucleons of one kind in this shell. Also, we consider 
only nucleons, e.g., neutrons; thus it requires but 6 
nucleons to fill the » shell. Further, we neglect any 
spin-orbit coupling. The resulting nuclear Hamiltonian 
consists of the following four terms: (a) The energy of 
all nucleons (core and p shell) moving independently 
in a spherical well; this energy is normalized to zero. 
(b) The interaction of each p-shell nucleon with the 
nonspherical part of the potential; this term is propor- 
tional to the deformation. (c) The interaction of the 
p-shell nucleons with each other; the internucleon force 
is taken to be a two-body attractive 6-function inter- 
action. (d) The effect of deformation on the core of 
filled shells; this gives a restoring term proportional to 
the square of the deformation. 

Let us first consider the level schemes for the con- 
figurations p”, with » taking all possible values from 
0 to 6. These are shown in Fig. 7. Only the interactions 
of particles in the p shell (6) and (c) are considered here, 
the restoring term (d) is not shown; for a given defor- 
mation it shifts all energies upward by the same amount. 
The deformation, taken to be prolate spheroidal, is 
denoted by e [Eq. (64)], and the strength of the 
residual interactions is measured by », the splitting 


57F,. S. Stephens, Jr, University of California Radiation 
Laboratory Report UCRL-2970 (unpublished). 

58 Murray, Boehm, Marmier, and Du Mond, Phys. Rev. 97, 
1007 (1955). 

59 Rasmussen, Stephens, Strominger, and Astrém, Phys. Rev. 
99, 47 (1955). 

 M. Gursky, Phys. Rev. 98, 1205(A) (1955). 

§ Note added in proof —Recent investigations of Pu** [discussed 
in TI. Perlman and J. O. Rasmussen, “Alpha radioactivity,” 
S. Fliigge, editor, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 42] show that there is a 0* state slightly below the 
nonrotational 2+ state. This suggests that for heavy nuclei the 
surface rigidity with respect to 8 oscillations drops since we are 
approaching the saddle point for fission. 

®1 Such a model has been employed by Bohr and Mottelson! who 
treated the #? configuration. 
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Fic. 7. Energy levels (in units of hwo) as function of deformation 
for configurations of interacting p-shell nucleons. Spin-orbit 
coupling is neglected. The component of orbital angular momenta 
about the symmetry axis is denoted by A, and its value indicated 
for each configuration. In this figure, the energy does not include 
any restoring terms. 


between 1S and !D states for ~? and p‘ configurations at 
zero deformation.* 

Only configurations of the lowest possible intrinsic 
spin (0 for even m and 4 for odd m) are considered. 
States of higher spin are at considerable higher energy. 
For the spheroidal potential, the intrinsic orbital 
angular momentum is no longer a good quantum 
number, but its component A along the symmetry axis 
is. For the p* configuration, the ground state is 4-fold 
degenerate. This degeneracy is partially lifted when a 
spin-orbit coupling term is introduced, resulting in a 
low-lying nucleonic excited state. On the other hand, 
for all even-n configurations, the A=0 ground state is 
nondegenerate and is well separated from all excited 
states. 

Note that as a result of the residual interparticle 
interactions, the level scheme for the #* configuration 
differs considerably from the schemes for p' and p>. We 
may consider the /* configuration as a very highly 
simplified model of a deformed odd-A nucleus. It is 
also seen from Fig. 7 that the schemes for the con- 
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Fic. 8. Ground state energies as function of deformation for 
“typical” configurations of interacting p-shell nucleons. The 
energy includes a restoring term given by }e*/eo. For the lower two 
curves, the strength of the residual interactions is taken to be 
v=0.3. Values of the equilibrium deformation ¢eq (for which 
0E,/de=0) are indicated for all three cases. The inflection point 
éinti (here #E,,/de=0) is indicated for the even-A case. 


figurations #* and p‘ are quite similar. For calculational 
reasons, it is useful to take, as typical for an even-even 
nucleus, essentially the average of the p” and #* level 
schemes. 

In Fig. 8 we compare the energies of the nucleonic 
ground state as function of deformation for the cases 
“even-A” (the average of p* and p*), “odd-A” (p*), 
and “indep. part.,” the scheme which would be obtained 
for either of the above cases in the absence of residual 
interactions. A restoring term given by }¢?/¢o has been 
included so as to give a value ¢, for the equilibrium 
deformation in absence of residual interactions. The 
progression of deformations in heavy nuclei as function 
of degree of shell filling can be simulated by an appro- 
priate variation of this coefficient.’ In Fig. 9 we 
compare the intrinsic level scheme for these independ- 
ent-particle, odd-A, and even-A configurations. As in 
Fig. 7, the restoring term is not included. Since the 
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Fic. 9. Intrinsic energy levels as function of deformation for 
“typical” configurations of interacting p-shell nucleons. No re- 
storing term has been included in the energy. Dashed arrows 
indicate average excitation energies of intrinsic states admixed by 
the particular kind of quadrupole oscillation (6,7,¢) indicated. 


intrinsic spin is not coupled to the deformation in 
absence of spin-orbit coupling, it will not follow the 
nuclear rotation or any other change of the nuclear 
shape. On the other hand, the orbital angular mo- 
mentum is strongly coupled to the nuclear shape and 
follows a slow rotation adiabatically. Thus for the 
present model, the Coriolis interaction, given in general 
by ihw(d/00,), is proportional to L,, rather than to J, 
(where the | indicates either direction perpendicular 
to the nuclear symmetry axis). 

For the odd-A configuration, the energy of the 
A=+1 ground state is given by 


E,=— (€+}0*)!— (4/3)0, 
and its wave function is 


¥1i=cos¢(?P)—sin¢(?D), 


(75) 


(76) 


cot2¢=0/3e. (77) 
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The Coriolis interaction couples the ground state to 
the?P(A=0) states at — (5/3)v and to the?D(A=0, +2) 
states at —v. The appropriately weighted average 
energy difference & is e+ (2/9) for large deformations. 

The even-A level scheme is essentially the average 
of the rather similar schemes corresponding to p* and 
p* configurations shown in Fig. 7. The energy of the 
A=0 ground state is 


E,=—(é+40)!—2», (78) 


and its wave function is 


¥1=cosp(1S)—sing("D), (79) 


where now 
(80) 


The A=0 excited state (coupled to the ground state by 
oscillations in ¢) is at energy (e+ 40”)!— 2». Rotations 
and ¥ oscillations couple the ground state to states of 
A=+1 and A= +2, respectively. Note that all states 
with A¥0 are pure 'D regardless of deformation and 
have energy — $v. Thus the average excitation energy 
for the even-A case is given by 


$= (2440) 4p, 


Let us now compare the predictions of this simple 
model with the empirical results. First, consider 
moments of inertia of even-A nuclei with mass numbers 
between 150 and 190. These can be fitted quite well 
by Eq. (67) where, using Eq. (81), we have 


p= (e-+42*)4+ foe, 


and the value of v is taken as 0.3. (See Fig. 6.) 

According to this model and also empirically, note 
that p decreases slightly with increasing deformation. 
Thus we have, for large deformations 


p— p+[2*/(8e) ]. (83) 


Turning our attention now to the differences between 
odd-A and even-A nuclei, we note first of all (Figs. 8 
and 9) that according to the p-shell model, the odd-A 
nuclei are expected to lave properties intermediate 
between those for independent particle motion and for 
even-A nuclei. Indeed moments of inertia for odd-A 
nuclei are somewhat larger (5 to 40%) than for even- 
even nuclei, as was mentioned in Sec. IV, but not by 
as much (50 to 100%) as expected on the simple 
model given here. 

The simple p-shell model also relates the strength of 
the residual interactions to the average binding energy 
difference between ground states of odd-A and even-A 
nuclei. According to this model, the difference should 
amount to about 3/wov; i.e., ~1 to 1.5 Mev for nuclei 
of mass numbers considered here,® and somewhat 
larger than the empirical values. The fact that these 
features are qualitatively but not quantitatively repro- 
duced with the p-shell model suggests that this model 


cot2p=v/2e. 


(81) 


(82) 


# Assuming hwo=41A~? as was done by Nilsson.?” 
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exaggerates somewhat (but not very much) the role of 
each individual nucleon. This behavior is not unex- 
pected as it requires only 6 nucleons to fill the p shell 
but 76 nucleons to fill the last proton and neutron major 
shells before g2P D1 267°8, 8 

It is also instructive to compare the strength of the 
pairing forces deduced from moments of inertia on 
basis of the p-shell model with the empirical values for 
nearly spherical nuclei. Thus for Pb™®, lacking just 
two neutrons from being doubly magic, the energy of 
the first excited state is 803 kev, and the detailed 
analysis of the level scheme suggests a pairing energy 
(lowering of the ground state) of 0.77 Mev for this 
case. According to the p-shell model, however, we 
should have found for both quantities a value hwov 
~2 Mev. 

It may be of interest to remark on the possible 
even-odd staggering of equilibrium deformations. 
According to the p-shell model (Fig. 8) the odd-A 
nuclei are expected to be very slightly (5%) more 
deformed than neighboring even-A nuclei; ie., the 
residual interaction decreases the equilibrium deforma- 
tion. In general, the equilibrium deformation will be 
increased or decreased depending on whether the states 
admixed to the ground state by the residual interaction 
have larger or smaller quadrupole parameters than the 
ground state. For the p shell the admixed states are 
spherically symmetrical so that the deformation is 
always decreased; it is however, far from clear that 
this occurs also for heavy nuclei. At present, intrinsic 
quadrupole moments are not known accurately enough 
to draw reliable conslusions.® 

Finally, let us briefly consider the inertial parameters 
for shape-oscillations in even-A nuclei according to the 
p-shell model. For the even-A configuration (but not 
for ~? or p*) the level scheme is easily shown to be 
independent of the shape parameter y. Thus there is 
no rigidity with respect to y oscillations, and the self- 
consistency condition [Eq. (24)] is satisfied. Such 
rigidity is expected to be comparatively small for most 
nuclei. As indicated in Fig. 9, the average energy 
denominators for y oscillations (AA=+2) and for 
rotations (AA=-+1) are equal and given by Eq. (81). 

On the other hand, at equilibrium deformation, the 
ground state energy has an appreciable rigidity with 
respect to e; [and from Eq. (25) we see that dao’ <dap |, 
while in an actual nucleus it is expected that this 
rigidity will be much less. Now the inertial parameters 
are very essentially related to the decrease in the surface 
rigidity resulting from admixture of higher nucleonic 
states. It is, therefore, perhaps more appropriate to 

8 Somewhat better agreement with experimental results could 
presumably be obtained by use of a model in which the unfilled 


nucleons are in the 2s-1d major shell of the harmonic oscillator 
potential. 
%M.H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 
® However, an analysis of isotope shifts in optical spectra 
[Wilets, Hill, and Ford, Phys. Rev. 91, 1488 (1953)] suggests 
that odd-A nuclei have appreciably smaller deformations than 
neighboring even-even nuclei. 
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evaluate the average energy difference for ¢ at the point 
of inflection of the ground state energy shown in Fig. 8. 
Although this deformation does not represent an 
equilibrium state, at least the quadrupole parameter 
and deformation change at the same rate, i.e., Eq. (24) 
is satisfied. The energy difference for oscillations in 
¢(AA=0) is now nearly equal to the value for rotations 
and ¥ oscillations. 

From the above arguments it is therefore plausible, 
and in agreement with experimental evidence (Sec. IV) 
that the mass parameter has approximately the same 
value for the various modes of quadrupole oscillations. 


VI. CONCLUSIONS 


The main conclusion of this paper is that the nucleons 
outside filled shells appear, in spite of their relatively 
small numbers, to be of greater significance in con- 
tributing to collective properties than was sometimes 
believed. According to the oscillator model used here, 
the outer particles contribute fully half of the static 
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quadrupole moment; thus core distortion is important 
here but not dominant. Even more strikingly, the outer 
particles contribute the major share of the collective 
motion so that the nucleons inside filled shells play 
only a minor role for the dynamic properties. 

This behavior resembles the situation in the usual 
shell model where the nucleons in filled shells do not, 
in general, enter in the properties of the low-lying 
states. The evident similarity of the shell model and 
collective model in this important respect is very en- 
couraging for the prospect of constructing a unified 
model of nuclear structure. 
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Neutron Resonance Parameters of U?**+ 


V. E. Prucuer, J. A. HArvey,* ann D. J. HuGHEs 
Brookhaven National Laboratory, Upton, New York 
(Received May 28, 1956) 


The neutron total cross section of 92U*** has been studied for neutron energies between 1.5 and 60 ev 
by using the Brookhaven fast chopper. The transmission data were analyzed by the “area” method and 
the Breit-Wigner parameters obtained for the resonances up to 35 ev. The observed level spacing of 0.65 ev 
is the smallest yet reported for any isotope. The best available fission data have been combined with total 
cross-section data to obtain I'y. The values of I'y are approximately constant and are consistent with those 
of neighboring heavy nuclei, whereas the I’,’s have a very broad distribution similar to that observed in 
a number of other elements. The distribution of I'y’s is also rather broad and resembles the neutron widths 
much more than the radiation widths in this respect. Average values of these parameters are presented, 
together with a discussion of the implications of these findings for current theories of fission. 


I. INTRODUCTION 


N spite of the great importance of the low-energy 
neutron cross section of U™** for the design of various 
types of reactors, the data available in 1953 were still 
incomplete. Although it had been established that sharp 
resonances were present and that the ratio of capture 
to fission varied from resonance to resonance, the 
cross-section data were not accurate enough to give 
parameters of many resonances. Since an active program 
of the measurement of the parameters of resonances in 
nonfissionable nuclei was in progress with the Brook- 
haven fast chopper, it was decided to include U™* 
because of its fundamental nuclear physics interest 
and the value of the results for reactor design. 
t Work performed under contract with U. S. Atomic Energy 
Commission. 


*Now at Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 


It is of interest to review the results that were 
available at the time the present work was begun. 
Very early measurements in 1939 by the Columbia 
group under Fermi,' using cadmium and boron filters, 
showed that the number of fission bursts in a fission 
counter approximately followed a 1/2 law. In a theoret- 
ical paper in 1939 on the mechanism of nuclear fission, 
Bohr and Wheeler? concluded that fission widths of 
the resonances in U**® must be greater than 10 ev. 
Since radiation widths were estimated to be ~0.1 ev, 
it was believed that the absorption of neutrons in U™** 
almost always led to fission, and that, since the level 
spacing was expected to be less than 10 ev, it was not 
expected that any sharp resonances would be found. 

1 Anderson, Booth, Dunning, Fermi, Glasoe, and Slack, Phys. 


Rev. 55, 511 (1939). 
2.N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 
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However, work in 1944 by Anderson ef al.’ at Los 
Alamos on both total and fission cross sections, with a 
pulsed cyclotron and the time-of-flight technique, 
revealed that sharp resonances, ~0.1 ev wide, were 
present at low energies. Comparison of the data on the 
fission and total cross sections indicated that the ratio 
of capture to fission varied from resonance to resonance. 
Although fluctuations in the cross sections were found 
above 2 ev the energy resolution was not sufficient to 
resolve all the resonances and an analysis of the 
parameters of the resonances above this energy could 
not be made. 

In 1947, a series of measurements with improved 
instrumental resolution was undertaken on the total 
and fission cross sections of U*** at Columbia University 
by Havens et al.t Their data showed that, although 
the ratio of fission to capture changed from resonance 
to resonance, all the low-energy resonances found in 
the total cross section of U*** were also present in the 
fission cross section. The resolution was still not 
sufficient to resolve all the resonances above 5 ev, 
although a few approximate parameters were given for 
that energy region. In the fall of 1953, soon after the 
high-resolution fast chopper at Brookhaven was put in 
operation and rapid methods of analyzing resonances 
were developed, a program was started to measure the 
total cross section of U** and to obtain parameters for 
as many resonances as possible. Additional measure- 
ments were also made in 1955. 

Since 1953 several groups in the U. S. in addition to 
the fast-chopper group at BNL have made additional 
measurements on the low-energy cross sections of U*®, 
In 1954 Leonard, Seppi, and Friesen at Hanford 
reported measurements of high statistical accuracy on 
the total and fission cross section up to 0.6 ev obtained 
with a crystal spectrometer. Yeater, Gaerttner, and 
Kelly reported fission cross-section measurements at 
Knolls Atomic Power Laboratory in the kev energy 
region in 1954 and have very recently made fission 
measurements in the resonance energy region down 
to 6 ev. Sailor’ and Foote® at Brookhaven in 1954 and 
1955 made accurate measurements of the total and 
scattering cross section in the low-energy region below 
5 ev and for a few resonances from 5 to 10 ev. At 
higher energies from 9 to 60 ev Simpson ef al.,’ at the 
Materials Testing Reactor, have measured the total 
cross section with a fast chopper. Some of the results 
of these measurements are included in the neutron 
cross-section compilation.* The details of the measure- 


3 Anderson, Lavatelli, McDaniel, and Sutton (unpublished, 
1944). 


4 Havens, Rainwater, Wu, Dunning, Melkonian, Perez- Mendez, 
and Levin (unpublished 1947-1953). 

5V. L. Sailor, Phys. Rev. 100, 1249(A) (1955). 

6H. L. Foote, Jr., Phys. Rev. 100, 1248(A) (1955). 

7Simpson, Fluharty, Simpson, and Brugger, Phys. Rev. 100, 
1249(A) (1955); Simpson, Fluharty, and Simpson, Phys. Rev. 
103, 971 (1956). 

8D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL 325 (Superinten- 


PARAMETERS OF U?#5 1343 
ments are being prepared for publication by the various 
groups. 

The first published indication that the U** fission 
cross section might not follow the 1/v law was by 
Keller’ in 1953. The fission cross-section measurements 
on U*> made at Kjeller in 1954 by Popovic” was the 
first published work to show definitely that the cross 
section did not follow the 1/v law in the thermal region. 
Popovic and Rajsic" later found a small resonance at 
0.29 ev in the fission cross section. Independent 
measurements by Hubert, Vendryes, and Auclair® in 
1954 showed that the fission cross section of U** did 
not follow the 1/v law and revealed resonances at 0.29, 
1.13, and 2.0 ev. From total cross-section measurements 
they also found a small resonance at 0.29 ev in natural 
uranium which they attributed to U*°. The shape of 
the fission cross-section curve below 1 ev indicated that 
a bound level (negative energy resonance) was present 
close to zero neutron energy. Measurements on the 
total and fission cross sections of U*** also have been 
made in the United Kingdom and the Soviet Union. 
The results were presented at the Geneva Conference” 
and are included in the addendum to the neutron cross- 
section compilation.’ They have also been summarized 
in review articles by Harvey and Sanders" and Egelstaff 
and Hughes.!® 

At the present time considerable information has 
been published on the resonance properties of non- 
fissionable nuclides. It is well established'*“* that the 
radiation widths for various levels in a particular 
nuclide are constant to 10 or 20 percent. The dependence 
of the radiation width upon atomic weight, level 
spacing, and binding energy has been studied and is in 
agreement with theoretical expectations for electric 
dipole transitions.'* This constancy of the radiation 
width from resonance to resonance in a given nuclide 
is in sharp contrast to the large fluctuations” in neutron 
widths from resonance to resonance. The experimental 
neutron width distribution has been compared” with 
various possible distribution laws. 


dent of Documents, U. S. Government Printing Office, Washing- 
ton, D. C., 1955). 

9R. Keller, Arch. sci. (Geneva) 6, 280 (1953). 

10D. Popovic, J. Nuclear Energy 1, 3 (1954). 

1D. Popovic and N. Rajsic, J. Nuclear Energy 1, 170 (1954). 

2 Hubert, Vendryes, and Auclair, Compt. rend. 238, 1873 
(1954). 

13 Proceedings of the International Conference on the Peaceful 
Uses of Atomic Energy, Geneva, August 1955 (United Nations, 
New York, 1956), Vol. 4. 

4 J. A. Harvey and J. E. Sanders, Progress in Nuclear Energy, 
Ser. I, Physics and Mathematics (Pergamon Press Ltd., London, 
1956), Vol. 1, p. 1. 

16 P, A. Egelstaff and D. J. Hughes, Progress in Nuclear Energy, 
Ser. I, Physics and Mathematics (Pergamon Press Ltd., London, 
1956), Vol. 1, p. 55. 

16D). J. Hughes and J. A. Harvey, Nature 173, 942 (1954). 

17H. H. Landon, Phys. Rev. 100, 1414 (1955). 

18 J. S. Levin and D. J. Hughes, Phys. Rev. 101, 1328 (1955). 

19 A. Stolovy and J. A. Harvey (to be published). 

2” Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 (1955).. 

"11D. J. Hughes and J. A. Harvey, Phys. Rev. 99, 1032 (1955). 
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A recent theoretical investigation of the neutron 
width distribution as well as the near-constancy of 
the radiation width has been made by Thomas and 
Porter.“ According to this study, the neutron width 
distribution corresponds to a chi-squared distribution 
with one degree of freedom, whereas the radiation 
width distribution corresponds to several hundred 
degrees of freedom. In the case of fission, since there are 
hundreds of fission products, it might be expected 
that the fission width distribution would more closely 
correspond to the narrow radiation width distribution 
characteristic of gamma emission than the broad 
neutron width distribution corresponding to neutron 
emission. It is of obvious importance to determine the 
fission width distribution, but to do so requires not 
only precise measurements but careful analysis of the 
data in order to get a sufficient number of fission 
widths of reasonable accuracy. 


II. DETERMINATION OF FISSION WIDTHS 


For nonfissionable nuclides, it has been emphasized” 
that the radiation and neutron widths of low-energy 
resonances can be obtained from transmission measure- 
ments, which give the total cross section. The total 
cross section of an isolated resonance is expressed in 
terms of the level parameters by 


r,°(l+Ty) 
(E—E,)?+ (0/2)? 





or=Th gE 


In this equation, 274 is the wavelength of a neutron 
with energy E; Eo is the energy of the neutron at 
resonance; g is the statistical weight factor; I’,°, I',, 
r,, and T are the reduced neutron width, the fission 
width, the radiation width, and the total width of 
the level; and a, is the scattering cross section. 

For zero-spin target nuclei, the analysis of the total 
cross section gives the total width and neutron width 
of the resonance,” and the radiation width for non- 
fissionable nuclei ([y=0) is given directly by the 
difference of these two widths, [.y,=I'—I’,. For target 
nuclei of nonzero spin, however, the total width and the 
neutron width times the statistical weight factor, g, 
are obtained. This statistical weight factor has two 
possible values, both nearly } except for the case where 
the target nucleus has spin 3 when the two possible 
values are } or 3. However, since low-energy resonances 
are mainly capture, negligible error is introduced in 
the radiation width because of the uncertainty in the 
statistical factor. Thus it is not necessary to measure 
the capture or scattering cross sections of nonfissionable 
nuclides to determine the partial widths of the re- 
sonance. The additional measurement of the scattering 
cross section of target nuclei of nonzero spin is useful, 
however, for it enables one to determine the statistical 


#2 R. G. Thomas and C. E. Porter (to be published). 
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weight factor, thus the angular momentum of the 
compound nucleus. 

For fissionable nuclides the total width, I, and the 
product gI’, are obtained from total cross-section 
measurements. Since the spin of U™* is 7/2, the two 
possible values of g are 7/16 and 9/16. As the neutron 
widths are very small, this uncertainty in g introduces 
no significant error in obtaining the sum of the fission 
width and the radiaion width from the total cross- 
section measurements. However, in order to separate 
the quantity (['y+TI',) into its components, additional 
information is needed. This additional information can 
be either the fission cross section as a function of energy 
or knowledge of I’, for each resonance. In the first 
method, a well-resolved fission cross-section curve gives 
the total width T' and the quantity gI',l',’. Combining 
these fission results with those of the total cross-section 
measurements, then gives I, I’, 'y, and 'y. However, 
except for the very lowest resonances, where accurate 
measurements are available, it is not practical to 
determine I, or I'y this way when I’; is much larger 
than I',. For example, if 'y=5I',, the quantity I',/T 
must be known to an accuracy of better than 4% in 
order to get an accuracy of better than 20% in I). 
Since the ratio [',/I’ is computed from the quantity 
gl’, and gI’,I',/T’, it is necessary that each of these be 
known to at least three percent, which is very difficult 
because of the difficulty in obtaining highly accurate 
fission cross-section data. For resonances where I'y<TI,, 
however, the fission data are useful in determining 
I’, and Ty. In the present work, four resonances have 
been analyzed by this method and the data are 
presented in Sec. IV. 

The alternative method is to use an average I’, for 
all resonances where good fission data do not exist, 
since the radiation width is known'* to be almost the 
same from resonance to resonance in a single nuclide. 
This average value can be determined from a few very 
low-energy measurements where both the total and 
fission data are quite accurate, and from a few higher 
energy resonances that have little fission in them, i.e., 
I'y<I,. The individual values of I’, obtained in this 
manner agree well with one another. Their average is 
accurate to about 10% and agrees with what would be 
expected from the knowledge of the radiation widths of 
nearby nuclides. This average I’, is then used for all 
other resonances to determine the fission widths from 
the sum (I',+Iy) obtained from total cross-section 
measurements. This second method is followed in 
obtaining most of the I’y’s in the present paper, which 
gives the details of the transmission measurements 
and the analysis from which (I',+I,) is obtained 
(Sec. III), the determination of the average I’, from 
the best available fission cross-section measurements 
(Sec. IV), the computation of the fission widths (Sec. 
V), and a discussion of the results (Sec. VI). 
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Ill. FAST CHOPPER MEASUREMENTS 


During 1954 and 1955, the Brookhaven fast chopper” 
was used for extensive measurements of the total 
cross section of U™*. Because of the particular suitability 
of the fast chopper for total cross sections and the 
fact that much information on parameters can be 
obtained from total cross sections alone, no fission 
measurements were made with the fast chopper. 
The fast chopper, neutron detector, and timing equip- 
ment were used in essentially the same form as already 
described. The maximum resolution, as before, was 
0.07 ysec/m, attained only above 20 ev when the 
usual BF; detector was used. In the present work the 
energy region of maximum resolution was extended 
to the 10-ev to 20-ev region by use of a scintillation 
detector,“ in which the flight time is quite small 
compared to the other timing uncertainties. The 
scintillation detector was not used for the entire energy 
region because of a background counting rate higher 
than that of the BF; detector. In the energy region from 
2 ev to 10 ev the resolution was 0.2 usec/m. 

Enriched samples of uranium oxide and uranium 
metal were used for the various runs required to 
obtain the necessary data. The metal samples were 
enriched to greater than 90% U***, while the uranium 
in the oxide samples was 99.86% U*®. In general, metal 
foils were used for thin samples because of the difficulty 
of preparing oxide samples of accurate thickness; for 
thick samples, however, the advantage of the higher 
U* content of the oxide could be exploited. 

Transmission measurements were made from 1.5 ev 
to 60 ev using several different sample thicknesses 
appropriate for parameter analysis.2*> The resonances 
up to 35 ev only were analyzed for Breit-Wigner 
parameters, as the resolution was obviously insufficient 
to resolve all levels above this energy. A transmission 
curve for a moderately thick sample in the 8 to 20 ev 
region is shown in Fig. 1. This curve illustrates the 
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Fic. 1. The transmission as a function of time of flight at 
20 m for a 30-mil sample of U%* (n=3.38X10# atoms/cm?). 
The horizontal straight line is the base line from which the 
areas of the resonances are measured. The analysis of these 
and similar data by the method described in Fig. 3 is given in 
Table I. 


3 Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954). 

% Palevsky, Zimmerman, and Larsson, Rev. Sci. Instr. (to be 
published). 

2D. J. Hughes, J. Nuclear Energy 1, 237 (1955). 
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Fic. 2. The number of levels observed in U™* as a function of 
neutron energy. It is apparent from the dropping away of the 
number of levels from the straight line that levels have been 
missed above 20 ev. 


extremely close spacing of the resonances in U*® and 
the resultant difficulty encountered in obtaining 
accurate measurements of resonance parameters, partic- 
ularly for the very small resonances. In analyzing these 
data, it was almost always necessary to correct for the 
distorting effect of nearby levels in determining the 
area under a transmission dip due to a given resonance. 
In addition to the resonances observed at positive 
energies, the data below 5 ev gave definite evidence of 
the presence of a “tail” of negative energy resonances. 
This tail was taken into account in analyzing the 
resonances in this low-energy region. 

With such small level spacings, there is the possibility 
that small levels may be missed or that a transmission 
dip may not be due to a single resonance. One method of 
determining whether or not levels are being missed or 
not resolved is to run several sample thicknesses and 
observe the manner in which the area of the transmis- 
sion dips vary with thickness. Only if resonances are 
correctly identified will the areas vary in accord with 
the theoretical curves.?®> Another method for determin- 
ing where levels are starting to be missed is illustrated 
in Fig. 2. The dropping away of the observed number of 
levels below the straight line indicates that some levels 
are missed above 20 ev. The slope of the straight line 
corresponds to an observed level spacing of 0.65+0.05 
ev hence to a spacing of 1.30.1 ev for each of the two 
possible spin states on the assumption that there are 
the same number of levels in each spin state. 

The areas of the transmission dips were measured for 
all the resonances observed up to 35 ev and the Breit- 
Wigner parameters were computed by the methods 
already described.** This analysis was carried out with 
the aid of the analysis curves of Fig. 3, taken from 
reference 25, which represent a simplification over 
the curves used in earlier work.” Reasonably accurate 
thin and thick samples were available for ten of the 
resonances observed below 20 ev, making it possible 
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Fic. 3. Curves relating the measured area of transmission dips, A (ev), sample thickness m (atoms/cm*), and Doppler broadening A 
(ev) to the resonance parameters I and ao (peak height). The principle of the method of resonance analysis is that values of A, n, 


and A for two sample thicknesses are consistent with only a particular location on a single curve, and this location determines T and 
ao. Because the desired parameters appear combined with the measured quantities, the method involves successive approximations. 


to obtain gI’,, and I for these cases. The errors in the 
measured I’’s are rather large, due primarily to the fact 
that really thick samples could not be used because of 
overlapping in the wings of the resonances. 

In most of the cases studied here only thin sample 
data were available, due to the overlapping of reso- 
nances. Fortunately, it is possible to obtain the quantity 
gl’, for a resonance from thin sample data alone, with no 
knowledge of I’, since the area of a thin sample trans- 
mission dip gives ool’ directly (with oo the peak height 
of the total cross section) and this product is propor- 
tional to gI’,. If the sample is of intermediate thickness 
there is a slight dependence of the measured gl’, 
upon IT’. For those cases in which I could not be 
measured directly, an average I of 0.10.02 ev was 
used to obtain gl’, from the experimental data. In all 
cases the error in gl’, due to lack of knowledge of T was 
much less than that due to the error in A. 

Table I summarizes the results for the resonances up 
to 35 ev and lists the pertinent experimental data used 
to obtain the parameters. In this table the statistical 
weight factor, g, is assumed to be 3, (I=7/2 for U™*), 


and the “reduced width” is computed from the relation 
T,°=T,,/\/Eo. The parameters of the 0.29- and 1.13-ev 
resonances are discussed in Sec. IV. The reduced 
neutron widths of the resonances vary over a very 
wide range (approximately a factor of 400 in the energy 
region below 20 ev, where we have concluded from 
Fig. 2 that all the resonances have been resolved). 
The average value of 2gI’,° for the levels below 20 ev 
is 0.09+0.02 mv. This value of 2gT,° is very small 
compared to the values found for most nuclei,” as 
would be expected from the small level spacing. 

In order to study the distribution of reduced widths, 
the integral of the number of levels versus width is 
plotted in Fig. 4. An exponential distribution having 
the same average value as the reduced widths is 
represented by the straight line of Fig. 4. The distribu- 
tion of reduced neutron widths has a shape similar to 
that for other nuclides," but deviates from an expo- 
nential distribution considerably more than other 
nuclides studied. 

Thef,°/D ratio or “strength function,” of importance 
to nuclear structure theory, is obtained from Fig. 5, 
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TABLE I, Resonance parameters of U™5. The results for the levels where no I’’s are listed 
are based on an average I of 100+20 mv. (1 mv=10™ ey.) 


Reduced 
Weighted I, width I",° 
(mv) (mv) 


0.0037 +0.0001 0.0069-40.0002 








Sample thickness 
Eo A n X1072! 
(ev) (ev) (atom/cm?*) 


Area (% error) 
(ev) 


I'n (% error) 
(mv) 
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0.290+0.005 
1.130.01 
2.04+0.03 


2.82+0.05 
3.14+0.02 


3.61+0.02 
4.84+0.02 
5.45+0.10 
5.830.10 
6.12+0.10 
6.40+0.05 
7.10+0.05 
8.82+0.07 
9.3+0.1 
9.8+0.1 
10.2+0.1 
10.6+0.1 
11.1+0.1 
11.7+0.1 


12.4+0.1 


13.4+0.1 
13.8+0.1 
14.1+0.1 
14.6+0.2 


15.5+0.2 
16.1+0.2 
16.8+0.2 
18.1+0.2 


18.7+0.2 
19.3+0.2 


20.6+0.2 
21.1+0.2 
22.1+0.3 
22.9+0.3 


23.5+0.3 


24.4+0.3 
25.3+0.3 
25.8+0.3 
26.5+0.3 
27.30.3 
27.9+0.3 
30.7+0.4 
31.1+0.4 
32.1+0.4 
33.6+0.4 
34.6+0.5 
35.340.5 


0.030 


0.035 
0.037 


0.040 
0.046 
0.049 
0.051 
0.052 
0.053 
0.056 
0.062 
0.064 
0.066 
0.067 
0.068 
0.070 
0.072 


0.074 


0.077 
0.078 
0.079 
0.080 


0.082 
0.084 
0.086 
0.089 


0.091 
0.092 


0.095 
0.096 
0.098 
0.100 


0.102 


0.104 
0.105 
0.106 
0.108 
0.109 
0.111 
0.116 
0.117 
0.119 
0.121 
0.123 
0.124 
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0.021 (5) 
0.043 (15) 
0.063 (10) 
0.13 (10) 
0.014 (25) 
0.021 (15) 
0.051 (5) 
0.11 (10) 
0.087 (5) 
0.16 (8) 
0.016 (15) 
0.035 (15) 
0.12 (10) 
0.056 (20) 
0.040 (20) 
0.063 (15) 
0.062 (10) 
0.310 (5) 
0.018 (30) 
0.17 (10) 
0.16 (10) 
0.31 (10) 
0.43 (5) 
0.075 (15) 
0.019 (20) 
0.036 (15) 
0.046 (15) 
0.084 (10) 
0.029 (20) 
0.038 (15) 
0.026 (20) 
0.062 (15) 
0.081 (7) 
0.24 (10) 
0.35 (10) 
0.128 (8) 
0.37 (5) 
0.49 (5) 
0.04 (40) 
0.08 (40) 
0.070 (20) 
0.13 (20) 
0.083 (15) 
0.17 (15) 
0.074 (10) 
0.14 (10) 
0.11 (8) 
0.11 (10) 
0.10 (10) 
0.032 (25) 
0.15 
0.022 
0.079 
0.18 
0.55 
0.78 
0.19 
0.37 
0.057 
0.15 
0.34 
0.30 
0.61 
0.11 
0.093 
0.075 
0.11 
0.025 
0.16 
0.087 
0.088 
0.20 
0.31 
0.47 
0.62 


0.0066 (7) 
0.0065 (18) 
0.0070 (13) 
0.0070 (17) 
0.0026 (25) 
0.029 (16) 
0.025 (6) 
0.030 (11) 
0.054 (7) 
0.053 
0.055 
0.053 
0.055 
0.022 
0.016 
0.027 
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0.0146+0.0006 
0.0066-+0.0003 


0.0026-+0.0007 
0.028--0.002 


0.053+0.003 
0.054-0.005 
0.022 +0.004 
0.016+0.003 
0.027 +0.004 
0.30+0.03 
0.11+0.02 
1.30.1 
0.11+0.02 
0.025+0.004 
0.065+0.008 
0.033=-0.007 
0.045 0.007 


0.79+0.08 


1.4+0.1 


0.08+0.02 
0.15+0.03 
0.20+0.03 
0.17+0.02 


0.27+0.03 
0.29+0.04 
0.29+0.04 
0.46+0.07 


0.20-++0.06 
3.2+0.3 


0.36+0.11 
0.9+0.3 

0.09+0.02 
0.65+0.08 


1.8+0.2 


0.44+0.06 
0.38+0.07 
0.31+0.06 
0.49+0.09 
0.11+0.04 
0.78+0.11 
0.44+0.07 
0.45+0.08 
1.2+0.2 
2.2+0.4 
4.5+0.9 
7.7415 


0.0138-+0.0006 
0.0046+0.0002 


0.0015--0.0004 
0.016+0.001 


0.028 0.002 
0.0250.002 
0.009+0.002 
0.0066+0.001 
0.011+0.002 
0.119+0.012 
0.041 =+0.006 
0.430.04 
0.036-+0.007 
0.008+0.001 
0.020+0.002 
0.010+0.002 
0.014-+0.002 
0.23+0.02 


0.39+0.04 


0.021+0.006 
0.040-+0.008 
0.053=0.008 
0.044-+0.004 


0.069 +-0.008 
0.07+0.01 
0.07+0.01 
0.110.02 


0.046-+0.014 
0.73+0.07 


0.08+-0.02 
0.20+0.06 
0.019+0.005 
0.14+0.02 


0.37+0.04 


0.09+0.01 
0.076+0.014 
0.06+0.01 
0.097 +0.017 
0.021 0.008 
0.15+0.02 
0.079+0.012 
0.081+0.014 
0.20+0.03 
0.380.08 
0.76+0.15 
1.30.3 


142+7 
4345 


150+40 


80+20 
46+20 
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Fic. 4. The distribution of reduced neutron widths I’,° of the 
first 30 levels in U**. The number of resonances with widths 
exceeding a particular value is plotted against this value. The 
straight line represents an exponential distribution with an 
average I’,” of 0.09 mv, which is the arithmetic average of the 
30 widths. 


which is a plot of the sum of the reduced neutron widths 
versus energy. The slope of the straight line gives a 
value for the ratio [,°/D of (0.940.2)X10~. This 
value is in agreement with measurements on other 
nuclei in this region of atomic weight but considerably 
greater than that predicted by the cloudy crystal 
ball model.** Although the level spacing is obtained 
from the levels below 20 ev only, a wider energy range 
can be used to determine [,°/D. The wider usable 
energy range results from the fact that this ratio is 
simply the sum of gl’, for all the resonances in a 
certain energy range, divided by the range. Thus, if 
small resonances are missed above 20 ev, they have a 
very small effect on the sum, hence on [,°/D. Also, 
for thin samples, if a transmission dip is really a 
combination of two unresolved resonances, the value 
of gI’,° computed in the analysis is just the sum of the 
two individual values of gT’,”. 

All of the results presented in the present section are 
obtained from the total cross section alone. In order to 
separate the total width into radiation and fission, 
however, it is necessary to determine the average I’). 
This determination, which involved the fission as well 
as the total cross section, will be made in the next 
section. 


IV. DETERMINATION OF THE AVERAGE 
RADIATION WIDTH 


As explained in Sec. II, the radiation widths of 
resonances can be obtained by analyzing both the total 


6 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
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and fission cross-section data for those few cases in 
which precise measurements are available. For U***, 
the data for four resonances are sufficiently accurate to 
permit determination of the radiation widths to an 
accuracy of about 20%. The fission data on other 
resonances have not been obtained with sufficiently 
high resolution to determine radiation widths to better 
than about 40%. The four resonances for which careful 
analysis is possible are those at 0.29, 1.13, 2.04, and 
4.84 ev. In the present paper we shall analyze the best 
world data as summarized by Harvey and Sanders" 
in order to derive values for I',. The 0.29- and 1.13-ev 
resonances are quite broad (I'~0.14 ev), and it is only 
because the data on both the total and fission cross 
sections are accurate to a few percent that values for 
I’, can be obtained. 

Figure 6 is a plot of the absorption (radiative capture 
plus fission) cross section of U*® multiplied by /£, 
taken from reference 14. The data are plotted as 
OabsX/ E rather than o,», to eliminate the approximate 
1/v nature of absorption cross sections at low energy. 
The points are obtained from the best United States, 
United Kingdom, and Union of Soviet Socialist 
Republics results by subtracting the appropriate 
scattering cross section. From this figure it is obvious 
that there are well-resolved levels at 0.29 and 1.13 ev, 
and that these resonances are superimposed on a 
“tail” of negative-energy resonances, whose contribu- 
tion to gaps does not follow a 1/v law in the thermal 
energy region. It has already been pointed out in 
Sec. III that evidence for a tail of negative-energy 
resonances had been obtained from the total cross- 
section measurements below 5 ev. The fission cross 
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Fic. 5. The integrated reduced neutron with as a function of 
neutron energy, which is used to get the strength function f,°/D. 
The energy interval is here extended to —2 ev to include the 
strong negative level at —1.4 ev (reference 14). 
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section in this low-energy region, multiplied by /£Z, 
is shown in Fig. 7. This cross section is quite similar in 
shape to the absorption cross section but is some 20 
percent lower. A complete discussion of the fit to this 
low-energy region, including negative-energy resonances, 
both with and without interference in the fission cross 
section, is given in reference 14. 

In order to determine the parameters for the 0.29- 
and 1.13-ev resonances, it is necessary to establish 
the contribution from the tails of the negative energy 
resonances. This was done by computing the shape of 
the 0.29-ev resonance from 0 to 0.15 ev and from 0.45 
to 0.60 ev by use of approximate parameters and 
subtracting from the observed curve to obtain the 
background cross section. The background cross 
section directly under the resonance (0.15 to 0.45 ev) 
was obtained by joining the computed sections with a 
simple curve, approximately a straight line. Similarly, 
the contribution of the 1.13-ev resonance from 0.7 to 
0.9 ev and 1.3 to 1.5 ev was computed and subtracted 
from the observed curve to obtain the background 
cross section under this resonance. 

The original absorption curve, after subtraction of 
the background cross section, was then analyzed by 
using the “shape’”’ method of analysis.” The corrected 
fission curve was constructed in the same manner and 
the quantities gI’, and gI',I';/[. computed from the 
areas under the resonances after applying a “wing” 
correction. For the 0.29-ev resonance, the values 
obtained for I and gl’, from the absorption curve are 
0.137+0.005 ev and (1.87+0.06)10-* ev. From the 
fission curve the values for I and gI’,I’,/T' are 0.141 
+0.010 ev and (1.33+-0.07)X10~® ev. For the 1.13-ev 
resonance, ihe values for ' and gl’, are 0.142+0.008 
ev and (7.3+0.3)10~* ev from the absorption curve, 
and the values for l and gI’,I';/I’ are 0.140+0.015 ev 
and (5.5+0.3)X10-* ev from the fission curve. 
Combination of these results for the 0.29-ev resonance 
gives a value for I’, of 0.039+-0.006 ev and for Ty of 
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Fic. 6. A plot of ore +/E for U™* from 
0 to 1.9 ev (reference 14). 
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Fic. 7. A plot of orX+/E for U* from 0 to 1.9 ev (reference 14). 


0.098+0.007 ev. The results for the 1.13-ev resonance 
give ',=0.035+0.008 ev and ';=0.107+0.010 ev. 

The two other levels from which good values for 
I’, can be obtained are the 2.04- and 4.84-ev resonances, 
for both of which the fission width is considerably 
smaller than the radiation width. The fission cross- 
section data from the review by Egelstaff and Hughes'® 
were used to get values of gI’,I';/T’ for both resonances, 
and the total cross-section data of Sec. III were used 
to compute I’ and gl’, for the 2.04-ev resonance. The 
values of gI',, and I’ for the 4.84-ev level are a result of 
a re-evaluation by Sailor of previously published® 
results obtained with the Brookhaven crystal spectrom- 
eter. For the 2.04-ev resonance, the quantity gI',I’,/T 
is (0.89+-0.18) X 10~* ev from the fission cross section, 
and gl’, and Tl are (3.30+0.15)10-* ev and (0.043 
+0.005) ev from the total cross section. For the 
4.84-ev resonance, gl’,I';/l’ is (3.5+1.7)X10-*, from 
the fission data, and gl’, and I’ are (26+3)X10-* ev 
and (0.029+-0.01) ev from the total cross section. 

The quantities just listed for the 2.04-ev resonance 
lead to values for I, and I'y of (0.031+0.005) ev and 
(0.012+0.003) ev, respectively. Similarly, for the 
4.84-ev resonance we obtain I',=0.025+0.009 ev and 
I'y=0.004+0.0025 ev. These two radiation widths 
and those of the two lower energy resonances already 
considered (0.040+0.006 and 0.037+0.008 ev) are 
all consistent with a single value for I',. The weighted 
average I’, for the four resonances is (0.035+-0.004) ev. 


V. FISSION WIDTHS 


In order to obtain fission widths for as many levels 
as possible, the average I’, given in the preceding 
section (based on four levels) can now be applied to 
the analysis of further levels, assuming this value 
to be constant from resonance to resonance. Evidence 
from nonfissionable isotopes has shown!* that the 
variation of I’, from level to level is small and hence 
the use of the I’, obtained from those few levels that 
have been completely analyzed can hardly be subject 
to much uncertainty. 

The fission widths of the 0.29-, 1.13-, 2.04-, and 
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TaBLE II. Fission widths for twelve resonances in U**, 








Eo(ev) 


6.40+0.05 
7.10+0.05 
8.82+0.07 
11.7+0.1 
45+24 12.4+0.1 
442.5 19.30.2 


Average 'y=50+15 mv 


r'y(mv) 


18+14 
21419 
59+19 

6+19 
25419 
82424 


Eo(ev) 


0.29+0.005 
1.13+0.01 
2.04+0.3 
3.14+0.02 
3.61+0.02 
4.84+.0.02 


I'y(mv) 


98+7 
107+10 

12+3 
115444 








4.84-ev resonances were derived in Sec. IV from the 
total and fission cross-section data. The fission width 
of each of the other levels was obtained from the 
results described in Sec. III by subtracting 2gT, and 
the average I’, from the total width, thus giving a 
fission width from the total cross section and the average 
I, alone. The resulting fission widths are listed in 
Table II for the 12 levels for which total widths have 
been measured. 

At first sight the present method might seem to give 
a distinct bias to the distribution of fission widths 
obtained, because of the possibility that only large 
fission widths would be observed, the levels of small 
fission width being missed experimentally. Such an 
effect is a definite possibility in the experimental 
determination of the size distribution of neutron 
widths. However, the fact that fission widths are 
shown for only certain levels in Table II is not a matter 
of the magnitude of the fission widths, but almost 
completely of the neutron widths, for it is I’, that 
determines the strength of a level, and hence the 
probability that it can be analyzed. The peak height 
of a level is proportional to gI’,/I and, as the total 
width does not vary greatly from level to level compared 
to the variation in I’, it is the latter that determines 
the size of a level, and whether the level can be analyzed. 
This procedure would introduce a bias in the distribu- 
tion only if there is a correlation between the size of 
fission widths and of neutron widths but examination 
of the results indicates no such correlation. 

The distribution in size of the fission widths is 
plotted semilogarithmically in Fig. 8. Even though 
the number of levels is not great, it is immediately 
obvious that the fission widths in their wide distribution 
of sizes resemble the neutron widths much more than 
the radiation widths. Relative to the neutron width 
distribution, there is an additional uncertainty in the 
fission case, because of the error in the average I’). 

By making use of an average I’,, fission widths can 
also be obtained from the ratio i+a (where a=I’,/T'y) 
deduced from neutron yield experiments. The neutron 
yield work gives the value of n=v/(1+<a) relative to 
thermal, where v is the average number of neutrons 
emitted per fission. v is believed to be constant in the 
resonance energy region. The approach to fission 
width measurements followed in this paper, however, 
is undoubtedly preferable in the case of U™®, since this 
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method takes full advantage of the high resolution 
available in total cross-section measurements. 


VI. DISCUSSION 


It is useful to recall what was expected ona theoretical 
basis about fission before detailed results of resonance 
analysis were available. About the time that fission 
was first being discussed theoretically? the extreme 
compound nucleus model of nuclear reactions was 
the basis of the development. It was expected that 
fission would take place in a compound nucleus much 
faster than gamma emission, and hence that the 
fission width would be much larger than the radiation 
width. As a result, it was something of a surprise when 
it was discovered that the fission width was of the same 
order of magnitude as the radiation width, that is, that 
radiation could effectively compete with fission. 
According to the early theoretical views, it was also 
thought that the fission width would be about the same 
from neutron resonance to resonance. Experiments*® 
performed at Los Alamos during the war, however, 
showed not only that radiation could compete with 
fission but that the ratio of radiation to fission, usually 
denoted a, varied markedly from level to level. 

The experimental results of the present paper give 
sufficient detail about neutron widths and _ fission 
widths to allow a reasonably detailed comparison with 
theoretical predictions. Fortunately there has been 
sufficient work'*" on radiation widths for many 
nonfissionable nuclei so that the general properties of 
radiation from the highly excited states formed by neu- 
tron capture are well known. The radiation widths for 
various levels of a single nucleus are remarkably con- 
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distribution of Fig. 4. 
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stant from level to level, the differences being only of 
the order of magnitude of experimental error (there may 
be a small difference in radiation width for levels of 
different spin, however).!” 

The constancy of radiation width from level to level 
is not surprising when considered in the light of the 
usual interpretation of gamma emission. At excitation 
energies in the region corresponding to neutron binding 
the level density is large enough so that many levels are 
available as final states for gamma emission, probably 
of the order of hundreds of states. With so many 
final states available, the most rapid type of emission, 
electric dipole, will almost certainly take place and the 
observed I, will be the sum over the partial radiation 
widths to the individual final states. Because of this 
averaging over hundreds of final states or exit channels, 
it is not at all surprising that the observed radiation 
width is so nearly constant for each level. The existence 
of many exit channels of course implies that the cross 
section will not be coherent, that is, that the contribu- 
tions from different resonance levels at a given point in 
the cross-section curve will add incoherently. In other 
words, for neutron capture the cross sections will 
add rather than their amplitudes. 

The observations on neutron widths for many 
nuclides, on the other hand, show that within a single 
nuclide the neutron widths of various levels differ 
by extremely large factors. In contrast to the radiation 
width, this large spread in magnitude is associated with 
the unique nature of the neutron emission in each 
level, with only one final state being available, and as 
a result only a single exit channel existing for the 
reaction. Because of the single channel, for neutron 
emission, the scattering cross section is a coherent 
process and its value at a given point is made up of 
coherently added contributions from various levels. 
Here again, as for the radiation widths, the observed 
behavior of the widths is consistent with what is 
expected theoretically, for in the case of neutron 
emission a single final state is implied for energetic 
reasons in contrast to the many final states for emission 
of radiation. 

For fission the expectation had been that the process 
more closely resembled radiation than neutron emission, 
the reason being that the presence of many possible 
fission products was similar to the many possible 
final states in radiation rather than the single final 
state possible in elastic scattering. However, it is 
obvious that the fission width distribution of Fig. 8 
resembles much more closely the typical neutron width 
distribution than the single value typical of radiation 
emission. Judging from the distributions of widths only, 
it would be concluded that fission is much more nearly 
like neutron emission than radiation. 

Before turning to the question of the manner in 
which fission can be considered a unique process 
rather than an averaging over many final states, it is 
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well to consider how closely the fission width distribu- 
tion resembles that of the neutron widths. The neutron 
width distribution reported by Hughes and Harvey'® 
for a number of nonfissionable nuclides has been 
discussed in detail by Thomas and Porter.” A particular 
neutron width distribution suggested by Thomas and 
and Porter seems to fit the experimental distribution of 
Hughes and Harvey somewhat better than the simple 
exponential first used as a fit to the data by Hughes and 
Harvey. This Thomas-Porter distribution is appropriate 
to the widths for a process in which only one exit channel 
(one degree of freedom in their notation) is possible, 
such as is true for the neutron widths corresponding to 
elastic scattering. 

At the other extreme, a process in which several 
hundred exit channels are possible gives a distribution 
in which only a single width is found as for radiation 
widths. The fission width distribution found in the 
present work is actually slightly concave downward, 
indicating a slight tendency toward the gamma-ray 
distribution and leading one to expect a small number 
of exit channels rather than a single channel. A complete 
analysis of the observed fission widths of the present 
paper has been carried out by Thomas,” who finds that 
the most likely number of channels is 4+1. It is 
certainly true that the number of channels in fission is 
small but the present data are not sufficiently accurate 
to fix the number of exit channels with high precision. 

Another way of getting at the number of exit channels 
in fission is by use of a relation given by Wheeler,”* 


['p/D= N/2rn, 


where NV is the “number of levels available to the 
nucleus in its critical state,” i.e., the number of exit 
channels. If the numbers found in the present work 
are substituted into this relationship, it is found that 
a value of V =0.24 is obtained. While the quantitative 
accuracy of the above relation is probably not to be 
taken too seriously, the result of this relationship 
certainly seems to be that the number of exit channels 
is extremely small. 

It should be possible to get more information on the 
nature of the fission process, in particular the number 
of exit channels involved, by means of other experiments. 
In general, if fission were a process that is an average 
over many exit channels in the normal sense, then it 
would be expected that particular properties of fission, 
such as the fission product mass distribution, the 
number of neutrons per fission, or the number of delayed 
neutrons, for example, would be the same in each 
neutron resonance. 

Some evidence is available on the fission mass 
distribution and the delayed neutron yield as functions 
of neutron energy but both these quantities seem to 


27 R. G. Thomas (private communication). 

*8 J. A. Wheeler, Proceedings of International Conference on the 
Peaceful Uses of Atomic Energy (United Nations, New York, 
1956), Vol. 2, p. 155. 
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show no variation with neutron energy, implying that 
they are the same for each energy level. Recent accurate 
measurements of y, the number of fission neutrons per 
neutron absorbed, have been made for several fissionable 
isotopes. These measuremenis” show large changes in 
n with energy, but of course this variation is simply a 
matter of the different values of I'r from level to level. 
The 7 results combined with fission cross-section 
measurements seemed for a time to indicate that v 
changed with energy in the thermal region for plu- 
tonium, but recent direction measurements®—* of v 
show that it is constant from level to level. Another 
conclusion to be drawn from the small number of 
channels in fission that could be checked experimentally 
is the coherence between fission from level to level that 
should be present if the number of exit channels is 
extremely small. Unfortunately the interference effects 
are extremely difficult to detect. Whereas initial 
measurements® seemed to show the definite occurrence 
of interference, at the present time the situation is not 
at all clear. 

The fundamental theoretical problem that arises in 
connection with the experimental results is the explana- 
tion of the very small number of exit channels in fission 
In spite of the large number of fission products that 
are formed at each level. The entire fission product 
mass distribution is formed in each neutron resonance 
level ; yet in spite of this large number of final products, 
the number of exit channels is certainly extremely 
small. The recent theories of fission of Wheeler®* and 


* The » measurements reported by various countries at Geneva 
in August 1955 are reviewed by J. A. Harvey and J. E. Sanders 
(reference 14). 

*® Auclair, Landon, and Jacob, Compt. rend. 241, 1935 (1955). 

*! Leonard, Seppi, and Friesen, Bull. Am. Phys. Soc. Ser. II, 1, 
8 (1956). 

# Bollinger, Coté, Hubert, LeBlanc, and Thomas, Bull. Am. 
Phys. Soc. Ser. II, 1, 165 (1956). 

% Kalashinikov, Tebedev, Mikallyan, and Pevzner (private 
communication). 

* Palevsky, Hughes, Zimmerman, and Eisberg, J. Nuclear 
Energy (to be published). 

%V. L. Sailor, Proceedings of International Conference on 
Peaceful Uses of Atomic Energy (United Nations, New York, 
1956), Vol. 4, p. 199. 
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Bohr* picture the process as one that is much simpler 
than had been envisaged in the past. Instead of a 
highly excited nuclear state, these new theories depict 
the fission process as one in which the nuleus has a very 
simple excitation, one that can be described by a very 
small number of quantum numbers. Corresponding to 
this simple excitation there are only a very few exit 
channels, and in some way it is only after these exit 
channels are passed that the formation of the hundreds 
of different fission products take place. 

Related to the simplicity of the nuclear excitation, 
current fission theories predict that the properties of 
fission should depend strongly on the spin of the 
compound nucleus. Thus if slow neutrons are above the 
fission threshold for both spin states, there should be 
two types of levels involved. If thermal neutrons are 
above threshold for only one spin state, however, all 
the observed levels should have the same spin. From the 
results of the present paper there seems to be no 
evidence for two types of levels occurring in fission, all 
the parameters apparently being members of one smooth 
distribution. The other possibility that only one spin 
state is present cannot, unfortunately, be checked at the 
present time. Spin determinations of the various 
levels can be made if the scattering cross section of the 
resonances can be measured, but this is very difficult in 
U™® because of the small value of I’, and hence the 
small peak height of the scattering resonances. Another 
possibility is that the levels of one spin state might 
have such large fission widths that they lead to a 
constant background in the fission cross section. Some 
such background fission cross section has been observed 
especially in plutonium, but its magnitude is much too 
low to be ascribed to the other spin state. 

While direct measurements on a number of 
interesting predictions of the current fission theories 
cannot, unfortunately, be made at the present time 
because of experimental difficulties, the rapid accumula- 
tion of data of various types will certainly prove to be 
very useful in checking the accuracy of the recent 
theories. 

3% A. Bohr, Proceedings of International Conference on Peaceful 
Uses of Atomic Energy (United Nations, New York, 1956), 
Vol. 2, p. 151. 
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A self-contained and largely new description is given of 
Brueckner’s method for studying the nucleus as a system of 
strongly interacting particles. The aim is to develop a method 
which is applicable to a nucleus of finite size and to present the 
theory in sufficient detail that there are no ambiguities of inter- 
pretation and the nature of the approximations required for 
actual computation is clear. 

It is shown how to construct a model of the nucleus in which 
each nucleon moves in a self-consistent potential matrix of the 
form (r’| V|r) (Sec. II). The potential is obtained by calculating 
the reaction matrix for two nucleons in the nucleus from scat- 
tering theory. Some complications arise in the definition of the 
energy levels of excited nucleons (Sec. III). The actual wave 
function is obtained from the model wave function by an operator 
which takes into account multiple scattering of the nucleons by 
each other (Sec. IV). 

The method of Brueckner is a vast improvement over the 
normal Hartree-Fock method since, in calculating the self- 
consistent potential acting on an individual particle in the model, 
account is already taken of the correlations between pairs of 
nucleons which arise from the strong internucleon forces (Sec. V). 
Although the actual wave function is derivable from a wave 
function which corresponds essentially to the shell model, the 
probability of finding a large nucleus of mass number A “actually” 
in its shell model state is small (of order e~*4, where a is a con- 


stant) (Sec. VI). The influence of spin is investigated (Sec. VIII). 
In the case of an infinite nucleus, an integral equation is obtained 
for the reaction matrix, just as in the theory of Brueckner and 
Levinson (Sec. IX). 

The exclusion principle must be applied in intermediate states 
in solving the integral equation for the reaction matrix. This 
makes an enormous difference for the solution. When the exclusion 
principle is used, the scattering matrix is very nearly given by the 
Born approximation, for any well-behaved potential (Sec. X). 
Numerical results are given for the case when nucleons interact 
only in S states, an assumption which leads to saturation without 
a repulsive core. The agreement with observation is fair to poor, 
owing to the poor assumption for the interaction (Sec. XI). 
Brueckner’s result that three-particle clusters give a small con- 
tribution to the energy is confirmed, although the numerical value 
is many times his result; the calculation is then extended to the 
case of a repulsive core (Sec. XII). The dependence of the 
binding energy on the mass number A is investigated for satu- 
rating and nonsaturating interactions (Sec. XIII). Terms of 
relative order 1/A are calculated, and it is shown that these terms 
are much smaller than Brueckner and Levinson found, making 
the method also applicable to relatively small nuclei (Sec. XIV). 
Some aspects of the problem of the finite nucleus are discussed, 
including that of degeneracy (Sec. XVI). 





I. INTRODUCTION 


EARLY everybody in nuclear physics has mar- 
velled at the success of the shell model. We shall 
use the expression “shell model” in its most general 
sense, namely as a scheme in which each nucleon is 
given its individual quantum state, and the nucleus as 
a whole is described by a “configuration,” i.e., by a set 
of quantum numbers for the individual nucleons. For 
instance, the collective model would be included in this 
definition of the shell model, the only differences being 
that the potential in which the individual nucleons 
move is not spherically symmetric but ellipsoidal, and 
that the emphasis is on different phenomena. 

The shell model, defined in this wider sense, has had 
many triumphs in explaining the positions and proper- 
ties of states of the nucleus.’ In addition, Feshbach, 
Porter, and Weisskopf? have shown that the funda- 
mental concept of quantum states of individual nucleons 
continues to have good meaning even for free neutrons 
of moderate energy interacting with the nucleus. 

While the success of the model has thus been beyond 
question for many years, a theoretical basis for it has 
been lacking. Indeed, it is well established that the 


* Supported in part by the joint program of the U. S. Atomic 
Energy Commission and the Office of Naval Research. : 

+t Permanent address: Newman Laboratory of Nuclear Studies, 
Cornell University, Ithaca, New York. 

1M. G. Mayer and J. H. D. Jensen, Elementary Theory of the 
Nuclear Shell Model (John Wiley and Sons, Inc., New York, 1955). 

2 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


forces between two nucleons are of short range, and of 
very great strength, and possess exchange character 
and probably repulsive cores. It has been very difficult 
to see how such forces could lead to any over-all poten- 
tial and thus to well-defined states for the individual 
nucleons. 

In view of this paradox, it has often been suggested 
to abandon the idea of interaction of nucleons in pairs 
inside the nucleus, and toassume instead that nucleons in 
large aggregates act “collectively” by creating an over- 
all, smoothly varying potential. In particular, it has been 
suggested** that there be a general “meson potential” 
in the nucleus, with high meson density and relatively 
little variation of the potential from point to point. 
Such an assumption is again very difficult to reconcile 
with known facts about mesons: From the analysis® of 
the scattering of mesons of moderate energy (a few 
hundred Mev), it follows that the coupling of mesons 
with nucleons is rather weak at distances of the order 
of h/uc=1.4X10-* cm. Indeed, the coupling at these 
distances is essentially proportional to the pseudovector 
coupling constant /?, which, according to the analysis® 
of meson scattering, has a value of only about 0.08. 
The pseudoscalar coupling constant g?= (2Mf/u)?~ 14 
becomes important only for phenomena which involve 
a transfer of momentum of the order of Mc, and hence 


3M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 
‘L. I. Schiff, Phys. Rev. 84, 1, 10 (1951) ; 86, 856 (1952). 
5 G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
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at distances of the order of the proton Compton wave- 
length %/Mc. Only at such very small distances from a 
nucleon will the meson density become high. It is 
difficult to see how this should lead to a meson potential 
smooth in space inside the nucleus, or how nonlinear 
terms in the meson field could be important at an 
average position in the nucleus—of course, they will be 
very important in the immediate neighborhood of each 
nucleon. Thus one is automatically led back to the 
same difficulties which occur when two-body forces 
between the nucleons are assumed. 

But even apart from the specific idea of the meson 
potential, there are strong arguments to show that the 
two-body forces continue to exist inside a complex 
nucleus and are not replaced by a general smooth 
potential.* These arguments have recently been sum- 
marized by Brueckner, Eden, and Francis.’ The point 
is that there is abundant evidence that the nuclear 
wave function contains very strong components of high 
momentum which manifest themselves in such processes 
as the capture of x mesons and the photoelectric effect 
caused by high-energy (>100 Mev) y rays. In both 
these cases, a large amount of energy without much 
momentum is given to the nucleus. In order for a 
nucleon to absorb this energy, and at the same time to 
conserve momentum, the nucleon must have had a 
large momentum before it absorbed the 7 meson or the 
y ray; i.e., the wave function of the nucleus in its 
normal state must contain components corresponding 
to large momenta of an individual nucleon. Another 
process in which these components manifest them- 
selves is the “pickup process” in which an incoming 
proton of high speed picks up a neutron from inside the 
nucleus to form a deuteron: in order to be “picked up,” 
the neutron must have had a large momentum in the 
nucleus. Perhaps the best way of measuring the 
momentum distribution in the nucleus is to study the 
energy distribution of protons scattered “quasi-elas- 
tically” by a nucleon in the nucleus; this again shows 
large components at high momentum. All these proc- 
esses show that the “potential” is fluctuating violently 
from point to point in the nucleus, which is com- 
patible with the assumption that two-body forces con- 
tinue to act inside the nucleus without much modi- 
fication. 

Similar difficulties exist in understanding the success 
of the “cloudy crystal ball” model. It is true that Lane 
and Wandel® could explain that the imaginary part of 
the potential between nucleon and nucleus is very 
small, but only by essentially assuming the validity of 
the shell model. On the other hand, Lane, Thomas, and 
Wigner,’ using orthodox methods of quantum mechanics 
and some seemingly plausible assumptions, obtained 


6 See, e.g., J. Heidmann, Phys. Rev. 80, 171 (1950); J. S. 
Levinger, Phys. Rev. 84, 43 (1951). 

7 Brueckner, Eden, and Francis, Phys. Rev. 98, 1445 (1955). 

8 A. M. Lane and C. F. Wandel, Phys. Rev. 98, 1524 (1955). 

® Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955). 
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values for this imaginary part which were about 20 
times too large. This large result had always been 
assumed correct before the war, leading to the hypoth- 
esis of a “black” nucleus. 

Brueckner has developed a powerful mathematical 
method which for the first time promises to resolve this 
paradox. In a series of papers with his collaborators, he 
finds that one can calculate the nuclear energy levels 
using a self-consistent field method, even though the 
forces are of short range. Furthermore, the nuclear 
wave function retains the strong high-momentum 
components which are indicated by experiment.” 

The general method has been developed by Brueckner 
and Levinson,” on the basis of the theory of multiple 
scattering of Watson." The theory was evaluated for 
a square-well interaction between nucleons by Brueck- 
ner”; one of his main results was that the nucleons 
appear to have an effective mass of only about one-half 
their actual mass; this point will be discussed in Secs. 
X and XI. Brueckner’s calculation” essentially replaced 
two earlier papers in which a more special assumption 
was made about the interaction between two nucleons, 
namely that it was the particular potential derived from 
meson theory by Brueckner and Watson." The newer 
approach,” in which the nuclear interaction is required 
only to be in accord with the known facts on two- 
nucleon scattering and is otherwise left arbitrary, is 
more satisfactory than the older one, in which the 
problem of deriving two-body nuclear interactions from 
meson theory gets mixed up with the entirely separate 
problem of deriving nuclear structure from a given 
two-body interaction. 

In a further paper,!® Brueckner finds that for a very 
large nucleus, the corrections to the self-consistent field 
approximation are exceedingly small, of the order of 
1 part in 1000 of the energy. These corrections arise 
only from intermediate states in which three (or more) 
particles are successively excited. In the same paper, 
Brueckner develops a greatly improved scheme for 
perturbation theory, the “linked cluster expansion.” 
Other corrections” are of relative order 1/A, where A 
is the number of particles in the nucleus (see also 
Sec. XIV). Further papers have been concerned with 
applications'® of the theory and with a different pre- 
sentation of the method.!” 

In spite of its apparent great accomplishments, the 


1K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955). This paper will be quoted as BL. 

1K. M. Watson, Phys. Rev. 89, 575 (1953); also N. C. Francis 
and K. M. Watson, Phys. Rev. 92, 291 (1953). 

12K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 

18 Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954); K. A. Brueckner, Phys. Rev. 96, 508 (1954). 
( 4K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
1953). 

18K. A. Brueckner, Phys. Rev. 100, 36 (1955). This paper will 
be quoted as BC. 

16 For example, Brueckner, Eden, and Francis, Phys. Rev. 99, 
76 (1955); 100, 891 (1955). 

17R. J. Eden and N. C. Francis, Phys. Rev. 97, 1366 (1955). 
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theory of Brueckner e/ al. has not been readily accepted 
by nuclear physicists. This is in large measure the 
result of the very formal nature of the central proof of 
the theory (reference 10, Sec. II). In addition, the 
definitions of the various concepts used in the theory 
are not always clear. Two important concepts in the 
theory are the wave functions of the individual particles, 
and the potential V, “diagonal” in these states (refer- 
ence 10, Sec. V). The paper by Brueckner and Levinson 
defines rather clearly how the potential is to be obtained 
from the wave functions, but not how the wave 
functions can be constructed from the potential V,. 
Apparently, BL assume tacitly'* that the nucleon wave 
functions are plane waves, but in this case, the method 
is only applicable to an infinite nucleus. For a finite 
nucleus, no prescription is given for obtaining the wave 
functions. 

It is the purpose of the present paper to show that 
the theory of Brueckner gives indeed the foundation 
of the shell model. It will be shown in Sec. II that a 
self-consistent scheme can be developed for a finite 
nucleus which permits determination not only of its 
energy levels, but also of the wave functions of the 
nucleons and of the whole nucleus. This extension, like 
the original BL scheme, already includes in the self- 
consistent field all two-particle correlations, which the 
Hartree method would include in the “configuration 
interaction” (Sec. V). Essentially, the Hartree method 
replaces the action of all other particles on a given one 
by an average potential, while the Brueckner method 
treats the interaction of any ‘wo particles exactly, and 
only replaces the action of any further particles on the 
interacting pair by an average. Brueckner’s method 
would even give an improvement over the Hartree 
method for the electrons in an atom, and will undoubt- 
edly be very important for the theory of electrons in 
solids. 

In order to satisfy all requirements, the self-con- 
sistent potential acting on a nucleon in a finite nucleus 
must be taken to be a potential matrix, (r’|V|r), or 
transformed to momentum space, (k’|V|k). The 
Hartree method which uses a potential V(r), and the 
original BL method for an infinite nucleus which gives 
a potential V(k) depending on momentum only, are 
then special limits of our self-consistent potential. 

An actual solution of the problem is attempted only 
for an infinite nucleus. In this case, the choice of wave 
functions is obvious, namely plane waves. Then the 
problem reduces to the determination of the reaction 
matrix of scattering theory for a given set of nucleon 
wave functions. This requires the solution of an integral 
equation in momentum space (Sec. IX). From the 
derivation of this equation, it is clear that the inter- 
mediate states must satisfy the exclusion principle; this 
fact was realized by Brueckner, but was not taken into 


18 This assumption is only mentioned once in their paper, and 
this as late as Sec. VI. 
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account in his actual solution. In fact, the exclusion 
principle is found to have a decisive influence on the 
solution (Sec. X). Fortunately, the exclusion principle 
makes the integral equation easier to solve, by virtue 
of the rather large radius of the Fermi sphere of 
occupied states in momentum space. If the potential is 
well-behaved, in particular if it does not contain a 
repulsive core, the scattering matrix turns out to be 
essentially equal to the matrix of the interaction poten- 
tial between two nucleons. This result, which would 
not be true without the exclusion principle, means, 
most surprisingly, that the theory reduces nearly to 
the Born approximation. The error in the Born approxi- 
mation is only about 5%. 

This result is closely connected with the rapid con- 
vergence of the theory itself. Brueckner'® already 
realized that the correction terms due to three-particle 
clusters (and higher order perturbations) are small 
only by virtue of the Pauli principle. Our own recal- 
culation of the three-particle cluster correction gives a 
result about 20 times larger than Brueckner’s (Sec. 
XII) but still small enough to guarantee rapid con- 
vergence of the theory, viz., about 1% of the main term 
in the interaction. The successive approximations are 
then (1) the Born approximation, (2) the correction 
arising from the solution of the two-particle scattering 
equation which is about 5% of the first approximation, 
(3) the three-particle cluster term which is about 1% 
of the first order. Thus the successive approximations 
converge by about equal steps, which is very plausible. 
(In Brueckner’s original theory, the second approxima- 
tion was about equal to the first and the third only 
about 0.1 percent of it, which seemed rather miracu- 
lous.) Indeed, once the importance of the Pauli prin- 
ciple is realized, it would seem possible—for a well- 
behaved nuclear interaction—to solve the entire nuclear 
problem by a suitably arranged perturbation theory. 

This is not possible, of course, if the interaction 
between nucleons contains a repulsive core. In this 
case, the Born approximation would give an infinite 
result, and the reaction matrix is in no way similar to 
the Born approximation. To include the Pauli principle 
in this case, a different treatment is required; this will 
be discussed in a future paper by Bethe and Goldstone. 
The exclusion principle can be shown to act like an 
increase of the effective radius of the core. 

In order to obtain a feeling about the orders of mag- 
nitude, a special model is calculated in Sec. XI. Since 
the results on repulsive-core potentials are not yet 
available, a different potential was postulated which 
would give nuclear saturation in a simple way. Inter- 
action was assumed to exist only in s states, as 
Brueckner™ did in his evaluation. The results are fair 
to poor; in particular, the equilibrium density comes 
out about 30 times too high. This is not too surprising 
in view of the arbitrary nature of the potential assumed. 

Indeed, we consider it premature to attempt to 
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obtain quantitative results from the Brueckner method 
until the method itself is fully established, including a 
treatment of a repulsive core plus an attractive poten- 
tial together with the Pauli principle. Once the method 
is established, there will still remain the question of 
the proper two-nucleon potential] to be used. It is not 
at all likely that all potentials which give the same 
nucleon-nucleon scattering at low energy, will also 
give the same nuclear binding energies; in fact, the 
example of the repulsive core shows that this cannot 
be generally the case. It will be very interesting to see 
whether we can learn additional facts about the nucleon- 
nucleon interaction from a study of complex nuclei. 

In any case, confidence in the Brueckner method 
cannot be based on numerical agreement (or lack of 
agreement) between the results derived from it and 
experiment. Such agreement will show whether the 
assumptions made about nuclear forces are acceptable 
or not. The method must rest entirely on mathematical 
proof and internal consistency. 

Some contributions are made in this paper towards 
the mathematical development. In Sec. III, the steps 
required to obtain the reaction matrix are discussed 
explicitly. Certain complications appear; in particular, 
it is not possible to assign a unique energy to a nucleon 
in an excited state. Fortunately, these problems are of 
no practical importance for well-behaved potentials. In 
Sec. IV, the model operator connecting the actual wave 
function with the model wave function, is written down. 
In Sec. VII, the definitions are discussed which are 
necessary to make the theory applicable to finite nuclei. 
In Sec. VIII, the influence of nucleon spin and charge, 
and their behavior in intermediate states, are treated 
in detail. 

Brueckner and Levinson” have shown that there are 
certain correction terms in the theory which are of 
order 1/A. In Sec. XIV it is shown that these are 
numerically about 100 times smaller than BL found, 
i.e., they are of the order of 1/A times the three-particle 
cluster corrections of Sec. XII. Matrix elements, which 
correspond to the excitation of one nucleon rather than 
two, and which would vanish for an infinite nucleus, 
likewise give contributions of order 1/A or less (Sec. 
XV) 

Brueckner’® has obtained the somewhat surprising 
result that the energy of any large system should be 
proportional to the number of particles, A. It is pointed 
out that this holds only if the density is kept fixed. The 
actual energy is obtained by varying the density until 
the energy is a minimum; then only saturating forces 
give an energy proportional to A for the system; for 
nonsaturating systems for which the density varies 
with A, the energy per particle also varies (Sec. XIII). 

The problems for finite nuclei are discussed in Sec. 
XVI. They are essentially two, viz. (a) the behavior of 
the self-consistent potential near the surface of the 
nucleus and (b) the degeneracy of many configurations. 
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Configuration interaction should be taken into account 
only between degenerate configurations. The theory has 
enough flexibility to permit a definition of “degeneracy” 
which is convenient for calculation. Generally, the 
theory justifies in all essential respects the practice 
of current shell model calculations. 

The reader who is interested in results but not in 
complicated theoretical developments, is advised to 
read Sec. II, then Eq. (3.1) and the explanation of the 
symbols in it but not the rest of Sec. III, then Secs. 
IX-XII and XVI. The other sections may be left out 
without essential loss of continuity. A knowledge of the 
papers by Brueckner and collaborators’ is not 
required. 


Il. DEFINITION OF SELF-CONSISTENT FIELD 


We consider a finite (but large) nucleus. We shall 
assume a potential V in which each individual nucleon 
moves, then calculate the wave functions of the nucleons 
in this potential, and then construct the potential V 
again from the wave functions. The resulting potential 
should of course be equal to the starting potential—this 
is the condition of self-consistency. 

The potential V must be assumed to be a potential 
matrix, 


(r’'|V|r), (2.1) 


rather than a simple potential such as is assumed in 
the Hartree theory for atoms. In that theory, it is 
assumed that 

(r’'|V|r)=V(r)d(r'—1). (2.2) 


That the more general assumption (2.1) is necessary, 
follows from Brueckner’s” result for the infinite nucleus, 
viz., that the diagonal elements of V in a momentum 
representation depend strongly on the momentum k 
(see also Secs. X and XVI of this paper). Such velocity- 
dependent potentials can, in ordinary space, be repre- 
sented only by a nonlocal potential matrix (2.1). This 
generalization of the potential concept is one of the 
reasons why Brueckner’s method has so much greater 
power than the original Hartree method. In effect, a 
nonlocal potential (but of course one of special type) 
is already used in the Fock method. 

A state of a nucleon in the potential (2.1) must 
satisfy the Schrédinger equation (A= 1): 
(1/2M) Vpa(t) +E nal) = f Br’ (1'|V|rpalr’). (2.3) 


The y, form a complete set, and can easily be shown to 
be orthogonal : 


(2.4) 


[ee*@wa(er=o, if ExX~ Ew. 


For reasonable assumptions about the potential, i.e., 
essentially a well of a certain radius, there will be 
discrete states (the states of the shell model) for E,<0, 
and continuum states for E,>0. 
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A state of the nucleus is defined by specifying which 
of the one-nucleon states y, are occupied by nucleons. 
The set of occupied one-nucleon quantum states will be 
called the “configuration.” Each configuration will be 
described by a Slater determinant wave function which 
contains all the occupied one-nucleon states. This deter- 
minant we call the model wave function and we denote 
it by ®. Because of the properties of the nucleon wave 
functions, the model wave functions for different con- 
figurations are orthogonal. It is essential for this 
purpose that all nucleon wave functions are taken in 
the same potential V. For the present we disregard 
degeneracies (see, however, Sec. XVI). 

Among the configurations, we single out one whose 
properties we wish to calculate. This we call the 
chosen configuration. This need not necessarily be 
the lowest state of the nucleus, but we shall generally 
consider states of relatively low energy (say, below 
20-Mev excitation energy). Throughout this paper, the 
properties of this chosen configuration will be calculated 
more carefully than those of other configurations. 

It is often convenient to assign definite quantum 
numbers to each nucleon, e.g., by considering the main 
diagonal of the Slater determinant. Thus we may speak 
of the state m; of nucleon j; the states in the chosen 
configuration we shall denote by superscripts 0, thus: 
n;. 

Now the actual interaction between two nucleons is 
introduced ; following Brueckner, it will be denoted by 
v. It is a function of the distance between the two 
nucleons, r;;, their spins and charge, and it may contain 
exchange operators. It is assumed to be determined 
from experiments on the two-nucleon system. Three- 
body forces are assumed to be negligible. Whether this 
is in fact true for nuclear forces is not known at present ; 
but it is clearly the simplest assumption to make, at 
least until it is clearly proved that no agreement with 
observation can be obtained without three-body forces. 

The matrix elements of the known operator 2,; can 
be determined between two arbitrary configurations of 
nucleons. Obviously, the states of all nucleons other 
than i and j must remain unchanged in the transitions. 
The states of all these other nucleons will influence the 
matrix elements of 2;; only indirectly, by determining 
the potential operator (r’|V|r) of the self-consistent 
field and thereby the wave functions y; and ¥;. How- 
ever, since we now consider the wave functions y, in 
the potential V as given, we need only consider matrix 
elements such as 


(2.5) 


where the subscript V indicates that the matrix element 
is to be taken between the determinant (model) wave 
functions describing the initial and final configurations 
of the nucleus, which contain nucleons 7 and j in the 
states n;, nj and m,’, n;’, respectively. We shall assume 
that all other nucleons are in the states prescribed by 


(nj'n;'|\v4;|nmj)n, 
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the chosen configuration, m,°. The states n;, n;, n,’, n;’ 
need not coincide with n,° and n,’, respectively. 

The matrix element (2.5) vanishes automatically if 
any one of the four states m;, ;, n,’ or n;’ coincides with 
one of the states occupied by one of the other nucleons, 
n°, or if n;=n; or n;=n,;'. If none of these prohibitions 
due to the Pauli principle exists, we have 


(n,n; | v;;|nnj)Nn 
= (n,'nj'| 04;|nnj)p— (nj'ni | 05;| nmj)p, 


(2.6) 


where the matrix elements with the subscripts P are 
taken without regard to the presence of other nucleons, 
and are given by 


(nin |valmonde= [vnc edbns*(esoulra) 


Xpni(ridynj(rj)d*rd'r;. (2.7) 


The integrals in (2.7) imply also summations over spin 
and charge, and the operator »;; may involve spin and 
charge operators. The second term in (2.6) is the well- 
known exchange term. There are obvious selection rules 
between primed and unprimed nucleon states. 

It will be useful to consider a very large nucleus. 
Then the wave functions over most of the nucleus can 
be approximated by plane waves. This model will be 
used predominantly from Sec. IX on. In this case, 
momentum will be conserved between the two nucleons, 
viz., 


ki’ +k,’ =k;+k;. (2.8) 


Then the final spatial wave function of nucleon 7 is 
completely specified if that of nucleon i, and the initial 
states of both, are given. 

In the next section, we shall show how at least the 
most important matrix elements of V, the one-nucleon 
potential, can be determined from the interaction 2,;. 
These matrix elements are obtained with respect to 
the wave functions (1) (m representation). Once they 
are known, we may obtain V in the r representation 
by the usual formula of transformation theory : 


(r’| V| 1) =n Len’ Va" (1) (n'| V | n)Wn(r). (2.9) 


For self-consistency, the resulting (r’|V|r) must be 
identical with the initial V used in Eq. (2.3). Just as 
in the original Hartree theory, this self-consistency 
must be achieved by trial and error. 

BL developed their theory without first defining a 
potential V. This was made possible by their tacit 
assumption'® that the one-nucleon wave functions are 
plane waves. This assumption is appropriate for an 
infinite nucleus and follows in this case from the 
general argument of invariance of all physical quan- 
tities with respect to translation. Thus in this special 
case a knowledge of the potential V is not required to 
obtain the wave functions. In the case of a finite 
nucleus, just as in the case of the Hartree-Fock atom, 
the first step in the development of the self-consistent 
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field must be a “guess” of the one-particle potential V. 
Our method in this paper contains the Hartree-Fock 
theory as an approximation (Sec. V) and goes over 
into the Brueckner-Levinson theory in the limit of an 
infinite nucleus (Sec. IX). 

In every case, and thus also in the case of an infinite 
nucleus, the set of one-nucleon wave functions must be 
uniquely defined. The fact that the wave functions in 
an infinite nucleus must be plane waves defines them 
except for one parameter, viz., the density of the 
nucleus. To determine the density, the self-consistency 
requirement must be used. Eden’*.” has shown that 
this requirement can be satisfied by formally calculating 
the energy of the nucleus as a function of the density, 
and then finding the minimum of this function. Thus 
the self-consistency in this case is equivalent to the 
variational problem. This will be discussed in more 
detail in Sec. IX, and also in E,” Sec. IV. 


Ill. REACTION MATRIX 


The main feature of the Brueckner theory is the use 
of the reaction matrix" for the scattering of two 
nucleons while they are moving in the nuclear medium. 
Consider, for example, the scattering of two nucleons 7 
and j from their states n,°, n;° in the chosen configura- 
tion to some other states m,’, ;’. The reaction matrix 
G for this problem is the solution of the equation: 


, 4] ] 0. 0 
(n,n; |Gij|nen/) 


=(nj'nj|vij|ninP)wt Do (ni’nj |vij|ni'nj)n 


ni!’ nj 


(3.1) 


Q 
X—(ni'nj" |Gij|non?). 
€ 


The denominator e, or rather —e, means the exci- 
tation energy of the two nucleons 7 and 7 in the inter- 
mediate state ,’’n;’, as compared with their state 
nn; in the chosen configuration, both calculated in 
the nuclear medium, i.e., under the influence of all the 
other nucleons. It will be calculated presently. 

It is clearly necessary to exclude states for which 
e=0. This is done by BL by using the principal value 
in their Eq. (3) which corresponds to our (3.1). (Since 
they are dealing with an infinite nucleus their Eq. (3) 


1 R. J. Eden, Phys. Rev. 99, 1418 (1955). 

” R. J. Eden, Proc. Roy. Soc. (London) A235, 408 (1956). This 
paper will be quoted as E. 

*1 The real solution of the scattering equation (3.1), corre- 
sponding to standing waves, is required, not the complex solution 
corresponding to outgoing waves; therefore we are dealing with 
a reaction rather than a scattering matrix. Accordingly, the nota- 
tion &; is not appropriate since it is commonly used for the 
complex scattering matrix. We did not wish to use r or R because 
the distance between nucleons and the nuclear radius occur 
frequently, and we have therefore adopted the notation G used 
by M. L. Goldberger, Phys. Rev. 84, 929 (1951). Avoidance of ¢ 
also has the advantage of making the notation more different 
from that for the kinetic energy for which we use 7, as Eden 
does in E. We think that Ho for the kinetic energy should be 
avoided since the free-nucleon assumption does not afford even a 
“zero-order” approximation to the problem. 
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contains an integral over intermediate states rather than 
a sum.) Following Eden,” we have introduced the 
operator Q to fulfill the same purpose as the principal 
value operator: we define Q to be zero for all states 
for which e=0, i.e., for the chosen configuration and 
for all other configurations which have the same energy. 
In addition, we are free to set Q=0 for all configura- 
tions which have nearly the same energy as the chosen 
one, as long as we specify clearly at the beginning of 
any particular calculation which configurations we shall 
thus regard as “nearly degenerate.” This will be dis- 
cussed further in Sec. XVI, where it will be explained 
why this freedom in the definition of Q is useful. 

It may be noted in passing that singly excited states 
cannot be reached from the chosen configuration in the 
case of an infinite nucleus because of the momentum 
conservation (2.8); ie., for an infinite nucleus it is 
impossible to excite one nucleon without also exciting 
the other. In a large but finite nucleus, the matrix 
elements (n°n;’’|0;;|m nj’) are not zero but small, of 
order 2 (where @ is the volume of the nucleus) 
compared with those elements in which both nucleons 
are simultaneously excited with (approximate) momen- 
tum conservation (see Sec. XV); leaving them out in 
(3.1) would therefore be no great change and will be 
done at various points to simplify the calculation. 

As has been pointed out in Sec. II, the matrix ele- 
ments vy of the interaction between states of the 
complete nucleus vanish if any of the states n,'n,j’n,’'n,;/" 
is occupied by some other nucleon k#i,j in the chosen 
configuration, i.e., if any of them is equal te some n,°. 
Thus either these states n,’, etc. are the states of 
nucleons i and j themselves in the chosen configuration, 
ie., they are n° and n,, or they must be outside the 
chosen configuration, i.e., they are normally unoc- 
cupied states. For the final state m,’n,’, both of these 
possibilities exist. For the intermediate state n(’n;’’, 
however, the operator Q;; (as defined) excludes the 
possibility that either ,’’ or ;’’ is equal to the chosen 
states n,°, nj’: therefore, in this case, both nucleons 
must be in normally unoccupied states. Thus the Pauli 
principle must operate in the intermediate state. We 
could indicate this by explicitly summing in (3.1) only 
over unoccupied states n;” and n,”. 

The Pauli principle has the consequence that the 
denominators e are in general not even nearly zero, 
especially if the ground state of the nucleus is calculated. 
The e are all negative. Further, the matrix G;; has by 
(3.1) the same selection rules as 2;;: it vanishes if 
ni =n;', or if either n,’ or n,’ is equal to any of the 
states occupied by other nucleons, ;,°. In this way, the 
matrix G,;; depends on the entire chosen configuration 
and not merely on the states of nucleons 7 and j. 

The excitation energy —e is given by 


—e=E(B)—E(C), (3.2) 
where E(C) is the energy of the chosen configuration 
C, and the intermediate configuration B(nm;) differs 
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from C(n#n;°) by having the states n,° and n,° empty 
and the states ; and ; filled. It will be shown in Sec. 
IV, after Eq. (4.17), that for any configuration with 
states n; occupied, one has in good approximation 


E=L (ni|Ti|n)+L (nnj|Gij|nmj)+wre, (3.3) 


where wic¢ is a constant which is nearly the same for 
all states of low excitation, and which therefore cancels 
in taking the difference (3.2). Now the interactions Gy, 
between any two nucleons k,/ other than i,j are the 
same in the two configurations B and C and therefore 
cancel in (3.2). Therefore we get 


—-C4j= &(ni,n;; n?n}?)+AGi;, (3.4) 


where 
&(ninj;n?,n;) 
= (n,|T;| ni)+L (nm! |Ga | nny? ; 2.n,°,n5) 
—(n?|T;| n)—E (nino |Galndn? 
ob +same for nucleon 7 (3.5) 


may be considered as the excitation energy of nucleons 
i and j in the field of all the others. 

The quantum numbers listed after the semicolon in 
the first G;, matrix in (3.5) give the empty states and 
the extra occupied state in configuration B. The last 
term in (3.4) is 


AG i;= (ninj| Gi5|nn;)— (nm? |Gij|nm;) 
i (nfn;|G;;| nin;)+ (nn; | Gi;\ nin;). (3.6) 


Since this is only the interaction between one pair of 
nucleons while (3.5) is the interaction between one 
nucleon and A others, AG;; is of relative order 1/A. We 
shall therefore neglect it although it could be taken 
into account if we desired. 

The reaction matrix (nm°|Gi.|na°;n..nf,n;) is 
calculated by solving an equation similar to (3.1). 
However, we must remember that in configuration B 
the states n,° and ,® are empty, whereas there is an 
extra nucleon in state ;. Therefore we must count the 
excitation energy of nucleon i from the empty state 
n°, not from the “‘initial” state m;. Further, we must 
include in the energy denominator the constant exci- 
tation energy of nucleon j in going from state m,° to n;. 
Explicitly, we have to solve 


(ni'm! |Gix| nme; n.Pnj,nj) 
=(n i'n! | Vik | nm) n— LD (nim! | Vik | ni’) 
Ou 


8(n,! nj,me" ; nP.n Pm) 





(3.7) 


X (ng ny!” |Gin| name; nPnjnj). 


The denominator &(n;”’ n;,nx’’; n?,n),n.°) is a sum of 
three terms similar to the two in (3.5). Thus it is 
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ordinarily “larger” than the denominator (3.5) oc- 
curring in (3.1). This effect has been mentioned by 
Brueckner’® in BC and called “propagation off the 
energy shell.” In a naive application of the theory of 
the scattering matrix, one might have expected the 
denominator &(n,',n,'; n;,n,°) instead of that found in 
(3.7); this would be much smaller and might even 
become zero or negative. 

The excitation energy (3.5) can in general not be 
written as 


§(ni.n;; n?,n}?)=E(n)+E(n;)—E(n°)—E(n)), (3.8) 


i.e., as the difference between the energies of particles 
7 and j in the now occupied state and in the chosen 
state. It is true that the second line of (3.5) may be 
considered as the energy of particle i in the chosen 
configuration, 


E(n$)= (n2|Ti|n2)+D (nome |GulnPm). (3.9) 
hyti 


But the first line of (3.5) depends not only on the state 
occupied by particle i in configuration B, but also on 
the two empty states m,°, »;° and on the state n; now 
occupied by particle 7; it can therefore not be written 
as E(n;). We cannot define the energy of a normally 
empty state m,;, but this energy depends on the other 
states which are empty or occupied.” The energy 
“E(n,;)+E(n;)” depends not just on two labels, n,n; 
but on four, nn? and n;. 

This is obviously a rather complicated situation. For- 
tunately, for the two most important types of inter- 
action the dependence on all the additional quantum 
numbers is not great, so that (3.8) is probably a good 
approximation. The first type is a simple interaction of 
the “classical” type, like Yukawa, square well, etc., 
without a repulsive core. For this type, it will be 
shown in Sec. X that the sum term on the right-hand 
side of (3.1) or (3.7) gives a relatively small con- 
tribution, so that for instance (3.7) reduces nearly to 
the first term on the right, the interaction matrix 2x. 
This then does not depend on the supernumerary 
quantum numbers »,°, 1;°, n;, and in this case the first 
line of (3.5) is a function of 2; alone so that (3.8) is 
valid. 

The second important type of interaction is a repul- 
sive core.” In this case the difference between the inter- 
action matrix v and the reaction matrix G is large. 
However, the main contribution to the sum in (3.1) 
comes from intermediate states of very high energy. 
For these states, the kinetic energy term (n;|7;|,) in 
(3.5) is far more important than the interaction term G. 
This kinetic energy, however, depends only on the state 
n;, not on n/’, nj}, and n;. 

We shall therefore assume in most of our calculations 


22 T am indebted to J. Goldstone for pointing this fact out to me. 

%8 This interaction will be treated in a forthcoming paper by the 
author and J. Goldstone, to be published in Proc. Roy. Soc. 
(London), which will be quoted as BG. 
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that (3.8) is a good approximation. It is, however, an 
approximation only; in BL and other papers of the 
Brueckner school, it was assumed to be exact, and it 
was assumed to be the only task of the theory to deter- 
mine the dependence of the eigenvalue E(m) on the 
momentum k. The difficulty of defining E(m) for unoc- 
cupied states m exists whether we treat an infinite 
nucleus or a finite one. 

However, for a finite nucleus the difficulty has a 
further unpleasant consequence: it makes it impossible 
to give a unique definition of the one-particle potential 
V. It would obviously be desirable to define V in such 
a way that the excitation energy of a particle as defined 
by (3.5), agrees with the difference of the eigenvalues 
of the particle calculated by solving (2.3) in the given 
potential V. But this cannot be done since the excitation 
energy (3.5) can in general not be written in the form 
(3.8). Therefore (3.5) cannot be simplified by intro- 
ducing one-particle eigenvalues. 

It is possible, however, to define V in such a way 
that the eigenvalue E(n,’) represents the energy re- 
quired to remove particle i from the chosen configura- 
tion. This energy is given by the second line of (3.5). 
Thus we wish to choose V in such a way that 


(nP|V|n2)=X(nPm|GalnPm) — (3.10) 
kyi 
for all states ,° in the chosen configuration. The Gx 
in (3.10) do not depend on any quantum numbers 
except m,° and m,°, in contrast to the Gj, occurring in 
(3.7). The right-hand side of (3.10) therefore depends 
only on ,*, once the chosen configuration is selected. 
By the way, the sum on the right-hand side of (3.10) 
may be extended to include k=i because this term is 
automatically zero owing to the Pauli principle. The 
eigenvalue of a nucleon in an occupied state of the 
chosen configuration is then 


E(n)=(n|T|n)+X j(nn?|G\nn?). (3.11) 


It is also possible to define uniquely the elements of 
V leading from an occupied to an empty state, by 
setting 


(ni|V|n)=Cii(nnf|Gij|nin?), (3.12) 


where again the term j=7 gives zero contribution. In 
the final state, only the state m,° of the chosen con- 
figuration is empty and m; outside that configuration 
is occupied; thus the matrix element depends on these 
two quantum numbers. 

However, it is not possible to give any unique defi- 
nition of the elements of V between two unoccupied 
states, diagonal or nondiagonal. The diagonal elements 
should be given by the second term on the right of (3.5), 


(n;| V|n,) =X (nem? | Gal nan! nin} ,.n;), (3.13) 


but as we have seen, they depend not only on the state 
of the nucleon #; considered, but also on the states n/, 
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nj}, and n;. If (m;| V|,;) for an unoccupied state m; must 
be defined, one might take a suitable average of (3.13) 
over n°, nj}, and n;. This obviously would have no 
physical meaning, but would serve merely to give a 
definition of the self-consistent potential (r’|V|r). To 
obtain this potential from (2.9), all matrix elements 
(n’|V|m) must be known. 

As we have seen, the matrix elements starting from 
occupied states are well defined. The nondiagonal 
matrix elements m’#n are small, of order Q-? if the 
nuclear volume @ is large (Sec. XV). The diagonal 
elements, n’=n (unoccupied), can only be defined with 
some arbitrariness. To see what this arbitrariness 
means for the potential (r’|V|r), let us assume that 
we can use plane wave functions, which is legitimate 
for a large nucleus. Then the contribution of the diagonal 
elements for unoccupied states to (2.9) is 


8 vere (n| V|n)¥n(r) 


n(unocce, 


= (2n)-* f " PR(RIV |e, (3.14) 
kF 


This is therefore associated with the behavior of 
(r’|V|r) as a function of r—r’, and particularly with 
the rapid oscillations of this function. Presumably, 
these have little influence on the wave functions y, 
which are solutions of the Schrédinger equation in this 
potential. For a large nucleus, these wave functions are 
essentially free-particle functions in a box. Therefore 
we believe that the arbitrariness in the matrix elements 
of V between unoccupied states will not have very much 
influence on the set of wave functions y, for the indi- 
vidual nucleons. 

The following may be an acceptable procedure: 
choose (r’|V|r) by “guessing,” and calculate the yp, 
the interaction matrix v;;, and the reaction matrix G;;. 
Then calculate the matrix elements of V between 
occupied states from (3.11) and (3.12); they are well 
defined. If they do not agree with the corresponding 
matrix elements of the originally chosen (r’|V|r), 
correct the latter suitably. However, do not attempt 
to correct or even define the matrix elements of V 
between unoccupied states, but instead rely on the 
“first guess” of V in this respect. This would presum- 
ably simplify the procedure of obtaining a self-con- 
sistent solution. 

It is essential that V be the same potential for all 
states ¥, of single nucleons, in order to guarantee 
orthogonality. 


IV. CONCERNING THE PROOF OF THE METHOD 


Following BL,” the actual wave function WY of the 
nucleus in any given configuration (not necessarily the 
ground state) is related to the model wave function by 
an operator F, thus 


V=F¢9., (4.1) 
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F has been called the model operator by Eden,” and it 
is defined implicitly by the two equations 


Q 
F=il+— Qo lisF is, 


e@ ii 


(4.2) 


Q 
F ;=1+— a TimF im, 


@ lm#ij 


(4.3) 


where the sums go over all pairs of nucleons, each pair 
being counted only once, and the second sum excludes 
the term in which both nucleons / and m are identical 
with the nucleons i and j, but includes terms in which 
one of the two nucleons /, m coincides with one of the 
pair i, 7. The operator J is related to the scattering 
matrix G defined in Sec. III. We write 


1i5=Gis— Gis, (4.4) 


and, following Eden, we define G;; as the operator 
which comprises the diagonal elements of G;; and those 
in which the state of only one nucleon changes; for a 
more precise definition, see Sec. VII and E. Then J;; 
is essentially the “nondiagonal” part of the operator 
G,;, more precisely the part which corresponds to the 
simultaneous change of the quantum states of both 
nucleons 7 and 7. “Diagonal” is to be understood with 
respect to the set of model wave functions defined in 
Sec. II. The denominators —e denote the excitation 
energy of the nucleus in the model state which is 
established when the operators to the right of e have 
operated on the “initial” model wave function ® of Eq. 
(4.1). 

The excitation energy is to be calculated as in (3.4), 
by taking the difference of the model energies between 
the excited and the chosen configuration [see Eq. 
(4.19) ]. One must not use the difference between the 
actual energies, and certainly not the difference between 
the model (unperturbed) energy of the excited state and 
the actual (perturbed) energy of the chosen configura- 
tion, as is done in the Brillouin-Wigner perturbation 
theory (see Sec. XIII, especially reference 50). The 
operator Q is defined as in Sec. III, below Eq. (3.1). 

A slight modification, introduced in E,” is desirable. 
The actual nuclear wave function Y must of course 
satisfy the Schrédinger equation 


EW=HV=)>); TW+D 5; ve. (4.5) 


Now instead of requiring that (4.1) be true with ® the 
model wave function defined in Sec. II (which would 
require further modification of F), we shall postulate 
that (4.2), (4.3) is the correct form of the model oper- 
ator, but shall define a modified model wave function 
®’ by setting 

V=F¢?’, (4.6) 


Following BL” and Eden,” we can then derive the 
Schrédinger equation for ©’ as follows. Comparing (4.2) 
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and (4.3), we have 


Q 
F=F yj3+—I 5F i; 
é 


(no summation over 77). Therefore 


(4.8) 


Q 
vif = eartra (Gij— Gis) JP 
e 


where (4.4) has been used. The last term, with G;;, will 
turn out to be an unimportant correction. The other 
terms may be combined by using the integral equation 
(3.7) for G, which has the form* 


Q 
Gij=05j;+05;-Gij. (4.9) 
é 


Therefore 0 
v4 =Gy4jF 47—04j-GiF 5; (4.10) 
e 


ss Q Q. 
=Gu( P-“uPy)+1uPumeanGuP (4.11) 
e é 


where we have again used (4.4) and (4.7). We now 

sum over ij and transform the third term of (4.11), 

using (4.2): 

DL LiF ig=CA-Q1 Fs tD Wisk ij 
=) (1-Q)1s;F is +e(F- i). 


Collecting all terms in (4.5) and (4.6), we have then 


(4.12) 


EF®@' =(X T:+E Gijte)F®’—ef'+w’, (4.13) 
i ij 


where w is an operator consisting of three parts, 


w= (1-Q)l iF ij, 


ij 


(4.14) 


a 
we= — Do Gi;-15F ii, 
ij é 
Q. 
W3> -> Vij—-GisF 53. 
é 


ij 


(4.15) 


(4.16) 


We shall now show that the terms involving Fé’=W 
in (4.13) can be greatly simplified by proper choice of e. 
For this purpose, we consider Y= F®’ expanded in 
terms of the original model wave functions of Sec. II 
(Slater determinants). In order for this expansion to 
be useful, all the model wave functions (for all con- 
figurations B) must satisfy the “model wave equation” 


(E—Hy)®,=0, (4.17) 


* Tt should be noted that the denominator here is e just as in 
(4.2) and (4.3). Thus excitations of nucleons other than i and 7 
have to be included in e¢. This is in the spirit of Sec. III and 
different from E, Eq. (2.7). It avoids the last correction term in 
E, Eq. (2.15), which could give rise to a spurious dependence on 
higher powers of A. 
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where Hy is the “model Hamiltonian” 
Hu=>, T +> Gij. (4.18) 


It will be shown in Sec. VII how G;; must be defined in 
order that (4.17) be true. In particular, the nondiagonal 
elements of G;; must be defined by (7.4) and (7.7), 
regardless of the excitation of nucleons other than i and 
j. This definition insures also that the @, form an 
orthogonal system. It should be noted that Hy has 
only diagonal elements with respect to the model wave 
functions @g but that }> 7; and > G,; alone would 
also have nondiagonal elements. Further, according to 
(7.3), the diagonal elements of G,; are equal to those 
of G;; and are to be calculated by solving (4.9), taking 
the excitations of all nucleons into account in the 
denominators e. 

We now define the operator ¢ also as diagonal in the 
model wave functions, thus 


e=Ec— Ez, (4.19) 


where Ec is the model energy of the chosen configura- 
tion. Then (4.13) reduces to 


(E— Ec) F®'+e8' =v’. (4.20) 


We can first determine Z. Assuming that the chosen 
configuration is not degenerate, i.e., that the nucleus 
contains only closed shells (the more general case will 
be considered below), we project Eq. (4.20) on the 
model wave function of the chosen configuration, ®¢. 
From (4.19), we see that e=0 in this case. 

Further, from (4.2), 


($c, F®’) = (@c,®'), (4.21) 


because Q=0 in the configuration C. Therefore (4.20) 
yields” 


E— Ec= (®c,w®’)/(@c,%') =we. (4.22) 


This, together with (4.17) and (4.18), is the basis of 
Eq. (3.3). Equation (4.19) justifies our treatment of 
energy denominators in Sec. III. Further, (4.20), may 
be rewritten 

eb’ = (w—weF)®’. 


The operator w—weF is small. Its diagonal matrix 
elements are zero by (4.22), and we therefore consider 
its nondiagonal elements 


(®z, (w—weF)®c¢) 


(4.23) 


(4.24) 


for states Ep+ Ec. Then the contribution of w; is zero 


25 The matrix elements here, and in the foregoing, must be 
taken with respect to the model wave functions g because onl 
in these is the operator e diagonal [see the derivation of (4.20) 7. 
They must not be taken with respect to the complete nuclear 
wave function, and in particular (4.22) must not be replaced by 


(¥c,w®’), (a) 
as BL do in their Eq. (25). The use of (4.22) is at the same time 
a great simplification of the calculation, and it greatly reduces 


the numerical value of the correction terms w2 and ws, as will 
be shown in Sec. XIV. 
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because of the factor 1—Q, that of we and ws is ex- 
tremely small according to Sec. XIV, and therefore 
(4.24) is proportional to we. This energy correction, 
however, is also small as will be shown in Sec. XII. 
Therefore, very nearly, 


@' =o, (4.25) 


and (4.22) may be simplified to 


Wc (®c,whc). (4.26) 


Now consider this expression, in particular the part 
due to w; which will be shown in Sec. XII and XIV to 
be the most important contribution. The operator 
1—Q equals 1 in our case because the nucleus is 
ultimately in state C. Hence 


(Oc,wiPc) = (iPc,F ic). (4.27) 


Now when (4.27) is evaluated in a straightforward 
manner, certain terms appear which are proportional 
to A? and higher powers of the number of nucleons A 
in the nucleus. These terms were discovered by Brueck- 
ner in his “linked cluster” paper,’!® BC, and shown by 
him to be spurious, i.e. to be compensated by other 
terms, viz. the energy perturbations in the energy 
denominators. Brueckner’s prescription is to take into 
account only linked clusters in the expression (4.26) 
for we. 

For the purpose of defining linked clusters, we will 
regard F as the sum of the infinite series of terms which 
would be obtained by iteration of F;; in (4.2) using 
(4.3). Each term consists of a sum of products of two- 
suffix symbols. We will consider one such product acting 
on a single term in the Slater determinant ©; it will 
involve a series of suffixes ij, /m, pg, --- and there will 
be no summation. We will say that the pair ij is 
“directly linked” to pq if either one of the numbers 1, 7 
is equal to either one of p, g. We will say that 77 is 
“linked” to Jm if in the term we are considering it is 
possible to go from ij to /m via a chain of directly linked 
pairs. The term will be called a “linked cluster” term 
if all pairs of suffixes in it are linked. Thus a third order 
term having suffixes ij, jk, ki is a linked cluster. 

Brueckner, in BC, has shown that there should not 
be any contributions from “unlinked clusters” to the 
energy E of the nucleus. Unlinked clusters are the 
analog of “disconnected graphs” in field theory, which 
are known fot to give any contribution in that theory. 
In our case also, they would be entirely unphysical, 
giving rise to the appearance of terms proportional to 
A* and higher powers of A in the expression for the 
energy of the nucleus. Indeed, Brueckner shows by 
direct evaluation that at least up to fourth order of 
standard perturbation theory, the contributions from 
unlinked clusters actually cancel. This is a great 
advance over the Brillouin-Wigner formulation of per- 
turbation theory in which these troublesome terms 
always occur. 
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Goldstone** has shown quite generally that unlinked 
clusters must be omitted, by direct application of field 
theoretic methods to the problem of the complex 
nucleus. His method is exact, and shows that we is 
given by (4.27) with the proviso that only linked 
clusters must be taken into account. The corrections 
we and ws of (4.15), (4.16) do not appear but there are 
some minor modifications of the prescription for calcu- 
lating the matrices G and G. 

We shall now discuss the matrix elements 


(@2,w1Pc) (4.28) 


in more detail. Because of the factor 1—Q, these ele- 
ments are different from zero only if the state B has 
the same energy as the chosen configuration. We must 
therefore distinguish the two cases in which (a) the 
chosen configuration is degenerate with other states, 
and (b) it is nondegenerate. In case (b), w; has only a 
diagonal element. Thus w; will only contribute to the 
energy of the nucleus but will leave ’=4. It will be 
shown in Sec. XII that the diagonal element of w; can 
arise oniy from the successive interaction of three or 
more nucleons (three-particle clusters). As a conse- 
quence, this term is rather small per nucleon, but it is 
proportional to the number of nucleons. It will change 
rather little from one configuration to another because 
it depends only on the behavior of the wave function 
when three nucleons come very close together, and not 
on its over-all behavior. Thus the diagonal term of w; 
for any configuration may be replaced by a constant, 
viz., its expectation value for the chosen configuration, 
wic. This result has been used in (3.5). 

In case (a), the diagonal term will also arise and 
have substantially the same value as in case (b). But 
in addition, there are matrix elements of w; linking the 
various degenerate configurations. For instance, all the 
degenerate configurations may have 3 nucleons in the 
1g shell, and differ by the magnetic quantum numbers 
assigned to these 3 nucleons. Then the operator J;; may 
change the magnetic quantum numbers so as to cause a 
transition from one of the degenerate configurations to 
another. Thus w, will in this case have nonvanishing 
matrix elements even if Fj; in (4.14) is replaced by 
unity, while in case (b) the matrix elements vanish if this 
replacement is made, because the diagonal elements of 
I; are zero by definition (see Sec. XII). The non- 
diagonal matrix elements of w; between degenerate 
configurations are therefore apt to be considerably 
larger than the contribution of one pair ij to the diagonal 
element w;. On the other hand, only the nucleons in 
incomplete shells will contribute to the nondiagonal 
elements, and therefore the nondiagonal elements of w; 
will not be proportional to A but to a lower power of A. 
The nondiagonal elements can be treated by the usual 
methods of perturbation theory for degenerate states, 
as will be described in Sec. XVI. 


26 J. Goldstone, Proc. Roy. Soc. (London), (to be published). 
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The two perturbation terms w: and ws; have already 
been treated by BL. They show that the diagonal 
matrix elements of w2 and w; give a contribution to the 
energy which is independent of A, and is therefore of 
order 1/A relative to the main binding energy of the 
nucleus. In Sec. XIV, we shall confirm this result and 
shall show that the numerical value of this contribution 
is much smaller than BL estimated, viz., only a few 
hundred kev for the whole nucleus, rather than 10 Mev: 
hence the method remains good down to small nuclei. 

The nondiagonal elements of we and ws; give con- 
tributions of order 1/A to the energy and to the wave 
function, as will be shown in Sec. XIV. They are 
therefore entirely negligible. 


V. DISCUSSION AND COMPARISON WITH THE 
HARTREE-FOCK METHOD 


The actual wave function defined by (4.1) to (4.3) 
may be expanded in a series of terms involving no, 
one, two, . . . interactions. The first approximation to 
F is obtained if Fj; in (4.2) is replaced by unity. Then 
putting the nondiagonal elements of /;; equal to those 
of Gi; (see Sec. VII), we get for the wave function of a 
nucleus containing A nucleons: 


Vo=P(n;ne,---n4°)—dL d’ Dd’ 


i<j nt nj 
1 


(nn;|Gy;|non;°) 


&(n,,nj;n,n;) 


(5.1) 


Here the model wave functions have been explicitly 
designated by the configuration to which they belong, 
and the primes mean that the sums go only over unoc- 
cupied states ”;, ;. Terms including more than two 
excited nucleons have been omitted in (5.1). If G;; 
were further approximated by 2;;, then this approxi- 
mation would correspond to the first-order (not zero 
order) wave function of standard perturbation theory. 
Thus the wave function W includes, besides the model 
wave function ®, also all states which can be generated 
from ® by letting an arbitrary pair of nucleons i and j 
scatter each other. In higher approximations, i.e., when 
F; from (4.3) is inserted into (4.2), multiple scattering 
is also taken into account (see below). Furthermore, the 
use of G;; in (5.1) constitutes an improvement over the 
use of v,; in first-order perturbation theory. 

The Hartree-Fock method is obtained from the 
Brueckner method by the following approximations: 

(1) The wave function is assumed to be ®, rather 
than WV. 

(2) The second term in (3.1) is left out, ie., the G 
matrix is replaced by the » matrix, (n,’n,'|v;j|mimj)w. 
The Hartree approximation itself is obtained by the 
further approximation of replacing (,'n;' | ;;| mj) by 
(nin; |\vi;|nm;)p, i.e., neglecting the exchange term 
in (2.6). Clearly, for nucleons which have exchange 


Xb(m19,no, +++ nie 


mj, ++ n°). 
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forces between them, this would be a very poor approxi- 
mation. 

To see that the Brueckner method is a vast improve- 
ment over the Hartree-Fock approximation, we con- 
sider merely the first step in solving Eq. (3.1) by 
iteration, i.e., we replace G,; in the sum in (3.1) by 2,;. 
(The Hartree-Fock approximation would be obtained 
by neglecting the sum altogether.) 

Let n;=n,/ and nj=n;' =n}, where n°, n; denote 
as usual the states of nucleons 7 and j in the chosen 
configuration. Sum over all pairs of nucleons i, 7. Then, 
according to (3.10), the left-hand side of (3.1) will yield 
the total potential energy of the nucleus, E,°, the 
superscript 2 indicating that this is the second approxi- 
mation. We find 

|(B|W|C)|? 
Epot® = Epo +>, O— anbeeess : 
B Ec—Epg 


(5.2) 


where E,.:" is the first (Hartree-Fock) approximation 
to the potential energy, C is the “chosen” configuration 
of the nucleus, B any excited configuration, and 


WH D5 255 (5.3) 


is the sum of the interaction operators over all nucleon 
pairs. Clearly (5.2) is exactly the second-order per- 
turbation theory result for the potential energy, and 
the second term is the full “configuration interaction,” 
summed over all excited configurations which can be 
reached by the excitation of two nucleons from the 
chosen configuration. Thus (5.2) is a far better approxi- 
mation than has ever been attempted in calculating 
either atomic or nuclear energy levels, and it is only the 
first step of the Brueckner method in improving the 
Hartree-Fock approximation. 

A great advantage of the use of the scattering matrix 
G, instead of a perturbation expansion, will be that 
unpleasant divergences common in perturbation theory 
may be avoided. The case of the greatest practical 
importance in nuclear physics is that of a respulsive 
core, i.e., an infinite repulsive potential for r<a. Then 
the matrix elements of the interaction »v are infinite, but 
the elements of the scattering matrix G are finite.” 
There are probably also advantages in the treatment of 
Coulomb interactions. 

The wave function (5.1) also contains configuration 
interaction. This is true in spite of the fact that in (5.1) 
the crude approximation has been made of replacing F ;; 
by unity, which means the neglect of multiple scat- 
tering. But even in this crude approximation, the wave 
function contains strong two-particle correlations 
between the nucleons, and thus is much superior to the 
Hartree-Fock wave function. Moreover, it contains the 
high-momentum components which are required by 
high-energy experiments, as discussed in Sec. I and by 
Brueckner, Eden, and Francis.’ 

Thus the Brueckner method gives an improvement, 
both of the wave function and of the energy, over the 
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Hartree-Fock method. In the Hartree-Fock method, 
the motion of one particle is considered in the average 
potential produced by all the others. In the Brueckner 
method, the interaction of two particles is calculated 
accurately, and only the influence of the third and 
further particles is replaced by an average potential. 
Thus the Brueckner method is a logical extension of the 
Hartree method; the price for its increased power and 
accuracy is of course the increased complication in the 
determination of the self-consistent field (see Sec. ITI). 

Perhaps the most important advance is that in the 
Brueckner method the error can in principle be calcu- 
lated, by evaluating the matrix elements of the per- 
turbations (4.14) to (4.16) between model wave func- 
tions. In the Hartree method, the error has always 
been assumed to be small, and has turned out to be 
small in practical applications to atoms, but no method 
was available heretofore to estimate the error quanti- 
tatively. 

The Brueckner theory is simplified, and made more 
similar to the Hartree-Fock theory, if it is possible to 
make the approximation (3.8), i.e., to assign to each 
nucleon an energy E(n,) as given by (3.11). One may 
then identify the second term in (3.11) with the poten- 
tial energy of nucleon i and set 


V(n)=Di(nn)|Gis|nns). 


For the occupied states ;=m,°, as was mentioned in 
(3.9), the matrix elements of G;; occurring in (5.4) are 
always well defined and therefore the definitions (5.4), 
(3.11) are sensible. BL assumed (5.4) to be correct for 
all states. 

The total energy of the nucleus is given by (3.3). 
Neglecting wic, we obtain the model energy, but this 
is still not equal to the sum of the eigenvalues E(n,) 
of all the nucleons, because in (3.3) each pair 77 must 
be counted only once while summation of (5.4) over 
all « would count each pair i,7 twice. We have for the 
total model energy 


E=¥ (ni|Ts|\ni)+3 X (ns| V| ns) (5.5) 
=D: E(ni)—} LX (ni| V | ni). (5.6) 


The factor 3 in (5.5), and the subtracted term in (5.6), 
are of course very familiar from the ordinary Hartree 
model, but nevertheless seem always to create some 
difficulty. Further discussion will be found in Sec. IX. 

As has been stated, (5.4) and (3.11), and therefore 
(5.5) and (5.6), are strictly applicable only to the 
chosen configuration; for excited nucleons, the G;; in 
(5.4) depends actually on several additional quantum 
numbers. 


(5.4) 


VI. ACTUAL AND MODEL WAVE FUNCTIONS 


It is interesting to ask how closely the actual wave 
function Vc is approximated by the model wave 
function @¢. For this purpose, we consider the actual 
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wave function expanded in model wave functions, 
Vo=L CaPp, 
Ca= (@p,Vc). 


(6.1) 
(6.2) 


To calculate the expansion coefficients, we use the 
expressions (4.1)—(4.3) for Wc whose first three terms are 


Q QQ 
Wo=8c+D li @cet+ Ld —-lis-Tin®ct:++. (6.3) 
e ee 


The second term expresses one, the third term two 
scatterings. 

To obtain cg, it is convenient to consider a nucleus 
of given volume 2 and number of particles A. Both are 
assumed large and proportional to each other. We then 
wish to calculate the dependence of the various terms 
on 2, Since Q is assumed large, momentum will be 
almost conserved in the matrix elements of J;; (see 
Sec. XV). These will of course have the same de- 
pendence on © as 2;;; the latter is given by 


(k,’k;’ | 04;| ksk;) 
= [vce roves roiled 
Xv(kir)y(k;,r,)dr dr; 


=o f ew +ri—ik;’ “Tigiki rit ik; -rj 


X0.5(ri{)dr dr;. (6.4) 
The factor Q2-* comes from the normalization of the 
wave functions, each of the four wave functions having 
a normalization factor Q2-'. Now in the last form of the 
integral, the exponential is exp[i(k;—k,’)-(r;—r,)], 
considering that k;/—k;=k;—k,’ by momentum con- 
servation. Then, holding the relative coordinate r;—r; 
fixed, we may integrate over dr; and obtain a factor 2 
while the integral over r;— r; gives a factor independent 
of &. Thus 

Tj. (6.5) 


Essentially the same result would be obtained for a 
finite nucleus, i.e., if the wave functions y are not 
exactly plane waves in the volume © but tail off at the 
surface. 

If we consider two definite nucleons k;, k;, then the 
amplitude of the model state in which k; has been 
changed to k,’ by means of the term J;; in (6.1) is 
proportional to 2', and the “probability” of finding 
the nucleus in this state is therefore proportional to 
Q-*. Now for given k; and k;, the final state k,’ can be 
chosen freely, and the number of possible quantum 
states k,’ per unit volume in momentum space is pro- 
portional to 2. The other final state k,’ is determined 
by momentum conservation. Thus for given i and j, 
the number of possible “final” states is proportional 
to 2 and the total probability of exciting any of these 
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is therefore proportional to Q2-'. Since the number of 
pairs of nucleons ij is proportional to 2, the total 
probability of finding the nucleus in an excited model 
state is proportional to 2, the probability of the chosen 
state being set equal to 1. Of course this takes into 
account only the action of the second term in (6.1). 
Since Q is proportional to A, we may set the probability 
of an excited model state equal to aA, where a is a 
numerical coefficient depending on the actual nuclear 
forces. 

We can easily generalize this result, especially if we 
assume that there are no linked clusters containing more 
than two particles each. Then (6.1) is equivalent to a 
product over all possible pairs of particles, 


ij é 


Each term gives a probability 2a/A for finding just the 
pair ij excited, with a defined in the last paragraph. 
Since there are }A? pairs, the total probability of finding 
any pair excited is e*4 if we still set the probability of 
the chosen model state equal to 1. However, it is more 
convenient to change the normalization and to set the 
total probability of any model state equal to one. Then 
the probability of “finding” the nucleus “actually” in 
the state described by the model wave function is 


| (®e,¥e) Pre.” (6.7) 


This is exponentially small for a large nucleus. Therefore 
it would be entirely wrong to say that a large nucleus is 
“actually” in its model state; the probability for this 
is “infinitesimal,” and is smaller the larger the nucleus. 
The result (6.7) is not changed if clusters of three or 
more particles are taken into account, except of course 
for the value of a. 

The difficulty of many” “old-fashioned” treatments 
of nuclear structure was that they attempted to obtain 
the actual nuclear wave function Ve which is com- 
plicated when expressed in model functions ®c. The 
great achievement of the Brueckner theory is that it 
permits the calculation of energy levels and other 
nuclear properties in terms of the model function of 
the chosen configuration, ®c. For the energy this has 
already been demonstrated. We shall now discuss other 
properties. 

The most important observable properties of a 
nucleus (other than the energy) depend on one-nucleon 
operators, such as the magnetic moment which is the 
sum of the magnetic moment operators of the individual 
nucleons, the dipole moment for an optical transition 
between two nuclear levels, or the momentum distri- 
bution of a nucleon which influences some of the experi- 

27 Swiatecki (to be published) has shown, however, that the 
energy of a nucleus may be obtained by ordinary perturbation 
theory provided the interaction between nucleons is well-behaved, 


and that then each term in the perturbation expansion is propor- 
tional to A. 
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ments mentioned in Sec. I. We shall therefore consider 
the evaluation of one-nucleon operators, in particular 
of the diagonal matrix elements for the chosen con- 
figuration of an operator M=}° M;, where M; is a 
one-nucleon operator such as the magnetic moment; we 
have 


(M)=> i(¥e,M Wc)/(Vo,¥e). (6.8) 


We consider Yc expanded in terms of model wave 
functions. Then, because offthe orthogonality”of the 
model wave functions, 


(¥o,MMc)=dL i a LX (Ve,Pzn,’) 


ng ni’ 


X (Bani, Wo)(yni',M an), (6.9) 


where B is a configuration of the A—1 nucleons other 
than i, and Bn; denotes the configuration of our nucleus 
in which the A—1 nucleons are in configuration B and 
nucleon 7 in state #;. The last factor in (6.9) depends 
only on the states of nucleon 7; it is immaterial whether 
the other nucleons are excited or not. We are therefore 
only interested in 


>¥ a(Vc,Pan,’) (an Ve), (6.10) 


which represents essentially the probability that one 
particular nucleon i is excited. This probability is of 
the order of magnitude one, regardless of the size of 
the nucleus. This follows from (6.7); the desired prob- 
ability (6.10) will be the ratio of the excitation prob- 
ability for all nucleons, e*4, to that for A—1 nucleons, 
e*‘4-)) | giving e* which is independent of A. 

This result makes it possible to calculate the expec- 
tation value (6.8) with a finite amount of labor. To 
carry out such a calculation, it will probably be con- 
venient to use the same techniques as have been applied 
in field theory, especially the method of Feynman dia- 
grams.”* The chosen configuration corresponds to the 
vacuum state in field theory ; a transition of one particle 
is considered as the creation of a pair, consisting of a 
hole in the state ”,° of the chosen configuration and of 
a particle in the state »,’ outside the Fermi sphere. The 
interaction 2;; or G;; connects two particle lines. The 
operator M is then an additional operator which may 
be inserted in one of the particle lines; it is similar to 
the action of an external potential in field theory. 

The analogy with field theory is close. The physical 
vacuum state has only an infinitesimal projection on 
the bare vacuum state, just as the actual wave function 
Vc of the nucleus has only a very small projection on 
the model state &c, Eq. (6.7). Nevertheless, the proper- 
ties of single electrons (such as their magnetic moment), 
or the interaction of two particles, can be derived in 
field theory by considering just these particles them- 
selves and a limited number of photons, electron pairs, 
etc. with which they interact directly. One may dis- 
regard all disconnected diagrams and in the nuclear 
case all unlinked clusters. 
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VII. DEFINITION OF THE MATRICES G AND J 


While the reaction matrix G is defined by Sec. ITI, 
particularly by Eqs. (3.1) and (3.7), there is still some 
arbitrariness in the definition of the matrix G and hence 
of J, Eq. (4.4). There is further arbitrariness in the 
one-nucleon potential V. This can be used to make the 
operator in (4.13), 


> Tid Gi; (7.1) 


diagonal in the model wave functions. Then e in (4.3) 
becomes a number, i.e., e is also diagonal in the model 
wave functions. Furthermore, it is desirable to choose 
I,;; such that it has no diagonal matrix elements, and 
no matrix elements leading from the chosen configura- 
tion to configurations in which only one nucleon is 
excited, because this choice will greatly reduce the 
number of terms which needs to be considered in the 
perturbations w; to ws, Eqs. (4.14) to (4.16). 
We thus set 
(7.2) 


(7.3) 


where, if m; and/or mj; are normally unoccupied, the 
right-hand side of (7.3) should still depend on the states 
left empty in the chosen configuration (see Sec. III). 
The choice (7.3) actually does not affect the above con- 
dition that (7.1) should be diagonal; the diagonal 
elements of (7.1) can be chosen arbitrarily without 
violating this condition. 

Since the one-nucleon wave functions are orthogonal, 
the only nonvanishing elements of the operator 7; are 
(a) the diagonal elements and (b) elements in which 
the state of nucleon 7 changes and all other nucleons 
remain in the same state. Therefore G must not have 
any elements in which both nucleons i and 7 change 
their state, 


(nn;\Ii;|nm;)=0, 


(ninj| Gi53|nnj) = (n.n;|Gij|minj), 


(7.4) 


(nin |Gij\nnj)=0 if ni, nj Ani, nj, 
(n,'nj' | I 53|\nnj)= (nin; |Gi;|\nnj;) 
(7.5) 
If one nucleon (i) changes its state, we must have 
(ni |Ts|\n)+dXj(nin;|G.;\nnj))=0, ifn’An;. (7.6) 


Thus the sum in (7.6) must be chosen to be independent 
of the states occupied by the other nucleons, and it is 
most convenient to set 


if m;’, nj’ Ani, nj. 


if ni FNni, 


(7.7) 


whether or not #;=2;, and whether or not all the other 
nucleons k are in the chosen configuration. However, as 
we have shown in Sec. III, the right hand side of (7.7) 
is still not defined if both n; and n,’ differ from the chosen 
state m,°; but if either of them is equal to ,°, there is 
no ambiguity; in the other case, we may choose an 
arbitrary state 2° to be empty, but this must be taken 
to be the same state for al] matrix elements of type 


(n;'n;\ G,;|nnj)= (ni'n}|Gi;|\nn;) 
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(7.7), i.e., independent of i. Once G is chosen, J is 
determined by (4.4); in particular, (7.7) gives 


(nnp|Ii;\nnP)=0 if nn). 


(7.8) 


Thus the elements of J which start from the chosen 
configuration and go to configurations with only one 
nucleon excited are indeed zero as desired. 

Since the model wave functions are orthogonal and 
the one-nucleon wave functions satisfy the Schrédinger 
equation (2.3), we have 


(n'|T|n)+(n'|V|n)=0_ if n’¥n. (7.9) 


In order to satisfy (7.6), (7.9), and (7.7), we must 
choose the one-nucleon potential such that 


(n'| V|n)=Sj(n'n;| G5| nn;) (7.10) 
=> ;(n'n}?|Gi;|nn/). (7.11) 


This result was already used in (3.12). The matrix 
elements of V must of course be independent of the 
choice of the particular nucleon i in (7.7); therefore the 
sum in (7.10) must not exclude any nucleon j. If either 
n or n’ is equal to n;°, the term j=1 in (7.11) vanishes 
automatically because of the Pauli principle, so that 
there is no difficulty in this case. Thus the matrix ele- 
ments of V between an occupied and an empty state 
are uniquely and reasonably defined by (7.11) and 
depend only on the initial and final state of a single 
nucleon. Those between two empty states cannot be 
uniquely defined as was shown in (3.13); since G is not 
a proper two-nucleon operator, V cannot be a proper 
one-nucleon operator. This ambiguity can only be 
resolved by arbitrary choice of these elements of V, but 
this choice has only little influence on the one-nucleon 
wave functions (end of Sec. III). 

It will be shown in Sec. XV that the nondiagonal 
matrix elements of V and 7, and the elements of G;,; 
in which only one nucleon changes its state, are small, 
of order 2-4 or less compared with the other matrix 
elements. 


VIII. SPIN CONSIDERATIONS 


In this section we wish to evaluate the matrix ele- 
ments of the interaction, 


(8.1) 


and in particular to evaluate the sums over spin and 
charge of the two nucleons. We are particularly in- 
terested in the case when ;, 2; are the states of particles 
i and j in the chosen configuration, although nearly 
all our results will also apply to more general cases. If 
n;=n and n;=n;, then (8.1) corresponds to the 
removal from the chosen configuration of the nucleons 
in states ,° and n;°, and their placing into the states 
n;'n;, so that the final configuration is defined by 
four quantum numbers, ,°n;n,’n;', which describe the 
states empty in the chosen configuration and those 
occupied outside that configuration. The states n,n, 


(n,'nj'|0;;| nm), 
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should therefore be considered as having definite spins 
and charges, these being determined by the spins and 
charges of the nucleons which are left in the same 
orbitals (spatial wave functions) after m,° and n,° have 
been removed.”* 

We shall denote the spatial wave function (orbital) 
of the nucleon state m; by m;, the spin state by a; and 
the charge state by y;, and similarly for the states m,;, 
n,’, and n;’. Whenever we need to specify definite values 
of spin or charge, we call the spin wave functions a and 
8, and the charge wave functions y and 6. The inter- 
action will be written for the present as 


(8.2) 


Vij=UT020;°0;, 


where v, and v2 depend on the spatial coordinate r,; but 
may still contain a Majorana exchange operator Py. 
As is well known, the symmetry of the nuclear wave 
function in i and j needs to be taken into account only 
once, and we choose to do this in the final state; thus 
we take the initial state to be 


| mnj)= mary i(i)mjajy;(J), (8.3) 


and the final state 
| n,n; )= may i’ (i)m;'a;"y;' (7) 

—mj'a;'y; (i)miai'yi'(j). (8.4) 
With these definitions, no normalizing factor 1/v2 is 
required. Finally, in applying (8.2) to (8.3), it is 
useful to distinguish immediately the cases when the 
two particles have equal or opposite spin. 

A. Initial spin equal, a;=a;=a (this is not meant to 
imply that the spin is necessarily up). Then also in the 
final state we must have a;’=a;’=a; otherwise the 
matrix element will vanish. Then, without loss of 
generality, we may set 7,;’=7:i, vy; =7; (if yi=j, this 
makes no difference; if y:;#~7;, this defines which state 
is called n;’). The application of (8.2) to (8.3) gives 


04;| mj) = (V1-+02)m<(t)m;(J)ayi(t)ay;(j) (8.5) 


and the matrix element with (8.4) is 


(n,n; | v;;| mj) 
=(m,' (i)m;'(j), (vi 02)m,(i)m;(7)) 
— (visvs(m, (i)m,' (7), (1+ 02)m,(i)m;(7)). 


The scalar product (y,7;) is 1 if yi=7,; and 0 if y:;#7;; 
thus the second (exchange) term in (8.6) will be present 
only when the two interacting nucleons have initially 
the same charge as well as the same spin. The matrix 
elements remaining unevaluated in (8.6) are purely 
spatial matrix elements, for which we write in abbre- 
viated notation: 


(8.6) 


(n,n; | v;;| nn;) ” (v1 +%2)p— (viv5) (v1 +02) x. (8.7) 


28 T am indebted to J. Goldstone for pointing out that the wave 
function of the two “removed” nucleons, i, 7 should not be sym- 
metrized by itself in spin, charge, and space, because this is in 
general incompatible with leaving the “residual nucleus” after 
removal of i and 7 in a definite configuration. 
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D meaning “direct” and X “exchange.” It should be 
noted that in the final state spin and charge of both 
particles i, 7 are the same as in the initial state. 

B. Initial spins different, a;=a, a;j=8. Then without 
loss of generality we set a;’=a, a;’=8, thus defining 
which of the two final states is »,’. Application of (8.2) 
on (8.3) gives 


045 | mj) = (01 —02)m(i)m;( Jory s(t) By;5(7) 
+ 202m ;(i)m;(7)By i(i)ary ;(7). 


We then have to distinguish two cases for the charges. 

1. Initial charges equal, y:=y;=~7. Then also the 
final charges must be y,’=~y,/=y. Using (8.4), the 
matrix elements are found to be 


(8.8) 


(n,'nj' | 04;|nj) = (v1— 02) p— 2vex. (8.9) 


2. Initial charges different, y;=~y and y;=6. This is 
the only case where two different final states are pos- 
sible: 

(a) Final charges=initial charges, y,/=y, yj =6. 
Then 
(8.10) 


(b) Charges interchanged in final state, y,’=6, 
yj =y. Then 


(m’n;' | 05;| mj) = (v1— 02). 


(8.11) 


It is convenient now to introduce the interaction in 
singlet and triplet state, 2, and 1%, instead of v; and 2. 
We have 


(n,'nj |0;;|nm;) = — dex. 


(8.12) 
(8.13) 


and we get from (8.7) to (8.11) the following matrix 
elements: 

1. Charges and spins equal for both nucleons, wave 
functions ay, ay (both initially and finally) : 


V=%+%, 


0,=01— 302, 


(8.14) 


Vig=Vip— Vex. 


2. Spins equal, charges different, wave functions ay, 
ad (initially and finally) : 


(8.15) 


3. Spins different, charges equal, wave functions avy, 
By (initially and finally) : 


0:5=}(un+v) +} (%x— x). 


4. Spins and charges different, initial wave functions 
ary, 85: (a) final wave functions the same avy, 5: 


Vij=Vep. 


(8.16) 


(8.17) 
(b) final charges interchanged, wave function ad, By: 
(8.18) 


The most important matrix element is the diagonal 
one, summed over all spins and charges of nucleon j, 
keeping those of nucleon i fixed. This is obtained by 


05;=3 (+p). 


VW5i= } (ux— 1x). 
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summing Eqs. (8.14) to (8.17) which yields 


1 
DL v4 = 30+ rep+}0ex— Frrx. 
spin, charge 


(8.19) 


The coefficients, 1 and 3, of », and 1%, are the statistical 
weights. The signs of the exchange terms reflect the 
symmetry of the spatial wave function. The factors } 
with the exchange terms arise from the fact that these 
terms exist only between two like nucleons. 

If the two nucleons are to be followed from the chosen 
configuration through a set of intermediate states and 
back to the chosen configuration, their spins and 
charges are, in most cases, simply left unchanged in the 
process. Only in the single case when both spin and 
charge are initially different, two kinds of intermediate 
states must be considered: the two nucleons may retain 
spin as well as charge, or else they may retain their 
spins but exchange their charges. The latter elements 
will be absent if 1.x =x, i.e., in particular if the triplet 
and singlet forces are assumed to be the same. This is 
not a bad approximation to the known interaction in the 
S state. The forces in the odd-parity states of two 
nucleons are not sufficiently well known to decide 
whether 2,=; is a good approximation. 

If the equation for the scattering matrix, (3.1), is 
solved by iteration, as in Sec. X, then in the second 
approximation the effect of a pair of intermediate 
orbitals m,'m,;’ will be given by the sum of the squares 
of the matrix elements (8.14) to (8.18). Although the 
result is elementary we shall not give it, but shall first 
simplify our assumptions about the interaction. 

We assume now that the spatial dependence of the 
interaction is that of a Serber force, i.e., 


0:3 (Tis) -= 0(155)3 (1+Pwm), 


where Py is the Majorana exchange operator. As is 
well known, the Serber force is zero for all two-nucleon 
states of odd parity (odd orbital momentum), while 
for even parity it is simply v(r;;). Later on (Sec. XI) we 
shall consider the assumption that there is interaction 
only in S states; this is a special case of the Serber 
force for.which the following equations, especially 
(8.28), remain valid, although the analytic form (8.20) 
is not. 
If (8.20) is assumed, then 


(8.20) 


vp=vx=}3(m,'mj | v(1 55) | mam;) 


+3(mj'm,'|0(rij)|memj), (8.21) 


where the right-hand terms are ordinary spatial matrix 
elements, 


(m'n|2(¢a)| mn) = f Ya (tdd0*(0) 


Xo(risWm(rivn(rs)dridr;. 


(8.22) 


Because of the equality »»=vx, the matrix elements 
(8.14) to (8.18) simplify considerably : 
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1. Spin and charge of the two nucleons equal: 
(8.23) 


There is, in this case, no interaction because the Pauli 
principle requires the spatial wave function to be anti- 
symmetric which makes it odd parity. 

2. Spin equal, charge different : 


0,;=0. 


(8.24) 


Vij= U4. 
3. Spin different, charge equal: 
(8.25) 


Vij Vs. 


Pauli principle, and even parity of the spatial wave 
function (Serber force) together require an antisym- 
metric spin function, hence a singlet state. 

4. Spin and charge different. 

(a) Final wave function same as initial: 


UTE a 3 (a+). 
(b) Final wave function has charges interchanged : 
(8.27) 


The sum over all diagonal elements, (8.23) to (8.26), 
which was previously given by (8.19), now simplifies to 


Dd j= 3 (+4). (8.28) 


This permits a simple interpretation: we consider the 
interaction of a given nucleon i with all the four nu- 
cleons in the orbital m;. This is found to be effectively 
equal to the interaction with three nucleons, since that 
with the nucleon of the same spin and charge is exactly 
zero, Eq. (8.23). The effective interaction with each 
of the three nucleons is the average of the triplet and 
the singlet interaction. This is related to the fact that 
for even parity, there are equally many triplet as 
singlet states. This may be seen by considering the 16 
possible spin-charge states of two nucleons: ten of 
these have symmetric spin-charge wave function and 
hence antisymmetric spatial wave functions, i.e., odd 
parity (9 of these have isotopic spin 7=1 and spin S=1 
while one has T7=0, S=0). Six states have antisym- 
metric spin-charge wave function, of which 3 are T=1, 
S=0 and three are 7=0, S=1. 

We mentioned previously that the second-order con- 
tribution to the scattering matrix from an intermediate 
orbital m,’ is given by the sum of the squares of the 
matrix elements, in our case (8.23) to (8.28). This 
yields 


(8.26) 


Vij= 3 (U—%). 


DX (015)? = 3 (02+). (8.29) 


Since the observed interaction is not very different in 
triplet and singlet even states, no great error will be 
made if 4$(v,’+/) is replaced by the square of the 
average interaction, }(v,+2). 

Throughout this paper, we shall therefore adopt the 
following simplified procedure. We replace the nuclear 
matrix elements of v by the average of singlet and 
triplet interaction for states of even parity. With these 
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elements of v, we then calculate theG matrix, using (3.1). 
From G we obtain the effective one-particle potential V 
by assuming that each nucleon interacts only with 3 
out of 4 of the other nucleons (i.e., with 3 nucleons in 
each orbital m,). 

Although we shall use the Serber interaction through- 
out this paper, it is still interesting to write down the 
average interaction (8.19) for the more general case 
when there is a Serber interaction », in even states and 
another interaction », in states of odd parity. Thus we 
write 


(8.30) 
and similarly for the singlet. Then (8.19) becomes 
> viyi= SUretateet (9, 2) 00+ 3 Ve0- (8.31) 


Thus each type of state contributes according to its 
statistical weight, the triplet odd states being T=S=1 
(weight 9) and the singlet odd ones 7=S=0 (weight 1, 
see above). 


UD=VUetVo, UX=Vte— Veo, 


IX. INFINITE NUCLEUS 


The simplest case to which the theory can be applied 
is that of an infinite nucleus, in other words of nuclear 
matter. Clearly, the Coulomb interaction must be 
neglected in order to get finite results. In this case, the 
state of nuclear matter is fully characterized by its 
density (or more generally, by the neutron and proton 
density separately). 

All positions are equivalent, and the proper wave 
functions are obviously plane waves. This obviates 
what is normally a most difficult part of determining 
the self-consistent field, viz., the search for proper wave 
functions. The energy of a nucleon in the chosen con- 
figuration, which in Eq. (3.11) was shown to depend 
only on the state m,° of that nucleon, will now depend 
only on its momentum k, and we may write 


E(k)=V(k)+#/2M. (9.1) 


In other words, the “self-consistent potential” V is now 
diagonal in a momentum representation, 


(k’ | V|k) = V(b) (2m)%5(k—k’). (9.2) 


The self-consistent field problem then consists pri- 
marily in finding V(k). It may be noted that we have 
here a situation opposite to that of the conventional 
Hartree model where V is diagonal in the position ; the 
general case discussed in Sec. II where V is neither 
diagonal in r nor in k comprises the Brueckner theory 
of an infinite nucleus and the Hartree theory as special 
cases. 

The energy of a cubic centimeter*® of nuclear matter 
is 


(9.3) 


(2n)-9 f 4a°R[}V (k) +#/2M], 


29 Tt is more convenient to calculate immediately energies per 
unit volume or per particle than to calculate first the total energy 
and then express the result in terms of the total number of par- 
ticles. 
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where the factor } in the first term arises again from 
the need of counting each pair of interacting nucleons 
only once, while the factor 4 in front comes from the 
fact that for each momentum state k there are four 
nucleons, of two spin directions and two charge values. 

The determination of V(k) is the only problem of 
self-consistency which is treated by Brueckner et al. In 
fact, Brueckner” has pointed out that this may be a 
rather tedious problem because the value of V(k) is 
required in the second term of (3.1) or (9.10), and this 
second term may be large and, with Brueckner’s pro- 
cedure, is indeed large. Fortunately, however, this 
second term is greatly reduced if the exclusion principle 
is taken into account immediately (see Sec. X) in its 
evaluation (which Brueckner does not do), and in this 
case a very rough initial choice for V (k) will suffice for 
the calculation of the second term in (3.1). 

We shall use for the nucleons plane-wave functions 
normalized to unit density. Then, if the interaction 
v,;(7;j) is an ordinary potential, its matrix elements for 
one-nucleon functions are” 


(k,’k;’ | 0,;(r)|kik,)p 


=wij(k;—k,’)(2)*(k,’+k,/—k,—k,), (9.4) 


where 6 is the 3-dimensional 6 function and 


(9.5) 


wisl= f ralradeoirs 


is the Fourier transform of the nucleon interaction. If 
we use a Serber force (8.20), then the matrix element of 
v4; for the nucleus is given by (8.21) which becomes in 
our case 


(k,’k;’ | 0,;|k.k;)w=}[wi5(k.—k,)+-w,,(k,—k,’)] 


X (27)*5(k,’ +k, —k,;—k,). (9.6) 


In the second (exchange) term, the nucleon 7 goes into 
the final state k,’ and vice versa. 

The Eq. (3.1) determining the scattering matrix G 
becomes now an integral equation*: 


® The factor (27)* in (9.4) and further equations is most 
easily understood as follows: If the momentum components of 
the momenta k;, k;, k,’, k;’ are considered quantized in a large 
volume, then momentum conservation permits exactly one quan- 
tized momentum state for k,’ if k;, k;, and k,’ are given, and for 
this one state the matrix element is w, Eq. (9.5). In the con- 
tinuum treatment, we have to integrate over k;’ momentum 
space with the volume element (2x)~*d*k,’ ; if then the integrand 
is Eq. (9.4), the integration yields (9.5). 

3! Brueckner, in reference 15, erroneously takes the final state 
to be —k,’ which is correct only if the center of mass of the two 
nucleons is at rest. 

*® The integral in (9.7) goes only once over each momentum 
space k;”’, k;’’ and does not contain factors 4 for spin and charge. 
This is because the spin-charge function of the two nucleons in 
the intermediate state &;”k;” is completely determined, viz., it 
is the same as in the initial state &;k;, and in the final state 
ki'k;’, as was shown in Sec. VIII. 


H. A. BETHE 


(kik; | Gi;| kk) 
= (ky ol kk) — C2n)-* f abe” 
xX dk," (k ik; | Vij k "ky 
1 
x 
E(k) +E(kj")— E(k) — E(k?) 
x (kik; | Gi;| kik,), 





(9.7) 


where k,° and k/ denote the states occupied by nucleons 
i and j in the chosen configuration. In (9.7) and the 
following, we are making the very essential simplifi- 
cation of assuming that (3.8) is valid for the energy of 
the intermediate state. We thus disregard the com- 
plications which were extensively discussed in Sec. ITI, 
viz., that the scattering matrix G;; and the energy of 
excited states E(k;) depend on the empty states and on 
other excited nucleons which may be present. The 
influence of this simplification will be briefly discussed 
in Sec. X. Since each matrix element of 0;; contains a 
5 function expressing conservation of momentum, we 
write 


(kik, |0,;|kik,) 
= (k,’ | 54;|kdk,) y (27) (k,’+k,’—k;—k)), 

(kik; |Gi;|kk;); 
= (k,’ | G,;|kik,) (20)%5(k,’ +k —k;—k,), (9.9) 


(9.8) 


and obtain the integral equation 
(k’k,’ | G,;|kik,) 
= (kk; | 5i;| k.k,)v— (ony f a” 
x (k’k,’ | 5ij|ki"kj)y 
P 
x 
E(k’) + £(k,+k;—k,”)— E(k?) —E(k,’) 
x (kik; | G,;|kik,), 





(9.10) 


where of course k;”” and k,’ are defined by momentum 
conservation, and P means the principal part. 

In Sec. III we have shown that the intermediate 
states k,k,;’ must be different from all the states 
occupied by other nucleons, k,°. Further, since the 
principal value of the integral is to be taken, they 
cannot both be equal to the chosen states k,°k,® but at 
at least one of them must represent an unoccupied state. 
Now momentum conservation requires that if k;”+k,, 
then also k;'’+k;; so at least if i and j are initially in 
the chosen states (k;=k,° and kj=k,°), then both k,’’ 
and k,’’ must be unoccupied states. Hence, with plane 
wave functions, we may simply use the principal value 
P of the integral, and we do not need to use the more 
restrictive operator Q of Sec. III. 
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As we have just shown, the integral in (9.10) extends 
over all states in which both k;” and kj’ =k;+k;—k,” 
are greater than ky, the radius of the Fermi sphere. The 
value of kr is given by 


(2r)-*4 (44/3) ke* (42°/3)ro°= 1, (9.11) 


where 79 is the radius of the sphere containing one 
nucleon. The most accurate information on fo for actual 
nuclei comes from the Stanford electron scattering 
experiments®* and gives (for Au for which experiments 
and analysis are best) 


ro= (1.180+0.012) X 10- cm. 
Equation (9.11) yields 
kp=3? *'!8/279=1.524/r9= 1.29X 10" cm-, 


(9.12) 


(9.13) 
The potential energy V defined in (9.2) is now 


V(b) =3028) f * Ph(ksk;|Gejl kek), (9.14) 


ie., the integral over the diagonal elements of the 
reaction matrix G. As was explained in Sec. VIII, the 
factor 3 takes into account the fact that nucleon 7 
interacts with the three nucleons of momentum k; 
which differ from it in either spin or charge. It may be 
noted that Mo,2(ri2) is of dimension (length)~*; for 
the Fourier transform defined in (9.5) we have Mw,2(q) 
~(length)*', and we shall see later (Sec. XI) that Mwy 
is related to the effective range of the potential; the G 
matrix elements are of the same dimensions as w, and 
V (k) according to (9.14) is again of the dimension of a 
potential, ie. MV~length~. 

The potential energy V(k), and therefore the total 
energy of one nucleon E(k) = V (k)+-k?/2M, will depend 
on the radius of the Fermi sphere in momentum space, 
kp, in addition to its dependence on k. Similarly, the 
interaction between two nucleons, (k,k;|G,;;|k,k,), will 
depend on kp, because the integral in (9.10) extends 
over the momentum space outside the Fermi spheres 
ki’=kp and kj=kp. If G were replaced by 6, this 
quantity would no longer depend on kr but the poten- 
tial energy V (k), Eq. (9.14), would of course still do so. 

The total energy of a nucleus containing A nucleons 
is,** according to (5.5), 

2 


kPF 
W wot = AW =2X4 (29) ol sve+—| (9.15) 


where {2 is the volume of the nucleus.® This clearly 
depends on the density of nuclear matter, 


p=A/Q= (3/4ar)ro4= (2/32) ke’, (9.16) 


3% Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956), where references to the earlier literature are also given. 

*% This time the sum goes over all nucleons regardless of spin, 
and hence there is simply a factor 4. 

85 One should avoid calling the volume of the nucleus » or V 
because this would be confused with the interaction or the 
potential. 
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and may be calculated as a function of p. However, as 
was pointed out by Eden!” (see also Sec. II of this 
paper), we have not yet taken into account the require- 
ment that the wave functions and the potential V be 
self-consistent. This requirement cannot easily be for- 
mulated for an infinite nucleus but this can be done 
for one which is extremely large. The proper procedure 
would of course be to choose a potential matrix 
(r’|V |r), calculate the wave functions y,(r), recon- 
struct V from this, etc., until a self-consistent solution 
is found. This would clearly be very difficult, and 
furthermore, since the nucleus is very large, it is clear 
physically that the exact dependence of (r’|V|r) on 
the positions of r and r’ within the boundary layer will 
have a negligible influence on the wave functions and 
the energy of the nucleus, because it will affect only 
the surface energy. Obviously, the only parameter in V 
which will seriously influence the nuclear energy is the 
over-all dimension of the potential well, i.e., the size of 
the nucleus for a given number A of nucleons. A problem 
of this type, where self-consistency depends almost 
entirely on the choice of one parameter, is eminently 
adapted to the variational method. Indeed, Eden'*° 
has shown that the self-consistent field problem in this 
case is equivalent to the variational problem of making 
the total energy a minimum as a function of the density 
p. 
Thus, while it is formally possible to calculate the 
V (k) and the total energy for an arbitrary density, the 
result would in general not approximate the self-con- 
sistent solution for a large but finite nucleus. Only if the 
total energy is made a minimum as a function of 
density, will a self-consistent solution be obtained. The 
“solutions” for other densities may thus be considered 
as spurious, but they are of course useful for obtaining 
such quantities as the compressibility of nuclear 
matter, etc. 
The variational condition may be rewritten 


Re 
w= f wl sve+—| / f @k, (9.17) 
2M 


7 
—=dW/dkr=0. 
dp 


(9.18) 


Since W is a function of density only, the extra energy 
added when another nucleon is added to a large nucleus 
and the density kept constant, is given by W; in other 
words, the binding energy is -W=|W |. Also if the 
volume is kept constant, the extra energy is W by 
virtue of (9.18); we have 


IW roe aw dW 
( ) =W+A (—) =W+p—=W. 
ad J aA lg dp 


Another way of calculating the binding energy of an 
extra nucleon is to consider the energy per unit volume, 
Wyo1, and differentiate it with respect to the density, 


(9.19) 
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i.e., effectively kp. We have 


( —") - o(—") == dw vol 


1 Re 
“mal Rr ima rnd} (9.20) 
kp? dkp 2x8 ' 2M 


using (9.16). Inserting (9.14), this becomes 
OW tot ee PR Y 

(it fut 
0A /o9 gh 2M 4 16r* 


10°ko (Kiko! G;;| kikg) |. , 
xf foreraie|c ak.) (9.21) 





The first term, the kinetic energy, gives 
ky*/2M, (9.22) 


ie., the kinetic energy of the fastest nucleon. The 
second term gives three contributions: (a) from dif- 
ferentiation with respect to the upper limit of the k; 
integral, (b) from the same for ke, and, (c) from the 
dependence of G,; on kr arising from the solution of 
(9.10). We shall disregard contribution (c); this will 
be shown (Sec. X) to be a good approximation for 
normal or higher density. The contributions (a) and 
(b) are equal, and the factor 2 arising from this cancels 
the factor 3 with V in (9.15). Since the volume element 
in ky space is 4rk,;*dk,, twice the contribution of (a) is 


32X44 ky? 
4 16x hye? 
if we use (9.14). Together with (9.22), we have then 


ow tot ky 
—= V(ke)-+—. (9.24) 
2M 


dk» (kpke|Gi;|krk2)=V(kr), (9.23) 


a. 4 


This is the total one-nucleon energy of the most ener- 
getic nucleon, so that we obtain 


W=E(kp). (9.25) 


Thus, if (c) can be neglected, one may either use the 
eigenvalue of the most energetic nucleon E(k,), or the 
average energy W from (9.17). 

It is perhaps somewhat surprising that one calculates 
in one case an average energy and in the other case a 
maximum energy, and that these two should be equal. 
This is made possible by the factor } in the potential 
energy when the average W is calculated in (9.17); this 
should just compensate for the difference between 
average and maximum. This argument shows, of course, 
that the energy of the top of the Fermi distribution, 
E(kr), must be negative. The relation (9.25) is only 
true if the nuclear density is chosen so as to make W 
a minimum ; otherwise, W does not represent the energy 
of an additional nucleon, added at constant volume, as 
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can be seen from (9.19). On the other hand, this energy 
is correctly given by E(kr) provided the above-men- 
tioned contribution (c) is negligible. 


X. EXCLUSION PRINCIPLE 


We shall now try to solve the integral equation (9.10) 
for the scattering matrix G;;. Contrary to the procedure 
of Brueckner,” we shall take the Pauli exclusion prin- 
ciple into account from the beginning. It will be shown 
that this makes a large difference to the solution, and 
further, that the solution becomes easier rather than 
more difficult by taking the Pauli principle into account. 

For simplicity, we shall consider the case**: 


k;= —k,. (10.1) 


By momentum conservation in (9.10), we then have 
also 

k/ +k,’ =k,’+k,’=0. (10.2) 
The last of these relations brings the simplification that 
if k,’’>kr, then also k;’’>kp so that the allowed (unoc- 
cupied) states in the integral (9.10) all lie outside the 
sphere k,’’=kp, and 


E(k, +k;—k,”)=E(k;’’)> Er, (10.3) 
E(k;)=E(ki)< Ep. (10.4) 


The solution is best illustrated by an example. We 
take v,;;(r) to be a Yukawa interaction, which we write 
in terms of the effective range theory*’ in the form** 


3.565 
M2,;= eres ot Brit. (10.5) 
br 


where b is the intrinsic range which we choose to be 
2.5X10- cm, and s is the strength paramater. We 
choose s=1, which means that the scattering length 
for the two-body system at zero energy is infinite, cor- 
responding to exact resonance at zero energy.*® It will 
be convenient to introduce 


a=b/2.12=1.19X10-" cm; (10.6) 


then 
1.68 
Mo;;= —-—e"!4, (10.7) 
ar 


The Fourier transform (9.5) of (10.7) is 


a 
Mw;;(q)=4rX 1.68— -, (10.8) 
1+ (ga)? 
For small gq, this is proportional to the range a of the 
Yukawa potential. The potential matrix for a Serber 


36 The more general case, k;+k;+0, is at present being con- 
sidered by Mr. Thouless of the Cavendish Laboratory, Cam- 
bridge. 

iti is a great advantage to use this theory so that one may be 
sure that all parameters are chosen consistently, in agreement 
with each other and with the evidence from two-body experiments. 

38 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949), 
especially Eq. (4.4) 

® Actually, a slightly greater value of s would be better since 

we have to take the average of singlet and triplet interaction. 
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force becomes, when we use (9.6), (9.8), and (10.2): 
(k,’k,’| M9;;|kikj) 





=2e 1.680 + | (10.9) 
1+a?(k;—k,’)? 1+0°(k,;—k,)? 
For the energies we use the same approximation as 


Brueckner, 
E(k) =k?/2M*, (10.10) 


where the “effective mass” M* is to be determined by 
the condition of self-consistency, and we introduce the 
new notation 


v=—M(i;;)y, G'=—MGi;, (10.11) 


so that these quantities are now positive. We further 
drop the reference to the state of particle 7 which is 
given by (10.2) and the subscript 7 in k;, etc. Then 
(9.10) becomes 


(k’ | G’ | k) = (k’ |v |k) + (27)-2(M*/M) 
1 
x { dR (| v’ |”) ———(k"”|G’|k). (10.12) 
kr kh’? — R? 


This is very similar to Brueckner,” Eq. (7), except for 
the lower limit kr on k’’. To start with, we shall now 
make the further simplifying assumption that k=0; 
then the two terms in (10.9) will become equal. 

We shall now show that the integral in (10.12) is 
numerically rather small compared with the first term 
on the right-hand side of (10.12). To show this, we 
shall use an iteration procedure: We assume that G’=+’ 
in first approximation, we insert this into the integral 
and evaluate it, and then show that indeed the result 
is small. We calculate in particular the diagonal term 


(k|G’|k=0)=1 68x 4ra| 1+ (2m)-*(1.68) (42a) 





M* f hdk” 1 
k 


X— X40 | (10.13) 
M 


r ki” (1+k'a2)? 
The integral can easily be evaluated as a function of 

a=kpa=1.29X1.19=1.53, (10.14) 
(see 9.12, 10.6), and the result is 


(k|G’|k=0) 2 M*1 Goivingy 

—————-= 14+--(1.68)— (ar tan-— ) 

(k| v’| k=0) tg M 2 a 1+¢e¢ 
=1+0.064M*/M. (10.15) 


Thus even if M*=M, the integral is only about 6% of 
the first-order term, (k| »’|k). 

This means that the Born approximation is well 
justified ,a most remarkable result. The reason for this 
result is of course the exclusion principle, which greatly 
reduced the value of the integral. Indeed, this effect of 
the exclusion principle arises from the same circum- 
stances as the rapid convergence of Brueckner’s “linked 
cluster” expansion,'® namely the fact that the matrix 
elements of the two-body interaction for momentum 


4 
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changes of the order of ky are small. The small result 
for the second term in (10.15) justifies, of course, the 
use of the iteration procedure for solving (10.12). It 
further justifies the use of the rough approximation 
(10.10) for the energy in the denominator. 

It is easy to see that the contribution of the second 
term in (10.15) would be even smaller if the density had 
been chosen higher. This would give a large value of kr 
and of a, and in this limit the term in parentheses in 
(10.15) becomes 2/(3a*), and 

(k|G’|k=0) M* 
——=1+0.36a-*—. 
(kl v’| k=0) M 
The contribution thus decreases inversely as the density 
of the nucleus, and the Born approximation becomes 
increasingly good at high density because the Pauli 
principle takes more and more effect. 

On the other hand, if the exclusion principle had not 
been taken into account, kr would have to be replaced 
by zero. Then a in (10.14) is zero, and (10.15) is replaced 
by 


(10.16) 


1+0.84M*/M. (10.17) 


In this case, the deviation from Born approximation is 
large, and the iteration procedure is no longer applicable. 
This is the case treated by Brueckner,” and in this 
case it is necessary to solve the integral equation (10.12) 
explicitly, instead of simply carrying out a quadrature. 
Brueckner was able, in his case, to reduce the integral 
equation to a differential equation in coordinate space, 
a reduction which becomes more complicated if the 
Pauli principle is taken into account.” However, a 
differential equation is still more complicated than a 
quadrature, so that the exclusion principle still remains 
a simplification. 

It might be argued" that a good approximation 
could still be obtained by solving Eq. (10.12) without 
taking the Pauli principle into account. Indeed, we 
have shown that a good approximation to (10.12) is 
obtained if G’ in the integral is replaced by v’ and then 
the Pauli principle is taken into account. The total 
potential energy of the nucleus is then proportional to 


fhe, hs] Ga) 
* f Pk dk; (kk,|o|kdk,) 


+cny*f dP gdh iP Pes" | (Ke s| 6| ky") |? 
6(k i’ +k/’—k,;—k;) 
Ej +E; —E,—E; 


“ The same conclusion has been reached by W. J. Swiatecki. 
Starting from perturbation theory and taking into account the 
exclusion principle, he finds that the Born approximation is quite 
good at the observed nuclear density while it would be very poor 
at low density. I am indebted to Dr. Swiatecki for sending me his 
manuscript before publication. 

41 See, e.g., Brueckner, reference 12, footnote 5. 





(10.18) 
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where the integral over k,”’ and k;’’ goes only over unoc- 
cupied states. Now, in this form, nothing would be 
changed if the integral over k;’’ and k;’’, were extended 
also over occupied states, because interchange of the 
integration variables k,’’k;’’ with kik; would give the 
same contribution with opposite sign. However, three 
things are wrong with this argument. First, the energies 
in the denominator in (10.18) will be different according 
to whether the Pauli principle is taken into account or 
not, so that the contribution of the unoccupied states 
ki’k;'’ will be different in the two cases (it will be less 
when the Pauli principle is not taken into account 
because the effective mass will then be lower). Secondly, 
while the first iteration provides a good solution of 
(10.12) when the Pauli principle is taken into account, 
this is not so when it is disregarded [see Eq. (10.17) ]. 
In this latter case, then, there is no reason for (10.18) 
to be a good approximation to the energy of the nucleus. 
Third, the interchange of integration variables is only 
possible if both k,’’ and k;’’ are occupied. A large con- 
tribution comes from k,”’ occupied, k;’ empty or vice 
versa, and this is not compensated by interchange of 
initial and intermediate states. 

The small contribution of the integral in (10.12) has 
been demonstrated only for the case k=0. For k¥0, 
the denominator k’”—k* in (10.12) becomes smaller. 
However, crude estimates show that the increase of 
importance of the second term in (10.12) with & is very 
slow, and only when & is very close to kp does it become 
appreciable. Mr. Thouless of Cambridge University 
has done quantitative calculations which show that the 
correction to the potential energy of a particle remains 
small even near kr, although it is then of course larger 
than for k=0. 

In correspondence with K. A. Brueckner, the follow- 
ing interesting comparison has been developed between 
the solution with and without exclusion principle (EP). 
According to (10.18), the average value of the second 
term in the iteration expansion of G is the same in both 
solutions [disregard the third argument given below Eq. 
(10.18) ]. From (10.15) and (10.17), we know that for 
k=O this second term is larger without EP, leading to 
a lowering of the energy level k=O. For k=kp, the 
reverse must then be the case, i.e., the energy level 
lies higher without the EP than with it. [Indeed, in 
some cases, the highest occupied level calculated without 
EP turned out to lie above zero energy, which is incom- 
patible with Eq. (9.25). ] Generally, it follows that the 
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nucleon levels calculated without EP will be too much 
spread out in energy; in other words, that the effective 
mass will turn out too low. This in turn will reduce the 
value of the second iterated term in G and thus the 
error made by neglecting the EP. The error in the 
average binding energy due to neglect of EP should be 
less than in the effective mass. 

Our method of solution of (10.12) holds of course only 
for “well-behaved” interactions 2,;(r), such as the 
“classical” shapes Yukawa, exponential, Gaussian, and 
square well. It obviously cannot hold if the interaction 
contains a repulsive core, because in this case the 
Fourier transform (6.5) of the potential is infinite (and 
repulsive). The integral equations (9.10) and (10.12) 
are still alright if v is interpreted as the limit of a finite 
repulsive core. But the solution by iteration becomes 
meaningless; therefore Brueckner ef al., who were 
mostly interested in repulsive-core potentials, could 
not make use of our iteration procedure. Instead, it is 
necessary to transform the equations (9.10) and (9.12) 
back to coordinate space. In this form, the equations 
are more complicated with the exclusion principle than 
without, and it is therefore natural that Brueckner in 
his first solution” neglected the EP. 

A solution of the problem of a pure repulsive core 
with Pauli principle has been obtained by Bethe and 
Goldstone,” using a suitable coordinate space equation. 
Brueckner (private communication) has obtained a 
numerical solution for a more realistic case, viz., a deep 
and narrow attractive well outside a repulsive core, and 
has found that in this case the effect of the exclusion 
principle is not large. 

Finally, we want to consider briefly the complications 
discussed in Sec. III. These can easily be taken into 
account if the integral equations can be solved by 
iteration, as seems to be the case for our simple poten- 
tials. We may as a first approximation set Gij=0,;, 
obtain the potential energy V(k) from (9.14), and set 
E(k)=?/2M+V(k), for all k. Then, in second ap- 
proximation, we set G;;=;; under the integral in 
(9.10)—as we did in solving (10.12)—and insert the 
just-obtained values of E(k) in the denominator of 
(9.10). To this approximation, the complications of Sec. 
III have no influence on the reaction matrix and on the 
energy of a nucleon in the chosen configuration. Now 
we use the same (second) approximation to calculate 
the reaction matrix for an excited state; according to 
(3.7), we get, with the notation of (10.12): 


(k,’ky'|Ga’ | kk); k°k,;°,k,;)= (kiki | 00’ | kk) y+ (on)-* fabs" (hy |v hss") 


M 


(10.19) 





x 
E(k) +E (ki +k!—ki")+£(k;)— E(k?) — E(k’) — E(k?) 


(ki"ky” | 0’ | kk?) y. 
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The diagonal elements of this matrix, 
(kk)?| Gil | kk); k°k,’,k;), 


are then inserted into (3.5) to give the (second approxi- 
mation to) the energy of the state in which nucleons i 
and j are excited. Since the second term of (10.19) will 
again be a few (maybe 3)" percent of the first, its 
dependence on the empty states k,°, k,° and on the extra 
occupied state k; will be only a fraction of this amount; 
let us say, about one percent for the common choices of 
these three states. Thus in practice the energy of the 
state k,; will depend on the supernumerary quantum 
numbers k,°, k;°, kj only to about 1%, and to this 
accuracy it is possible to define V(k,;) and E(k;). In 
third approximation, then, the energies of the excited 
states k;, k; as calculated from (10.19) can be inserted 
in the denominator of (9.10), and at the same time G 
in (9.10) replaced by the second approximation calcu- 
lated in (10.15). Since the second term in (10.15) is 
only about 5% of the first, and the approximation of 
&(ki,k;; k°,k}) of (3.5) by the denominator in (9.10) 
is good to about 1%, the error in the energy of the 
ground state caused by this approximation will be about 
0.05% which is completely negligible. 

Thus the complications discussed in Sec. III are of 
no practical importance for well-behaved nucleon inter- 
actions such as the Yukawa interaction discussed in 
this section. However, for potentials with a repulsive 
core these complications may be much more important. 


XI. INTERACTION IN S STATES ONLY 


For an adequate treatment of the saturation problem, 
it is necessary to use nuclear forces with a repulsive core. 
A method for solving the integral equation (9.10) with 
such forces and with the Pauli principle is given by 
Bethe and Goldstone.” However, much work will be 
required before reliable results can be obtained. It is 
therefore desirable, for a preliminary orientation, to 
investigate a potential which gives saturation without 
having a repulsive core. 

Such a potential is suggested by Brueckner’s paper” 
on the evaluation of his theory. He uses an interaction 
which exists only in S states, which he justifies on 
physical grounds.“ Now such an interaction, even if it 
contains no repulsive core,“ will always lead to satura- 
tion. This can be seen most easily by a statistical 
argument. A given nucleon in a large (infinite) nucleus 
will interact essentially with all those nucleons which 
are in S states with respect to the given nucleon, and 
are within a sphere whose radius is equal to the range 
of the nuclear forces, b. Thus the number of interactions 


42 Since the denominator in (10.19) contains three excitation 
energies rather than the two in (9.10), the value of the integral 
term in (10.19) is estimated to be only } of that in (10.12). 

43 If one assumes a Serber force, there is no interaction in P 
states. D-state interaction is small at the normal nuclear density 
provided there is a strong tensor force [Brueckner (private com- 
munication) ]. 

“ Brueckner’s S-state interaction does contain a repulsive core. 
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per nucleon is proportional to the number of S states 
within a sphere of radius b, which in turn is proportional 
to krb. Therefore the attractive potential energy is 
proportional to kr and hence to the cube root of the 
density. [This will be shown quantitatively in (11.17) 
and (11.19). ] The kinetic energy is proportional to ky’. 
The combination of two such terms clearly leads to a 
minimum of the total energy at some definite value of 
kp and hence to saturation. The difference from the case 
of an ordinary or a Serber force is, of course, that in 
these latter two cases the potential energy per nucleon 
is proportional to the density, and thus to ke’, so that 
no minimum of the total energy exists. 

Interaction in S states only does, of course, not cor- 
respond to an ordinary potential, but we may speak of 
the potential acting between two nucleons in an S state 
and denote it by v;;(r). We must now derive the matrix 
elements (k,’k;’|v,;{k,k;)p. It is convenient to use 
center-of-mass coordinates so that kj=—k, and then 
to drop the subscript 7. The desired matrix element is 
then the spherically symmetric part of the Fourier 
transform of v;;(r), or in other words, the average of the 
Fourier transform over all directions of the final 
momentum k’, keeping the direction of the incident 
wave fixed. Thus we have, using a notation similar to 
(9.8) and (9.5): 

/ 


dw 
(k’|f:j|k)e= [ —w(k—k’). 
dr 
Now w depends only on 
q=|k—k’|, 
and if @ is the angle between k and k’, 
dw’ = 2m sin6d0=2rqdq/kk’ 


(11.1) 


(11.2) 


(11.3) 


so that 
k+k’ 
gdqw(q). 


|k—k’ | 


(k’|d,;|kK)p= (2kk’) (11.4) 

Since the S state has even parity, exactly the same 
result will be obtained if the forces are Majorana 
exchange or Serber forces. 

The integral in (11.4) gives a slightly simpler result 
if we use an exponential potential rather than the 
Yukawa interaction between two nucleons. Again using 
the effective range formula of Blatt and Jackson,** Eq. 


(4.4), we have 
1.446s 
Mo;;(r)= -——e"*, 
a? 


(11.5) 


where a= b/3.54, with b the intrinsic range of Blatt and 
Jackson. Taking again 6=2.5X10-" cm, we have 
a=0.706X10-" cm. The strength parameter s will 
again be set equal to one (exact resonance). Then 
singr 
— Mw(q)= —4r [ Mois(dr— 
gr 
=8rX 1.446a(1+0°¢)?, 


(11.6) 
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and (11.4) becomes, with the notation (10.11): 
qdq 
(1+-0%¢’)? 
1.446 X 87a 
[1+or(k—k) 1+ a0(k+k')?) 


Now it was shown in Sec. X that the reaction matrix 
G’ is nearly equal to the potential matrix v’. We are then 
interested in the diagonal elements k’=k of v’, and we 
get 


(k’|v’|k)= 





1.446 X 87a f 
2kk’ 





(11.7) 


1.446 X 87a 


1+4a*k? 


(k|v’|k)= (11.8) 


Going back to the laboratory system, we have 2k=k; 
—k;, which we shall denote by K, and 
M (k,’k;’ || kk,) 

1.446 X 82a 


= ——__—__(2n)(k/+k,— 


1+a°K? pb 


(11.9) 
The potential acting on one particle k; is, from (9.14), 
—MV(k,) = —3(2n)* f hi (kaks| Gs) | kk;) 
inf KdK 
iee—st 102K? 
This can easily be evaluated by integrating first over 
k; and then over K. If we use 


_t 446X24ra 2x 
= [8 (11.10) 


On) 


x=k,a, (11.11) 


Kr>= kra, 
the result is 


1, 446 X Of Ke” —x*+1 ehirt sy 


ee? "T+ (krp—x)? 


—MV(k,)= | 
ra 4x 





+xr—arc tan(ke+x)—arc tan(or—*) | (11.12) 

In the limit c=0 we get for the expression in square 
brackets in (11.12) 

[ ]=2(kr—arc tankp), (11.13) 


while in the limit x=xy the result is 


1 
[ J=— In(1+4kr’)+xr—arc tan2kp. 


KP 


(11.14) 


If, in addition, xr is very small, both of these expressions 
reduce to 3xr* which can easily be checked directly 
from (11.10). In this limit (i.e., for very low density), 
the potential V does not depend on velocity. 

For the adopted nuclear constants, ke=1.29X 10" 
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and a=0.706X 10’, we have 
kr=0.91, 
[ ]=0.346 forx«=0, 
[ ]=0.244 for x=xrp. 


Thus the potential decreases by a factor of 1.42 from 
the slowest to the fastest nucleon. 
For very high density, we have 

[ ]=2(kr—2/2) for x=0, 

C J=«xr—x/2 
so that there is then a factor of 2 between slowest and 
fastest nucleon. As was shown in Sec. X, the assumption 
G=v is best in this limit. 

The most interesting quantity is the average of the 
potential V over the Fermi sphere [one-half of this 
quantity is the average potential energy per nucleon, 


see Eq. (9.15) ]. This is obtained by integrating first over 
k; and k; and last over K. The result is 


kp 
—MV.=—M f v(egnedk: / [bed 
0 


1.4466 ae 1 7/3 1 
Lae) 
Kr \4 16xp?* 


en Snneaiir—atys 
XIn(1+4xpr*) —2 arc tander (11.18) 


(11.15) 


(11.6) 


(11.17) 
for k=kp, 


3 4xp 2 


Ta 


For small xr, the expression in square brackets is of 
course again xp’. For large xr, it is 


[11.18]=3(xr— 3x) 
which approaches the mean of the two values given in 
(11.17). For cp=0.91, it is 

[11.18 ]=0.280 (11.20) 
closer to the lower of the two values in (11.16). [11.18] 


means the expression in square brackets in Eq. (11.18). 
The kinetic energy of any nucleon is 


(11.19) 


(11.21) 
and the average kinetic energy is 


MT y= $(2 kp’) = 


10a? 


(11.22) 


The binding energy per nucleon is conveniently written 
in the form 


W= {—Kxr+ (11.23) 


a (4/3)a{11.18]}. 
M a 


a= 15% 1.446/2n=3.452, (11.24) 
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TABLE I. Nuclear energies at two densities in Mev (exponential 
interaction, no repulsive core). 








= 


. Density: Observed Optimal 
0.91 2.92 
1.18 0.367 

20.7 213 


32.3 278 2c? 
11.6 65 a 


Optimal, 
large 
a>1 

1.07 /a 

oe 


. kp (in 10% cm) 

. ro (in 10-8 cm) 

. Mean kinetic energy 

. Mean potential energy 
(negative) 

. Mean binding energy W 

. Slowest nucleon, binding 
energy 79.7 775 

. Fastest nucleon, negative 
potential energy 56.3 

.. Fastest nucleon, kinetic 
energy 

. Fastest nucleon, negative 
eigenvalue 21.8 

. Variation of potential energy 

. Ratio to variation of kinetic 
energy, r 


. M*/M 


(16/3)a* 
(8/3)a? 
(5/3)a* 


420 


=) oo Sn im Wd 


34.5 355 


a 
(8/3)a? 


65 
23.4 355 

0.68 1.00 

0.595 0.500 








when we recall that the average interaction energy per 
nucleon is one-half of the Va given in (11.18). 

If we insert for [11.18] the asymptotic value (11.19), 
the maximum of W occurs at 


Kr=a@ 


(11.25) 


[this is the reason for the choice of the coefficient in 
(11.23) ]. For the actual value of a, 3.452, the asymp- 
totic formula (11.19) is not accurate enough, and the 
minimum of (11.18) is found to occur at xp=2.92. This 
value of xr is more than three times the “observed” 
value xp=0.91, Eq. (11.15). In other words, inserting 
the actual strength of the nuclear forces and using 
interaction in S states only, we obtain a nuclear radius 
(in equilibrium) more than three times too small, a 
nuclear density about thirty times too large. [Using 
(11.25) and (11.24) would be even worse. ] 

In Table I, we give the numerical values of various 
physical quantities for a=3.452 and two different 
values of the density, one the observed density of 
nuclear matter (xr=0.91) and the other the density 
which makes W in (11.18) a maximum (called “optimal 
density” in Table I, xr=2.92). All energies for these 
two cases are given in Mev, and the range of the ex- 
ponential interaction is assumed to have the value 
a=0.706X 10-* cm. 

In the last column of Table I, we have considered 


yet another case of still less physical meaning, but of 


some mathematical interest. We have assumed that 
the nuclear forces are increased in strength so that a 
is larger than (11.24). Then the asymptotic formulas 
(11.19) and (11.20) do become valid, and all physical 
quantities can be expressed in a simple manner in terms 
of a. In this column, all energies are in units of 


B=3/10Me?, (11.26) 
which has the value 25.0 Mev for a=0.706X10-" cm. 


The first three rows of the table describe the case 
considered. The next three give the energy of an average 
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nucleon, viz., its kinetic, potential, and total binding 
energy; in particular, line 5 is the average potential 
energy per nucleon, or one-half of the average of the 
one-particle potential V. The seventh row gives the 
negative eigenvalue of a nucleon of zero momentum, 
and the following three refer to the fastest nucleon. 
Of these rows, line 8 gives the negative of the one- 
particle potential for x=xr. 

Line 11 gives the change of the one-particle potential 
from the slowest to the fastest nucleon, and line 12 the 
ratio of this change to the kinetic energy of the fastest 
nucleon (line 9). Assuming the variation of potential 
energy to be quadratic in x, the effective mass is then 
M*/M=1/(1+r), and is given in the last line of the 
table. 

We first note that, according to Sec. IX, the negative 
eigenvalue of the fastest nucleon (line 10) should be 
equal to the average binding energy W (line 6), and 
this is indeed true for the two last columns in which 
the density (i.e., kr) has been adjusted to make W a 
maximum. For the “observed” nuclear density (and 
the adopted values of a and a), W is not a minimum 
and lines 10 and 6 therefore do not agree. This case, 
therefore, is not a solution of the self-consistent problem 
(Sec. IX) and the numbers in the table for this case 
are actually not meaningful. 

It has already been pointed out that the maximum of 
W occurs at a very high density. Indeed, xr=2.92 is 
3.2 times larger than the “observed” xr of 0.91, and 
therefore the density is about 33 times too high. This 
shows that the assumption of interaction in S states 
only, while it formally gives saturation, does not give 
saturation at the correct density at all. It is to be 
hoped that the introduction of a repulsive core will 
improve this situation—indeed, this surely must lead 
to an equilibrium density far lower than corresponds 
to ro=0.367 because for this value of ro the repulsive 
core from one nucleon would almost reach the next 
nucleon, if the conventional value r,=0.6X10-"* is 
assumed for the radius of the core. 

At the high density «r= 2.92, all energies are naturally 
very high. The binding energy per nucleon, 65 Mev, 
may be compared with the volume energy of 15.5 Mev 
per nucleon deduced by Green and Engler* from em- 
pirical data on nuclear binding energies. At that, the 
theoretical binding energy is a relatively small dif- 
ference between the potential and kinetic energy, each 
of which is over 200 Mev for an average nucleon. The 
eigenvalue of the slowest nucleon is even larger, viz., 
almost 800 Mev. It is clear that none of these numbers 
have any relation to actual nuclear energies. 

We now consider the results at the observed nuclear 
density, xe=0.91. This is not legitimate since W is not 
a maximum. We could imagine, however, that an added 
core might change the position of the maximum of W 
so as to give the correct density, and might at the same 


45 A, E. S. Green and N. A. Engler, Phys. Rev. 91, 40 (1953). 
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time not change W itself very much. Assuming hope- 
fully that this can be achieved, the binding energy W 
of 11.6 Mev is now in reasonable agreement with the 
observed value of 15.5 Mev, closer in fact than our 
crude assumptions about the nuclear interaction 
warrant. Thus there is some hope that if the theory can 
be made to yield the correct density, it will then also 
yield a good value for the binding energy. 

Our model, just like Brueckner’s,” gives a large 
increase of the one-particle potential V with momentum. 
This increase is quite comparable with that of the 
kinetic energy. Indeed, the ratio of the two (line 12) 
varies from 0.7 to 1.6 for the three cases considered, 
increasing with increasing density. For the case xp 
=2.92, the ratio is accidentally exactly 1. The corre- 
sponding effective masses range from about 0.6 to 0.4. 
If we consider the case of the observed density as 
significant, even though W is not maximized, we should 
expect an effective mass of about 0.6 which is somewhat 
larger than that reported by Brueckner.” 


XII. CLUSTER TERMS 


In Sec. IV it has been shown that the Brueckner 
method will work satisfactorily provided that certain 
terms, which we have called cluster terms, are small. 
The most important of these is the correction to the 
energy, 


AE= (6o| > ig 1 i5Lij|%0) =X ss(T io, Lio), (12.1) 


where ®y is the model wave function of the ground state, 
the sum goes over all pairs of nucleons, and Li; 
includes all terms of the operator F;;, Eq. (4.3), which 
are “linked” to the pair ij. Another interesting quantity 
is AE; which is the contribution to (12.1) from clusters 
which involve one particular particle 7. If the chosen 
configuration is degenerate, we shall be interested in 
the matrix elements of >> J ;;L; between two degenerate 
configurations; these will be considered in Sec. XVI. 
In the present section, we shall evaluate the cluster 
term of Eq. (12.1). 

It was shown in (7.2) and (7.8) that the only non- 
vanishing matrix elements of J;; starting from the 
chosen configuration C are those in which both nucleons 
i and j become excited. Hence J; contains only such 
model states in which i and j are excited while all 
other nucleons are in their chosen states. L,; of Sec. IV 
may be expanded thus: 


Ly=1+>d Qty ltd Cie :# aia 


147 ey) Ai ej l#i €41 mt Cm 


+3 other terms involving 2 factors J 


+terms involving 3 or more factors J. (12.2) 


In the energy denominators e, the nucleons ex- 
cited at each stage have been put in evidence. The 
first term inserted in L;> of Eq. (12.1) gives po 
which is clearly orthogonal to J;%. In the second 
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(third) term, / must be different from 7 (i), so that 
I ;fo(T jo) is again orthogonal to J;%. Only the next 
term in (12.2) can give a nonvanishing result, 


aB=5 (4 bitte ® ). (12.3) 


tik Cji Che 


In this term, the three nucleons 7, 7, and k are suc- 
cessively excited. There are of course also terms in 
which more nucleons are successively excited and de- 
excited. 

The term (12.3) was first derived by BL, Eq. (20). 
It was investigated by Brueckner'® who called it a 
cluster term. According to Brueckner, AE; is the con- 
tribution to the energy of a cluster of three particles 
which interact simultaneously. When we constructed 
the G matrix, in Eq. (3.1) or (9.10), the influence of 
particles other than the two interacting particles i,j 
was already taken into account, but only insofar as it 
could be expressed as an over-all potential which 
influenced the excitation energies E(n,’’)—E(n,°) of 
the interacting particles i and 7. Thus (12.3) (and 
higher cluster terms) are required only to take into 
account the fluctuations of the influence of other par- 
ticles (in this case k) on the interaction of two particles 
i and j. From this description it becomes plausible 
that AE; should be small: It is necessary that while i 
and 7 interact strongly, a third particle k be so close 
that it also has a much higher interaction with them 
than the average. This is very unlikely, no matter 
what the nuclear density is: If it is high, then many 
nucleons are always close to particles i and j, and their 
action can be approximated by an average. If the 
density is low, and if no actual clusters are formed (see, 
however, the discussion below), then it is geometrically 
very improbable that three nucleons come close enough 
together so that all of them interact strongly—in this 
case, the influence of the other particles on i and 7 can 
be omitted altogether. This argument is clearly an 
essential point for the success of the Brueckner method. 
Whether it is valid can be decided only by actual calcu- 
lation of AE; and possibly higher cluster integrals. 

Such an actual calculation has been carried out by 
Bruckner'® and will be repeated in this section. Like 
Brueckner, we shall assume for the present that the 
interaction is of the Serber type, (8.20), and has the 
spatial dependence of a Yukawa potential, (10.5). 
Other possibilities will be discussed at the end of this 
section. 

Let us assume that the nucleons i,j,k have respec- 
tively the orbitals (spatial wave functions) a,b,c in the 
chosen configuration. Further we assume that the inter- 
actions take place in the order ij, jk, ki, as shown in 
(12.3); thus the order of the three orbitals a,b,c is 
meaningful. Since two or even all three orbitals may be 
alike, N* different choices of the orbitals a,b,c are pos- 
sible if V = A/4 is the total number of orbitals occupied. 
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We must first discuss the influence of spin and 
charge. Considering a, b, and c different (the other case 
being unimportant), there are 64 different spin-charge 
combinations which may be associated with the three 
orbitals in the chosen configuration. We may call the 
three spin-charge wave functions a,8,7 ; they are initially 
associated with a,b,c, respectively, so that the order of 
a,8,y is meaningful. Several cases may arise: 

1. The spin-charge states a,8,y may all be different ; 
there are 24 possible choices of a,8,y corresponding to 
this case. Then it can be shown (see Appendix) that in 
the two intermediate states the spins must be the same 
as in the chosen state: In the first intermediate state, 
the wave functions of the three nucleons are a’a, b’8, 
and cy, in the second a’a, b8, and c’y. That is to say, 
we can choose the orbitals a’,b’,c’ of the intermediate 
states (keeping in mind momentum conservation, how- 
ever), but we have no further choice of the spins. If we 
disregard the difference between G’ and 1’, as is reason- 
able for the Yukawa interaction according to Sec. X, 
then each matrix element J;;, Ij, and J,; in (12.3) 
becomes the matrix element of the interaction ». 

2. Two of the spin-charge states may be the same; 
there are 36 choices of this type. It is shown in the 
Appendix that for a Serber force the result is zero if 
either a= or a=y, and that each of the 12 states B= 
gives a contribution which is the negative of that from 
the states of type 1. This is due to the fact that there 
must be three exchanges of spin between orbitals. 

3. If all three spin-charge states are the same (4 
cases), the result is zero. 

Thus, for a Serber force, the result is as if there were 
only 12 rather than 64 spin-charge states for any triple 
of orbitals a,b,c. This factor, reducing the result, was 
not taken into account of Brueckner. We also propose 
to omit it for the moment because (a) this facilitates 
comparison with Brueckner, (b) the factor depends on 
the special assumption of a Serber force, and (c) the 
negative contribution of the spin distributions of type 2 
seems to depend on the fact that an odd number of 
interactions is involved, hence the small result for 
3-particle clusters may not be repeated for the 4-particle 
type. 

We now consider again an infinite nucleus so that the 
initial nucleon orbitals are defined by their momenta 
k,, k;, and k,. Because of momentum conservation, only 
one further momentum can be chosen; we take it to be 
the momentum change of nucleon j in the first transi- 
tion and call it q. Then after the first transition we have 


k/=k:—q; k/=kj+q; ki’=ki, (12.4) 
and after the second transition 
k/=ki—q; kj’=k;; ke”=kita. 


The initial states k,;, kj, and k,, which lie inside the 
Fermi sphere, and the momentum change q, must all 


(12.5). 
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be chosen so that the intermediate states k,’, k;’ and 
k,’ lie outside the Fermi sphere.*® 

The energy will again be assumed to depend quad- 
ratically on k, Eq. (10.10). The Fourier transform of 
the potential is given by (10.8), and we shall use the 


abbreviation 
f(a) =f(@=1/[1+ (ga)?]. (12.6) 


Then with our assumptions and notations, the three- 
particle cluster term gives a result similar to Brueck- 
ner’s'® Eqs. (59) and (62). The contribution per particle 
is 


AE;/A=— (2eX1.68a)*(2M*)2?M-%64 (2m)? 


kP kP kr 
xf oes f hf oh [ eg 


XOf(@+s(kj;—ki +) 0/(@)+f(k.—k,)] 
XCf(a)+f(ke—ks+q) JC (ki— q)?+ (kj +)? 
onde k2— k?}°C(k.- q)?+ (k.+ q)?- k?- k2y" 


| 42ay- f . wa] , 


where it is understood that |k;~q|, |kj;+q|? and 
|k.t+q| must all be greater than kp. The use of 27 in 
the first factor, rather than 47, takes into account the 
factor 3 in the Serber force.’ The factor (2)-” goes 
with the four integrals over momentum space, and 64 
represents the possible spin-charge states of the three 
initial nucleons k;, kj, and ky. The denominator 
4(2r)*fd*k reduces the result to an energy per 
nucleon. The negative sign arises from the fact that 
there are three attractive interactions. 

Now the matrix elements (12.6) decrease rapidly 
with increasing g. Therefore, if the z axis is chosen to 
be in the direction q, the most important contributions 
will come from initial momenta k; and k;, which have a 
positive z component, and momenta k; with a negative 
z component, and particularly from states which lie 


(12.7) 


4° P. C. Martin and J. Goldstone have independently pointed 
out to me that there is still another possible type of 3-particle 
cluster term: After the first intermediate state (12.4) is reached, 
the nucleon & fills the void left by nucleon i, while nucleon 7 
takes up the momentum balance. This gives the alternative 
second intermediate state 


k;”"=k;—q; k;”=k;+k,—k:+q; k,”’= k;. 


The contribution from this alternative is likely to be of the same 
order as that from (12.5). [The possibility of letting nucleon & 
fill the state k; does not give anything new because in this case 
k,;” =ki+4q, kx” =k;, which is the same as state (12.5). ] 

‘7 Brueckner has an additional factor } which presumably is 
meant to take into account that each pair ij, jk, and i in (12.3) 
is to be counted only once—as is well known, the sum over all 
pairs 77 is equivalent to one-half the sum over i andj independently 
However, in our case, the three states i, j, and & are distinguishable 
by the order in which the nucleons get excited and de-excited. 
Thus 7 is the nucleon which gets excited in the first step but de- 
excited only in the last. Therefore we should let each of the three 
nucleons i, 7 and k independenily assume each of the possible A 
states. 
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close to the surface of the Fermi sphere—the latter 
assumption will also reduce the resonance denominators 
in (12.7). Thus the main contribution will come from 
rather restricted regions of the Fermi spheres for k;, k;, 
and k,, and this is the main reason why the contribution 
AE; will turn out to be small. 

If we assume that only these restricted regions of the 
Fermi sphere contribute appreciably, two simplifica- 
tions are possible. First, the exchange terms /(k;—k;+q) 
and f(k.—k;+q) can be neglected because the mo- 
mentum change in each case is about 2k, and f(2k,r) 
is only about 0.1 [see Eq. (10.14) ]. However, the last 
exchange term, f(k,—k,), may be large. Secondly, the 
denominator may be approximated by 


(k:—q)*+ (kj+q)?—k?2—k?=2gke(uitu;), (12.8) 


where »;=cos6; [0; being the angle between k; and the 
positive 2 axis (q direction) |], and u;=cos#; (6; being 
the angle between k; and the negative z axis). According 
to the argument of the last paragraph, both », and yu; 
are between 0 and 1. We have assumed in (12.8) that 
ki, k;, and ky are all close to kr. In (12.8), a term 
quadratic in g is neglected; if it were included, the con- 
vergence of the integral for large g would become more 
rapid [see Eq. (12.20) ]. With the same approximations, 
@k ;=2akp'dxdu;, where x;=kr—k; may go from 0 
to qui, again neglecting terms of order q’, a neglect 
which again overestimates the integral. Putting also 
d'g=4rq'dq, we get then 


16 M* 


kr* * dq 
ee i — | 
a et 8; f PEAC 


1 qu 
x ff fendustu ff fazasan 
0 0 


1 1 
X—— ——_L (9+ f(Rr(us—me)) ]. (12.9) 


Mitty; Bite 


The integrations over «;, «;, and x, may be carried out, 
and f inserted from (12.6): 


AE; 6 M* . ke - gdq 
mann --(—) (1.684) — f morerocmen 
A m\ M MJ, (1+¢’a*)? 


" rf f wid jdp jucdur 
(uitu;) (uitmn) 


0 





1 1 
x| + | (12.10) 
1+q@a? 1+07(uj—u)® 


with a given by (10.14). 

Brueckner has considered only the first term in the 
square brackets. The second term is somewhat more 
difficult to integrate ; in fact, if (12.10) is taken literally, 
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the integral over g diverges for this term. But it is clear 
from the discussion above that the integrand has been 
greatly overestimated for g>kr; therefore it is reason- 
able to cut off the integral at about ky, and in this case 
the contributions of the two terms in the square 
bracket will be about the same. Since only an estimate 
is wanted at present, we have considered only the first 
term in the bracket, integrating up to ©, and have 
then doubled the final result. 

The integrals over yu; and yu; are then elementary and 
alike, and the whole yu integral becomes 


: I+nuip 
f uid, ‘ee | =0.089. (12.11) 
0 


Mi 


The yu; integral has here been evaluated numerically, 
which is probably the quickest way, and quite reliable 
since the integrand is almost constant at about 0.1 
over the range from »;=0.2 to 1. (Brueckner’s result is 
0.078.) The q integral gives 1/4a*, and 


AE; 3 \ /M*\? kp 
—*~-2(—)(— (1.68)90.089—, 
2} \ M M 


(12.12) 
A a 


where the factor 2 has been inserted to take into 
account the second term in the bracket in (12.10). 
This result is proportional to kr, as is Brueckner’s 
Eq. (73). Thus the three-particle clusters will not be 
very important for large kr where the main part of the 
potential energy will be proportional to k,* if Serber 
forces are assumed; this is in agreement with our 
previous argument that these terms represent fluctua- 
tions in the effect of a third particle on the interaction 
of a pair and that the fluctuations become (relatively) 
smaller at higher density. For low density, on the other 
hand, although the absolute value of (12.12) decreases 
(in accord with the discussion in the beginning of this 
section), its relative importance becomes greater. This 
means that the independent-nucleon picture is then 
relatively more perturbed by the “cluster” term. As 
the density is lowered, a point will be reached where 
the cluster terms are so important that the approxi- 
mation scheme of this paper no longer applies. It will 
then be a better starting point to assume that the 
nucleons associate in actual clusters, i.e., that we have 
a number of a particles widely separated from each 
other. That this is so will also be indicated by the fact 
that the energy of a dilute nucleus, calculated according 
to the prescriptions of this paper, will turn out to be 
higher than that of an assembly of noninteracting 
a-particles. Thus we see that the tendency to cluster 
formation at low density will be automatically indicated 
by the formalism. Conversely, the calculation at normal 
nuclear density indicates (see below) that the cluster 
terms are not important. This we consider as the best 
possible proof of the ‘“‘shell-model”’ approximation used 
in this paper. We do not think it is necessary to make 
an additional physical assumption that clusters are 
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absent** at normal nuclear density, but we consider this 
a purely mathematical result of the theory. 

With our adopted constants, kr/Ma=45 Mev, and 
(12.12) becomes 


AE;,/A=—1.8(M*/M)? Mev. _(12.13) 


Tentatively, we may adopt for M*/M the value ob- 
tained in Sec. XI, Table I, for the observed nuclear 
density, viz., 0.6. Then 


AE;/A = —0.66 Mev. (12.14) 


This is approximately 100 times Brueckner’s result, 
Eq. (74), 


(AE;/A)Brueckner= —0.007 Mev. _ (12.15) 


Of this discrepancy, a factor of 8 is explained by the 
counting of states.7 A factor of 2 disappears in 
Brueckner’s calculation between his Eqs. (71) and 
(73). Another factor of 2 was introduced by us in 
(12.12) to take into account the second term in the 
bracket in (12.10). A factor of 0.089/0.078= 1.14 comes 
from the evaluation of the angular integral (12.11). 
There is some difference in the choice of constants, which 
accounts for a factor 1.3 in the same direction. Finally, 
our evaluation of Brueckner’s Eq. (73) with his con- 
stants gives 0.013 Mev. 

Our result (12.14) is small but not spectacularly so. 
It will be greatly reduced if we take into account the 


previously deduced fact that actually only 12, rather 
than 64, spin-charge states contribute; then 


AE;/A = —0.12 Mev, 


(12.16) 


which gives about 1% correction to the binding energy. 
Since this is no longer entirely negligible, it would be 
desirable to repeat the calculation more accurately, 
especially the integration of (12.7). The actual result 
will be probably somewhat smaller than 0.12 Mev. 

The result may be compared with the first-order 
average potential energy which is about 30 Mev at the 
actual nuclear density (Sec. XI, Table I), and with the 
second-order contribution which comes from the dif- 
ference between G’ and v’ in (10.12) and which is 4% 
of the first order (with the assumed value M*/M =0.6) 
and hence about 1.2 Mev. Thus the third-order term, 
(12.16), falls rather well in line with the first two 
orders. This result is far more plausible than that 
implied in Brueckner’s papers: in his calculation, the 
second order was about as large as the first because the 
Pauli principle had not been taken into account, while 
the third-order correction (12.15) was about 1 part in 
4000 of the potential energy. 

Our separation into first, second, third, - - - order 
is of course only valid for “well-behaved” potentials for 
which the G matrix can be expanded into a rapidly 
convergent series in powers of v, as shown in Sec. X. 
For potentials with repulsive cores this expansion is 


48 Contrary to R. J. Eden, reference 20, Sec. III. 
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impossible because the matrix elements of v do not 
exist while those of G do. The cluster expansion, on the 
other hand, remains meaningful. Brueckner ef al. con- 
sidered primarily potentials with repulsive cores; 
therefore the idea of comparing the cluster expansion 
with the expansion of G could not occur to them. How- 
ever, it remains gratifying that for potentials for which 
G can be expanded, the various orders of this expansion 
and of the cluster expansion form a sequence which 
converges quite regularly. 

We may then expect the next order, i.e., the four- 
particle cluster term, to be again about 10% of the 
third order. If we assume that there is no benefit from 
spin factors, i.e., nothing comparable to the factor 
12/64 of the three-particle clusters, (an assumption 
which is quite unreasonable), the fourth order may be 
about 10% of (12.14) which would make it about half 
as large as the third order. The higher order terms would 
then be definitely smaller. The sign of each order is 
negative: In the mth order, (12.1) contains m interaction 
terms (negative), and n—1 energy denominators (also 
negative). This result as well as the estimates of orders 
of magnitude should of course be checked by actual 
calculation. 

Even though our result (12.16) for the three-particle 
cluster terms is not spectacularly small, it is still small 
enough to make the calculation without this correction 
very accurate. Moreover, this correction is merely a 
correction in the total binding energy and will probably 
not affect very much the relative positions of nuclear 
energy levels. 

That AE; is so small is of course largely due to the 
Pauli principle, as already pointed out by Brueckner. 
The action of this principle greatly reduces the part of 
momentum space which can contribute appreciably. 
Only the halves of the Fermi spheres for which k;, and 
ky, are positive, and k;, negative, will contribute, and 
the main contributions come from the neighborhood 
of the “poles” of the Fermi spheres, i.e., kj, kxz, and 
—k;, nearly equal to kr. These geometrical restrictions 
make the integral (12.11) as small as 0.09. The restric- 
tions, of course, exist only because the Fourier transform 
of the potential, (12.6), is quite small when the mo- 
mentum of the nucleon changes from one side of the 
Fermi sphere to its opposite pole, i.e., when g=2k,p. 
The great effect of the Pauli principle therefore again 
depends on the relatively high density of the nucleus, 
compared to the relatively long range of nuclear forces. 

We shall now consider some other forms of the inter- 
action between particles. The first is the Coulomb force. 
In this case, the factors (1+q’a?)“ in (12.10) will be 
replaced by g~*. Then the integral will diverge for small 
q, a result which is clearly due to the long range of the 
Coulomb force. It might possibly be remedied by using 
the scattering matrix G’ for the Coulomb field, rather 
than the potential matrix v’. 

The second type of interaction is one which is more 
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important for nuclei, viz., a repulsive core. In this case, 
the matrix J in (12.3) must not be replaced by the 
interaction matrix » but must be used directly. BG” 
show that the scattering matrix for two nucleons whose 
center of mass is at rest may be written 


(k’, —k’|G’\k, -k)= fn) 7a, (12.17) 


where w does not depend strongly on k. If the radius of 
the repulsive core r, is small so that ker,<1 (which is 
well fulfilled for the actual dimensions), then 


we(y)=5(y—1e)/Te, (12.18) 


where 6 is the ordinary, one-dimensional 6 function. 
Then G’ is independent of k, and presumably also inde- 
pendent of the assumption that the center of mass is at 
rest, and we have with abbreviated notation 


(k’ | G’|k)=4a sin(k’r.)/k’. 


This takes the place of (10.8), and &’ is nearly equal to q. 

The main concern one might have in connection with 
a repulsive core is that the contribution from large q¢ 
might diverge, or at least be very large. We therefore 
investigate (12.7), with the changed expression (12.19) 
for the matrix element, for large g. In this case, the 
previous approximation (12.8) for the energy denomi- 
nator is not satisfactory but the energy denominators 
may instead be replaced by 2g each. The integrals over 
kj, k;, and k;, each give a factor (42/3)kr*. The effective 
mass M* for high g should be put equal to M. The term 
— 2X 1.68a[_f(¢)+ /(k;—ki+q)] and the correspond- 
ing term with k,, will each be replaced by (12.19). 
Further, — 2X 1.68af(k,—k,) will be replaced by the 
limit of (12.19) for small k’, viz., 4arr., and f(g) may be 
neglected by comparison. Finally, we change the 64 in 
(12.7) to the more correct value 12, see above. Then 
(12.7) is replaced by 


4nr . 
*( <4) (4ar)5r ar 


gfdq sin*(Qr.) 
4¢! 


This integral clearly converges at large g and the main 
contribution comes from near the lower limit. This 
limit we put arbitrarily equal to 2kr, which is about 
the point where our approximations become seriously 
wrong. Then, assuming kpr,<1, we obtain 


AE; 4 kf 
——=— —(krr,)*. 
A 3M 


(12.19) 


(12.20) 


(12.21) 


Using r-=0.6X10-" cm, and our old value kp=1.29 
X10" cm™, this gives 1.37 Mev. However, for these 
values of the constants, krr, is actually not very small, 
and more accurate evaluation gives a correction factor 
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of about 1/3, or AE;/A =0.45 Mev. This is larger than 
the result (12.16) for the attractive Yukawa potential 
but still a rather small correction, leaving the Brueckner 
theory a very good approximation. 

It will be noted that (12.21), arising from a repulsive 
interaction, is positive while (12.16), coming from an 
attractive interaction, is negative. There will thus be 
partial compensation of these contributions, as was 
pointed out by Brueckner.” Further calculations will be 
necessary to establish the actual correction terms from 
3-particle and larger clusters; for the time being, the 
best estimate is a few hundred kev, and the sign is 
uncertain. 


XIII. THE DEPENDENCE ON THE MASS NUMBER A 


Brueckner'® has shown that the leading term in the 
energy of a large nucleus is proportional to its mass 
number A. This result—which is correct under his 
assumptions—has given rise to considerable discussion 
because it is well known that the energy of certain 
systems is not proportional to the number of particles; 
e.g. the energy of an atom with Z electrons is propor- 
tional to Z7/*, Only if the forces in the system saturate 
should the actual binding energy be proportional to A. 

The point is that Brueckner tacitly assumes that the 
density of particles is held constant as the size of the 
system is increased. With this assumption, the result 
E~A is most plausible, in fact nearly obvious.” Now 
as we have discussed in Sec. [X, calculating the energy 
at given density gives merely a formal solution of the 
problem. To get the actual self-consistent solution, we 
must find the minimum of the energy as a function of 
density. Now if the forces saturate, then the density 
tends to a definite limit for large number of particles, 
and then the actual binding energy will also be propor- 
tional to A. This corresponds to the observed behavior 
of nuclei. If, however, the forces do not saturate, the 
density itself will increase with A, and the binding 
energy per particle will do likewise. 

A convenient example of a nonsaturating force is the 
gravitational interaction, i.e., an attractive potential 
—g*/r between any two particles. The self-consistent 
problem for this case is easy to formulate, and not very 
difficult to solve. If the number of particles is very 
large, the Fermi statistical method may be used, and 
the problem then becomes similar to the Fermi-Thomas 
statistical distribution of the electrons in an atom. 
There are two differences, however: (a) the interaction 
between the particles is attractive rather than repulsive, 
and (b) there is no central body attracting the particles. 

* Private communication through R. J. Eden. 

© Nevertheless, this result represented great progress. The 
Brillouin-Wigner perturbation theory expansion, in which the 
energy denominators are E—Ho, with E the exact eigenvalue and 
Ho the unperturbed Hamiltonian, gives in fourth-order terms 

roportional to A*, in the sixth-order proportional to A’, etc. 
PK A. Brueckner (private communication) and BC]. In BC it was 
shown for the first time that these divergences with A, which 


must be spurious on physical grounds, do in fact cancel if E is 
replaced by the unperturbed energy. 
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Exactly the same problem as ours occurs in the theory 
of the density distribution in a white dwarf star™ in 
which we have a degenerate electron gas held together 
by gravitational forces. 

If relativistic effects are neglected, we can easily 
calculate the radius R of the sphere containing A par- 
ticles interacting by gravitation. The kinetic energy per 
particle is proportional to kr*, where kr is the Fermi 
momentum. The potential energy per particle is the 
gravitational potential which is proportional to A/R, 
where R is the radius of the sphere. The density is 
p~A/R® and k,y* is therefore proportional to A/R°; 
hence the potential energy is proportional to A?*kp 
and the total energy proportional to 


é= dkp?’—cA? Shp, 


where ¢ is a constant. The minimum of this expression 
is obtained for 


(13.1) 


kp=cA?, (13.2) 
The other quantities then depend on A as follows: 
R~A'8/kp~ A, p~ARS~A*, $~A'*, (13.3) 


The volume of such a sphere is thus inversely, rather 
than directly, proportional to the number of particles. 
The radius behaves just as in the Fermi-Thomas, atom 
where the mean radius is proportional to Z~'/* and 
the total energy goes as A’/*, which is also the same as 
in the Thomas-Fermi atom. 

The behavior just described will also be obtained 
from the Brueckner method because it, just like the 
Hartree method, has the Fermi-Thomas model as its 
limit for high particle density. Thus the actual binding 
energy in our example is by no means proportional to A, 
but to a much higher power; but this does not neces- 
sarily affect Brueckner’s proof that at given density, 
the energy is indeed proportional to A. 

This last statement has to be qualified, however, by 
the condition that the energy per particle must be 
finite in an infinite system if the density is kept 
constant. This condition remains satisfied if the inter- 
action does not saturate but has finite range. But for 
Coulomb forces, with their effectively infinite range, it 
is not satisfied: The gravitational potential at the 
center of a sphere of radius r at constant density is 
proportional to r? and therefore does not tend to a 
finite limit as r increases. 


XIV. TERMS OF ORDER 1/4 


In Sec. III we stated that certain correction terms 
were of relative order 1/A, and hence negligible in 
comparison with the main term for large nuclei. We 
shall now discuss these terms. In this section, we shall 
consider only those matrix elements which conserve 

51S, Chandrasekhar, Monthly Notices Roy. Astron. Soc. 95, 
207 (1935). 

52 Tt does not matter that the gravitation acts primarily on the 


nuclei in the white dwarf because nuclei and electrons are closely 
tied together by the (much stronger) electric forces. 
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momentum, as is required for an infinite nucleus; those 
which do not conserve momentum will be discussed in 
the next section. We shall first discuss the diagonal 
elements of the correction terms for the chosen con- 
figuration, and then, very briefly, the nondiagonal 
terms which mix the model states. 

We shall here consider the terms w: and ws, Eqs. 
(4.15) and (4.16). These terms were already considered 
by BL, Sec. III. We shall follow their argument, but 
with the important difference that we consider the 
matrix element 

($c,WnPc), (14.1) 
while they used 


(Vo,wnc). (14.2) 


It was shown in footnote 25 that the use of (14.2) is 

incorrect, and we shall show now that (14.1) is much 

simpler and gives a much smaller result than (14.2). 
The diagonal element of w» is 


Q 
(@c,wxbc)=—-L (se.Gn1 ulsfte) 
ij € 


(14.3) 
Q 
=-—> —6 0,1 i Li&e ° 
i] 


é 


But G,;, according to its definition, (7.4), (7.10), and 
(7.11), can excite at most one nucleon out of the chosen 
configuration. On the other hand, /;; operating on ¢ 
must excite both nucleons. Therefore, at least if L;; is 
replaced by 1, Eq. (14.3) gives exactly zero. The first 
nonvanishing contribution is of the three-particle 
cluster type, viz.: 


(14.4) 


ijk 


2 (At tot a) ’ 
Cij i 


Cik Chi 


where G;; excites either nucleon i or j only. Of the J 
operators, at least one must violate momentum con- 
servation; G does the same, and it is shown in Sec. XV 
that each such operator introduces at least a factor A-+. 
Thus (14.4) will be at least a factor A smaller than 
the analogous term (14.7) below, and is therefore 
entirely negligible. In BL, on the other hand, this term 
gives the main contribution, Eq. (26), which they 
evaluate to be about 10 Mev for the whole nucleus 
(their Appendix B). 
The diagonal element of w3 is 


Q 
($c,w¥hc)= —>d Bey Gu Lue) 
ij Cij 


(14.5) 
re, ( Os“eu@olafte), 
Cij 


The operator 2;;, in contrast to G;; in (14.3), can excite 
both nucleons i and j, and the operator Gj; will then 
leave the two nucleons excited. The structure of (14.5) 





1384 H. A. 
is therefore analogous to the cluster term (12.1) except 
that J;; has been replaced by a more complicated 
expression, 
Q 
— G; 7 Viz. 
Cij 


(14.6) 


The lowest order nonvanishing contribution to (14.5) 
is therefore, in analogy to (12.3), the three-particle 
cluster term 


W33= -£(s08u~ Gu Tula). (14.7) 
eis . 


Cij Cet 


Now (14.7), or the more general expression (14.5), 
can easily be combined with (12.3) or (12.1), respec- 
tively, if we replace v;; by J;;. As we have seen in Sec. X, 
the » matrix is not very different from the G matrix if 
the potential is well-behaved, and the elements of 2;; 
which lead to the excitation of two nucleons are essen- 
tially equal to the corresponding elements of the J 
matrix, Eq. (7.5). Writing then 


Q 
Li 1 =—L,/ 
eij 


(14.8) 


[the term 1 in F;; gives no contribution to either (12.1) 
or (14.5) ], we get for the swm of (12.1) and (16.5): 


(ee, ¥ 1s ££ 5,£)1./0) 


ij Cig CaiZ Cij 


(14.9) 
ic 
= { Oc, Di; Lij'®e }, 
Hei t+Gi; 


where in the last line it has been assumed that G;;<e;;, 
as will be shown to be indeed the case. Thus the only 
effect of ws; is to modify the first denominator in the 
cluster terms by adding G;;. 

Now Gj; is essentially the same as the diagonal 
element of 2,;;. This was calculated in (6.4) and found 
to be proportional to 2 or A~. This shows that the 
G;; in (14.9) gives a correction of the order of 1/A, 
since e;; is independent of A. The term ws is therefore 
of order 1/A compared with the cluster terms, and using 
the estimates of Sec. XII for the latter, we see that ws 
is of the order of a few hundred kev for the whole 
nucleus, which is clearly negligible. 

The reason for the smallness of ws is the occurrence 
of the operator G;; in (14.5). This operator is of order 
Q-, which has to be compared with the denominator 
e;; which occurs associated with it and which is inde- 
pendent of ©. It may be argued that the J,; occurring 
in (12.1) are also of order Q-': But J;;, being a non- 
diagonal element, leaves open the choice of the mo- 
mentum change q, (see Sec. VI), and the number of 
choices of q is proportional to 2. On the other hand, G 
is a diagonal element and thus permits no choice of final 
state. 
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In spite of the smallness of ws, it is interesting to 
investigate the meaning of the change of the denomi- 
nator in (14.9). According to (7.3), 


(14.10) 


and this is the first term in AG;;, Eq. (3.6), which is a 
small correction to the excitation energy —e,;, Eq. 
(3.4). Thus, according to (14.9), the interaction between 
the two excited nucleons ij should be omitted in the 
first (but not the other), resonance denominator ¢;; 
when calculating the cluster term AE;. This takes into 
account all the small (1/A) corrections of Sec. IV 
provided we put »=G in these corrections. 
The nondiagonal terms, 


(@2,WnPc) ? 


(nin;| G,;|nin;)= (nin;|Gi;| nn), 


(14.11) 


are important because they indicate to what extent 
the “improved” model wave function ’, Eq. (4.6), 
differs from the simple model wave function ®¢ defined 
in Sec. II. We have shown in Sec. IV and in EB that w, 
has essentially no nondiagonal elements if the chosen 
configuration is nondegenerate. Therefore we have to 
consider only we and w3. 

It can be shown fairly easily that we and w3 cause an 
admixture of “foreign” configurations B in the im- 
proved model wave function ©’ which is only of order 
1/A. The corresponding second-order perturbation of 
the energy is then also of order 1/A ; a rough estimate 
yields 

>> |Pz, (wetws)Po|? 2 Mev 
AEF, ,® = dpe ; 
Ec—Ex A 





(14.12) 


which is completely negligible. 


XV. TERMS NOT CONSERVING MOMENTUM 


In all our quantitative calculations, e.g., in Secs. VI 
and IX-XIV, we have assumed that the matrix elements 
of v,; and G;; are different from zero only if momentum 
is conserved, as in (2.8). This is of course not strictly 
true for a finite nucleus. In this section we shall estimate 
the magnitude of the matrix elements which do not 
conserve momentum, particularly those in which only 
one nucleon changes its state. 

For this investigation, it is convenient to replace G;; 
by 2; (Sec. X). Then the required matrix elements are 


(n nj’ |v;;|nmj)P 


= f arate (stn 2060 r;) 
Xo (mi,ri)(m;,8)). 


It is convenient to define a quasi-potential acting on 
particle 7, thus: 


(15.1) 


u43(tj)= farsivenseo [*v6j(ts—4,). (15.2) 
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In a nucleus of volume ©, |y|? is of order Q— and u(r;) 
for any given point r; will be of the same order, due to 
the assunted finite range of 2,;;. The diagonal element 
of 0;;, 


(nn; | vi5| n nj) wie fersu(as |W (5,4) [?, (15.3) 


will then be of the same order Q-' since ||? is of order 
Q- and the whole nuclear volume Q gives a positive 
contribution. 

To estimate the nondiagonal terms, we use closure, 
thus: 


LX | (mem; | v45| nn) |? 


nj’ 


2 
far (nj ,xj)u(rsj)W (m5,8;) 


=x 


nj’ 


+ f dr,j|u(rs)|*|b (rj) |. (15.4) 


Since u and |y|? are each of order Q-’, the integrand 
is Q and the integral over the nuclear volume is 2-*. 
Thus the sum in (15.4) is of the same order of magnitude 
as the single term »;’=m; which is the square of (15.3). 
In other words, all the nondiagonal terms together con- 
tribute about as much to (15.4) as the single diagonal 
term. 

The number of nondiagonal terms m;’, however, is 
proportional to @ since }'n;’ may be replaced by 
Q(2r)* fdk;’. Hence each individual term mn,’ gives 
a contribution of order Q-* to (15.4), or the matrix 
element (15.1) is of order Q-*/?. This compares with 2-1 
for the matrix elements which conserve momentum 
(Sec. VI), and thus shows that indeed the elements in 
which only a single nucleon is excited, become small 
for large nuclei. The same is true for matrix elements 
in which both nucleons are excited but momentum is 
not conserved. 

If we calculate, for example, the contribution to the 
cluster term AE; which comes from matrix elements 
which do not conserve momentum, then at least two 
such elements must be involved, and the resulting con- 
tribution is at least by a factor A smaller than that 
calculated in Sec. XII. 

An even closer estimate than (15.4) may be made for 
the nondiagonal matrix elements of the one-nucleon 
potential V. With our assumption G,;=2;;, and with 
the definition (15.2), we have 


V(E)=E walt) = fdro(e—1JE|V(o0)| 
f (15.5) 


“ f drp(t)o(r—5), 


where p is the total density of nucleons. Now for a 
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large nucleus, p is very nearly constant (=po) over the 
interior of the nucleus. Only in a surface layer of relative 
volume of order A~'/*, does p become appreciably 
smaller than po. To estimate the nondiagonal elements 
(7.9) of V, we therefore form, similarly to (15.4): 

| (mj'| V5) |? 


nj’ nj 


= fatv ea Fvensed WY 
(15.6) 
= fatv rd - WF Word 
where 


(V)= f V(r) |W(nse) 2dr; (15.7) 


is the expectation value of the potential. Now in the 
interior, V(r;)—{V) is of order A~ so that the con- 
tribution of the interior to (15.6) is of order A~?’?, The 
main contribution comes from the surface layer and is 
proportional to the relative volume of that layer, A~'’*, 

Thus the sum is (15.6) is of order A~'*, and is smaller 
by this factor than the diagonal term (n;| V|;)*. Since 
the number of terms is again proportional to A, an 
individual term (n,;’|V|n,;) will only be of order A~? 
compared with the diagonal term. 


XVI. PROBLEMS FOR A FINITE NUCLEUS 


In Secs. II, III, and VII we have developed the 
general method for a finite just as for an infinite 
nucleus. In Secs. XIV and XV we have shown that 
the correction terms which may arise for a finite 
nucleus, are small. Nevertheless, many further problems 
will have to be solved before reliable quantitative 
results can be obtained. 

The first step in treating a finite nucleus is the choice 
of a potential to start the self-consistent calculation of 
Sec. II. This is far more difficult than in the Hartree 
method for two reasons: First, the whole potential 
concept is somewhat invalidated by the complications 
discussed in Sec. III, but we have shown at the end of 
Sec. X that these complications are not very important 
quantitatively, at least for “well-behaved” interactions. 
Second, we have to know a potential mairix (r'| V |r), 
rather than a simple potential V(r). 

To determine the potential matrix in a finite nucleus 
combines the problems of finding the Hartree potential 
for an atom and the Brueckner potential for an infinite 
nucleus. The Hartree potential is diagonal in position, 
V(r), and when transformed te momentum space, 
depends only on the difference |k’—k|. The Brueckner 
potential for an infinite nucleus (Secs. [IX to XI) is a 
function of momentum only, V(&), and if transformed 
to coordinate space, will depend only on the distance 
|r’—r|; these two are therefore complementary. The 
potential matrix in a finite nucleus will be neither 
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diagonal in position nor in momentum, and will thus 
depend on r’—r as well as r’+r, and on k’+k as well 
as k’—k. 

There remains, however, a simplifying feature which 
will probably be very important for the actual solution. 
The dependence on r’+r is designed to simulate the 
conventional potential well; the potential V will there- 
fore drop when 4/r’+r| exceeds the nuclear radius 
R=r,A', On the other hand, the dependence on r’—r 
is to represent the momentum-dependence of the 
Brueckner potential V(%) for an infinite nucleus. Now 
V(k) changes appreciably when k goes from 0 to kr; 
therefore the Fourier transform V(r’'—r) will change 
appreciably when |r’—r| goes from 0 to 1/kr, which 
is about ro. For a large nucleus, therefore, much larger 
distances are involved in |r’+r| than in |r’—r|, and 
the two dependences can be separated (except in the 
region of the nuclear surface). For a small nucleus, the 
determination of (r’|V |r) is likely to be much more 
difficult. 

The wave functions of the nucleons will be determined 
mainly by the large-scale behavior of V, i.e. by its 
dependence on r’+r. For a first approximation, there- 
fore, one can probably take simply 


(r’|V|r)=V(r)5(r’—»), 


in other words an old-fashioned Hartree type potential, 
and determine the wave functions in this potential by 
solving (2.3). In other words, one may go back to the 
standard procedure in shell-model theory. Of course, 
once the wave functions of the nucleons have been 
determined, one must then find the reaction matrix 
using (3.1) and one will thus obtain a velocity-de- 
pendent potential, just as for an infinite nucleus. This 
potential will mot agree with the Hartree potential used 
at the start, but when wave functions are calculated in 
this new potential, it is hoped that they will not differ 
too much from those calculated in the first approxima- 
tion. 

The accurate determination of the potential matrix 
(r’|V|r) in the region of the nuclear boundary is ob- 
viously a very difficult problem. To solve it, it will 
probably be best to consider first the problem of an 
infinite plane nuclear boundary and to solve the self- 
consistent problem for this. Then if the normal to the 
boundary is in the x direction, we may write 


(t2|V|11)=V@ (ita), 1-42, 712). (16.1) 


It has been suggested by Skyrme® that one might 
consider the dependence on 112 to be similar to that for 
an infinite nucleus whose density is the same as that 
found at $(x:+22). Solution of this problem of the 
nuclear boundary layer will yield the surface energy 
of the nucleus.* 

Once the problem of the plane nuclear boundary is 
solved, the potential matrix for a finite nucleus may be 


88 T, H. R. Skyrme (to be published). 
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assumed to depend on the position coordinates r, r’ 
in the boundary layer in the same manner, i.e., it 
should be a good approximation to neglect the curva- 
ture of the nuclear surface. From the potential, one 
may then obtain the wave functions solving the 
Schrédinger equation (2.3). 

Let us now assume that the wave functions of the 
individual nucleons have been determined. For the 
moment, we shall assume that the potential (r’| V|r) 
is spherically symmetric, i.e., that it depends only on r, 
r’, and the angle between them (more about this later). 
Then the wave equation (2.3) separates in polar coor- 
dinates, and the nuclear wave functions ¥(;,r;) should 
be the well-known shell model wave functions. In order 
to obtain the observed dependence on j, it must be 
assumed that V contains a term coupling spin and 
orbit, and it will be one of the tasks of the theory to 
derive such a term from the observed interaction 
between two nucleons. 

If the chosen configuration C contains only closed 
shells, and corresponds to the ground state, the further 
calculation is essentially the same as for an infinite 
nucleus. It should be mentioned again, however, that 
configuration interaction is already contained in the 
method (reaction matrix); therefore the state of a 
closed-shell nucleus must mo/ be considered as a mixture 
of various configurations, in an endeavor to lower its 
eigenvalue. The model wave function corresponds to 
one configuration C only. 

Essentially the same statements hold for a nucleus 
containing one nucleon outside closed shells, or one less 
than a closed shell. This is analogous to the problem of 
an alkali atom. 

If there are two or more nucleons in an incomplete 
shell, the situation is more complicated, just as in the 
corresponding case in the theory of atomic spectra. 
There are then many configurations of the nucleus 
which have the same energy, at least as long as we only 
consider the sum of the eigenvalues E(m,°) of the 
individual nucleons and disregard the interaction of the 
nucleons outside closed shells with each other. We 
therefore have to consider degenerate configurations; 
in fact the degeneracy is much higher than in the atomic 
case. : 

The most important consequence of degeneracy is 
that w:, Eq. (4.14), now has many more nonvanishing 
matrix elements than in the absence of degeneracy, and 
that these appear in a much lower order of approxi- 
mation. The operator 1—Q in (4.14) has the value 
unity for ali configurations which are degenerate with 
the chosen configuration. We may thus consider the 
matrix element of (4.14) between the chosen configura- 
tion C and any other configuration B which is degener- 
ate with it, viz., 


($p,wiPc) => i;(@a,1 Lic). (16.2) 


Now in contrast to the diagonal element (12.1) of w, 
the nondiagonal element (16.2) will in general not 
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vanish even if we set L;;=1, its first approximation 
according to its definition (12.2). Then, in first approxi- 
mation, 

($3,wihc)= Dij(ba,1 ic). (16.3) 


This is nonzero if B and C differ in the quantum 
states of two nucleons, which is indeed the most common 
case for two degenerate configurations. Assume, for 
example, that there are exactly two nucleons outside a 
closed shell of 50 nucleons; then these two nucleons may 
be in the 3s, 2d, or 1gz/2 shell. A state of total angular 
momentum 0 (S state) may be obtained from the con- 
figurations 3s*, 2d’, or 1g’. To go from the first to the 
second of these configurations, the two nucleons (7 and 
j) have to be moved from an s to a d state which cor- 
responds exactly to the matrix element (16.3). If there 
are more than two nucleons outside closed shells, we 
do not need to invoke the degeneracy of nucleon states 
of different /, such as the 3s, 2d, and 1g above, but even 
if all nucleons are within the same shell m/, there are 
many different configurations leading to the same total 
orbital momentum and spin, LZ and S, of the whole 
nucleus, which “interact” through matrix elements of 
the type (16.3). 

Expression (16.3) is entirely analogous to the ex- 
pression for the interaction of degenerate configurations 
in conventional shell-model theory. The only difference 
is that in the conventional theory /;;=G;; is replaced 
by 2,;, and according to Sec. X this does not make 
much difference for well-behaved potentials. For poten- 
tials with a repulsive core, it does make a difference, 
and in fact only the “modern” expression (16.3) is 
meaningful while the old-fashioned one with 2;; would 
not be. But the details of J;; or 2;; do not actually 
matter; we are interested only in the matrix element 
(16.3) which depends on some over-all behavior of J;;. 
This J;; may well be replaced by an equivalent well- 
behaved potential which has the same matrix elements. 

This is the more so since the most important matrix 
elements of (16.3), 


(n,'n;' |Gi;|ninj), (16.4) 


are those in which the states of the nucleons 7 and j 
(initial as well as final) are not very different. Then 
the product of the four wave functions involved in 
(16.4) will not change very rapidly with the distance 
r;;, and the exact dependence of G;; on r;; will not 
matter much. 

Thus our theory fully justifies** the conventional 
procedure of shell-model theory : the interaction between 
degenerate configurations is given by a very similar 
expression, and considerable freedom is allowed in the 
choice of the quasipotential v;; which is to replace J;;. 
Of course, it will be desirable in future shell-model 
calculations to choose v;; so as to be compatible with 


% When calculating operators other than the energy, it is of 
course necessary to take into account that the actual nuclear wave 
function differs from the model wave function, as has been 
described in Sec. VI. 
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the G,; which has to be used in the Brueckner theory for 
an infinite nucleus, and which is derived from the inter- 
action between two free nucleons in the manner de- 
scribed in Sec. X. 

While the interaction between degenerate configura- 
tions thus reduces essentially to the conventional 
shell-model expression, the interaction between nonde- 
generate configurations is treated completely differ- 
ently. In the conventional shell model, the matrix 
elements of the interaction corresponding to transitions 
from C to amy other configuration would have to be 
calculated, and the resulting Hamiltonian matrix 
reduced to diagonal form, an essentially impossible 
task.®* In our theory, all this part of the work is done 
in the first part of the procedure, i.e., when the scat- 
tering matrix G;; for the two-nucleon system is deter- 
mined by solving (3.1). After this is done, the con- 
figurations B which are not degenerate with C need 
no longer—in fact must no longer—be considered when 
the problem of the whole nucleus is set up. Thus the 
Hamiltonian matrix which has to be diagonalized for 
the nucleus is finite rather than infinite, and contains 
only the degenerate states. (Obviously, only states of 
the same total angular momentum J, and the same 
J.=M, need to be considered.) Thus Brueckner’s 
method separates the essentially insoluble problem into 
two simpler ones, that of determining the G matrix and 
that of reducing the Hamiltonian matrix for degenerate 
states only. 

When solving (3.1) for a finite nucleus, the wave 
functions y(n;,r;) are of course shell-model wave 
functions, i.e., radial functions times spherical har- 
monics, not plane waves. However, because of the 
Pauli principle, the sum over m,’ and mn,” in (3.1) 
contains only unoccupied states which may be expected 
to be states of high momentum and to be not very 
different for a finite and for an infinite nucleus. Stated 
somewhat differently, the sum in (3.1) makes G,; dif- 
ferent from 2;; at small distances r;;, of order ro or less, 
and at these distances the over-all behavior of the 
wave functions, i.e., whether they are plane waves or 
spherical shell-model wave functions, should not matter 
very much. Thus it is to be hoped that the results from 
infinite nuclei can be taken over with little change. 

We have made an essential distinction between de- 
generate and nondegenerate configurations. The ques- 
tion arises how to distinguish these in practice, especially 
because nucleon states like the 3s, 2d, and 1gze 
mentioned above are almost but not exactly degenerate. 
Fortunately, there is great latitude in the definition of 
the operator Q in Sec. III, and this makes it a matter 
of our choice which of the configurations we wish to 
consider degenerate, and which not. For those in the 
former category, we set Q=0, which means that they 
are not taken into account as possible intermediate 

55 In practice, only a few other configurations are considered. 


This practice, adopted only for the sake of simplicity, is justified 
by our method. 
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states in calcuiating the scattering matrix G from (3.1); 
they will then give nonvanishing matrix elements 
(16.3) and thus have to be taken into account in the 
final Hamiltonian matrix of the complete nucleus. For 
the configurations which we wish to consider as nonde- 
generate with the former class, we set O=1; then they 
will contribute as intermediate states to the scattering 
matrix G in (3.1) but will not contribute elements (16.3) 
to the final Hamiltonian matrix. 

It will presumably be convenient to include all con- 
figurations arising from particles in the same shell (in 
the sense of the shell model) as degenerate, and all 
others as nondegenerate. Thus if we have m particles 
outside the 50-shell, we distribute these in all possible 
ways over the 20 available places in the shells 3s, 2d, 
and 1gz/2 (and possibly also 41/2 ?), and consider all 
configurations arising in this way as degenerate. If one 
particle is put into the next higher shell, or a particle 
removed from the 50-shell and put into the sdg shell, 
the resulting configuration is considered as not de- 
generate with the former class, and assigned the value 
Q=1. Then the smallest denominators occurring in 
(3.1) will be equal to the energy difference between two 
successive shells. From the estimates in Sec. X it is 
likely that the contribution to G from configurations 
which have the smallest possible denominator will not 
be very large, and this fact justifies their inclusion 
among the “‘nondegenerate”’ configurations. 

In contrast to the case of an infinite nucleus, the 
one-nucleon levels in a finite nucleus are discrete and 
the number of distinct shells is rather small. If we 
consider the nucleon shells m=1, 2, 3, --- as closed at 
2, 8, 20, 28, 50, 82, 126, --- nucleons, then from n=4 
up the total number of nucleons up to shell is given by 


N(n)=4n(n?+5), (16.5) 


and the number of shells for a given mass number is 
roughly 


n= (3A/2)'8~ Ais, (16.6) 


The energy spacing between successive shells therefore 
decreases with A only as A~*, and it is this slow 
decrease which makes the shell model so useful. The 
number of nucleons per shell goes up as A’. 

Furthermore, the matrix elements of 2;; or G;; vary 
greatly from one nucleon pair to another. Two nucleons 
which have the same spatial wave function (and differ 
in spin or charge) will have a very large interaction, 
decreasing with atomic weight more slowly than 1/A. 
Two nucleons in different shells, on the other hand, 
will have a considerably smaller interaction. Our 
estimates in Secs. VI and XV of the size of nuclear 
matrix elements must therefore not be taken seriously 
for individual matrix elements but hold only on the 
average. 

The interaction between a pair of nucleons in the 
same shell depends greatly on the symmetry of the 
wave function with respect to the two nucleons. This 
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establishes a connection with the theory of multiplets 
developed by Wigner.** The only difference is that in 
our theory the multiplet structure, caused by the sym- 
metry of the wave function, is subordinate to the shell 
structure for the individual nucleons, just as it is in 
atomic spectroscopy. This is of course quite familiar 
from the conventional treatments of the shell model. 
It is quite possible that the shell model with symmetry 
effects considered in second approximation, becomes a 
better approximation as the size of the nucleus increases, 
and that for very small nuclei (up to carbon, say) the 
original Wigner procedure, of considering symmetry 
first, is preferable. 

The interaction between nucleons can presumably 
separate levels of the nucleus with different numbers of 
spatially symmetric pairs®® very greatly, probably by 
more than the energy difference between successive 
nucleon shells. It may therefore be desirable to redefine 
the concept of ‘degenerate configurations” to take this 
symmetry effect at least partially into account. This 
will be important only when there are many nucleons 
in an incomplete shell. 

If there are many nucleons in an incomplete shell, 
the “collective model” of Bohr and Mottelson*? may 
become applicable. In our theory this means that a 
self-consistent solution will not be obtained for a 
spherically symmetric potential (r’|V|r) but for one 
of ellipsoidal shape. Since the self-consistent method is 
equivalent to a variational principle,” we may also say 
that the ellipsoidal shape gives a lower energy to the 
nucleus. Clearly this will happen only for certain dis- 
tributions of the nucleons over the possible m values 
(magnetic quantum number) in the incomplete shell. 

We have frequently stated that our method is 
applicable not only to the ground state but also to other 
states of the nucleus. For instance, all the configurations 
which are considered ‘‘degenerate”’ in first approxima- 
tion, will be calculated simultaneously by diagonaliza- 
tion of the Hamiltonian matrix of the nucleus, as is 
customary in conventional shell-model theory. But 
also states in which one or more nucleons are excited 
to higher shells can be calculated. In this case, some of 
the denominators in the fundamental equation (3.1) 
will be negative because the intermediate state can 
have lower energy than the now chosen configuration. 
But this makes no difference: the main point is that 
states degenerate with the chosen one are always 
excluded by the operator Q so that no vanishing de- 
nominators can occur. Of course, the higher the excita- 
tion, the higher the degeneracy, so that it soon becomes 
impossible in pratice to diagonalize the Hamiltonian. 
But at least a reliable method is provided for calcu- 
lating statistical properties, such as the spread in energy 
of all the levels which arise for instance from a given 


56 E. P. Wigner, Phys. Rev. 51, 106 (1937). For a simple ex- 
position, see J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952), Chap. VI. 

57 A. Bohr and B. R. Mottelson, Physica 18, 1066-1078 (1952). 
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excitation of one nucleon, and perhaps also the dis- 
tribution of these levels in energy. This will give a 
better basis for calculations of level density, and it 
may also be relevant to the giant resonance in the 
photoeffect.®* 
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APPENDIX. SPIN CONSIDERATIONS FOR 
THREE-PARTICLE CLUSTER TERMS 


In this appendix, we shall consider the possible values 
of the spins of the three nucleons which interact ac- 
cording to Sec. XII. We shall consider wave functions 
which describe both spin and charge of a nucleon, and 
denote them by a, 6, y for the three nucleons in the 
cluster. The orbitals of the three nucleons will be 
denoted by a, b, c. Then (aa,b8,cy) denotes a possible 
assignment of spin-charge to the three orbitals; 
(aB,by,ca) would be another. The part of the wave 
function referring to the three nucleons (denoted 1, 
2, 3) is the Slater subdeterminant 


}a(1)a(1) 08(1) 


Yo= (aa,bB,cy)=|a(2)a(2) 08(2) 
\a(3)a(3) 08(3) 


cy(1) 
cy(2)}. 
cy(3)| 


(A.1i) 


First step—We operate on the wave function (A.1) 
with the Serber operator 


v= }0a(1+P as), (A.2) 


which gives 
mo - Avab|. (aa,b8,cy) (ba,a8,cy) ], (A.3) 


and take the matrix element leading to the first inter- 
mediate state 
y= (a’a’,b’B’ cy). (A.4) 


Clearly, particle cy must remain in the same state. It 
is sufficient to take the symmetry into account in the 
initial state, so we write 


vi= a’ (1)0'B"(2)cy(3). (A.5) 


58D. H. Wilkinson, Proceedings of the Glasgow Conference on 
Nuclear Physics, 1954 (Pergamon Press, London, 1955), p. 161. 
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Further, it is sufficient to take the part of (A.3) which 


assigns the state cy to particle 3, then we have 


wWo= F0a0[.aa(1)68(2)+ba(1)aB(2) 
— 6B (1)aa(2)—aB(1)ba(2) Jey (3) 
= d0e[_a(1)b(2)+5(1)a(2) ] 
X [fe (1)8(2)—B(1)a(2) Jey(3). (A.6) 


Clearly, the interaction is zero if a= as also shown in 
Sec. VIII. The integral over the coordinates of the 
third particle gives unity, and there is at this point no 
restriction on the spin y. 

The matrix element (¥1,27Wo) for a¥@ will give a non- 
vanishing result in two cases: 

I. If a’=a, B’=8, the matrix element comes from the 
term a(1)8(2) in (A.6) and is 


(1,20) = 3 (a’b’ |v | ab)+ 2 ( a’\v ab). (A.7) 


II. If a’=8, B’=a, the matrix element comes from 
—B(1)a(2) in (A.6) and is equal to (A.7) with opposite 
Sign, 

Second step.—Next we let particles } and ¢ interact, 
in accord with the form of the three-cluster operator 
(12.3). This operation must bring a particle back to 
state 68. Thus the second intermediate state is 


Yo= (a’a’,bB,c'y’). 


Since 6 and ¢ interact, their spins in state y; must be 
different, according to (A.6). Hence we must have 


vB. (A.9) 


However, it is permissible that y=a’ since particle a 
does not interact at this stage. We discuss separately 
the two cases defined above. 

I. If B’=8, then (A.9) shows that y#¥8. Then we 
must also have y’= +, Eq. (A.8), and the matrix element 
is 


(A.8) 


3 (bc’|v| b’c) +4(c’b| v| b’c). (A.10) 


II. The two interacting particles have the spins 
8’=a and y in the first intermediate state, so we must 
have ya. In the second intermediate state, their 
spins are @ and vy’. Since the interaction does not 
contain spin, the spins y, a must match the spins 8, y’. 
Since we know that a8, the only possibility is that 
y=6; hence we must have 7’=a and the states of the 
three particles are 


yo= (aa,bB,cB), 

y= (a’B,b’a,c8), 

Y2= (a’B,bB8,c'a). 
Then in going from y to Ye, the spins of the last two 
particles get interchanged, as they did in the first step 
of Case II. Thus, according to (A.6), the matrix element 
for the second step is the negative of (A.10). 


Third step—We let particles c and a interact, thus 
getting back to the initial state Yo. 


(A.11) 
(A.12) 
(A.13) 
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Case I. Since the configuration in the second inter- 
mediate states is (a’a,b8,c’y), application of (A.6) shows 
that ya. Thus in case I, all three spins must be dif- 
ferent. The matrix element is 


4 (ac|v| a’c’)+43(ac|v| ca’). (A.14) 


Case II. The second intermediate state is given by 
(A.13). The requirement for (A.6) to be nonvanishing 
is now a#f which is fulfilled anyway. The spins a 
and @ are interchanged again, so there is again a 
negative sign. 

General argument.—We consider a triplet of orbitals 
a, b, c whose order is determined by the order of excita- 
tion. We have then the following possible spin assign- 
ments: 


1. All 3 spins may be different. There are 4X32 
= 24 possible assignments of spins to orbitals in this 
class. We then obtain Case I, and the complete matrix 


BETHE 


element in the cluster is the product of (A.7), (A.10), 
and (A.14). This has been used in Sec. XII. 

2. Two spins are equal, the third different. 

(a) Particle 6 and c have equal spins; there are 4X3 
=12 different assignments in this class. Then we have 
the situation of case II, Eqs. (A.11)—(A.13). The matrix 
element is the same as in case I, except for three negative 
signs. 

(b) Particle b has the different sign. In this case, the 
matrix element is zero as can be seen by letting ac 
interact first. (12 possible assignments.) 

(c) Particle ¢ has the different spin. Again matrix 
element zero as shown by (A.6). 12 possible assign- 
ments. 

3. All three spins equal. 4 possible values of this 
spin. Matrix element zero. 


The total result is therefore (24-12) times the product 
of (A.7), (A.10), and (A.14), 
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Possible deuteron stripping and pickup reactions involving various states for A = 14 and the two one-hole 
states for A =15 are discussed in detail. They would give considerable information about the A = 14 wave 
functions (particularly the C“ and N™ ground states) and also some valuable measurements of the basic 


single-particle Butler cross section. 





I. INTRODUCTION 


ECENT experimental work by Sherr! and his 

collaborators and theoretical work by Jancovici 
and Talmi? and by Visscher and Ferrell® have intensified 
interest in the long-standing problem of the polyad 
A=14. It now seems that, as a result of this work, the 
ground state wave functions for N“ and C may be 
regarded as rather well known. However, because of 
the particular interest in these nuclei we discuss here 
the information which may be derived by deuteron 
stripping and pickup reactions involving the nuclei 
with A= 14, 15. We consider mainly reactions involving 
the first two states for A=14 (J=1, T=0 and J=0, 
T=1) and the two one-hole states (J=}-,3-) for 
A=15. This case is unusual because, in the p” con- 
figuration,‘ the A=15 states (and in fact some of the 
higher A=14 states too) are unique and involve no 
unknown parameters; also the anomalous lifetime of 
C makes it available as a target. Purely apart from the 
information to be gained about the A=14 wave 
functions, it will appear too that the experiments will 
give information about the stripping process which will 
be of value for other nearby nuclei. 


Il. RELATIVE DEUTERON CROSS SECTIONS 
AND THE A=14 WAVE FUNCTIONS 


We first give expressions for the relative stripping 
or pickup cross sections involving the first two levels 
for A=14 and the two one-hole levels for A=15. 
There are four basic cross sections and these define 
four relative reduced widths, So, Si, So*, Si*; the 
subscript here defines the J value for A=14; So, Si 


* This research was supported, in part, by the U. S. Atomic 
Energy Commission. This paper is a slightly expanded version 
of Atomic Energy Commission Report NYO-7588, 1956 (un- 
published). 

1Sherr, Gerhart, Horie, and Hornyak, Phys. Rev. 100, 945 
(1955). 

2 B. Jancovici and I. Talmi, Phys. Rev. 95, 289 (1954). 

3W. M. Visscher and R. A. Ferrell, Phys. Rev. 99, 649 (A) 
(1955). 

4 We shall consider only the ” configuration; it seems likely 
that, except perhaps for the higher A = 14 states, this is adequate. 
In fact, K. G. Standing [Phys. Rev. 101, 152 (1956)] in com- 
menting on the smallness of his N"‘(p,d) cross section to the first 
excited state of N™ concludes that the p8s* and p’sd configurations 
contribute negligibly to the N™ ground state. His conclusion is 
quite tempting but unfortunately the argument is not rigorous; 
for each of these configurations contains several 7=0, J=1 states 
and then for either / value the (d,p) amplitude is a coherent sum 
of several contributions. 


involve the A = 15 ground state and So*, S;* the excited 
state. Specifically, we shall understand by any S the 
ratio of the reduced width divided by the appropriate 
isotopic spin coupling factor to the corresponding 
single-particle width. In the notation of Auerbach 
and French,’ we have then S=n >> B?. 

For the particular case of transitions from a two-hole 
state To, Jo to one-hole states J, we find by direct 
summation in Eq. (6) of reference 5 that 


Les (2I+1)S (J) = (2T0+1) (2J0+1). (1) 


Thus we eliminate So*, S:* by S;+25;*=% and have 
then two parameters which we can hope to determine 
from stripping and pickup reactions. In terms of the 
wave function amplitudes for the A = 14 states, we have, 
using the notation and phase convention® of Sherr et al.,! 


2S1= 1+37°+ 28 (yvV/$-av/3). 


In particular, for the experimental wave function set 
and the two theoretical sets as listed in reference 1, we 
have values for So and S; as given in Table I. 

We now write in Table II the relative cross sections 
for various reactions. Specifically, we give the product 
of the statistical and isotopic spin factors and the 
relative reduced widths S. We do not include the purely 
kinematic factors in Butler’s theory ; experimental cross 
sections should therefore be corrected for these (e.g., 
as in the Appendix of reference 5). 


(2) 


TABLE I. Relative reduced widths as calculated with the experi- 
mentally determined A=14 wave functions of Sherr e¢ al.* and 
the theoretical ones of Jancovici and Talmi> and Visscher and 
Ferrell.° 








Sherr et al. 


So “ 1.40 
Sy 1.26 











® See reference 1. 
b See reference 2. 
© See reference 3. 


5T. Auerbach and J. B. French, Phys. Rev. 98, 1276 (1955). 
See also A. M. Lane, Proc. Phys. Soc. (London) A66, 977 (1953). 
The treatment of the stripping iB S50 (19 itself is due to S. T. Butler, 


Proc. Roy. Soc. (London) A208, 559 (1951). 

6 The phase convention is the usual one ‘oy A=15, 14, described 
as 1- and 2-hole nuclei. Specifically, we have for the coefficient 
of fractional parentage (66)4(144 | LoSoTo)=[(2L0+1) (2So+1) 
X (2To+1) }. 
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TABLE IT. Relative cross sections for the various reactions con- 
necting the first two states for A =14 and the one-hole states for 
A=15, in terms of the reduced width factors. Note that certain 
pairs of levels may also be connected by (d,t) and (d,He*) reactions. 








Reaction Relative cross section 


C¥(d,n)N¥ 

C¥(d.n)N*™5 

N¥(d,p)N™, N¥*(d,n)O" 

N¥ (d,p) N*15, N" (dn)O™* 
5 N" 


N15(p,d)N*, N18(n,d)C# 











In order to determine the S values [and thus from 
Eq. (2), something about the wave functions], we 
first consider pairs of experiments in which the same 
reaction leads to two states of the same final nucleus. 
The simplest to interpret is C'(d,n)N*®, and here the 
cross section specifies almost uniquely the C™ wave 
function, as indicated in Fig. 1. If it should turn out 
experimentally that the excited-state cross section is 
not much smaller than the ground-state cross section, 
the correctness of the recent conclusions concerning the 
A=14 polyad would be seriously in doubt. This 
experiment has not been done, but from the observations 
at very low deuteron energy and at only two angles 
made by Hudspeth, Swann, and Heydenberg,’ one is 
tempted to conclude that do*/da is indeed small. 

For N*(d,p)N"*, absolute cross sections are given by 
Gibson and Thomas* with an accuracy which is, 
however, rather less than we would like. A very recent 
measurement by Green and Middleton’ gives the 
excited-state cross section with excellent accuracy but a 
comparable ground-state cross section is missing. On 
comparing the two experiments, we find that we can 
safely write 1.15 <.S,< 1.35, and this value could be 
refined with a more accurate value of the ground-state 
cross section. On the other hand, the N'(d,n)O% 
experiment has been done with satisfactory accuracy 
by Evans, Green, and Middleton.'® From these results, 
we find 1.26 <¢.S; £1.37. It is clear that these experi- 
ments support the conclusions of Sherr ef al.! No 


Fic. 1. Plotted vs the 
P state amplitude in the 
C™ wave function is the 
ratio of the (kinemati- 
cally corrected) differ- 
ential cross sections to 
the two one-hole states 
of N*. do*=0 for y 
= (3) corresponding to 
a (p;)°(p;)? representa- 
tion for C“; de=0 for 
y=—(4)+ correspond- 
ing to a (p,)7(~)* repre- 
sentation. 





7 Hudspeth, Swann, and Heydenberg, Phys. Rev. 80, 643 
(1950). 

8 W. M. Gibson and E. E. Thomas, Proc. Roy. Soc. (London) 
A210 (543). 

®T. S. Green and R. Middleton, Proc. Phys. Soc. (London) 
A69, 28 (1956). 

%” Evans, Green, and Middleton, Proc. Phys. Soc. (London) 
A66, 108 (1953). 
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N'5(p,d) experiments [or the analogous (d,t) and 
(d,He*) ] have been done. 


Ill. REACTIONS WHICH MEASURE THE 
SINGLE-PARTICLE CROSS SECTIONS 


It will be observed that in Sec. II we have refrained 
from comparing cross sections except those for reactions 
of the same type with the same initial nucleus, although 
Table II gives us a warrant for making more general 
comparisons. We must recall, however, two sources of 
difficulty in extracting the relative reduced widths, S, 
from the experimental cross sections. The first, which 
is a difficulty in extracting the actual reduced width, 
comes about because the Butler theory may not give 
a good account of the absolute cross sections." Thus 
it seems safe to compare reactions for close-lying states 
(particularly when the kinetic energies are high); but 
the error in comparing, for example, the two levels of 
N’® (which are 6.3 Mev apart) may not be small, and 
in the same way comparison of widths deduced from 
reactions of different type” may not be safe. The 
second essential difficulty is in deducing from the 
observed reduced widths the values (or relative values) 


TABLE III. Relative reduced widths S for reactions connect- 
ing the A=15 ground state with the higher p* states (7,/) for 
A=14. 











9/4 
5/4 
0 


(5/4) (P—v2D)? 








of the quantity S; the point here is that the single- 
particle width may well vary with the state of exci- 
tation of the nucleus.” 

It seems altogether likely that both of these 
difficulties, which must be resolved if the deuteron- 
reaction analysis is to become a trustworthy quanti- 
tative technique," will have to be clarified empirically, 
and for this purpose the reactions involving A = 14, 15 
supply many useful cases. Firstly we note from Eq. (1) 
(or Table II) that, as long as we ignore the variation 
of the single-particle width with excitation,' the pairs 
of experiments which end in the two states for A=15 
are “self-normalizing” in that a measurement of the 
relative cross sections will produce the absolute S values 


J, Horowitz and A. M. L. Messiah, Phys. Rev. 92, 1326 
(1953); W. Tobocman and M. H. Kalos, Phys. Rev. 97, 132 
(1955); J. E. Bowcock, Proc. Phys. Soc. (London) A68, 512 
(1955); W. Tobocman, Phys. Rev. 102, 588 (1956). 

22 For some pertinent comparisons of (d,p) and (d,n) cross 
sections, see Calvert, Jaffe, and Maslin, Phys. Rev. 101, 501 
1956). 
1B n M. Lane, Atomic Energy Research Establishment, 
Harwell Report 7/R 1289 (unpublished). 

14 Note, however, that since experimentally the (d,p) cross 
section [and probably also the (d,m) cross section] to the N® 
excited state is small, these difficulties would not seriously affect 
the conclusions about the A = 14 wave functions. 
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and thus the absolute single-particle cross sections. 
Other experiments which give the single-particle cross 
sections in this region of A (but for quite different 
kinetic energies) are O'%(n,d) and its inverse and 
O'6(p,d). 

Besides this, the A = 14 polyad has higher p" states 
which are unique (i.e., only one multiplet) and the 
N(p,d) experiment to these levels (involving two 
unique states) would supply other values of the single- 
particle cross section for different kinetic energies and 
excitations. Table III lists all the higher states with 
their S values (few if any of these states have yet been 
experimentally identified). Besides these, there are 
three states with T=0, J=1 and two with T=1, J/=0; 
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the S values are given by Eq. (2) but the vectors, of 
course, are different. For T=1, J=2 there are two 
states; P, D are the amplitudes for the *P and ™D 
components respectively; in the 77 limit (p3’p,;), S has 
the large value 15/4. Measurement of the cross sections 
to any of these states would be very interesting.!® 
We emphasize too that experimental S determinations 
for the higher ‘“‘nonunique” A= 14 states would supply 
additional parameters which should be considered in 


any theoretical study of the A = 14 polyad. 


16 The determination of the channel spin ratio by angular corre- 
lation measurements would also be useful. [See T. Auerbach, 
thesis, University of Rochester, 1954 (unpublished) ; and for the 
(d,py) case, in particular, O. Hittmair, Z. Physik 143, 465 (1955).] 
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The differential cross section for the elastic scattering of 9.75-Mev protons from He’ has been measured 
in the range of center-of-mass angles from 30 to 150 degrees. The cross section varies from 345 millibarns/ 
steradian at 30 degrees, through a minimum of 18.2 mb at 110 degrees, and rises to 84.5 mb at 150 degrees. 
Comparison of the data with the distributions calculated theoretically by Swan gives only rough agreement, 
the closest being for ordinary forces in the four-body system. This conflicts with the good agreement ob- 
tained by Swan with the 14-Mev n-T data of Coon ef al., in which a symmetric exchange force scheme 


was clearly preferable. 


INTRODUCTION 


HE elastic scattering of protons by He’ has been 
studied at Van de Graaff energies,! and more 
recently, a beam of He’ ions from a cyclotron has been 
used to extend these observations to the neighborhood 
of 4 Mev energy in the center-of-mass system.” 

Swan* has compared these lower energy data, to- 
gether with the 14-Mev n-T scattering measurements 
of Coon, Bockleman, and Barschall,‘ to angular dis- 
tributions derived from a model of the four-particle 
system based on the resonating group structure of 
Wheeler.’ In the case of the n-T data, this theory 
agrees well with experiment, provided that a symmetric 
mixture of exchange forces is assumed. However, 
Swan’s agreement with the p-He* experiments is quite 
poor. Regardless of the exchange force scheme invoked, 
the theory predicts a continually decreasing differential 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

+ Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 

1Famularo, Brown, Holmgren, and Stratton, Phys. Rev. 93, 
928(A) (1954). 

2D. R. Sweetman (unpublished). 

8 P. Swan, Proc. Phys. Soc. (London) A66, 740 (1953). 

4 Coon, Bockelman, and Barschall, Phys. Rev. 81, 33 (1951). 

5 J. A. Wheeler, Phys. Rev. 52, 1107 (1937). 


scattering cross section with increasing scattering angle 
up to about 5-Mev proton energy, whereas all the 
experimental distributions exhibit pronounced minima 
at around 90 degrees in the center-of-mass system. 

The availability of a homogeneous beam of protons 
of approximately 10-Mev energy from the first section 
of the Minnesota linear accelerator has made possible 
the extension of these measurements into an energy 
region where the agreement between experiment and 
theory might be expected to improve, as evidenced by 
the 14-Mev n-T data. 


EXPERIMENTAL, GENERAL 


The Minnesota proton linear accelerator is built in 
three sections, exclusive of the 500-kev injector, which 
raise the beam energy to 10, 38, and 68 Mev, respec- 
tively. Protons deflected from the machine axis into 
the area where this work was done have a precise 
energy of 9.89 Mev, and are homogeneous in energy to 
+70 kev. The total proton current available after 
deflection was about 1.4 10-7 ampere, but the collima- 
tion used in this experiment reduced the beam intensity 
to approximately 5X 10~* ampere. 

The scattering occurred in a two-foot diameter cham- 
ber which was built as a general purpose facility for 
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Fic. 1. General arrangement of scattering chamber. 


this beam energy. Because of the very small amount of 
He’ available, it was necessary to confine the target 
gas in a small, thin-walled cell at the center of the 
main chamber, such that the resulting pressure was 
high enough to be useful. Detection of the elastically 
scattered protons was accomplished with a scintillation 
counter and conventional associated electronics, and 
the total charge passed through the target gas was 
measured with an automatic-slideback current inte- 
grator connected to the Faraday cup at the output end 
of the scattering chamber. 


SCATTERING CHAMBER AND COLLIMATION 


The general layout of the scattering chamber is shown 
in Fig. 1. The chamber itself has an inside diameter of 
24 inches and a height of 12 inches. The end covers are 
sealed to the side wall by O-ring gaskets. The top cover, 
rather than being bolted in place, as is the bottom, rests 
on a circle of roller bearings which allow rotation even 
under vacuum and thus make the cover useful as a 
rotating counter platform. 

A system of three apertures punched in 0.010-inch 
tantalum sheet serves to collimate the incoming proton 
beam. The arrangement, as shown in the drawing, 
defines a beam having a maximum divergence of 
0.00625 radian away from the central axis; however, 
the actual divergence is somewhat less, since the protons 
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emerge from the deflecting magnet within a circle } inch 
in diameter at a point 12 feet from the first collimating 
aperture. 

The tube containing the counter collimators is 
mounted on the rotating cover, along with the counter 
itself. The two defining slits are approximately }x} 
inch, spaced 6 inches apart, with the front slit 3 inches 
from the center of the chamber. The resultant counter 
acceptance angle is +2.3 degrees. 


COUNTER 


The detector used in this apparatus is a scintillation 
counter employing a sodium iodide crystal and a 
DuMont 6292 photomultiplier. The tube is mounted 
parallel to the chamber axis in a well which protrudes 
into the chamber near the edge of the cover. Protons 
emerging from the counter collimating system enter 
the side of the counter housing near its bottom through 
a 0.0005-inch thick Dural window which separates the 
evacuated interior of the scattering chamber from the 
crystal region which is at atmospheric pressure. The 
crystal, a cleaved slab }X}X0.04 inch and the end 
window of the phototube are cemented to two per- 
pendicular faces of a Lucite prism which acts as a 
“light pipe.” Activated alumina dries the air in the 
housing, 


TARGET CELL 


The cell used to contain the target of He* is one 
originally built for use in the multiplate scattering 
camera of Allred, Rosen, Tallmadge and Williams.*® 
It is a cylinder 33 inches diameter by 13 inches high 
with a side wall of 0.0005-inch Dural, unobstructed 
except for a post on one side to which are attached the 
rigid end-plates. 


GAS HANDLING 


The He’ sample used as the target for this experiment 
was stored between uses in a charcoal trap which was 
lowered to liquid nitrogen temperature just prior to 
each transfer of the gas to the target cell. Movement of 
the gas through the handling system was accomplished 
with a mercury Toepler pump. Contrary to usual 
practice, the absorbed impurities were not baked out 
of the charcoal after every removal of the He’, since 
this would have resulted in a substantial loss of the 
He’ itself, given the large number of gas transfers which 
were accomplished during the experiment. Rather, a 
careful watch was kept for contaminant peaks in the 
pulse-height spectrum from the counter; the energy 
resolution was good enough to allow clean separation 
of the He® peak from other peaks due to contaminants 
heavier than He‘ at any angle greater than about 40 
degrees in the lab. When impurities were detected in 


6 Allred, Rosen, Tallmadge, and Williams, Rev. Sci. Instr. 22, 
191 (1951). 





P-He*? SCATTERING 
this manner, the trap was baked out before the follow- 
ing run. Figure 2(b) illustrates the separability of He*® 
and air contaminant peaks at 38 degrees, lab. (50 
degrees, cm for He’). 

Pressure measurement of the gas was done with 
a conventional mercury manometer and a precision 
cathetometer. 


ELECTRONICS 


The electronic circuitry associated with the counter 
is conventional in nature. Positive pulses from the last 
photomultiplier dynode were fed through a cathode 
follower into a Chase-Higinbotham amplifier, through 
a low-gain booster amplifier, and into a ten-channel 
analyzer of the Johnstone type.’ The current integrator, 
designed by L. H. Johnston of this laboratory, is of 
the automatic-slideback type. 


CALIBRATIONS AND SYSTEM TESTS 


Measurement of the size and spacing of the counter 
collimator elements was done with a micrometer micro- 
scope and precision vernier calipers. The cross-section 
error resulting from uncertainties in these dimensions 
is given in the section on errors. Alignment of the beam 
collimator and counter collimator was accomplished by 


(a) (b) 
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Fic. 2. Typical pulse-height distributions from the counter. 
(a) Protons scattered from pure He’. (b) Protons from He* with 
a small higher energy peak from air contaminant. (c) Background 
subtraction at low energy. The shaded area represents true counts. 
(a) and (b) were taken at different amplifier gains and different 
collected charge; hence, they do not represent variations of cross 
section or pulse height with counter angle. 
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the use of optical systems sighting on a reticle needle 
placed at the center of rotation of the chamber cover. 

Calibration of the current integrator was done by the 
current-time method. A current of about 2x10-* 
ampere was drawn from a potentiometer through a 
standard resistor for a time measured against WWV 
seconds markers. Correction was made for the slight 
variation of the integrator input voltage from zero due 
to the finite gain of the feedback loop. 

Prior to the taking of p-He® data, the system was 
tested for: (1) angular symmetry, i.e., equal counting 
rates at equal indicated angles on either side of zero 
degrees, (2) counter background, (3) over-all calibration 
accuracy, obtained by p-He‘ scattering. 

For the angular symmetry check, air was let into the 
target cell, and runs were made at +30 and —30 
degrees where the differential cross sections for the 
elastic scattering of protons by nitrogen and oxygen 
vary sharply with angle. No significant difference in 
the counting rates at these angles was seen, where the 
number of counts taken would have clearly betrayed 
an angular error of 4 degree. 

Background tests of the counter were made with the 
target cell evacuated and closed off to allow for the 
effect of possible liberation of contaminants from the cell 
walls by the beam. It was found that the number of 
background counts corresponding to scattered protons 
of 3- to 10-Mev energy was almost negligible for angles 
greater than 25 degrees. However, at angles less than 
25 degrees, the background was found to rise at a rapid 
rate with decreasing angle, and most of these counts 
were from protons of approximately the beam energy. 
After much searching, this background was accounted 
for, both as regards intensity and angular distribution 
by attributing it to a double Coulomb scattering in the 
walls of the target cell, the first occurring where the 
beam enters the cell, and the second taking place at 
that portion of the cell wall visible to the counter. This 
background placed a rather sharp lower limit of 20 
degrees on the range of laboratory angles available for 
this experiment. A second troublesome background 
contribution came at counter pulse heights correspond- 
ing to proton energies of less than 3 Mev. The intensity 
of this background, which was present at all counter 
angles, rose exponentially with decreasing pulse height. 
Since the energy in the laboratory system of a proton 
scattered directly backward from He’ is 2.5 Mev, even 
without the additional energy attenuation due to cell 
and counter window materials, it can be seen that 
again, a limit on the available angular range of the 
counter could be imposed by this background. It was 
concluded after extensive tests that several sources 
probably contributed to this contamination of the 
pulse-height spectrum; it appeared to be a mixture of 
neutrons and gammas from the cell walls, the last beam- 
defining slit, and the portion of the main chamber wall 
adjacent to the beam outlet port where the flux of 
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Fic. 3. Experimental results. Differential cross section vs center- 
of-mass angle for p-He* scattering. E,=9.75 Mev. The dashed 
curve is Swan’s predicted distribution for ordinary forces; the 
solid curve is for the symmetric exchange force mixture. 


Coulomb-scattered protons was heavy. While this 
background was not eliminated entirely, the addition 
of a lead shield around the counter collimator allowed 
the useful counter angle to be extended to 140 degrees 
for this experiment. 

The final system check was made by taking a partial 
angular distribution of protons scattered from Het. 
Three other sets of p-He* data are available at this 
energy,*” all in agreement as to the distribution at 
forward angles, with the results of one of the investiga- 
tions" differing from the others by about 20% at rear 
angles. At the points measured here, approximately 
40, 60, 90, and 120 degrees cm, excellent agreement with 
the results of Putnam was obtained. 


ACCUMULATION AND TREATMENT OF DATA 


In the actual measurement of the p-He* angular dis- 
tribution, an effort was made to detect systematic 
errors which might have crept into the apparatus by 
taking each day’s data at a wide range of angles, and 
making the following day’s observations at points inter- 
mediate to these. 

The combination of low gas pressure (9 to 15 mm Hg) 
and a maximum beam current of 6X10 ampere, 
together with the geometrical design of the counter 
collimator, proved restrictive on the total number of 
counts it was practical to accumulate for many of the 
points in the distribution. Also, the background sub- 


8 T. M. Putnam, Phys. Rev. 87, 932 (1952). 

®J. H. Williams and S. W. Rasmussen, Phys. Rev. 98, 56 
(1955). 

 B. Cork and W. Hartsough, Phys. Rev. 96, 1267 (1954). 
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traction necessary at the highest angles required the 
taking of very large numbers of counts in order to 
obtain only modest accuracy in the computed cross 
sections. Figure 2(c) illustrates the pulse-height spec- 
trum for a run at 150 degrees, c.m. The shaded region 
represents true counts. 

When all the observations on a particular point were 
completed, the several computed cross-section values 
were averaged, with each value weighted according to 
the inverse square of its probable error. The tentative 
error assigned to this average was the reciprocal square 
root of the sum of these weighting factors. 


DISCUSSION OF ERRORS 


In the computation of the total probable error for 
each point, the square root of the sum of the squares of 
the probable errors assigned to the geometrical factors, 
charge measurement, and pressure and temperature 
measurements was calculated, and this figure, which 
was taken as a constant for the experiment, was finally 
combined with the individual point counting errors to 
give the total uncertainty as quoted in Table I and 
plotted in Fig. 3. 

The factors making up the constant error of 2.5% 
were the following: Geometry: counter slit geometry, 
0.4%; angle measurement, including alignment, 0.5 
degree, or 1% maximum corresponding cross section 
error. Current collection: meter reading error, 0.1%; 
calibration error 0.6%. Pressure measurement: 2%. 
Temperature: less than 0.5%. 


RESULTS AND CONCLUSIONS 


The angular distribution measured in this experiment 
for the scattering of 9.75-Mev protons by He’ is given 
in Fig. 3, and the data are summarized numerically in 
Table I. The solid and dashed curves are the theoretical 
distributions obtained by Swan in his treatment of the 
four-body scattering problem using the resonating 
group structure method. The notation of Swan’s paper 
is maintained, where WB designates ordinary forces, 
and MHWB is the symmetric mixture of exchange 
forces. Figure 4 gives the results of two additional 
scattering experiments of this type, the 14-Mev n-T 


TaBLE I. Differential cross section vs center-of-mass angle 
for p-He? scattering. E,=9.75 Mev. 








da (6)/dQ Error 


da (6) /dQ Error 6 
mb/sterad mb/sterad 


mb/sterad mb/sterad 





345 30 
266 


nN 
PROP AAAAADAS 
NANwWOUNWACARD 
Or PWNN RRR eee 
wWoNSwowoRReud 











P-He* 


SCATTERING AT 9.75-MEV 


PROTON ENERGY 





Fic. 4. The 14-Mev 
n-T data of Coon et al., 
and the p-He'® data of 
Sweetman. The solid 
and dashed curves are 
the theoretical distribu- 
tions of Swan. 


n-T 


DATA OF COON etal,, En=l4MEV 
| A i 





it 


FORCES: 


MAJORANA 
HEISENBERG 
WIGNER 
BARTLETT 


MHWB 


DATA OF SWEETMAN , 3.72 MEV C.M. ENERGY 








1 | ve 4 





40 80 120 
6 c.m. 


data of Coon ef al., and the 3.72-Mev (cm) data of 
Sweetman, together with the predicted distributions. 
It is of interest to note that while the results of the 
n-T experiment are fitted fairly well by the theoretical 
distribution based on the MHWB force mixture, the 
p-He' data from the present experiment as well as that 
taken at lower energies does not confirm the theoretical 
predictions. The p-He’ data obtained by the Minnesota 
electrostatic accelerator group shows a distribution in 
angle similar to that of Sweetman, although their lower 
energy curves are displaced upward in cross section. In 
neither of these latter two sets of data, however, do the 
angular distributions exhibit the continually decreasing 
cross section with increasing angle that is required in 
Swan’s analysis at these energies. The data of this 
experiment are in better agreement with the resonating 
group structure model only to the extent that both the 
theoretical and experimental distributions have minima 
at around 110 degrees; beyond this, the similarity is so 
rough as to hardly constitute real agreement at all. 
Furthermore, the predicted curve which comes closest 
to matching the experimental data is the one calculated 


160 180 


120 160 180 


for ordinary forces, and this is in contradiction to the 
n-T case where the symmetric force mixture applies 
best. Various n-D scattering data at energies from 10 
to 14 Mev'!® have also agreed very well with pre- 
dictions based on the resonating group structure using 
symmetric forces." 
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A particle selection technique developed in the MIT cyclotron laboratory has been applied to the study 
of the angular distributions of inelastically scattered deuterons at a bombarding energy of 15 Mev, the 
angular distributions of the (d,d’) reactions from Li (Q= —2.19 Mev), Li? (@= —4.61 Mev), Be® (Q= —2.43 
Mey), C (Q=—4.43 Mev), Mg™ (Q=—1.37 Mev), and Al?” (Q=—2.23 Mev, Q=—2.75 Mev) were ob- 
tained. These data were analyzed according to the nuclear interaction theory of Huby and Newns, the 
electric interaction theory of Mullin and Guth, and from the standpoint of compound nucleus formation. 
The behavior of the angular distributions indicates that for small angles (large impact parameters) electric 
interaction contributes appreciably. However, for large angles (small impact parameters) the nuclear inter- 
action theory fits the data better. Consideration of the cross sections involved favors the nuclear interaction 
theory. Compound nucleus formation does not appear to play a major role in inelastic deuteron scattering. 
Improved theoretical treatments of the problem should make possible the determination of the spins and 
parities of nuclear states not easily reached by other reactions. 





INTRODUCTION 


EUTERON-INDUCED reactions have been in- 

vestigated, both theoretically and experimentally, 

in many ways. However, very few experiments have 

been done with inelastically scattered deuterons, mainly 

because elastic deuterons, as well as protons from (d,p) 

reactions, make the identification of inelastically 
scattered deuterons a major problem. 

The development of a particle selection technique by 
Aschenbrenner' has provided a tool by means of which 
this problem can be overcome. By separating the 
deuterons from the protons, the inelastically scattered 
deuterons can then be identified by their energy. 

There have appeared three main theoretical ap- 
proaches to the inelastic deuteron process. One of these 
is a modification of the Oppenheimer-Phillips, or 
stripping, process which assumes that only one member 
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Fic. 1. Schematic diagram of scattering geometry, showing 
scattering chamber, particle selective counter, and scattering 
chamber. Deuterons scattered from the entrance slits or the 
blinder lose sufficient energy that they can be readily distinguished 
from deuterons scattered inelastically in the target. 
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of the deuteron (more probably the neutron) interacts 
with the target nucleus. During the interaction, 
however, the deuteron may retain its identity as a 
particle and be scattered with a diminished energy, the 
remainder being transferred to the nucleus. The second 
theory assumes that the energy is transferred from the 
deuteron to the nucleus by an electric interaction 
similar to the process of nuclear excitation by electro- 
magnetic radiation. The third approach is by the 
process of compound nucleus formation. 

The object of this investigation has been to obtain 
information concerning the process of the inelastic 
scattering of deuterons by obtaining angular distri- 
bution and cross sections in (d,d’) reactions. Comparison 
of the data with the predictions of the theories was 
then used to check the validity of the theories as well 
as to indicate the relation between (d,d’) and other 
deuteron-induced reactions. 


EXPERIMENTAL PROCEDURE 
A. Cyclotron and Emergent Beam Apparatus 


The source of the incident deuterons used for these 
experiments was the 15-Mev external beam of the 
MIT cyclotron.? The deuterons are conducted through 
a tube to a scattering chamber. Set inside the tube are 
a series of tantalum baffles and a defining aperture at 
the entrance of the scattering chamber. A focusing 
magnet serves to focus the deuterons on the target 
at the center of the scattering chamber. This system of 
baffles and magnet produces a beam-spot on the target 
approximately } inch wide and # inch high. 

The scattering chamber was a modification of the 
one used previously. The major differences are: (a) 
There are 6 large Plexiglas windows around the sides of 
the chamber. (b) The target capacity has been in- 
creased to 4, and the targets can be positioned more 


2M. S. Livingston, J. Appl. Phys. 15, 2 (1944). : 
’ Boyer, Gove, Harvey, Deutsch, and Livingston, Rev. Sci. 
Instr. 22, 310 (1951), 
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Fic. 2. Scattered deuteron energy spectrum from 
deuteron bombardment of Li® target. 


accurately. (c) The angular sensitivity of the counters 
and of the target have been increased. (d) An evapor- 
ating system has been incorporated with the chamber, 
allowing target material to be evaporated onto a target 
and bombarded without exposure to air. A schematic 
diagram of the scattering chamber with the particle 
selection counter inside is seen in Fig. 1. 


B. Particle Selection Technique 


The method of particle selection used is a modifi- 
cation of that employed by Aschenbrenner' in in- 
vestigating low-energy protons from (d,p) reactions. 
Essentially, the system consists of two scintillation 
counters in series. The first is thin energy-wise so that 
its output is proportioned to dE/dx, the specific 
ionization, of the particle. The second is sufficiently 
thick to stop the particle. Its output is proportional to 
the total remaining energy of the particle. 

Since dE/dx is approximately proportional to 2°/v? 4 
and E=3M-*, the product of the output of the first 
counter and the sum of the output of the two counters 
is proportional to 2°M. This product is obtained by 
means of a pulse multiplier consisting of a 5X5 matrix 
of 6BN6 tubes. The product spectrum so obtained was 
sent through a pulse-height analyzer into one side of a 
coincidence circuit. The output from the second scintil- 
lation counter was fed into the other side of the coin- 
cidence circuit. 

It was thus possible to obtain energy spectra of any 
desired charged particle resulting from the deuteron 
bombardment of the targets (see Figs. 2 to 7). In each 


‘Aron, Hoffman, and Williams, Atomic Energy Commission 
Report AECU-663 (unpublished). 
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Fic. 3, Scattered deuteron energy spectrum from 
deuteron bombardment of Li’ target. 


case, the peaks studied are believed to correspond to 
one nuclear energy level. This is because the shape and 
the location of the peak did not change anomalously. If 
more than one nuclear energy level is responsible for 
any of the peaks observed, either one of them pre- 
dominates over the others for the energy and angles 
studied, or that they all have the same J value. In 
Fig. 8 are shown cathode-ray oscilloscope pictures of 
the energy and mass particle groups. Mass is plotted 
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Fic. 4. Scattered deuteron energy spectrum from 
deuteron bombardment of Be’ target. 
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Fic. 5. Scattered deuteron energy spectrum from 
deuteron bombardment of C” target. 


horizontally, energy vertically. By inverting the 
photograph, the energy levels of the nuclei Be® and 
Be" can be identified directly. In addition, a measure- 
ment of the relative intensities of the reactions 
Be*(dd’)Be** and Be®(d,p)Be" for leaving the residual 
nucleus in any given state can be obtained. 


C. Beam Energy Measurement and Energy 
Calibration 


A 2-mil polyethylene target was used for determining 
the incident deuteron beam energy. When the deuterons 
impinge upon the target among the reaction particles 
emitted are the protons from the reactions C”(d,p)C® 
(Q=2.723) and C"(d,p)C** (Q=—0.370).5 With an 
aluminum absorber in front of the counter and counter 
at an angle of 45° with respect to the incident deuteron 
beam, the ratio of the proton energies was measured 
by a single-channel pulse-height analyzer. Since this 
ratio is a sensitive function of deuteron beam energy, 
it was possible to measure the latter fairly accurately. 

After the beam energy had been measured, the 
elastic deuterons coming from the C” were observed 
at angles of 30° and 90°. Since these energies could be 
calculated, using the range-energy curves to correct for 
the counter thickness, it was possible to obtain a pulse 
height-scattered deuteron energy relationship. This was 
used to help identify the nuclear states involved in the 
(dd’) reactions observed. 


D. Angular Distribution Measurements 
In order to avoid errors in obtaining the relative 
intensities of particle groups at different angles, the 


’ F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952). 
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Fic. 6. Scattered deuteron energy spectrum from 
deuteron bombardment of natural Mg target. 


following procedure was used. With the target at an 
angle of 55° with respect to the beam, the deuteron 
pulse-height distribution was obtained by the particle 
selective counter at an angle of 40°. The shape and 
magnitude of the peak corresponding to the desired 
inelastic deuteron group was followed back to 90°, 
after which the peak was again run at 40°. Then the 
desired peak was followed as far forward as possible, 
and the 40° data were repeated a third time. To double 
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Fic. 7. Scattered deuteron energy spectrum from 
deuteron bombardment of Al’ target. 
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check, the peak was observed on both sides of the beam, 
the target being set normal to the beam for the purpose. 
By this means, the error in determining the angle which 
the counter makes with the beam was reduced to a 
minimum. 

Before comparing the data with the theoretical 
angular distributions, the data were reduced to the 
center-of-mass system. 


E. Cross-Section Measurements 


Cross-section measurements were made by a com- 
parison method, the differential cross section for the 
reactions C(d,p)C* (Q=2.723), C®(d,p)C** (Q 
=—0.370) and C"(d,p)C** (Q=—1.18) being used as 
a standard. The relationship employed was 


ds C/N A/T cosd do 


dQ C,/N,A,/T, cosh, dQ, 


where do/dQ=differential cross section in mb/atom 
steradian, C=intensity of peak (area under differential 
spectrum curves), V=number of incident deuterons, 
measured by monitor counter, A=atomic weight of 
target, ¢=angle target normal makes with deuteron 
beam, s=subscript denoting quantities relating to 
standard, and T= target thickness in mg/cm’. 

The cross sections were used mainly to get data of 
use in differentiating among the theories as to their 
relative feasibility. The accuracy of such measurements 
is discussed in Sec. F. 


F. Experimental Uncertainties 


The sources of error in the beam energy were small 
except for the variation of beam energy with the power 
level of the cyclotron. Since the deuteron beam intensity 
had to be reduced for forward angle measurements to 
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Fic. 8. Photographs of oscilloscope face showing separation of 
scattered protons and deuterons resulting from deuteron bombard- 
ment of Be’. In the first photograph, protons are to the left; 
deuterons are to the right. In the second photograph, only 
deuterons are shown. 
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Fic. 9. Comparison of the angular distribution of inelastically 
scattered deuterons from the 2.19-Mev level of Li® with the curves 
predicted by the nuclear interaction theory. 


avoid pulse pile-up, and increased for large-angle 
measurements to obtain the data in a reasonable time, 
this factor contributed perhaps +0.07 Mev. The total 
uncertainty ascribed to beam energy measurements was 
+0.1 Mev. It is expected that the (d,d’) angular 
distributions do not greatly depend on energy when the 
deuterons are well above the nuclear barrier. 

The angular positions of the counter and the target 
were measured by balancing the output of two 10-turn, 
30K (0.1% linearity) helipots against each other. The 
helipot setting corresponding to 0° was obtained by 
measuring the Rutherford scattering of deuterons from 
a thin gold target at different angles on both sides of 
the beam. The error in determining the zero angle, 
the finite area of the beam on the target, and the slight 
variation in beam direction with cyclotron power all 
contributed to the angular uncertainty of +1.0 degree. 

The errors in particle selection were fortunately small. 
It was possible to set the mass pulse-height discriminator 
fairly accurately, since those protons which did “leak 
over” in the inelastic deuteron energy range had a 
continuous spectrum. The discriminator could be set 
accurately by observing this proton “background,” and 
was checked before and after each angular distribution 
measurement. 

The errors in determining the relative intensities of 
the inelastically scattered deuteron groups at different 
angles were perhaps the most important. The statistical 
error was the most important, especially at small angles. 
The monitor counter statistics and the variation of 
target thickness over its area added an estimated 10% 
error. The total uncertainties in determining the 
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Fic. 10. Comparison of the Li’(d,d’)Li™ angular 
distribution with the nuclear interaction theory. 





relative intensities at different angles are shown in the 
data, and include the above-mentioned factors. 

The errors in cross-section measurements were 
unfortunately large. The largest contributor to this 
error was the energy thickness of the counter which 
made it impossible to observe the inelastic deuteron 
groups at angles much beyond 90°. The possible errors 
in beam energy determination and the accuracy of the 
standard cross sections added another 30%. The total 





Be*(dd') Be®* 
ANGULAR DISTRIBUTION 
Q*-243Mev 
Eq =5,! Mev 
—— EXPERIMENTAL CURVE 
—-— THEORETICAL CURVE 


[2 "20.09 


g 


’ 
9 


MILLIBARNS/ATOM - STERADIAN 


8 








\ -~~ 
Re ee 





#0 60 
6 (CM) 


Fic. 11. Comparison of the Be®(d,d’) Be* angular 
distribution with the nuclear interaction theory. 
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Fic. 12. Comparison of the C#(d,d’)C* angular 
distribution with the nuclear interaction theory. 


cross-section measurements are not to be relied upon 
for accuracy greater than a factor of +2. Their purpose 
was to obtain information about the inelastic deuteron 
scattering process and not just to compile data. 


THEORIES ON INELASTIC DEUTERON 
INTERACTIONS 


A. Nuclear Interaction Theory 


This theory, published by Huby and Newns,® is 
somewhat analogous to the (d,p) theories of Butler’ 
and others. It assumes that the probability of both 
constituents of the deuteron being simultaneously 
within the range of the nuclear forces can be neglected. 
The angular distribution to be expected in inelastic 
deuteron scattering reactions is derived from the Born 
approximation. The differential cross section is of the 
form 

2 


do 2x 
== f UX /*X d/*VW.XiX vidrdRdR,| , 


where ¥;= initial deuteron translational wave function, 
¥,;=final deuteron translational wave function, X; 
=initial nuclear wave function, X,=final nuclear 
wave function, Xp,;=initial internal deuteron wave 
function, X p;=final internal deuteron wave function, 
and V=interaction potential between the neutron 
and the nucleus. 

The integral can be evaluated, provided certain 
assumptions are made. These are: (1) The interaction 
potential operates only over a sphere of radius a. 
(2) The incident and scattered deuteron wave functions 


®R. Huby and H. C. Newns, Phil. Mag. 42, 1442 (1951). 
7S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 
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are plane waves of wave numbers k; and k,, respectively. 
(3) The internal ground state of the deuteron is a pure 
triplet S state with a radial wave function of the form 


(e—a|R,—R,|)/|R.—R,|, 
where a=(1/h)X(M,Xdeuteron binding energy)! 
=0.23 10" cm. 
Making these assumptions and substituting in the 
original equation, the following result is obtained: 
2 


do [4a k a \} 
—(6)=> \aal|— tan-*(—) |(~) Jixs(ka)} , 
dQ k 4a 2ka 


where k=k,;—k;, a=radius beyond which the nuclear 
force field is considered to be zero, and J( )=regular 
Bessel functions of the first kind. The A”’s are unknown 
constants. The most important factor determining the 
angular distribution is 


[Jus (ka) P/ha. 


The rules which apply in applying the theory to 
specific cases are: (a) If / is even, there is no change of 
parity in the target nucleus; if / is odd, there is a parity 
change. (b) The final nuclear spin must satisfy the 
equation, 

J;=J,+14+1. 
It is noteworthy that this theory predicts relative 
minima in the forward direction except for the cases 
where /=0. 


B. Electric Interaction Theory 


This theory, published by Mullin and Guth,* assumes 
that the interaction between an inelastically scattered 
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Fic. 13. Comparison of the Mg*(d,d’)Mg* angular 
distribution with the nuclear interaction theory. 


$C, J. Mullin and E. Guth, Phys. Rev. 82, 141 (1951). 
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Fic. 14. Comparison of the Al*7(d,d’)AP™* (Q=—2.23 Mev) 
angular distribution with the nuclear interaction theory. 


deuteron and the scattering nucleus is of an electrical 
nature. The interaction potential assumed is of the 


form 
r<fro, 


where r=coordinate of the incident deuteron, 
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Fic. 15. Comparison of the Al?7(d,d’)AP™* (Q=—2.75 Mev) 
angular distribution with the nuclear interaction theory. 
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Fic. 16. Comparison of the angular distribution of inelastically 
scattered deuterons from the 2.19-Mev level of Li® with the curves 
predicted by the electric interaction theory. 


Z=atomic number of the scattering nucleus, ro= radius 
at which the electric field of the nucleus is considered 
to arbitrarily go to zero, z=atomic number of the 
scattered deuteron, and R=coordinate of the uth 
particle in the nucleus. The derivation is somewhat 
involved, but the end result for the scattering cross 
section is 


m\* hike ji-s(Kro)? F 

_-4(=) al reer Mas’, 

dQ PA 2jatl (Kr)? 
where = 2Ze"/hv;, Vi= incident deuteron, k;= incident 
wave number (K=k,—k:), M4s=multipole-matrix 
element for the nuclear transition A — B, and j( ) 
=spherical Bessel functions. In the preceding, the 
deuteron translational wave functions were assumed to 
be plane waves. 

The important factor determining the angular 

distribution is 


real 


mee) 


(Kro)' 


TABLE I. Spins and parities of nuclear energy levels investigated. 








Excited state 1 value possible 


3*+(Q= —2.19) 
7/2(0= —4.61) 1,2,3 
1/2(0= —2.43) 0,1,2 
2*(O= —4.43) 
2*+(O=—1.37) 

(O= —2.23) 

(Q= —2.75) 


Nucleus Ground state 


Li® - 
Li? 3/2 
Be® 3/2- 
c or 
Mg" or 
AF? 5/2 
AF? 5/2 
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Fic. 17. Comparison of the Li?(d,d’)Li™ angular 
distribution with the electric interaction theory. 


It is noteworthy that this theory predicts maxima in 
the forward direction for those cases where /<3. 


C. Compound Nucleus Formation 


It would be expected, because of the low binding 
energy of the deuteron, that the formation of a com- 
pound nucleus in (d,d’) scattering would be extremely 
improbable. The success of the various theories of (d,p) 
interaction suggest that this is so. An article on the 
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Frc. 18. Comparison of the Be®(d,d’) Be* angular 
distribution with the electric interaction theory. 
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Fic. 19. Comparison of the C#(d,d’)C* angular 
distribution with the electric interaction theory. 


cross sections to be expected for the formation of a 
compound nucleus by incident charged particles has 
been published.? However, the contribution due to 
individual nuclear levels cannot be obtained, only the 
total cross sections summed over all available nuclear 
levels being considered. In addition, postulates of the 
theory make its application somewhat questionable 
for light nuclei with few available levels. Evidence for 
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Fic. 20. Comparison of the Mg*(d,d’)Mg™* angular 
distribution with the electric interaction theory. 


*M. M. Shapiro, Phys, Rev. 90, 171 (1953), 
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Fic. 21. Comparison of the Al*"(d,d’)AP™* (Q=—2.23 Mev) 
angular distribution with the electric interaction theory. 


the formation of a compound nucleus in dd’ scattering 
would be: (1) approximately equal intensities at all 
angles; (2) a rear as well as a forward maximum, and 
(3) cross sections comparable to those of reactions 
known to proceed essentially by compound nucleus 
formations. 

EXPERIMENTAL RESULTS 


In Table I are listed the spins and parities® of the 
nuclear states involved in the observed reactions. 
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Fic. 22. Comparison of the Al?*?(d,d’)AP7™* (Q=—2.75 Mev) 
angular distribution with the electric interaction theory. 
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A. Comparison with Nuclear Interaction Theory 


The data corrected to the c.m. system are shown in 
Figs. 9 to 15 and compared with the curves predicted 
by the nuclear interaction theory. In Fig. 9, the 
theoretical curves for various / values are shown, 
together with the experimentally determined points. 


In Figs. 10 to 16, only the most reasonable theoretical 
curve is shown. With the exception of the /=0 curve, 
it is seen that the larger the / value the larger the value 
of a required to make the different curves fit. 

The locations of the maxima and minima of the 
theoretical curves are seen to agree with the data better 
at large angles than at small. 


B. Comparison with Electric Interaction Theory 


The data are compared with the electric interaction 
theory in Figs. 17 to 23. The most important thing 
is the agreement between theory and experiment at 
small angles. It is to be noted, however, that the values 
of ro, the radii of interaction required to fit the data, 
are much larger than the usual radii of the nuclei 
(r=1.5X 10% A), 


Mg@* (49’) Mg?** 
ANGULAR DISTRIBUTION 
Q*4.37 Mev 
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Fic. 23. Angular distribu- 
tion of inelastic deuterons 
from the 1.37-Mev level 
of Mg*, showing behavior 
at large angles (0>90°). 





CONCLUSIONS 


The theories are seen to be most applicable in the 
regions where the assumptions upon which they are 
based are most nearly valid. For small angles (large 
impact parameters), the electric interaction theory 
seems to fit the data better. The form of the potential 
assumed is valid only far enough from the nucleus 
so that the nuclear forces are not felt. For large angles, 
the nuclear interaction theory gives better agreement. 
The interaction potential assumed in this theory 
neglects interactions beyond a cut-off radius a. It may 
be possible to combine some of the features of both 
theories, using a potential which is electric from the 
nucleus and nuclear close in which will result in even 
better agreement with the data. Compound nucleus 
seems to be fairly unimportant for most (dd’) reactions, 
apparently becoming only appreciable for very light 
nuclei. 

The theories can be examined in more detail. The 
total measured cross sections (probably accurate to 
within a factor of 2) are compared in Table II with the 
values of M4x (multipole moments) required to make 
the total cross sections agree. The expected and maxi- 
mum theoretical total cross sections were computed 


TABLE II. Nuclear multipole moments required, if electric interaction theory is to fully account for measured (d,d’) cross sections. 








Total measured 
cross section 
(+ a factor of 2) 


Inelastic deuteron 
group (Q in Mev) 


Multipole moment 
M as required 
(+ a factor of ~2) 


Multipole moment 
M as expected 


Maximum multipole I 
theoretically* 


moment, theoretical* 





310 mb 
718 mb 
212 mb 
96 mb 

88 mb 
107 mb 
145 mb 


Lit(Q= —2.19) 
Li?7(0= —4.61) 
Be*(0= —2.43) 
C#(O= —4.43) 
Mg*(Q= —1.37) 
Al"(0= —2.23) 
AF(0= —2.75) 


5.32 10-8 
1.05X10™™ 
4.86X 10-2 
1.84 10-8 
2.20X 10-5 
5.10X 10-" 
2.78X 10-# 


1.27X10-* 
6.02 10-4 
6.65 X 10-4 
2.00X 10-6 
3.18 X 10-6 
9.45 10-4 
9.45 X 10-4 


2.24 10-* 
8.61 10-% 
1.25X10-" 
7.09X 10-* 
2.24 10 
5.85X 10-" 
5.85X 10-" 








* J. M. Blatt and V. F, Weisskopf, Theoretical Nuclear Physics (John Wiley and Sons, Inc., New York, 1952). 
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Fic. 24. Comparison of the Li®(d,p)Li™* angular distribu- 
tion with the nuclear interaction theory. 


from the formula 
M =3eR'/(4r)'(l+-3) expected, 
Mimn=ZeR' maximum. 


The fact that the multipole moments required to make 
the electric interaction theory account for the phe- 
nomenon of inelastic deuteron scattering are larger 
than the maximum expected theoretically indicates 
that electric interaction is not the only process 
operating, at least for the Li®, Li’, and Be® nuclei. 

There are two facts which indicate that the process 
by which deuterons are scattered inelastically is not 
the same as the process responsible for (d,p) and (d,n) 
reactions. The first fact comes from the comparison 
of the (d,p) and the (d,d’) cross sections. The ratio of 
protons to the inelastic deuterons observed from the 
deuteron bombardment of Mg”™ at 45° was measured 
to be 21. If (d,) processes are comparable to (d,p) 
processes, the ratio becomes 


(Leap t+ Loan)/Loaa= 42. 

The second fact is shown in the comparison of (d,d’) 
with (d,p) and (d,/) angular distributions obtained 
with the same apparatus. The Born approximation has 
been used to obtain angular distributions for these 
interaction processes by a method similar to the nuclear 
interaction theory for (d,d’) scattering.'° The theory 
obtained has been compared with the data obtained 
for the following reactions at 15 Mev: 
Li®(d,p)Li™ Q=0.41 (Li™ left in 4.67-Mev level), 
Li’ (d,t)Li® Q= —0.99 (residual nucleus left in the ground 

state) 
Be®(d,t)Be® Q=4.59 

1H. C. Newns, Proc. Phys. Soc. (London) A65, 916 (1952). 
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. 25. Comparison of the Li’(d,t)Li® angular distribu- 
tion with the nuclear interaction theory. 
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Fic. 26, Comparison of the Be*(d,t)Be® angular distribu- 
tion with the nuclear interaction theory. 


It can be seen that the theories based upon the nuclear 
interaction process (see Figs. 24 to 26) fit the data 
better in each case than it did for the (d,d’) reaction. 

Further work with particles inelastically scattered 
from nuclei should make possible the more complete 
understanding of such interactions and their use as a 
tool for research. 
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Angular distributions and excitation curves have been measured in the energy range Eg=0.9 to 3.0 Mev 
for the four highest energy proton groups from the B°(d,p)B" reaction and for the ground state a-particle 
group from the B"(d,a)Be® reaction. Several broad resonances were observed in the excitation curves, but 
the shapes of the curves obtained for the various particle groups differ considerably. Resonance effects are 
most pronounced for the ground state proten group, whereas the group leading to the third excited state 
of B™ shows no resonance behavior. The (d,p) angular distributions suggest that compound nucleus forma- 
tion plays an important role at these low bombarding energies. In particular, the stripping peak in the 
angular distribution of the ground state proton group (0) does not begin to take shape until E,>2 Mev, 
while the #; distributions do not indicate a stripping peak at any energy. It is suggested that a shell-model 
effect is responsible for the lack of stripping in the case of the ~: group. At Ez=2.0 Mev, the #2 angular 
distribution is almost symmetric about 6(cm) =90° while the p, distribution shows a fairly well developed 
1,=1 stripping peak. The a-particle excitation curves indicate that forward-backward asymmetries in the 
the angular distributions are averaged out when the energy interval Ez=1 to 2.5 Mev is considered, in 


accordance with the statistical model prediction. 





INTRODUCTION 


PROGRAM designed to investigate the effects of 
compound nucleus formation in deuteron-induced 
reactions at low energies in the light nuclei was begun 
with studies of the C%+d reactions.!? These experi- 
ments indicated a very complicated resonance structure 
in the excitation curves of the (d,a), (d,/), and (d,p) 
reactions. The excitation curves for the various reac- 
tions showed little similarity; some of the pronounced 
resonances observed in one of the reactions were not 
found in the others. The variation with energy of the 
(d,p) angular distributions suggested that compound 
nucleus formation dominated the stripping process in 
the energy range studied, 0.6< E,< 3.0 Mev. In fact, 
the expected /,=1 stripping peak was not observed for 
EaS1.7 Mev and even at 3 Mev the contribution to the 
total cross section by compound nucleus formation 
appeared to be at least 50%. The (d,a) excitation curves 
showed a consistent forward peaking from E,=1 to 
3 Mev in apparent contradiction of both the compound 
nucleus*® and statistical‘ assumptions of nuclear reac- 
tions. Also, the cross section for the emission of a 
particles from these N'® states was found to be about 
a factor of ten higher than for proton emission. 
When C® is bombarded with 2-Mev deuterons, the 
intermediate nucleus N’® is excited to about 18 Mev. 


+ Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. A report of this 
work was given at the Washington meeting of the American 
Physical Society, April, 1956: G. Weber and J. B. Marion, Bull. 
Am. Phys. Soc. Ser. II, 1, 196 (1956). 

* National Science Foundation Postdoctoral Fellow; now at 
the University of Rochester, Rochester, New York. 

t International Cooperation Administration Research Fellow; 
now at the Max Planck Institut fiir Chemie, Mainz, Germany. 

1J. B. Marion and G. Weber, Phys. Rev. 102, 1355 (1956). 

2 J. B. Marion and G. Weber, Phys. Rev. 103, 167 (1956). 

*N. Bohr, Nature 137, 344 (1936); P. L. Kapur and R. Peierls, 
Proc. Roy. Soc. (London) A166, 277 (1938); E. P. Wigner and 
L. Eisenbud, Phys. Rev. 86, 431 (1952). 

‘L. Wolfenstein, Phys. Rev. 82, 690 (1951). 


In order to determine if the effects observed in the 
C¥%+d reactions could also be found in a region of 
higher excitation energy, the B'+d reactions were 
investigated. In this case, the intermediate nucleus C” 
is excited to about 27 Mev for Ez=2 Mev. Measure- 
ments have been made in the energy range 0.9 Mev 
< Ei<3.0 Mev of the excitation curves and angular 
distributions of the four highest energy groups of 
protons from the B!°(d,p)B" reaction and of the ground 
state a particles from the B'°(d,a)Be® reaction. 
The reactions investigated were: 


B(d,po)B", Qo= 9.234 Mev, 
B(d,p:)B"*, Q:= 7.09 Mev, 
B"(d,p2)B"*, Q2= 4.77 Mev, 
B°(d,p;)B"*, Q3= 4.20 Mev, 
B"(d,ao)Be®, Qo= 17.809 Mev, 


Ey*=0 Mev, 
E,*=2.14 Mev, 
E.*=4.46 Mev, 
E;*=5.03 Mev, 
Ey*=0 Mev. 


EXPERIMENTAL PROCEDURE 


The apparatus used in these experiments was the 
same as that employed in the investigation of the 
C8(d,p)C™ reaction.? The angular distribution chamber, 
8 inches in diameter, had observation ports located at 5° 
intervals from 5° to 165° with respect to the beam axis. 
The particle detector was a polished CsI crystal. The 
details of the angular distribution chamber and of the 
method of preparing the crystal have been given 
previously? 

The targets used in the measurement of the excitation 
curves and angular distributions were prepared by 
evaporating boron metal (enriched to 96% B') onto 
2-mil tantalum foils. These targets were about 10 kev 
thick to 2-Mev deuterons. The amount of tantalum 
used was sufficient to stop the bombarding deuterons 
but allowed the high energy protons to pass through. 
The straggling of the protons was small enough to 
permit the separation with pulse-height analysis of the 
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four highest energy groups without difficulty. Since 
the @ particles were also stopped in the tantalum 
target-backing, the measurements on the B'°(d,a)Be® 
reaction were limited to those angles at which it was 
possible to observe the particles emitted from the 
target side of the tantalum. By orienting the target at 
22.5° with respect to the beam axis, it was possible to 
observe the a particles as far forward as 40°. 

A pulse-height spectrum taken at E,=1.96 Mev, 
6=90° is shown in Fig. 1. By inserting 1.5 mils of 
aluminum between the detector and the Mylar foil 
which covers the observation ports,’ it was possible to 
move the ground state a-particle peak into a valley 
between two proton peaks. In order to completely 
remove the @ particles, a 3-mil aluminum foil was used, 
and under these conditions the four proton groups 
were well separated and could be studied individually. 
The resolution (full width at half-maximum) of the peak 
due to the ground state proton group (po) is 3.2%. It is 
also interesting to note that the a-particle group leaving 
Be® in the broad, first excited state (a1) appears to be 
about a factor of 5 more intense than the ground state 
group (ao) at this bombarding energy and angle of 
observation. Since this broad a-particle group is diff- 
cult to separate from the various proton peaks, no 
further measurements were made on this group. 

The absolute cross sections were determined by 
measuring the cross section for the proton group leaving 
B" in the first excited state (p:) at Ez=1.00 Mev and 
6=90°. This was accomplished by observing the thick 
target step corresponding to this group with a double- 
focusing 180° magnetic spectrometer.’ Three targets 
were used: a thick BO; target prepared from natural 
boron, a pressed boron metal target (96% B"), and a 
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E4=196 Mev 
@=90° 


§ 


COUNTS PER ONE-HALF VOLT CHANNEL 
n 
3 3 














40 50 -CcC 
PULSE HEIGHT (VOLTS) 

Fic. 1. Pulse-height distribution of reaction products from the 
deuteron bombardment of B” at Ez=1.96 Mev, 6=90°. 1.5 mils 
of aluminum was inserted between the detector and the 0.9 
mg/cm? Mylar foil covering the observation port. The resolution 
(full width at half-maximum) is 3.2% for the ground state proton 
group (9). The subscript numbers refer to the excited states of 
the residual nuclei to which the particle groups correspond. 


5 Snyder, Lauritsen, Fowler, and Rubin, Phys. Rev. 74, 1564 
1948). 
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Fic. 2. Excitation curves for the protons leaving B" in the 
ground state (fo) and first excited state (p:) in the B"(d,p)B" 
reaction at 0=45°, 90°, and 150°. 


thick, isotopically pure B" target, electromagnetically 
separated at Harwell.* The cross-section values obtained 
with these three targets agreed to within 15%; the 
mean value was 0.21+-0.02 mb/sterad. The cross sec- 
tions for the other particle groups were obtained by 
normalizing to this value and are accurate to about 
15%. The cross sections measured in this manner are 
about a factor of 2 smaller than the values estimated 
by Van Patter, Buechner, and Sperduto,’ but are a 


® We are indebted to Dr. M. L. Smith of the Atomic Energy 
Research Establishment, Harwell, for his help in procuring this 
separated target. 
( sn Patter, Buechner, and Sperduto, Phvs. Rev. 82 248 
1951). 
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Fic, 3. Excitation curves for the protons leaving B" in the 
second and third excited states (2 and 3, respectively) in the 
B"(d,p)B" reaction at @=90°. 


factor of 30 smaller than those obtained by Burke, 
Risser, and Phillips.’ Paris, Valckx, and Endt® have 
also found these latter values to be too high. 


RESULTS AND DISCUSSION 
A. B°(d,p)B" 


Excitation curves for the groups po and p; were 
measured at angles of 45°, 90°, and 150° from E,=0.9 
to 3.0 Mev. These data are shown in Fig. 2. Curves for 
the po group have previously been obtained by Burke, 
Risser, and Phillips* at angles of 0°, 90°, and 135° from 
E.z=0.6 to 2.0 Mev. The two 90° curves are in good 
agreement (except for the absolute cross sections as 
previously mentioned) and the curves for the forward 
and backward angles are quite similar. The fo curves 
show a number of weak, broad resonances at 1.0, 1.5, 
2.0, 2.2, 2.4, and 2.7 Mev. The first two maxima have 
been reported previously.* The peaks in the p; curves 
do not appear to occur at precisely these energies and 
those that are observed appear rather broad. The p; 
maxima occur at 1.0, 1.6, and 2.7 Mev. The trend of 
the : curves seems to be to increase with bombarding 
energy, while the fo curves reach a maximum near 
2.2 Mev and thereafter decrease. This decrease appar- 
ently continues to at least 5 Mev.” 

Figure 3 shows the p2 and #3 excitation curves at 
6=90° from E,=1.0 to 3.0 Mev. The 2 curve shows 
maxima near 1.4, 2.2, and 2.8 Mev; these energies 
correspond approximately to energies at which po 
resonances were observed. The 3; curve, however, 
shows none of these peaks; there is only a broad maxi- 
mum near 2 Mev. 

The fact that the various excitation curves appear 
quite different in the B"+d reactions (excitation energy 
near 27 Mev) as well as in the C"+d reactions (excita- 
tion energy near 18 Mev) suggests that this phenomenon 
is not dependent to any marked degree on either the 


® Burke, Risser, and Phillips, Phys. Rev. 93, 188 (1954). 
® Paris, Valckx, and Endt, Physica 20, 585 (1954 ). 
A. A. Kraus ‘and J. B. Marion (1955, unpublished). 
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particular nucleus or the excitation energy. This con- 
clusion is supported by recent work on the excitation 
curves of various particle groups from the deuteron 
bombardment" of C” and O'* (excitation energies 
near 12 Mev and 9 Mev, respectively). 

The angular distributions of the o group measured 
at Ez= 1.00, 1.50, 2.00, 2.50, and 3.00 Mev are shown 
in Fig. 4. The expected /,=1 stripping peak for the po 
group does not begin to take shape until E<2 Mev. 
Below this energy, there is a broad maximum near 
6(cm)=45° at 1.50 Mev and a peak in the backward 
hemisphere at 1.00 Mev. For bombarding energies 
above 2 Mev, a maximum near (cm) = 25° is observed 
and it becomes more pronounced as the bombarding 
energy is increased. This behavior almost certainly 
indicates that stripping is of increasing importance for 
Eaz 2 Mev, while at lower energies, compound nucleus 
formation probably is the more important process. 
These angular distributions are generally in good 
agreement with those obtained by Burke, Risser, and 
Phillips,* by Pratt,’* and by Redman.“ The latter 
curves, however, do not indicate a decrease in the 
differential cross section for angles smaller than about 
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(1956) ; Bennett, an Hudspeth, Richards, and Watt, Phys. 
Rev. 59, 781 (194 
2N, P. He “im NA and D. R. Inglis, Phys. Rev. 73, 230 
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25° at bombarding energies above 2 Mev as is shown 
in Fig. 4. 

The angular distributions of the p; group measured 
at Ea=1.00, 1.50, 2.00, 2.50, and 3.00 Mev are shown 
in Fig. 5. In contrast to the fo angular distributions, 
those obtained for the p: group do not suggest that 
stripping is effective even at the highest bombarding 
energies investigated. It has been noted previously by 
Evans and Parkinson'® that even for Ez=6 to 8 Mev, 
in the region in which the stripping theory is usually 
valid, there is considerable disagreement between the 
observed angular distributions for this group and those 
predicted by the stripping theory. 

It has been pointed out by Bethe and Butler’ that 
in some stripping reactions shell-model effects will 
suppress certain / values which would be allowed by the 
conservation of angular momentum in favor of higher 
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B"(d,p)B" reaction for Ez=2.00 Mev. 


values (/+2,/+4) due to the capture of the nucleon 
into a specified / orbital. It appears possible that the 
lack of stripping in the case of the ; group from the 
B"°(d,p)B" reaction is due to an even more restrictive 
shell-model effect. Recent experiments on the B"- 
(p,p’y)B" reaction by Bair, Kington, and Willard!’ 
and on the B!°(d,py)B" correlation by Thirion'® sup- 
port an assignment of J=}~ for the first excited state 
of B" at 2.14 Mev. Since the ground state of B" has 
J =3*, conservation of spin and parity in the B'°(d§p)B" 
stripping to the 2.14-Mev state require that /,=3. 
Intermediate-coupling calculations have been made by 
Inglis!® and Kurath” which give a good description of 
the low-lying levels in B' by considering only excita- 
tions within the p shell; the first excited state was found 
to have J=}-. Therefore, this state cannot be repre- 
sented by B" in its ground state plus one neutron in a 
p orbital, but requires the rearrangement of several 
nucleons. Since the stripping process is one in which 
a nucleon is captured into a definite orbital, any re- 
action which requires the rearrangement of several 
nucleons must have a very small probability of pro- 
ceeding by a stripping mechanism. In the B'°(d,p)B"* 
(2.14 Mev) reaction, /,=3 stripping could occur only 
if there were an appreciable f-state impurity in the 
residual level. Since the first f states must lie above the 
first 1d and 2s levels, the f state coupling to low-lying 
levels should be weak. 

Evans and Parkinson" found that at Ea= 6 to 8 Mev, 
all of the proton groups studied except p; could be 
fitted with /,=1 stripping curves, which are allowed 
by both the shell model and the conservation of angular 
momentum. The measurements were not extended 
beyond @(cm)= 74°, however, and therefore symmetry 


17 Bair, Kington, and Willard, Phys. Rev. 100, 21 (1955). 
18 J. Thirion, Ann. phys. 8, 489 (1953). 

19D. R. Inglis; Revs. Modern Phys. 25, 390 (1953). 

*®D. Kurath, Phys. Rev. 101, 216 (1956). 
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Fic. 7. Excitation curves for the ground state a particles from 
the B"(d,a)Be® reaction at @=45°, 90°, and 150°. 


about 90° for the ~; group (which would be expected 
from pure compound nucleus formation and the statisti- 
cal model assumption‘) cannot be excluded.” 

At Ea=2.00 Mev, the angular distributions of the 
groups p2 and p; were measured; these data are shown 
in Fig. 6. The #2 distribution is almost symmetric about 
90° while the ; distribution shows a fairly well de- 
veloped stripping peak. The large cross section for the 
ps group for 6>90° suggests, however, that perhaps 
only one-third of the yield is due to stripping at this 
energy. The excitation curves for these groups (Fig. 3) 
also indicate that 2 is more strongly influenced by the 
compound nucleus states than is 3. It is interesting to 


21 In order to test the above hypothesis that there should be 
very little stripping to this state, it would be of considerable 
interest to examine the angular distribution at high deuteron 
energies to determine if it is indeed symmetric about 90°. Since 
the level density even at such high excitation energies may not be 
sufficient for the statistical assumption to be valid, it is very 
likely that an average over a few Mev will be necessary to produce 
an angular distribution that can be compared with the prediction. 
A measurement of the magnitude of any /, =3 stripping that does 
occur in this reaction would permit an estimate of the amount of 
f-state impurity in this level. If it is found that stripping is not 
appreciable in this reaction, then an investigation of the angular 
distribution at even higher deuteron energies (Ez215 Mev) may 
show the effects of a direct interaction (i.e., proton exchange) 
process, which differs from the stripping process in that the 
emergent proton is different from that in the bombarding deu- 
teron. There would be no shell-model restrictions on such a 
reaction. All of the above considerations should also apply to the 
B"(d,n)C™ reaction leading to the first excited state of C™. 


note that at Ez=8 Mev, the 2 angular distribution is 
more closely fit by a stripping curve than is the 93 
distribution.’* The reason for the apparent reversal in 
the character of these two angular distributions between 
Ea=2 and 8 Mev is not yet clear. 


B. B°(d,a)Be® 


Excitation curves for the ground state a particles 
from the B"(d,a)Be*® reaction were measured from 
Ez=0.9 to 2.6 Mev at laboratory angles of 45°, 90°, 
and 150°. These results are presented in Fig. 7. Maxima 
occur at 1.0, 2.0, and possibly at 1.4 Mev. A peak at 
1.0 Mev was also found by Whitehead.” The absolute 
cross sections are comparable with those for the proton 
groups; even though the a; group probably has a some- 
what larger cross section in this energy range (see Fig. 1 
and reference 22), the total (d,v) yield is much smaller 
than the total (d,p) yield in contrast to the C¥+d 
reactions where the reverse is true. 

Since the a particles could not penetrate the tantalum 
backing of the targets, the angles of observation were 
limited to 62 40° in the investigation of the B!°(d,«)Be® 
reaction (see Experimental Procedure). At a particular 
angle it was relatively easy to adjust the aluminum foils 
between the observation port and the detector to keep 
the a group between two proton groups as the bom- 
barding energy was changed. It was much more difficult, 
however, to obtain an angular distribution since the 
a-particle energy is a stronger function of the angle than 
are the proton energies and different absorbing foils 
were required for each angle. Consequently, only one ao 
angular distribution was measured (E;=0.91 Mev and 
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Fic. 8. Angular distribution of the ground state @ particles from 
the B"(d,a)Be® reaction at Ez=0.91 Mev. 


# W. D. Whitehead, Phys. Rev. 82, 553 (1951). 





COMPOUND 


40°<6< 160°). This curve is presented in Fig. 8 and 
shows a peaking in the forward direction. The excitation 
curves of Fig. 7, however, indicate that the maximum 
shifts from forward to backward as the bombarding 
energy is increased, such that an average over the 
energy range E,=1 to 2.5 Mev would produce an 
approximately isotropic angular distribution. The sta- 
tistical model assumption for nuclear reactions,‘ which 
assumes many overlapping states with arbitrary phases, 
predicts angular distributions which are symmetric 
about 6(cm)=90°. The fact that the a» group is in 
general not symmetrically distributed indicates that 
the compound nucleus states are not sufficiently dense 
for the statistical assumption to be valid and that the 
distributions are rendered asymmetric through the 
interference of levels with opposite parity. (The p; 
angular distributions also support this conclusion.) On 
the other hand, since an average over the energy range 
studied produces approximately symmetry (in fact, 
isotropy), it appears that the statistical model has some 
validity in this reaction if appropriate averages are 
taken. 


CONCLUSIONS 


The fact that the resonance structure in the excitation 
curves for the C'%+d reactions' is much more pro- 
nounced than for the B'°+d reactions is probably due 
to the much higher excitation energy in C? (27 Mev) 


NUCLEUS EFFECTS IN 
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compared with that in N'® (18 Mev). The increase 
in level density in the compound nuclei between N'® at 
18 Mev and C® at 27 Mev probably accounts for the 
approximate agreement with the statistical model for 
the (d,a) reaction in the latter case whereas there is 
marked disagreement in the former case. 

All of the maxima observed in the various excitation 
curves are broad and overlapping. To speak of such 
effects as “resonances,” in the sense that they are due 
to energy states in the compound nucleus, is open to 
question. The situation is further confused in deuteron- 
induced reactions by the competition and interference 
between compound nucleus formation and stripping, 
about which very little is known or can be predicted 
at present. In view of the complex nature of these 
processes, it is not surprising that the excitation curves 
measured for the various particle groups bear little 
similarity to each other. The measurement of excitation 
curves for a number of particle groups from a given 
reaction will almost certainly make easier the eventual 
theoretical analysis of the processes involved. As far as 
deuteron reactions are concerned, however, this is a 
point that has received little previous attention. The 
present results on the B'°+d reactions are the only ones 
at present available which give information concerning 
as many as five particle groups arising from a given 
deuteron-induced reaction as a function of both energy 
and angle. 
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in the Reaction B"(p,+)C”” 
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The relative thick-target yield, at a bombarding energy of 168 kev, of 16.1-Mev gamma rays from the re- 
action B“(p,7)C# has been measured at 0, 60, 90, and 120 degrees. The angular distribution is of the form 
1—A cos@+B cos, with A =0.19+0.06 and B—A =0.02+0.04. The cos@ term is believed to be caused by 
interference between a resonance of spin and parity 1— at a bombarding energy of 1.4 Mev, and the reso- 
nance of spin and parity 2+ at a bombarding energy of 163 kev. 





INTRODUCTION 


HE existence of a resonance with a width of about 
5 kev for the reaction B"(p,7)C” at a bombarding 
energy of 163-kev has been demonstrated by a number 
of groups.’ The level in C” formed at this resonance has 
an excitation energy of 16.10 Mev and decays by either 
alpha-particie or gamma-ray emission. The gamma-ray 
decay takes place either by 11.6-Mev and 4.45-Mev 
gamma radiations in cascade, or by a 16.1-Mev gamma 
ray directly to the ground state.' The present paper is 
concerned with the angular distribution of the 16.1-Mev 
gamma rays.’ Kern ef al.* have found the yields of 
these gamma rays at 0° and 90° to be equal to within 
ten percent. Glattli and Stoll‘ found a nonisotropic 
distribution, but the selective-absorption method they 
used to separate the different gamma-ray components 
did not completely isolate the 16.1-Mev component 
from the much stronger 11.6-Mev gamma rays. Grant 
et al.® have made measurements on the 16.1-Mev 
gamma rays, obtaining J °/J9°=1.08+0.03 and 
evidence of an odd-power cosine term in the distri- 
bution. The present measurements yield J °/I0° 
=1.02+0.04 and J12°/J¢o°=1.20+0.06. This latter 
ratio requires an odd-power cosine term in the distri- 
bution. The difficulty in separating the 16.1-Mev 
gamma rays from the 11.6-Mev rays, which are thirty 
times more intense, leads to the relatively low precision 
of the measurements of this distribution. 


METHOD 


Thick targets of powdered natural boron deposited 
on a backing of 0.010-inch thick molybdenum were bom- 
barded with a 200-microampere beam of protons from 
an accelerator with a maximum voltage of 250 kv. 


*Formerly A.E.C.L. Fellow, now with General Electric 
Company, London. Present address: Reactor Physics Division, 
Atomic Energy Research Establishment, Harwell, Berkshire, 
England. 

1 ze Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
1955). 

* Craig, Cross, and Jarvis, Phys. Rev. 96, 825 (1954). 

* Kern, Moak, Good, and Robinson, Phys. Rev. 83, 211 (1951). 

*H. Glattli and P. Stoll, Helv. Phys. Acta 25, 455 (1952). 

5 Grant, Flack, Rutherglen, and Deuchars, Proc. Phys. Soc. 
(London) A67, 751 (1954). 

* Allen, Almqvist, Dewan, and Pepper, Can. J. Phys. 29, 557 
(1951). 


The target and detectors were arranged as shown in 
Fig. 1. For the measurements at 60° and 120° to the 
beam, the target was placed perpendicular to the beam: 
for those at 0° and 90°, it was placed at 45° to the 
beam. The beam enters in a vertical direction, passes 
through two collimating apertures one-quarter inch 
in diameter separated by seven inches, and strikes 
the target. 

Two NalI(TI) crystals, two inches in diameter and 
two inches long, mounted on DuMont 6292 photo- 
multipliers, were used to detect the gamma rays. One 
crystal, used as a monitor on the 11.6-Mev. gamma rays, 
was placed at an angle of 90° to the beam when the 
target was at 45°, and at 110° to the beam when the 
target was horizontal. The distance from the center 
of each crystal to the target was 10.4 inches. The 
crystals were placed this far away from the target to 
ensure a small probability of the two gamma rays from 
the more intense cascade decay being absorbed in the 
crystal simultaneously. The pulse from the photo- 
multiplier due to such an event is in this experiment 
indistinguishable from that caused by the absorption 
of a single 16.1-Mev gamma ray in the crystal. Assuming 
that the cascade gamma rays have no angular corre- 
lation, and that the probability of detection of a 
4.45-Mev gamma ray entering the crystal is less than 
0.2, the probability of simultaneous detection is less 
than 5X10~ times the probability of detection of the 
11.6-Mev gamma rays. In this experiment the ratio of 
the yield of 16.1-Mev gamma rays to 11.6-Mev gamma 
rays was measured to be 3.3X10-*. Thus the simul- 
taneous detection of the cascade gamma rays accounts 


Nol (Ti) “ Nol (TI) 
2°0x2" _ Fait 2°0x2° 


Fic. 1. The angular distribution apparatus with the target shown 
in a position perpendicular to the beam. 
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ANGULAR DISTRIBUTION 


for less than two percent of the observed yield of 
16.1-Mev gamma rays. 

The output from each photomultiplier was fed 
through a biased linear amplifier, and onto a multi- 
channel pulse-height analyzer. By displaying the output 
from both crystals on multichannel pulse-height 
analyzers, a continuous check of the gain of the system 
was maintained. 


RESULTS 


Most of the data were taken at a bombarding energy 
of 168 kev. A typical pulse-height distribution is 
shown in Fig. 2. Pulses corresponding to a gamma 
energy of less than 9.5 Mev have been biased off in the 
amplifier. The large peak is from the 11.6-Mev gamma 
rays, the small peak from the 16.1-Mev component. 
Pulses lying in the channels between the two vertical 
lines on the right are attributed to the 16.1-Mev 
gamma rays. 

A number of groups have shown that the emission 
of 11.6-Mev gamma rays exhibits a resonance at a 
bombarding energy of 163 kev.' To confirm previous 
observations! that the1 6.1-Mev radiation isalso resonant 
at this bombarding energy, the relative yield of 16.1- 
Mev to 11.6-Mev radiation, at a number of energies 
through the resonance, was measured at an angle of 
120° to the proton beam. The ratios of the yields of 
the two gamma rays were obtained by counting the 
pulses in a equivalent number of analyzer channels 
as shown in Fig. 2. These ratios are shown in Fig. 3. 
The standard deviations shown are applicable only to 
the relative values of the ratios. There remains the possi- 
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Fic. 2. Curve A is the spectrum of y rays with an energy greater 
than 9.5 Mev taken with the crystal at 0°. This curve been 
corrected for background. Curve B is a portion of this spectrum 
with the vertical scale expanded 40 times. This curve has been 
corrected for background. Curve C is the background. The energy 
scale was obtained by fixing the large peak at (11.6—0.5) Mev 
and assuming a linear relationship between pulse height and 
energy. The vertical lines through the points indicate the standard 
deviations. The horizontal dashed lines indicate the channels 
used in comparing the yield of 11.6-Mev and 16.1-Mev 7 rays. 
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Fic. 3. Curve A shows the ratio of the yield of 16.1-Mev to 
11.6-Mev + rays as a function of bombarding energy, at 120° 
to the proton beam. Curve B is a yield-curve of 11.6-Mev y rays 
as a function of the bombarding energy. The vertical lines through 
the points of curve A indicate the standard deviations. 


bility of a constant percentage error in all the ratios, as 
the relative efficiencies of the crystal for 11.6-Mev and 
16.1-Mev gamma rays are not known accurately. A 
yield curve of 11.6-Mev gamma rays alone, drawn on 
the same figure, checks the measurement of the bom- 
barding voltage. The constancy of the ratio of the yield 
of 16.1-Mev radiation to that of 11.6-Mev, as the 
energy of the bombarding protons goes through 163 
kev, indicates that these radiations are both resonant 
at the same energy. At 0° the intensity of the 16.1-Mev 
component is measured to be 3.31 percent of the 
11.6-Mev component. This is in agreement with the 
value of four percent found by Huus and Day.’ 

The mean ratio for nine runs of the yield of 16.1-Mev 
gamma rays at 0° to that at 90° is 1.02 with a standard 
deviation of 0.04. This figure contains a 1.4 percent 
correction for absorption in the target at 0°. The 
mean value of seven determinations of the ratio of the 
yield at 120° to that at 60° is 1.20+0.06. The yield at 
60° has been corrected by two percent for absorption 
in the target. Using this value and the ratio of the yield 
at 0° to that at 90°, and assuming a distribution of the 
form 1—A cosé+B cos*@, we find A=0.19+-0.06, and 
B—A=0.02+0.04. 

As a check on these measurements, the ratios of 
the yield of 11.6-Mev gamma rays at 0° to that at 
90°, and at 120° to that at 60°, were determined and 
found to be 1.18+0.02 and 0.99+0.02 respectively. 
These values are in accord with the measurements of 
this distribution by Kern et al.’ who obtained a distri- 
bution of the form 1+(0.15-+0.03) cos’, and of 
Hubbard et al. who obtained one of the form 
1+ (0.23+0.04) cos?@ at a bombarding energy of 
170 kev. 

The ratios of the thick-target yield of 16.1-Mev 
gamma rays to that of 11.6-Mev gamma rays at a 
bombarding energy of 240 kev were found to be greater 
than the ratios for a bombarding energy of 168 kev by 


7T. Huus and R. B. Day, Phys. Rev. 91, 599 (1953). 
8 Hubbard, Nelson, and Jacobs, Phys. Rev. 87, 378 (1952). 
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bombarding energy of 168 kev. The vertical lines through the 
points indicate the standard deviations. 


the following factors: 120°, 1.60.1; 90°, 1.60.1; 
60°, 1.30.2; 0°, 1.140.2. 


DISCUSSION 


The distribution of the 16.1-Mev gamma rays is 
then of the form 1—A cosé+Bcos’6, with A 
=0.19+0.06 and B— A =0.02+0.04, or using Legendre 
polynomials, 1—(0.18+0.06) P+ (0.13+0.05)P». This 
distribution is shown in Fig. 4. The presence of the 
odd-power cosine term indicates interference with a 
level of opposite parity which also decays by gamma-ray 
emission to the ground state of C. At the low bombard- 
ing energies used in this experiment, it is assumed that 
only s- and p- wave protons have a significant proba- 
bility of forming a compound nucleus. The resonance 
at 163 kev has been ascribed to p waves, and has been 
assigned a spin and parity of 2+.! 

Resonances at bombarding energies of 1.4, 2.6, 3.14, 
and 3.6 Mev are the only other ones from which 
transitions to the ground state have been observed 
in this reaction.’ The resonance at a bombarding 
energy of 163 kev corresponds to a level in C” at 
16.10-Mev. There are levels in C” lying below the 
16.10-Mev level, that are reached by other reactions. 
However, there is no evidence that one of these low- 
lying levels, which decays by a ground state transition, 
has enough width to cause the observed interference. 

The level at a bombarding energy of 1.4-Mev has a 
width of 1.27-Mev’ and has been assigned a spin and 
parity of 2+ or 1—.’* If this level is responsible for 
the interference, its spin and parity assignment is 1—, 
and it is assumed to be formed by s waves. The angular 
distribution was calculated by following the method of 
Blatt and Biedenharn," assuming that the expression 
for the scattering matrix given by them for a single 
resonance level is applicable to the interfering levels. 
The partial widths used in the calculations are those 


9H. E. Gove, and E. B. Paul, Phys. Rev. 97, 104 (1955). 

%” Bair, Kington, and Willard, Phys. Rev. 100, 21 (1955). 

uJ. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 


given by Beckman ¢ al." The ratio of channel spins 1 
to 2 was taken to be 0.51+0.03. This ratio is required 
to fit our observed 11.6-Mev distribution of 1+ (0.18 
+0.02) cos’6, or 1+ (0.11+0.01) Ps, when the 11.6-Mev 
gamma rays are assumed to be emitted in a pure 
magnetic dipole transition with no interference from 
another level of the same parity. This ratio is only 
slightly higher than that found by Thomson ¢ al.," 
from analysis of their experimental results for the 
B"(p,a)Be® reaction, of 0.42+0.02. In calculating the 
penetrability of the Coulomb barrier, a radius of 
1.544 10-" cm was used. A phase difference of 64° "4 
was used for the elastically-scattered protons from the 
two levels. The phase difference for the emission of 
gamma rays from the two levels has been assumed to be 
either 0 or w radians. The calculated angular distri- 
bution for the 16.1-Mev gamma rays is 1+(0.17 
+0.05) cosé+ (0.26+-0.02) cos’? as compared with the 
measured distribution of 1—(0.19+0.06) cosé 
+ (0.21+-0.07) cos?#. 

Within the quoted uncertainties, the experimental 
and calculated distributions are seen to be in agreement 
and therefore the 1.4-Mev level can be the interfering 
level. The calculated magnitudes of the cos@ and cos*é 
terms are dependent on the ratio of the channel spins 
which is chosen. The value used, although valid for 
the 11.6-Mev gamma rays from this level, does not 
necessarily hold for the 16.1-Mev gamma rays. The 
uncertainty in the cos@ term given above arises from 
the following sources: the values of opyo for the 163-kev 
and 1.4-Mev levels, the nuclear radius used in calcu- 
lating the penetrability of the Coulomb barrier, and 
the value of the channel-spin mixture. The values of 
opyvo for the 1.4-Mev and the 163-Mev levels are 
assumed to be uncertain by 15 percent’ and 30 percent 
respectively. The uncertainty in opa;' for the 163-kev 
level does not increase the uncertainty in the magnitude 
of the cos term since I'yo« 1/oapa; and I'po< opai,!* and 
thus IyoI’po which appears in the calculation is inde- 
pendent of apa. The penetrability enters the calculation 
only as the ratio of penetrabilities at 163 kev and 
1.4 Mev and this ratio is relatively insensitive to the 
radius used. A ten percent change in radius will affect 
the cos@ term by less than five percent. 

The widths of the other levels from which ground- 
state transitions have been observed, at bombarding 
energies of 2.6, 3.14, and 3.6 Mev, are 0.3, 0.1, and 
0.5 Mev respectively.’ The low intensities of the 
gamma rays from these levels, coupled with their 
fairly narrow widths,”prohibit these from” being” the 
interfering levels. 

The only other level which might be expected to 
interfere with the 163-kev level is at 680 kev. This has 


12 Beckman, Huus, and Zupantit, Phys. Rev. 91, 606 (1953). 

8 Thomson, Cohen, French, and Hutchinson, Proc. Phys. Soc. 
(London) A65, 745 (1952). 

4S , Gove, and Paul, Atomic Energy of Canada Limited, 
Report TPI-70 (unpublished). 
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been assigned a spin and parity of 2— or 3+ by Huus 
and Day,’ and Gove and Paul,® whereas Grant e¢ al.5 
give an assignment of 2+. No ground state gamma 
rays have been observed from this level, and an upper 
limit on the cross section for such transitions has been 
set at 2.3X10-* barn.’ The width of this level is 330 
kev.’ Using the upper limit on the cross section, an 
assignment of 2— for the spin and parity, and assuming 
a channel-spin mixture of 0.51 for spins 1 and 2 respec- 
tively, the cosine term from interference with this level 
was calculated to be nine times smaller than that 
calculated for interference with the 1.4-Mev level. 
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Interference with the 1.4-Mev level would then seem 
to provide the better agreement between the calculated 
and the observed angular distributions. Of the two 
possible assignments’® 2+ and 1— previously made 
for the spin and parity of the 1.4-Mev level, only the 
latter is consistent with the above results. 
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The decay of the fission product Cs"* (32.1 minutes) has been studied with beta- and gamma-scintillation 
spectrometers and a 141-gauss, 180° permanent-magnet spectrograph. Twelve gamma rays were found with 
energies of 0.1389, 0.1931, 0.2289, 0.4106, 0.4626, 0.550, 0.87, 1.010, 1.426, 2.21, 2.63, and 3.34 Mev. On the 
basis of coincidence measurements, intensity data, internal-conversion coefficients, angular correlation data, 
and the above gamma energies, a consistent decay scheme is proposed which involves levels in Ba!** at 


1.426, 1.89, 2.21, 2.30, 2.44, 2.63, and 3.34 Mev. 


INTRODUCTION 


HE radiations emitted by Cs'** have been studied 
by Langer, Duffield, and Stanley! and by Thulin? 
The former authors reported a total energy release in the 
decay of 4.8 Mev and found the ground-state to ground- 
state transition to be of unobservably low intensity. 
The highest-energy beta group, of end point 3.4 Mev, 
was shown by beta-gamma coincidence measurements 
to be followed by a gamma ray of 1.44 Mev. Gamma 
rays of 0.44 and 0.98 Mev were also found and were 
shown to lead to the first excited state at 1.44 Mev 
rather than to the ground state. The beta-ray spectrum 
was found to be very complex, and its accurate analysis 
into groups was not possible. 

Thulin,? using sources prepared in an electromagnetic 
separator, examined the gamma radiation with a scintil- 
lation counter. He confirmed the existence of the gamma 
rays reported above, and found others at 0.128, 0.548, 
2.24, and 2.68 Mev. No coincidence experiments were 
done. 

In the present work, the investigation of the gamma 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

tA preliminary report of this work was presented at the 
Chicago meeting of the American Physical Society (Duffield, 
Bunker, Mize, and Starner, Phys. Rev. 100, 1236(A) (1955)]. 

t Present address: University of Illinois, Urbana, Illinois. 

1 Langer, Duffield, and sper age) Rev. 89, 907(A) (1953). 


*. Thulin, Arkiv Fysik 9, 137 (1955). 


radiation following the beta decay of Cs'** has been 
continued with the help of scintillation spectrometers 
and a permanent-magnet spectrograph. Five more 
gamma rays have been found, and numerous new 
coincidence relationships have been established. A con- 
sistent decay scheme is proposed. 


EXPERIMENTAL METHODS AND RESULTS 
Source Preparation 


The Cs'*° used in these experiments came from beta 
decay of the fission product Xe'**, which had been made 
by bombarding U™* with thermal neutrons from the 
Los Alamos Water Boiler reactor. The U™® was 
irradiated in the form of solid uranyl stearate, 
UO2(C1sH3502)2, a compound from which the 17-minute 
Xe! is expected to emanate with ~100% efficiency.’ 
The uranium compound, contained in a sealed quartz 
tube, was exposed to a neutron flux of ~6X10" 
neutrons/cm? sec for 30 minutes, allowed to decay for 
10 minutes, and then the fission product gas was trans- 
ferred to a vessel in which it was allowed to decay for 
33 minutes. At the end of this period the remaining gas 
was pumped out and discarded, and the mixture of 
cesium and rubidium activities was rinsed off the walls 


3 Personal communication from Professor A. C. Wahl, of Wash- 
ington University, who has made a systematic study of the 
emanating properties of various compounds. 
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Fic. 1. Pulse-height spectrum of Cs* high-energy gamma rays 
obtained with a 4X4-inch NaI(T]) crystal. 





of the vessel with water containing cesium and rubidium 
carrier. The cesium was separated from the rubidium by 
doing three precipitations of Cs;BizIy. The activity of 
the final cesium precipitate was found to decay with a 
half-life of 32.1+0.2 minutes‘ over a decay factor 
range of 10°. 

The above procedure was used to prepare sources for 
the gamma-ray singles and gamma-gamma coincidence 
work. The sources used in the permanent-magnet 
spectrograph were made by allowing the Xe'** to decay 
in a metal-walled cylindrical vessel of approximately 
100 cc volume, along the axis of which passed a stainless 
steel wire 0.010 inch in diameter. The wire was insulated 
electrically from the wall and was held at a negative 
potential of 250 volts with respect to the wall. It was 
found that approximately one-third of the Cs"** ions 
resulting from the Xe'** beta decay were collected on a 
one-centimeter length of the wire. This portion of the 
wire was cut off and used directly as a source in the 
permanent-magnet spectrograph. Since the active de- 


‘A half-life of 32.20.1 minutes has recently been reported by 
R. M. Bartholomew and A. P. Baerg, Can. J, Chem. 34, 201 
(1956). 
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posit was of infinitesimal thickness, good conversion- 
electron lines were obtained. 

The wire sources made in this way contained small 
amounts of Rb** and Rb® since the fission product gas 
contained krypton as well as xenon isotopes and no 
subsequent chemical separation was done. The identity 
of the conversion-electron lines observed was checked 
against the gamma rays found in the scintillation work 
with purified sources containing only Cs'**, This point 
is discussed further below. 


Energies and Intensities of Gamma Rays 


The gamma radiation was first examined with 
Nal(TI) scintillation spectrometers. The crystals were 
mounted on RCA 6342 photomultiplier tubes, and the 
amplified output pulses were sorted with a 10-channel 
pulse-height analyzer. Most of the measurements were 
made with NaI(T1) crystals 2 inches in diameter and 
2 inches high, but a crystal 1 inch in diameter by } 
inch high and one 4 inches in diameter by 4 inches high 
were also used for low- and high-energy spectra, re- 
spectively. The singles pulse-height spectra which were 
obtained are shown in Figs. 1 and 2. The energies were 
determined relative to the gamma energies of the follow- 
ing standards: Na”, Na™, Cs'*7, Cel, Co, Hg”. 

The relative intensities of the gamma transitions 
were calculated from the photopeak areas and an 
empirical efficiency curve (photopeak area vs energy). 
Since it was known that none of the beta transitions 
go directly to the ground state of Ba'*, the relative 
gamma-ray intensities could be directly normalized to 
absolute intensities by referring to the final decay 
scheme of Fig. 5. These numbers appear in column (2) 
of Table I. In order to confirm the validity of this 
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Fic. 2. Pulse-height spectrum of Cs! low-energy gamma rays 
obtained with a 22-inch NaI(T]) crystal. 
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normalization, we measured the fraction of the dis- 
integrations which go through the 1.46-Mev gamma 
ray. (Note: The earlier work! had indicated that this 
intense gamma ray was the transition from the first 
excited state to the ground state.) The intensity 
measurement was made as follows: duplicate sources of 
Cs'*8 and Na™ were prepared, each of total weight 
~0.2 mg, chemically spread over an area of about 1 cm? 
on a 50 wg/cm? Zapon film. Each source was absolute 
beta counted in a 47 counter, and the absolute in- 
tensities of the Cs'** 1.426-Mev gamma ray and of the 
Na*™ 1.368-Mev gamma ray were measured with a 
calibrated 2 inch by 2 inch NaI(TI) crystal. From these 
data, the number of 1.426-Mev gamma rays per beta 
transition came out to be 0.71+0.05 (value corrected 
for the fraction of the 1.426-Mev gammas which 
appeared in a sum peak at 1.89 Mev in the geometry 
used). This number agrees satisfactorily with the value 
0.73+0.07 obtained from the relative gamma-ray 
intensity measurements. 

The gamma intensities reported by Thulin agree 
approximately with those reported here. Converted to 
the intensity scale used in Table I, the intensities of the 
0.463-, 0.55-, 1.010-, 1.426-, 2.21-, and 2.63-Mev gamma 
rays found by Thulin were, respectively, 15, 2, 18, 73, 
15, and 7.5 percent of the Cs'** disintegrations. Thulin 
also reported a gamma ray at 0.128 Mev which is not 
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Fic. 3. Gamma-gamma coincidence results. Lower curve: 
spectrum in coincidence with the 0.43- to 0.52-Mev region. Upper 
curve: ungated spectrum. 
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TABLE I. Cs!88: gamma-ray energies and intensities 
from scintillation data. 








(3) 
Gamma rays verified to 
be coincident (or non- 
coincident) with tran- 
sition in column (1) (Mev) 


0.463, 0.87, 1.426 


2.21, (not 2.63) 
341 0.463, 1.426 
2343 0.139, 0.410, 0.550, 
1.426, (not 1.010) 
8+1.5 0.463, 1.426 
4+1 0.139, 1.426 
2543 1.426, (not 0.463) 
7347 0.139, 0.410, 0.463, 
0.550, 0.87, 1.010, 
(not 2.21 or 2.63) 
0.23, (not 1.426) 
(not 0.23 or 1.426) 


Gamma intensity 
(percent of Cs!38 
disintegrations) 


2+0.6 
0.80.3 
1.6+0.5 


Gamma energy®* 
(Mev) 





0.139-+0.003 
0.19 +0.01 
0.23 +0.01 
0.410+0.005 
0.4630.003 


0.550+0.006 
0.87 +0.01 

1.010-++0.006 
1.426+0.005 


2.21 +0.015 
2.63 +0.015 
3.34 +0.04 


18+2 
9+1 
0.50.2 








® More precise energy values for some of these gammas are listed in 
Table II. 


to be identified with the 0.139-Mev gamma in Table I 
because it is approximately ten times too intense. A 
possible explanation is that the 0.128-Mev line ac- 
companies the beta decay of the 17-minute Xe!** parent 
of Cs'*, The sources used by Thulin contained a mix- 
ture of the two activities, and the gamma lines were 
assigned to Xe or Cs by following their decay. 


Gamma-Gamma and Beta-Gamma Coincidence 
Measurements 


Gamma-gamma coincidence experiments were carried 
out with a coincidence spectrometer previously de- 
scribed.> The resolving time was 27=0.4 usec. The 
spectrum coincident with pulses in a particular photo- 
peak of interest was displayed on a slow 100-channel 
analyzer (dead-time: ~67 milliseconds). Figures 3 and 
4 show representative data. Figure 3 shows a portion of 
the singles spectrum and also the spectrum in coincidence 
with the 0.43- to 0.52-Mev region. Figure 4 shows a 
different portion of the spectrum, both ungated and 
gated with pulses in the 2.21-Mev photopeak. The 
possibility of misinterpretation of coincidence data due 
to contamination of the selected gate-energy region by 
Compton pulses of higher-energy gamma rays was 
appreciated and avoided by observing the effect on the 
coincidence spectrum of moving the gate interval to a 
position slightly above the selected photopeak. Where 
necessary, precautions both as to geometrical arrange- 
ment and shielding were taken in order to eliminate 
possible coincidences resulting from Compton-scattered 
quanta. A summary of the verified coincidences appears 
in column (3) of Table I. 

A few observations were made of the beta spectrum 
in coincidence with selected gamma-ray photopeaks. A 
plastic scintillator was used for detecting the beta 


5 Bunker, Mize, and Starner, Phys. Rev. 94, 1694 (1954). 
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Fic. 4. Gamma-gamma coincidence results. Lower curve: 
spectrum in coincidence with the 2.21-Mev gamma ray. Upper 
curve: ungated spectrum. 


particles. These measurements were not very informa- 
tive because of the many beta transitions of not very 
different energy which appear to be involved in the 
decay. The gamma-ray spectrum in coincidence with 


selected portions of the total beta spectrum was also 
examined. The semiquantitative information which was 
obtained supported the proposed decay scheme and is 
discussed in a later section. 


Conversion Electron Spectrum 


The internal-conversion electron spectrum was ex- 
amined in a conventional photographic-recording 141- 
gauss permanent-magnet spectrograph with ~0.25% 
resolution. The source was deposited on a 10-mil wire 
by the procedure described above. Because of the short 
half-life of Cs'** and the rather low intensities of the 
low-energy transitions, most of the lines observed on 
the photographic plate were rather faint. Table II 
summarizes the data on the lines which were recorded. 

The electron line at 76.0 kev could come either from 
the K-shell conversion of a 113.4-kev gamma ray follow- 
ing Cs!** beta decay, or from the K-shell conversion of 
a 91.2-kev gamma ray following the beta decay of 
Rb®. As stated above, the sources used in the perma- 
nent magnet spectrograph contained some Rb** and 
Rb® as impurities, and not enough runs were made to 
establish the half-life of this line. A careful examination 
of the 70- to 130-kev region with a gamma-ray scintilla- 
tion spectrometer did not give conclusive results re- 
garding the existence of a weak 91.2- or 113.4-kev 
gamma ray. Therefore, a 113.4-kev transition is not 
included in the decay scheme given in Fig. 5, and we 
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leave the assignment of the 76.0-kev electron line 
uncertain. 

The other conversion-electron lines correspond quite 
well to gamma-ray transitions observed with the 
scintillation spectrometer when Cs!** sources free of 
Rb® were used. 

The lines observed on the photographic plate had 
densities too nearly the same as that of the beta back- 
ground to allow very accurate relative intensity meas- 
urements. The K/L; conversion ratio for the 0.1389- 
Mev gamma-ray was found to be 26. The Ly and Lin 
lines associated with this transition were unobserved, 
and an upper limit of 0.25 can be placed on the ratio of 
the intensity of either of these lines to that of the L; 
line. The intensities (corrected for spectrograph geome- 
try and film sensitivity) of the Ly line of the 0.1389-Mev 
transition and the K lines of the 0.1931- and 0.2289-Mev 
transitions are estimated to be in the ratio 1:1:1.8. 


DECAY SCHEME AND DISCUSSION 


The level scheme shown in Fig. 5 has been constructed 
on the basis of the data in Tables I and II. The argu- 
ments are as follows: 

(1) The 2.63-Mev gamma ray was not found to be in 
coincidence with any other gamma rays and conse- 
quently is taken to be a transition to the ground state. 
The 3.34-Mev gamma ray is also assumed to lead to 
the ground state though no direct proof, other than 
energy considerations, was established. 

(2) The 1.426-Mev gamma ray was observed to be 
in coincidence with the 1.010-Mev gamma ray and with 
all the members of the complex of gamma rays which is 
shown in Fig. 5 to have the 1.010-Mev gamma ray as 
a crossover. The possibility that this arrangement could 
be inverted, i.e., that the above complex of levels could 
end on the ground state and be preceded by the 1.426- 
Mev gamma ray, is eliminated by the much higher 
intensity of the 1.426-Mev gamma ray. In addition, 
such a possibility would be inconsistent with the 
gamma-beta coincidence experiments. In the gamma- 
ray spectrum coincident with the portion of the beta 
spectrum above 2.95 Mev, the ratio of the peak height 
of the 1.010-Mev gamma ray to that of the 1.426-Mev 
gamma ray was observed to be 2:9. When the gamma 


TABLE II. Internal conversion electron energies observed with a 
permanent magnet spectrograph. 








Conversion Corresponding 
shell gamma transition 
assumed (kev) 


Energy of 
electron line 
(kev)® 


76.0 


101.5 
133.2 
155.7 
191.5 
373.2 
425.2 





see text for 

assignment 
138.9 
139.2 
193.1 
228.9 
410.6 
462.6 


Pa 








® The uncertainty in energy is +0.3 kev. 
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spectrum was instead gated with the lower-energy half 
of the beta spectrum, this ratio was found to be 2:3. 
This proves that the 1.426-Mev gamma ray follows the 
1.010-Mev gamma ray. Finally, from the systematic 
variation of the energy of the first excited states of 
even-even nuclei as a function of neutron number,’ it is 
most unlikely that the first excited state of Ba!** could 
be at either 0.139 or 0.463 Mev; however, a first 
excited state at 1.426 Mev agrees very well with the 
systematics. 

(3) The complex of gamma rays discussed in (2) 
which precedes the 1.426-Mev gamma ray can only be 
arranged as drawn, or in the sequence obtained by 
inverting the whole group, in order to be in accord with 
the energy and coincidence data. The inverted order is 
not possible for intensity reasons (the very intense 
0.463-Mev gamma ray must be at the bottom) and also 
because of the way in which the gamma-ray coincidence 
spectrum was observed to change when gated by 
different selected portions of the beta spectrum. 

(4) The coincidence measurements showed that the 
2.21- and 0.23-Mev gamma rays are in cascade (see 
Fig. 4) but did not establish the order of emission. 
However, the fact that the 2.21-Mev gamma is by far 
the more intense provides a strong argument for postu- 
lating that it must follow the 0.23-Mev gamma. Since 
the sum of the energies of these two gammas is 2.44 Mev, 
it is assumed that this cascade parallels the (1.010-Mev, 
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Fic. 5. Proposed decay scheme of Cs"**. Energies are given in Mev. 


* G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953) ; P. Preiswerk 
and P. Stahelin, Nuovo cimento 10, 1219 (1953). 
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rays. The experimental values were normalized by dividing by 
W (90°). The solid curves are theoretical correlations. 


1.426-Mev) cascade. It should be noted that the 
measured value of the number of 1.426-Mev gammas 
per disintegration provides an additional proof that 
both the 2.21- and 2.63-Mev gamma rays are ground- 
state transitions. 

(5) The position of the 0.193-Mev gamma ray was 
not verified by coincidence experiments, but the energy 
agreement in the position shown is very good. 

(6) The gamma ray which gives rise to the 0.076-Mev 
internal-conversion electrons does not appear in the 
decay scheme since it was not established that this 
gamma belongs to Cs'**, 

The sequence of levels in Ba"** is therefore established 
quite definitely by the above arguments. There is not 
enough information available to establish the spins of all 
of the levels, but in order to obtain some information on 
this point a measurement of the angular correlation of 
the (1.010-Mev, 1.426-Mev) gamma-ray cascade was 
made. Since this cascade is the only one in the decay 
scheme in which both gamma rays have energies greater 
than 1 Mev, the angular correlation measurement could 
be made unambiguously, though with rather poor 
statistics because of the short half-life. 

The directional correlation pattern was studied by 
measuring the coincidence counting rate as a function 
of the angle subtended at the source by two Nal(T]) 
detectors. The NaI(T1) crystals, both 2X 2-inch cylin- 
ders, were placed in lead collimators and shielded from 
direct beta rays with ? inch of Lucite. In addition, a 
0.1-inch thick lead absorber was used in front of each 
crystal to attenuate backscattered radiation. The full 
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TaBLeE III. Beta branching of Cs™* calculated from the measured 
gamma-ray intensities of Table I. 








Beta group end 
point (Mev) 


3.4 7.59 
2.94 7.60 
2.62 7.25 
2.53 7.74 
2.39 6.70 
2.20 7.11 
1.49 7.73 


logft 


Percent 











width at half-maximum of the angular resolution curve 
was measured to be 11.0°. The Cs'** sources, which con- 
sisted of ~50 microliters of active solution, were 
contained in a }-inch diameter cylindrical cavity in the 
end of a }-inch diameter Lucite rod. 

Conventional electronic circuits were used. A fast 
(2r7=3.6X10-* sec) coincidence requirement was im- 
posed on the unselected pulses; subsequently, a 0.4-ysec 
triple coincidence requirement was imposed on the out- 
put pulses of the fast coincidence circuit and of the two 
single-channel analyzers which provided the necessary 
energy discrimination. The upper and lower energy 
bounds of both single-channel analyzers were set at 
1.65 and 0.95 Mev, respectively. 

The results of the measurement are shown in Fig. 6, 
where the experimental points have been plotted along 
with the theoretical correlation functions for the 
cascades 3(D)2(Q)0, 3(Q)2(Q)0, and 4(Q)2(Q)0. The 
reason for choosing these particular correlations for 
comparison is that if one makes the very reasonable 
assumption that the 1.426-Mev level is a 2+ state,®’ 
then from beta and gamma selection rules the 2.44-Mev 
level must have a spin of 3 or 4. The data are clearly in 
best agreement with a 3(D)2(Q)0 correlation. Of course 
a small amount of quadrupole mixing in the first 
transition cannot be excluded. 

From the gamma-ray intensities of Table I, the level 
scheme of Fig. 5, and the observed beta-ray spectrum 
end point,! one can calculate the energies and intensities 
of all the beta groups of Cs'**.* The results of these 
calculations, along with the corresponding log ft values, 


™M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1953). 

® The beta spectrum discussed in reference 1 was found to be 
very complex and its analysis into unique groups was viitually 
impossible. The measured beta spectrum is approximately, but not 
aaa,  aooeas by addition of the groups specified in 
Table ITI. 
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are shown in Table III.§ The ft values suggest that all 
of the observed excited levels have the same parity 
(assumed to be positive since the first excited states of 
even-even nuclei invariably have positive parity®*). 
This would imply that none of the observed gamma 
transitions involve a parity change. On the other hand, 
the internal conversion data on the 0.1389-Mev gamma 
(K/Ly>6; Ly: Ly: Lia1=1: <0.25: <0.25) are con- 
sistent with either an M1 or E1 assignment for this 
transition.* Therefore, we cannot exclude the possibility 
that the 2.44-Mev level is a 3— state, although the 
2.39-Mev beta transition would then have an anoma- 
lously high ft value. 

The spin and parity of Cs!** most nearly consistent 
with the above data is 3—. From the standpoint of 
nuclear shell structure, this state probably has a 
(dsj, fry2) configuration. It is noteworthy that La!, 
which differs from Cs'** by only two protons, also has a 
spin of 3—.!° In fact, the entire decay scheme of La! 10.1 
bears a remarkable similarity to that of Cs'*, Both 
daughter nuclides, Ce and Ba!**, have first excited 
states occurring at ~1.5 Mev, above which are a 
number of relatively closely-spaced levels. A fact of 
interest is that in both level schemes the ratio of the 
energy of the first excited state (£,) to that of the 
second excited state (EZ) is ~1.3, whereas the great 
majority of even-even nuclides with 36<N<88 have 
E,/E, ratios ranging between 2 and 2.5.* This con- 
siderable deviation from the general trend is probably 
associated with the closed-neutron-shell structure of 
Ce! and Ba'*’. Support for this hypothesis is found in 
the fact that most of the other even-even nuclei in the 
above N region which exhibit anomalously low E:/E, 
ratios (e.g., Sr*8,!* Zr®,!5 and Sn'!6 !*) have closed shells 
or closed subshells of neutrons or protons. 

§ Note added in proof—Evidence for additional low-energy 
beta groups has been obtained by Dr. N. H. Lazar, of Oak Ridge 
National Laboratory, who has observed weak gamma rays with 
energies >3.34 Mev (private communication.) 

® Rose, Goertzel, Harr, Spinrad, and Strong, Phys. Rev. 83, 79 
(1951); Rose, Goertzel, and Swift (privately circulated tables). 

%” Bolotin, Pruett, Roggenkamp, and Wilkinson, Phys. Rev. 99, 
62 (1955). 

1G. R. Bishop and J. P. Perez Y Jorba, Phys. Rev. 98, 89 
(1955). 

12G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
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The gamma rays following the beta decays of P*, Cl*, and P® 
were investigated with a Nal scintillation spectrometer and a 
twenty-channel analyzer. An unsuccessful search was made for 
a gamma ray with an energy of 3.22 Mev from P* which should 
result from an allowed beta-decay branching to the second excited 
state in S*, Since no such gamma ray was found, this branching, 
if it exists, is very weak, with a log ft value higher than 5.6. 
Together with the known branching to the first excited state and 
the transition rates from the Cl*3* isomeric state, the above 
result suggests that the second excited state in S* has a configura- 
tion similar to that of the Cl* isomeric state and that the first 


excited state resembles the P™ ground state. For explaining the 
transition rate to the ground state from P*, the assumption of 
strong mixing of both types in the S* ground state seems to be 
necessary. This strong mixing in the 0* ground state also gives an 
explanation for the inversion of the order of the lowest T=0 and 
T=1 states of Cl*. An additional state of S* at 4 Mev, which 
is attained from both the P* and the Cl* 3+ state and is 
thus to be interpreted as a 2+ state, was found. In the case of 
P® a beta-decay branching to the first excited state of Si® was 
looked for. A weak gamma ray of 2.24 Mev was found, indicating 
a branching of 0.2% with a log ft of 5.4. 





INTRODUCTION 


HE variations in the beta-decay rates of light 
nuclei of mass 4n+2 have long been a puzzle,! 
until the degree of inconsistency was largely reduced 
by the recent discoveries of the 0+, T=1, positron- 
emitting states in Cl*, K** (and Al’*), and the extremely 
long-lived ground state of Al’*.-® There are still, how- 
ever, some problems left to be explained. One is the 
occurrence of several very slow allowed transitions in 
this group, as the transition from Na” to the 1.28-Mev 
state in the Ne” (log ft=7.6), and the C“ to N™ decay 
(log ft=9.03). In the last case the extremely large /ft- 
value was shown to be due to an accidental cancella- 
tion of the matrix elements.? However, not all of these 
abnormal transition rates would seem to be due to 
accidental cancellations, and it would seem desirable 
to find another explanation. Another problem requiring 
an explanation is the fact that the 7=1 state appears 
below the lowest T=0 state in Cl* and probably in 
some other, heavier, 4n+2 self-conjugate nuclei." 
Now that the basic idea about the decay of this series 
is quite well established, it is of interest to investigate 
these further peculiarities, especially by searching for 
more anomalous allowed transitions, and also by 
acquiring more knowledge about the states involved. 


+ Work supported in part by the U. S. Atomic Energy 
Commission. : 
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1711 (1954). 

*Sherr, Gerhart, Horie, and Hornyak, Phys. Rev. 100, 945 
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One of the possible slow allowed transitions is the 
decay from P*® to the first excited state in Si® which is 
most probably a 2+ state. No gamma ray has been 
reported although a normal allowed transition rate 
would result in a branching of the order of one percent. 
More detailed studies are possible for A =34. This is 
the lowest 4n+-2 mass number for which the ground 
state of the T=2 nuclide (P™) is known, and fairly 
complete data are available about the decay of Cl, 
Also, this is one of the few cases where the inversion 
of the T=1 and T=0 states takes place. 

If one summarizes the known facts about the decay 
for A=34, the following peculiarity is noticed: The 
3* isomeric state of Cl* decays by allowed transitions 
to the two lowest excited states of S*, at 2.10 and 3.22 
Mev.” From P*, both the ground state and the first 
excited level are reached by allowed beta decays." 
The spin of P*, therefore, must be 1+, and that of the 
2.10-Mev level 2+. The same assignment is made 
probable for the 3.22-Mev level by the existence of 
the ground-state gamma transition. There seems to be 
a pronounced difference in the two excited states: 
the 2.10-Mev level is reached rather readily from P*¥ 
(log ft=4.7), whereas the transition from Cl* is slow 
(log fi= 6.1). The Cl* decay to the second excited state, 
on the other hand, is fast (log ft=4.8), but no transition 
to this state has been reported from P*. It is suspected, 
therefore, that the beta decay from P* to the second 
excited state of S* is rather slower than an average 
allowed transition and further that the two lowest 
excited states in S* have rather different configurations, 
the 2.10-Mev state being similar to the P™ ground state 
and the 3.22-Mev state resembling the Cl* 3* state. In 
order to check this assumption, an attempt was made 
to find the branching ratio of the beta decay from P™ 
to the second excited state of S** by a careful search 
for the 3.22-Mev gamma rays. Also, a similar reduction 
may take place in the transition from P® to the first 
22H. K. Ticho, Phys. Rev. 84, 847 (1951). 

13 E. Bleuler and W. Ziinti, Helv. Phys. Acta 19, 137 (1946). 
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Fic. 1. Scintillation spectra of the P*, Cl*, and K** gamma rays. 











excited state of Si® (2.24 Mev). A search for the 2.24- 
Mev gamma ray from P® was, therefore, undertaken. 


EXPERIMENTAL PROCEDURE AND RESULTS 


P* was produced by bombarding sulfur cylinders of 
2-inch diameter and 1.5-inch thickness with Be-d 
neutrons from the Purdue cyclotron. After 40 seconds of 
irradiation they were placed as close as possible to a 
Nal crystal with enough aluminum interposed to 
absorb the 5-Mev beta rays. The counting was started 
about 10 sec after the end of the bombardment and was 
continued for about 30 seconds. The pulse-height dis- 
tribution obtained with a twenty-channel analyzer is 
shown in Fig. 1 together with those from Cl* and K* 
taken with a similar geometry. Compared to Cl*, P* 
is seen to have an extremely small amount of gamma 
radiation above 2.1 Mev, as was suspected. 

The part of the P* spectrum above 2 Mev was 
remeasured by repeated irradiation, with the result 
shown in Fig. 2. There is no appreciable indication of a 
3.22-Mev radiation, but instead there is a definite 
group of peaks due to a 4.0-Mev gamma ray, with the 
most intense peak being the double-escape pair peak. 
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Fic. 2. High-energy portion of the P™ spectrum. 
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The half-life of the spectrum above 2.5 Mev was 
measured to be about 12 sec, the period of P*. The 
failure of observing the 3.22-Mev gamma ray sets the 
lower limit of the partial half-life of the beta decay to 
the 3.22-Mev state at ~1 hour which corresponds to 
a log ft value of 5.6. Here, the beta-decay energies and 
the branching ratio to the ground state and the 2.10- 
Mev state were taken from reference 13, and the upper 
limit of the intensity of the 3.22-Mev gamma ray was 
estimated by using relative counting efficiencies for 
the 2.10-Mev (photopeak) and the 3.22-Mev (photo- 
peak and single-escape peak) radiations derived from 
the Cl* pulse-height distribution (Fig. 1) and the 
known gamma-ray intensity of Cl*."4 

In order to estimate the intensity of the 4.0-Mev 
transition, it is necessary to know the relative efficiencies 
of producing peaks in the spectra by 2.1-Mev and 4.0- 
Mev gamma rays. Since the relative efficiency of the 
2.10-Mev photopeak and the 3.22-Mev pair peaks is 
known, only the ratio of the pair-peak efficiencies of 
the 3.22-Mev and the 4.0-Mev gamma ray is needed. 
It was taken to be equal to the ratio of the pair produc- 
tion cross sections calculated for NaI.!* Since the double- 
escape peak of the 4.0-Mev radiation (Fig. 2) is to be 
compared with the single-escape peak of the 3.22-Mev 
radiation (Fig. 1), the intensity ratio of the double and 
the single-escape pair peaks (which depends mainly 
on the crystal, but very little on the gamma-ray 
energy) was determined with the aid of the Na™ and 
K* spectra taken with the same crystal. The intensity 
of the 4.0-Mev gamma ray was thus found to be 
about 0.2% of the total decay. 

Branching transitions from the 4.0-Mev state to the 
excited states would give rise to gamma rays with 
energies of about 1.8 and 0.8 Mev but they were not 
found to stand out from the statistics in the spectrum. 
The upper limit of the log ft value which corresponds 
to no branching to the excited states is 4.9. Here an 
error of +0.3 is introduced by the uncertainty in the 
beta-ray energy. 

In order to investigate the characteristics of the 4.0- 
Mev state established in the P™ decay the high-energy 
part of the Cl* spectrum was examined carefully. A 
strong source at a large distance from the crystal was 
used to avoid the summing of 3.22-Mev radiation and 
annihilation radiation. The portion of the spectrum 
above 3.0 Mev is shown in Fig. 3. The part above the 
3.22-Mev peak shows a decay with a half-life of about 
half an hour, which assigns this portion to Cl*. The part 
corresponding to the double-escape peak of the 4.0-Mev 
gamma ray is masked by the 3.22-Mev photopeak, but 
there is an indication of the single-escape pair peak and 
the shape of the spectrum resembles well the one from 


“DPD. Green, thesis, University of California, Los Angeles 
(unpublished), quoted by H. E. Handler and J. R. Richardson, 
Phys. Rev. 102, 833 (1956). 

18 P. R. Bell, Beta- and Gamma-Ray Spectroscopy, edited by Kai 
Siegbahn (Interscience Publishers, Inc., New York, 1955), p. 133. 
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P*, The contribution of the continuous spectrum due 
to the annihilation in flight of the 4.5-Mev positrons, 
which should decrease rapidly with energy, seems to be 
negligible. 

The intensity of the 4.0-Mev gamma ray from Cl* 
is estimated to be about 0.2% of the total decay, 
ignoring a possible contribution from the annihilation 
in flight. If no branching of gamma rays to the lower 
excited states is assumed, the value of log ft of the 
positron decay to the 4.0-Mev state is 5.4. The differ- 
ence in the log ft values from Cl* and P*, which is a 
quantity independent of the branching to the excited 
states, is about 0.5. 

In order to look for the 2.24-Mev gamma ray from 
P® an aluminum foil was bombarded with alpha 
particles from the cyclotron. At first the source was 
placed about one foot from the crystal and a small 
aluminum absorber was placed in the middle of the 
gamma-ray path to minimize the annihilation radiation 
hitting the crystal. The spectrum above the annihilation 
radiation (0.5 Mev) showed, however, a long tail due 
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Fic. 3. High-energy portion of the Cl* spectrum. 


to annihilation in flight and the statistics in this part 
prevented one from detecting peaks due to weak 
gamma rays around 2 Mev. To reduce this difficulty 
the path of the positrons was bent by a magnetic field 
so that the gamma rays due to the annihilation in 
flight could be avoided, except for those produced in 
the source and the short air path before the magnetic 
deflection (Fig. 4). The spectrum thus taken shows a 
definite hump at around 2.24 Mev due to the gamma 
ray expected in Si® (Fig. 5). There is still a considerable 
background from the annihilation in flight. The in- 
tensity of the gamma ray was determined with the aid 
of K**, which has a single gamma ray with almost the 
same energy (2.16 Mev) and positrons with almost the 
same end point, the number of the gamma rays being 
the same as the number of the positrons. The gamma- 
ray spectra from P® and K** were taken in identical 
geometry and the number of the positrons from the 
same sources were counted with a Geiger counter 
under identical geometry. From this comparison, the 
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Fic. 4. Source and crystal geometry used for avoiding 
annihilation-in-flight background. 


branching of the positrons from P® to the 2.24-Mev 
state in Si® was estimated to be 0.5%. This corre- 
sponds to a log ft value of 5.4. 


DISCUSSION 


The results for A = 34 are shown in Fig. 6. The failure 
to observe the beta-ray branching from P* to the second 
excited state of Cl*, setting the lower limit of log ft for 
this transition at 5.6, allows one to draw a relatively 
simple picture to explain the alternation of transition 
rates of beta decays from P* and C]* to the lower states 
in S*, as was mentioned in the introduction: Namely, 
it is suspected that the first excited state of S* has a 
configuration easily attained by beta transition from 
P* but rather hard to be attained from the 3+ isomeric 
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background has been adjusted to leave a pulse-height distribution 
for the nuclear gamma ray similar to that of the K** gamma ray. 
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Fic. 6. Decay scheme of the A =34 triplet. The numbers in 
parentheses indicate the values of log ft. The two types of levels 
are symbolized by the total numbers of s; and d; orbits possible 
in the proposed predominant configurations. 


state in Cl*, and with the second state of S* the situa- 
tion is reversed. One may try, further, to give a more 
detailed interpretation on the basis of some jj-coupling 
shell-model assignment. 

The easiest approach is to use the configurations of 
six nucleons outside the Si®* core and to consider s; and 
d, orbits only. For the 0* and 2+ states of S*, configura- 
tions involving from zero to four s; orbits (for neutrons 
and protons) are possible. The same is true for the two 
states of Cl*, for which the straightforward shell-model 
assignment is (54d) »(s;d;),. In the case of P* (1p+5n), 
on the other hand, not more than three particles (one 
proton and two neutrons) can be put into the s; orbit 
because of the Pauli principle, and there has to be at 
least one s; neutron. The most plausible assignment is 
(sy) p(sydy*),. The two mutually exclusive sets of con- 
figurations, then, might be those with zero and four 
s; orbits (for the 3+ state of Cl* and the second excited 
state of S*) on one side, those with one to three s, 
orbits (for P* and the 2.10-Mev level of S*) on the 
other side. There are so many possible mixing con- 
figurations within each set, that in Fig. 6 the two types 
of levels are characterized only by the total number of 
sy and d; orbits of the proposed dominant configura- 
tions, i.e., 5;°* dy®* and s;'-* d,**. The question, why 
these two types exist in S* and C]* and what the relative 
strengths of the various possible configurations are, 
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Fic. 7. Decay scheme of P®, with the proposed dominant con- 
figurations. The Si® ground state should be labeled a(sj;?), 
+B (dj*) n. 


can only be answered by detailed calculations. The 
purity of the two types seems fairly high, as evidenced 
by the large ft-values of those transitions that have to 
proceed through small admixtures. The value of log ft 
=4.8 for the decay from Cl* (3*) to the second excited 
state may seem high for a transition between states 
involving the same configurations, presumably with 
good overlap of the wave functions; according to King,'* 
however, a value of 4.3 would be expected in the 
jj-coupling model even for pure states 


[ (542d) p(s42dy) n> (sy) p (Syd y?) a J, 


since | f'o|?=6/25 in this case. 

Another interesting feature of the decay of this 
triplet is the low value (5.1) of log ft of the transition 
from P* to the S* ground state. If the latter were purely 
of the type s;°-4d,°* (like the second excited state and 
the 3+ isomer of Cl*), this transition should be slow. 
Therefore, there must be a considerable admixture of 
configurations corresponding to those occurring in the 
P* ground state. The existence of such a mixture of 
several configurations in the 0* ground state has already 
been mentioned by Redlich’’ in calculations on O'*, by 
Alburger and Pryce’® in the study of the energy levels of 
Pb**, and by Levinson and Ford" in the calculation of 
the energies of the lowest states of Ca®. 

The evidence for the mixed character of the S* 
ground state is especially interesting in connection 
with the abnormal T=1 ground state of Cl*,* which 
must consist of the same configurations (with one 
neutron changed into a proton) since it is a member of 
the same 7=1 multiplet. If the 0+ state were of the same 
type as the 3+ isomer (presumably with the configura- 
tions (syd) p(s;2dy)n and (d;*),(d;*),), it would be 
expected to have a somewhat higher energy than the 
latter because of the spin-spin interaction which favors 
the triplet state. This interaction, however, decreases 
with increasing size of the nucleus and for Cl* it may 
well be overcompensated by the configuration inter- 
action due to the admixture of s;'~*d;>-* type configura- 
tions which lowers the energy of the 0+ state, making 
it the “abnormal” T=1 ground state. 

The state found at 4.0 Mev is also assigned to be a 
2+ state since it can be attained from both sides, from 
the Cl* isomer and P*. The slightly lower ft-value of 
the transition from P* may indicate that this state is 
more similar to the first excited state than to the second. 

The results on the decay of P® are shown in Fig. 7. 
The ground state of P® is probably (s;)p(s})n- The slow 
transition to the ground state of Si® may indicate that 
the latter has only a rather weak component of (s;”)n, 


16 R. W. King (private communication). 
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the main configuration being possibly (d;*),. Within 
the approximation considered (Si?* core+two nucleons), 
the first excited state cannot have a (s)?),, configuration 
at all, since it could not give rise to a 2+ state. This 
gives a qualitative explanation for the fact that the 
transition probability of the decay to the first excited 
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state, after correction for the statistical factor, is about 


ten times smaller than that for the ground-state decay. 
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A Q value of 15.15+-0.04 Mev for the reaction Li®(t,2)He® has been obtained through a measurement of 
the energy of the alpha particles. The mass of He' is then 5.01390+-0.00004 amu or He’—He*+n+0.97+0.04 


Mev. The width of the ground state is 0.7+0.2 Mev. 


INTRODUCTION 


NUMBER of determinations of the mass of He® 

have been made by measuring the energies of 
charged particles from nuclear reactions in which He5 
is one of the products. The reactions used were 
He'‘(d,p)He®, Li®(d,He*)He®, Li®(n,d)He®, Li’(d,a)He*® 
and T(He’,p)He®. References to these measurements 
are given in Table I. As can be seen there, there is a 
considerable variation in the values obtained for the 
instability of He®> for neutron emission and for the 
width of its ground state. A further experiment thus 
seemed justified. 

From the point of view of accuracy, the last two of 
the reactions mentioned above have the advantage 
that the energy of the bombarding particles can be 
relatively low, most of the energy of the products 
coming from the Q of the reaction. This reduces the 
effects, on the mass derived for He®, of target thickness, 
errors in bombarding energy, and errors in the angle 
at which the reaction products are measured. A further 
reaction with similar advantages, Li®(/,a)He®, has been 
used in the present experiment. The Q value was 
obtained by measuring the energy of the alpha particles 
with a large proportional counter. This counter was 
calibrated with alpha particles from ThC’ and ThC. 


METHOD 


The tritons were accelerated to 235 kev by a 250-kv 
accelerator. A thick target was formed by melting 
Li‘F onto a stainless steel backing. The target was 
one-eighth inch square and held at an angle of 22.5° 
to the beam. This surface, in conjunction with a one- 
quarter inch diameter diaphragm 13 inches away, 
~ * Formerly A.E.C.L. Fellow, now with General Electric 


Company, London. Present address: Reactor Physics Division, 
Atomic Energy Research Establishment, Harwell, Berkshire, 
England. 


formed a collimating system for the beam. The target 
chamber is illustrated in Fig. 1. The angle between the 
observed alpha particles and the triton beam could be 
varied by rotating the lid of the target chamber, on 
which the counter was mounted. 

The side-window counter, similar to one described 
by Allen e¢ al.,! is five inches in diameter and sixteen 
inches long. It was filled with an argon-CO, mixture 
to a pressure of 70 cm of Hg. The central wire had a 
diameter of 0.005 inches and was held at a potential of 
1600 volts. With these conditions, the gas multiplication 
was six. Particles entered the counter through a gold- 
sputtered mica window, 1.1 mg/cm? thick. 


TaBLE I. Summary of measurements of the instability of He’. 








Instability 


Reaction Q (Mev) (Mev) T (Mev) Reference 





Li® (t,a) He® 
T(He',p) He 


He*(n,n) Het 
He‘(d,p) He 
Li®(n,d) He’ 
Li? (d,a) He 


15.15 +0.04 
11.18 +0.07 


0.7 +0.2 


—3.10+0.05 
—2.57+0.10 
14.2+0.1 
14.2+0.1 
14.3 
13.43 


14.26 
0.91 40.09 
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Fic. 1. Target and counter arrangement. 


This counter was used to compare the energy of 
the alpha particles from the reaction with those from 
ThC’, obtained from a ThB source. The energy of the 
ThC’ alpha particles is 8.780 Mev.? Those from the 
reaction have the same energy to within a few hundred 
kev, the exact energy depending on the angle to the 
beam at which they are observed. ThC alpha particles, 
which have a mean energy for the two very close upper 
lines of 6.056 Mev,? were used to calibrate the counter 
for the change in pulse height produced by a known 
change in particle energy. 

The amplified pulses from the counter were displayed 
on a 30-channel pulse-height analyzer and were com- 
pared with pulses of variable known height from a 
mercury-relay precision-pulse generator. 

There were two possibilities open in making a choice 
of the angle to the beam at which the alpha particles 
were observed. 

(A) At backward angles greater than about 100°, 
both the spectrum of pulses from the reaction and that 
from ThC’ could be put onto the pulse-height analyzer 
simultaneously, and the two peaks separated. This 
method has the advantage that any shift in the gain 
of the system has the same effect on both peaks. 
However, it has the disadvantage that at these back- 
ward angles the energy of the alpha particles is quite 
dependent on the energy of the tritons. An uncertainty 
in Eg, the beam energy, will then affect the calculated 
Q. At 124°, the magnitude of this effect is given by 
AQ=1.9AE,, and at 105°, AQ=0.7AE, for small 
changes in Eg. Because of corona from the resistor 
chain used in measuring the accelerating voltage, the 
beam energy is uncertain by +15 kev. 

At such backward angles, the reduction in effective 
bombarding energy, produced by a thick target or by 
surface contamination, increases the energy of the alpha 
particles from this reaction. This increase is partly 


2G. H. Briggs, Revs. Modern Phys. 26, 1 (1954). 


compensated for by the energy losses which the alpha 
particles suffer in escaping from the target. These two 
effects are estimated to cancel at about 108°. Since 
the yield curve of the reaction is not known accurately, 
there is appreciable uncertainty in these calculations 
of the effect of target thickness. 

(B) At an angle of approximately 97°, the Q-value 
measurement is insensitive to small changes in Ez, but 
since the energy of the alpha particles from the reaction 
is very close to that of the ThC’ alpha particles, the 
counter will not resolve both groups if they are intro- 
duced simultaneously. It is then necessary to take runs 
with ThC’ alpha particles before and after each reaction 
run, in order to check the stability of the system. Since 
no one angle is ideal, measurements were made at 
several different angles. 

Ideally, the ThB source should be at the same position 
as the target, because the pulse height from the counter 
depends slightly on the angle of entry of the particles. 
In practice, the source was placed one centimeter 
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Fic. 2. Upper end of the pulse-height distribution from 
Li®(t,a)He®. The data of curve A are the observed data. Curve B 


gives the estimated background from the Li*(t,2a)n. Curve C is 
the difference between A and B. 


from the target. At this distance, the alpha-particle 
peak was not displaced appreciably from its position 
with the source at the target. 


RESULTS 


Five measurements were made at angles for which 
the dependence of the calculated value of Q on Ez is 
small. Three were at an angle of 89.3+0.5° and two 
at 94.8+-0.4°. (All angles mentioned are in the labora- 
tory system.) The average Q value calculated from 
these five runs is 15.19+0.05 Mev. Four measurements 
were made using method (A), two at each of the angles 
of 124° and 105°. The average Q value calculated from 
these runs is 15.09+0.07 Mev. The mean value is 
15.15+0.04 Mev. As explained above, the runs at 
89.3° and 94.8° required the calibration alpha particles 
to be introduced before and after the run. Any de- 
pendence of pulse height on counting rate would then 
introduce an error. No measurable shift in the height 
of a peak was detected when the counting rate was 
doubled, or when the height of the ThC’ alpha-particle 
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peak was measured alone or along with the particles 
from the reaction Li’(p,a)He‘, described below. 

The alpha-particle peak is seen in Fig. 2 to be 
superposed on a continuous background of alpha 
particles from the reaction Li*+-T — He*+He‘+n. A 
correction of +0.03 Mev has been included in the 
above Q value to allow for a shift in the peak to a lower 
energy caused by the shape of the spectrum of alpha 
particles from the three-body breakup. Although ’the 
shape of this spectrum is not known, its possible 
variation is restricted by requiring that the peak 
obtained, when it is subtracted from the experimental 
distribution, shall be symmetrical. A correction to the 
Q value was made for the energy losses of the tritons 
and alpha particles in the thick target. The amount of 
this correction varied from 44 kev at 89.3° to —35 kev 
at 124°. These values were derived using the measured 
resolution of the counter and assuming that the varia- 
tion of the cross section in this region is determined 
only by the penetrability. A further correction to Q of 
—6 kev at 90° and —11 kev at 105°—124° was made 
for the energy losses of the alpha particles in the counter 


TABLE II. Uncertainties in the Li®(t,)He® Q-value measurement, 








Uncertainty 
in QO kev 


+30 


Source 





. Measurements of relative pulse heights 

. Angle 

. Correction for continuum from three-body breakup 
. Correction for counter window thickness 

. Correction for thick target 

. Target surface contamination (no correction made) 
. Beam energy 


Root mean square of these values is +0.04 Mev. 








window. The beam energy was taken to be 15 kev 
higher than that measured, because of corona in the 
resistor chain. This estimate was based on repeated 
measurements of the 222-kev resonance’ in the reaction 
Mg”™(p,v)AP>. The uncertainties in the Q-value 
measurement are listed in Table II. These uncertainties 
apply to the average Q value. 

To check possible errors, the Q value of the reaction 
Li’(~,a)He* was measured under similar conditions. 
This reaction has an accurately known Q value and 
emits alpha particles with an energy close to that of 
those from the Li®(t,2)He® reaction. Three measure- 
ments were made at angles near 90° and four at 124°. 
The average values obtained were 17.39+0.04 Mev 
and 17.31+0.06 Mev, respectively. The mean value 
is 17.3540.04 Mev. The thick-target correction to the 
Q-value in this case varied from —10 kev near 124° 
to 82 kev near 90°. The mean Q value of 17.35 Mev is 
in agreement with the accepted value of 17.346++0.010 


*R. Tangen, Kgl. Norske Videnskab. Selskabs, Forh. Skrifter, 
No. 1 (1946). 
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Fic. 3. Pulse-height distribution from ThC’ alpha particles. 


Mev.‘ The four runs at 124° were taken in succession, 
using the same target. The Q values obtained varied 
from the mean by +0.01 Mev. This may be considered 
as some evidence that there was no appreciable buildup 
of carbon contamination on the target. 

Using the above-measured Q value of 15.15 Mev 
for the Li®(t,2)He® reaction and the known (Q values 
of 5.027+0.003 Mev for Li®(d,p)Li’, 17.346+0.010 
Mev for Li’(p,a)a, and 6.251+0.008 Mev for D(n,y)T, 
the He® nucleus is calculated to be unstable to dis- 
integration into an alpha particle plus a neutron by 
0.97+0.04 Mev. This corresponds to a mass for He of 
5.01390+0.00004 amu and a mass defect of 12.94-+-0.04 
Mev. In Table I, this value for the instability of He® for 
neutron emission is given along with values obtained 
from other reactions. 

After subtracting the assumed contribution from the 
Li®(t,2a)n reaction, I’, the full width at half-maximum 
of the peak of the alpha-particle spectrum from 
Li®(t,a)He', is approximately 5.2 percent. This spectrum 
is shown in Fig. 2. The width at half-maximum of the 
peak produced by alpha particles from a thin ThC’ 
source is approximately 2.5 percent and is illustrated in 
Fig. 3. The alpha particles from the reaction then have 
a spread of approximately 375 kev, which corresponds 
to a I’ of 675 kev for the ground state of He®. The 
uncertainty in I’ is estimated to be 200 kev. For the 
data taken at 94.8°, a spread in the bombarding energy 
of 40 kev due to the thick target would cause only a 
20-kev spread in the energy of the alpha particles, 
which would affect T by 36 kev. For comparison, the 
various experimental values reported for the width of 
the state are given in Table I, Column 4. 
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The energies of the beta and gamma rays associated with the decay of Eu'**, Sm!*, Sn*5, and Br® have 
been determined by scintillation spectrometry, and coincidence relationships have been investigated when 
possible. In most instances, values of log ft for the beta spectra have been determined from a consideration 
of the decay scheme and the relative intensities of gamma rays. The results obtained have been interpreted 
as indicating the following excited energy states of the residual nuclei. Gd'**: 18 and 102 kev; Eu!: 100, 
170, and 700 kev; Sb'**: 1070, 1410, 1880, 1970, and 2110 kev; Kr®: 770, 1450, 1800, 2060, and 2620 kev. 

The results of the measurements have been considered in relation to the single-particle model of the 


nucleus to ascertain likely spin values. 





INTRODUCTION 


N the present investigation, a group of radio-nuclides 
have been studied to determine the decay schemes. 
Coincident scintillation spectrometers employing crystal 
detectors of NaI(Tl) and anthracene have been used 
throughout. In the cases considered, the radio-elements 
had been investigated only partially or not at all by 
scintillation spectrometry. The purpose of the present 
measurements was to determine more definitely the 
cascade relationships among, and the energies and rela- 
tive intensities of, the various gamma rays associated 
with the de-excitation of the several residual nuclei, to 
order the levels and determine likely spin values. 


Europium-155 


Early investigations’ of the quantum radiations of 
Eu'®> have shown gamma rays to be present with 
energies of ~85 and ~100 kev. More recenitly,*? 
additional gamma rays have been reported. Rutledge 
et al.4 have observed, in a study of conversion lines, 
gamma rays of energies 60, 87, 106, and 132 kev. In 
addition to these radiations, Lee and Katz‘ have re- 
ported quanta at energies of 18.7 and 136.8 kev. Wilson 
and Lewis® have presented a decay scheme including 
only gamma rays at 15 and 85 kev in cascade and a 
crossover transition at 100 kev. Church and Goldhaber’ 
have noted the presence of gamma rays at 59.8, 86.3, 
and 105 kev, and have further concluded that the 
radiations at ~130 kev arise from the presence of Eu!®. 


+ Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

* On leave of absence from Agra College, Agra, India. 

1 Marinsky, Glendenin, and Metzger, Massachusetts Institute 
of Technology Report NP-1727, July, 1949 (unpublished). 

? B. H. Ketelle, Oak Ridge National Laboratory Report ORNL- 
607, March, 1950 (unpublished). 
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4 Rutledge, Cork, and Burson, Phys. Rev. 86, 775 (1952). 

5M. R. Lee and R. Katz, Phys. Rev. 92 155 (1954). 

*H. W. Wilson and G. M. Lewis, P Phys. Soc. (London) 
A65, 656 (1952). 

7E. L. Church and M. Goldhaber, Phys. Rev. 95, 626(A) 
(1954). 


There has been general agreement! that two groups 
of beta rays are present of maximum energies ~150 
and ~250 kev. Because of the uncertainties surrounding 
the nature of the gamma rays, and since it appears that 
the unconverted quantum radiations of Eu'®* have not 
been previously viewed by scintillation counters, the 
beta rays and gamma rays of Eu'®* have been measured 
in coincident scintillation spectrometers. 

A sample of Eu!®, in the form of EuCl; in HCl 
solution, was obtained from Oak Ridge National 
Laboratory, and scintillants of NaI(T1) and anthracene 
were employed to study gamma-gamma_ and beta- 
gamma coincidences. The gamma-ray spectrum of Eu!®* 
is shown in Fig. 1. The composite peak has been resolved 
into two components at 84 and 102 kev. The 42-kev 
x-rays of gadolinium are also apparent. In addition to 
these radiations, gamma rays were also detected at 122, 
~250, ~730, and ~1280 kev. The position of the 
122-kev gamma ray is indicated, but the others, very 
weak, are not shown. These quanta of higher energy!are 
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Fic. 1. Gamma rays emitted in the decay of Eu"®*. The evidence 


for radiation at or near 122 kev is attributed to the presence 
of Eut®?-154, 
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considered to arise from the presence of Eu!®:!5, This 
assignment will be discussed later. 

The beta-ray spectrum of Eu!®5 was measured in an 
anthracene counter and resolved into several com- 
ponents obtained from a Fermi-Kurie plot. These 
spectra are shown in Fig. 2. The maximum energies are 
680+20, 300+10, 240+10, and 150+10 kev. Very 
weak contributions to the beta distribution were noted 
to extend to energies as great as ~1800 kev. Taking 
the two softer spectra to be associated with Eu!®*, their 
relative intensities are calculated to be 240 kev (23 
percent) and 150 kev (77 percent). These results com- 
pare favorably with earlier data.’ In making the 
foregoing measurements, one-tenth drop of the europium 
chloride solution was evaporated to dryness upon a 
Nu-skin foil of surface density less than 0.3 mg/cm. 
In this manner a thin source was obtained. 

In measuring beta-gamma coincidences, the gamma- 
ray counter was fixed at various photopeaks while the 
beta-ray counter was moved in differential intervals 
over the beta-ray energy spectrum. In this manner, it 
was established that the K x-rays, the 84-kev gamma 
ray, and the 102-kev gamma ray are coincident with 
the 150-kev beta group and noncoincident with beta 
rays of higher energy. Coincidences were also observed 
between the 150-kev beta-ray group and quantum 
radiations in the region of the L x-rays. In a second 
experiment, the beta-ray counter was fixed on the 
energy interval extending from 150 to ~250 kev. The 
gamma-ray counter was moved over the entire gamma- 
ray spectrum and coincidences were noted with the 
42-kev x-rays and the 122-kev gamma ray, as shown 
in Fig. 3, curve A. When the beta-ray counter was 
shifted in energy to count only beta rays of energies 
greater than 250 kev, the beta-gamma coincidences of 
Fig. 3, curve B were obtained. Since equal numbers of 
beta rays were counted to obtain either curve, the 
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Fic. 2. Beta rays emitted in the decay of radioactive europium. 
The two spectra of lower energy are associated with Eu'®. 
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Fic. 3. Beta-gamma coincidence in Eu’! Curve A, with 
beta rays on the interval 150 key<£g<250 kev; Curve B, with 
Eg>250 kev. 


increase of coincidences in curve B over those of curve A 
shows the beta spectrum of maximum energy 250 kev 
to be noncoincident with the 122-kev gamma ray. Thus, 
the spectrum of end-point energy 250 kev is coincident 
with no gamma rays or x-rays. The 122-kev gamma ray 
is coincident with the hard beta rays presumably 
emitted in the decay of Eu!®.1*, 

Gamma-gamma coincidences were observed by fixing 
one channel of the coincidence spectrometer at indi- 
vidual photopeaks while moving the other channel over 
the entire gamma-ray spectrum. With the fixed counter 
at the 84-kev photopeak, coincidences were observed 
only in the region of L x-rays. No coincidences were 
detected between the K x-rays or the 102-kev gamma 
rays on the one hand and the 84-kev radiation on the 
other. With the fixed counter at the K x-ray peak, 
coincidences were detected in the L x-ray region, at the 
K x-ray photopeak, at ~122 kev, and with gamma rays 
of higher energy. No coincidences were detectable be- 
tween K x-rays and the 84-kev and 102-kev photopeaks. 
It was concluded that the coincidences between the 
L x-rays, and K x-rays and the 84-kev photopeak, must 
arise from a gamma transition which is in cascade with 
the 84-kev gamma ray and heavily converted in the 
L shell. The previously mentioned coincidences between 
K x-rays and K x-ray, between K x-rays and the 122- 
kev gamma rays, and between K x-rays and gamma 
rays of higher energies are attributed to the presence 
of Eu’, From these coincidence measurements and 
the results of beta-gamma coincidence investigations 
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Fic. 4. Disintegration scheme of Eu, 


previously described, it can be concluded that Eu’ 
decays with the emission of two beta-ray groups having 
end points of 150+10 and 240+10 kev respectively. 
The 150-kev group terminates at an excited state of 
Gd'** which is de-excited by emission of a 102-kev 
gamma ray or alternately by emission of an 84-kev 
quantum which is in cascade with a gamma ray of 
energy (102—84) kev=18 kev. This latter gamma ray 
is evidently highly converted in the L shell. No gamma 
ray of energy 59 kev*:*.’ was observable among the 
unconverted quantum radiations of Eu'®®. The radiation 
characteristics of Eu'®® determined by the present 
measurements are in agreement with the results of 
Wilson and Lewis.® Values of log/t for the two beta 
spectra of Eu'®® have been calculated from their relative 
intensities as determined in the present measurements 
and are found to be 7.9 and 7.2 in order of descending 
energy. 

A disintegration scheme of Eu'® is shown in Fig. 4. 
The spins of Eu! and Eu'* have been measured® 
as 5/2. According to the shell model of the nucleus, 
the spin of Eu'®® should also be 5/2. The ground state 
spin of Gd'** has been measured by Jenkins and Speck’® 
as 3/2 and by Murakawa® as >5/2. An attempt was 
made to construct a decay scheme with the ground 
state of Gd'® having a spin of 3/2+; however, no 
satisfactory sequence of orbitals could be developed 
which would account for all aspects of the measured 
properties of the decay. Accordingly an orbital assign- 
ment of f7/2 was taken for the ground state of Gd!® as 
indicated by the shell model of the nucleus. The two 
excited states of Gd'®5 have also been given spin values 
predicted by the single-particle model. These assign- 
ments are consistent with the presence of the two first- 
forbidden beta spectra and with the absence of a 
spectrum terminating at the first excited state of Gd'®. 


* H. Schiiler and T. Schmidt, Z. Physik 94, 457 (1935). 
°F. A. Jenkins and D. R. Speck, Phys. Rev. 100, 973(A) 
(1955); K. Murakawa, Phys. Rev. 96, 1543 (1954). 


Samarium-153 


A large number of measurements**:-" have been 
carried out to determine the energies and relative 
intensities of the beta and gamma radiations of Sm". 
Early investigations”:"* have indicated the presence 
of two beta-ray spectra and gamma rays of energies 
110 and ~600 kev. Hill” has reported in a photographic 
study of conversion lines the presence of gamma rays 
at 69.5 and 103 kev. Beta rays of maximum energy 
0.70 Mev and gamma rays of energies 70, 103, and 
530 kev have been observed by Siegbahn."* Sunyar'® 
has noted, in addition to the above-cited gamma rays, 
radiations of quantum energy ~600 kev. Rutledge et al.‘ 
have reported quanta at energies of 69.8, 103.4, and 
582 kev. The K/L ratios of the 69- and 103-kev 
transitions have been reported with widely differing 
values.*14-16 

In later investigations,®!""" attempts have been 
made to construct a decay scheme of Sm". All of these 
agree in that more than two beta spectra are considered 
to be present. A compilation of the results of these 
more recent studies is shown in Table I. Briefly, it can 
be said that Bannerman” reports no high-energy gamma 
rays; Lee and Katz find that a 548-kev gamma-ray 
transition terminates at the ground state of Eu! and 
do not mention the radiations at 170 or 600 kev; 
Graham and Walker'* have not indicated a position in 
the decay scheme for their 520-kev gamma ray nor do 
they mention radiations of higher energy. Marty" has 


TABLE I. Radiations of Sm!. 








Beta rays (kev) Gamma radiations (kev) 
800 (15%), 
700 (35%), 
630 (50%) 


795 (20%), 
685 (70%), 
620 (<0.6%), 
255 (9%) 


810 (20%), 
710 (50%), 
640 (30%) 


820 (20%), 
720 (40%), 
650 (40%) 


Investigators 





69.5 and 101; no y rays of 
higher energy observed 


Bannerman* 


Lee and Katz> 69, 102, and 548 


Graham and Walker* 69, 102.5, 170 (weak), and 520 


Marty4 69, 103, 172, 545, 84 (weak) 








* See reference 17. 
> See reference 5. 

© See reference 18. 
4 See reference 19. 
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1S. B. Burson and C. O. Muehlhause, Phys. Rev. 74, 1264 
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2R. D. Hill, Phys. Rev. 74, 78 (1948). 

18 J. M. Hill and L. R. Shepherd, Proc. Phys. Soc. (London) 
A63, 126 (1950). 

4K. Siegbahn in M. Siegbahn Commemorative Volume (Almquist 
and Wiksells, Boktryckeri AB, Uppsala, 1951), pp. 237-241. 

16 A. W. Sunyar, private communication to Hollander, Perlman, 
and Seaborg [Revs. Modern Phys. 25, 469 (1953). 

16 F. K. McGowan, Phys. Rev. 80, 482 (1950) ; 93, 163 (1954). 

W a C. Bannerman, Proc. Phys. Soc. (London) A65, 565 
(1952). 

18R. L. Graham and J. Walker, Phys. Rev. 94, 794(A) (1954). 

19 N. Marty, J. phys. radium 16, 458 (1955). 
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reported a 545-kev transition to terminate at the first 
excited state and to be coincident with a 103-kev gamma 
ray; radiation at or near 600 kev was not reported,” 
but weak radiation at 84 kev was observed. In view of 
the divergent results of the previous studies, it has 
seemed worthwhile to consider further the problem of 
the decay scheme of Sm!*, 

For the present investigations, samples of Sm!*, in 
the form of Sm,O;, were obtained from Oak Ridge 
National Laboratory on four different occasions, and 
the radiations were studied in coincident scintillation 
spectrometers. Scintillants of NaI(Tl) and anthracene 
were employed to study beta-gamma and gamma- 
gamma coincidences. The crystals of NaI(T1) were 4 cm 
in thickness and of diameter 3.5 cm. The anthracene 
crystal had a diameter of 2.5 cm and a thickness of 
1.1 cm. 

The spectrum of low-energy y radiation is shown in 
Fig. 5A. Sufficient carbon absorber was used to stop 
beta rays of energy as much as 850 kev. The 41-kev 
K x-rays of Eu, and gamma rays at 70 kev and 100 kev 
are clearly indicated by their peaks. In the region of 
lower energy, escape pulses of the 41-kev x-rays and 
contributions due to L x-rays can also be observed. 
Continuation of the study above 100 kev showed the 
presence of high-energy y radiation. By using suitable 
absorbers to suppress the x-ray and 100-kev radiations 
and employing a stronger source, it was possible to 
observe these as shown in Fig. 5B, where 170-, 530-, 
and 600-kev photopeaks are in evidence. All portions 
of the spectra of Fig. 5 were found to decay with a 
half-life of 47 hours. It is of interest to note that a 
continuous gamma-ray distribution is present, extend- 
ing from below the position of the 170-kev photopeak 
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Fic. 5. Curve A, the soft quantum radiations of Sm"; Curve B, 
the gamma-ray spectrum of Sm! in toto. The data of Curve B 
were obtained with the use of absorbers of Pb, Cd, and Cu. 
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Fic. 6. Spectra of the harder beta rays emitted in 
the disintegration of Sm", 


to higher energies. By observing the intensity of this 
distribution through various absorbers, it was concluded 
that it arises from the inner bremsstrahlung of the 
beta process. This effect is also markedly evident in the 
work of Marty.” 

In Fig. 6 are shown three beta-ray groups constructed 
from a Fermi-Kurie plot of the beta-ray distribution 
of Sm! as observed in an anthracene counter. The 
maximum energies and relative intensities of these 
spectra are given in Table II. 

Beta-gamma coincidences were measured by placing 
the gamma-ray counter at the various photopeaks 
while the beta-ray counter was moved over all energies 
of the beta-ray spectrum. The results of these coinci- 
dence measurements are given in Table ITI. 

The beta-gamma coincidence rate of the particular 
case of the gamma rays at 530 and 600 kev is shown 
in Fig. 7. To obtain the data, the gamma-ray counter 
was set to count all pulses falling in the composite peak 
of the 530- and 600-kev gamma rays. The channel 
width of the beta-ray counter was two volts. The beta- 
gamma coincidence rate clearly indicates a beta-ray 
end-point energy at ~8 volts which, according to 
calibration of the anthracene crystal by the conversion 
line of the 661-kev gamma ray of Cs'*’, corresponds to 
an energy of 130 kev. Additional curves, similar in 
nature to the data of Fig. 7, were obtained by placing 
the gamma-ray counter first on the low-energy side, 
then on the high-energy side of the 530 kev-600 kev 


TABLE IT. Beta spectra of Sm!®. 








Relative intensity 


End-point energy (kev) (percent) 


825+10 22 
720+10 38 
645+10 40 
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TABLE III. Gamma rays coincident with beta rays of Sm". 








Eg (max, kev) Quantum energy (kev) 


825+10 

720+10 

645+10 
130 





None 
100 
70, 170 
530, 600 








peak. The two curves obtained in this manner were 
identical in end point with the curve of Fig. 7. Thus was 
established the fact that the 530-kev gamma ray and 
the 600-kev gamma ray are very probably emitted 
from the same level in Eu'®. 

To observe gamma-gamma coincidences, one pulse- 
height analyzer was fixed to accept the pulses of the 
100-kev photopeak while the other channel was moved 
with a width of one volt over the spectral region of 
lower energy. The coincident relationship between the 
100-kev gamma ray and the 70-kev gamma ray and 
the 41-kev x-ray is shown in Fig. 8A. The coincidences 
with x-rays arise from internal conversion of the 70-kev 
gamma ray. Coincidences between the pulses of the 
530 kev-600 kev peak and those of the 100-kev peak 
are shown in Fig. 8B. In Fig. 8C, coincidence rates in 
the region of low energies are displayed which were 
obtained by placing one analyzer first at the 530-kev 
photopeak (Curve I) then at the 600-kev photopeak 
(Curve II). The difference of shape of the two curves 
in the vicinity of 70 kev is such as to suggest that the 
530-kev gamma ray is coincident with the 70-kev 
radiation whereas the 600-kev gamma ray is not. This 
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Fic. 7. Beta-gamma coincidences in the decay of Sm'** with the 
gamma-ray counter adjusted to count full energy peak pulses in 
the region 530-600 kev. 
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result is consistent with the fact that the previously 
described beta-gamma coincidence measurements show 
the two hard gamma rays to be emitted from the same 
level and with the fact that the gamma-gamma coinci- 
dences of Fig. 8B show the 100-kev gamma ray coinci- 
dent with either hard quantum. Thus, a consideration 
of the energetics of the decay of Sm'®* requires the 
presence of a 530 kev—70 kev—100 kev cascade. 

From the data of Fig. 8A, the K-shell conversion 
coefficient of the 70-kev radiation may be obtained. 
In order to calculate [ax ]zo, the area under the 41-kev 
x-ray peak was corrected for escape of iodine x-rays in 
the detection of the 41-kev x-rays, for the presence of 
pulses arising from the escape of iodine x-rays generated 
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Fic. 8. Gamma-gamma coincidences in decay of Sm'*; Curves A 
and B with one gamma-ray counter fixed at 100 kev; Curve C(I) 


with one counter at 530 kev; Curve C(II) with one counter at 
600 kev. 


in the detection of the 70-kev gamma rays, and for the 
fluorescence yield. The area under the 70-kev photopeak 
was increased to take into account iodine x-ray escape. 
The ratio of the corrected area of x-ray peak to the 
corrected area of the photopeak of the gamma ray was 
taken to be the K-shell conversion coefficient of the 
70-kev gamma ray. The value of [ax zo so calculated is 
4.4+0.4 which is to be compared with previously re- 
ported values'®!® of 3.8+-0.2 and 5.7+1.0. 

From the data of Fig. 5A and the K-shell conversion 
coefficient of the 70-kev gamma ray, the K-shell coeffi- 
cient [ax ]1o00 may be calculated. The areas under the 
41-kev photopeak, the 70-kev photopeak, and the 
100-kev photopeak in Fig. 5A were accurately deter- 
mined and properly corrected for increase or dimunition 
arising for iodine x-ray escape as the case might be, 
and for fluorescence yield. The contribution of the 70- 
kev gamma ray to the area of the x-ray peak could be 
calculated from the previously determined value of 
[ex ]r. The ratio of the properly corrected area under 
the 41-kev photopeak to the corrected area under the 
100-kev photopeak was taken as a measure of [ax _]100 
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which was found to be 1.19+0.15. The value may be 
compared with earlier values'®” of 1.14+0.2 and 1.2. 
The total conversion coefficient of the 100-kev gamma 
ray could be calculated from the value of [ax 100 given 
above and from previously measured values of the K/L 
ratio.®* A knowledge of the total conversion coefficient 
of the 100-kev gamma ray allows ultimately an estimate 
of the intensity of the 130-kev beta spectrum which 
was indicated by the beta-gamma coincidences of 
Fig. 7. From the total conversion coefficient of the 
100-kev gamma ray, the data of Fig. 5B, and the known 
percentage of beta ray coupled with the 100-kev gamma 
ray, the number of disintegrations in which the 530 kev- 
600 kev emitting level is excited could be determined. 
Thus the percent of transitions associated with the 
130-kev beta spectrum was estimated. In this calcula- 
tion, considerations of the conversion coefficients of 
the 530 kev-600 kev transitions were omitted, because 
they have been determined to be small. The percentage 
of beta disintegrations in the 130-kev group was found 
to be 0.06. Table IV lists the values of logft of the 


TABLE IV. Values of log ft for beta spectra of Sm!5, 








Energy (kev) log ft 


825 7.2 
720 rf 
645 6. 
130 ~7. 











various beta spectra of Sm! as calculated from the 
measured branching ratios of Table II and this meas- 
ured intensity of the 130-kev group. According to these 
values of logft, all of the beta spectra of Sm'®* could 
fall in the first forbidden category. 

The relative intensities of the several gamma rays 
emitted in the decay of Sm‘ are given in Table V. 
The relative intensities of the unconverted quantum 
radiations were initially determined, corrected for 
crystal detection efficiency and the photopeak area to 
Compton distribution ratio at the various energies. In 
making these intensity comparisons, the effect of the 
presence of various absorbing materials preceding the 
gamma-ray counter was properly taken into account. 
Finally, a correction was introduced to take into 
account internal conversion of the gamma ray in 
question. The relative transition intensities as well as 
the transition probability per disintegration are shown 
in Table V. 

The total conversion coefficient of the 170-kev gamma 
ray is taken to be the theoretically expected value” 
which is ~0.45 for either an £2 or M1 transition at 
that energy. The conversion coefficients of the radiations 
of the 530 kev-600 kev region are taken as that of the 
548-kev gamma ray of Lee and Katz.® The total con- 
version coefficients of the 70- and 100-kev gamma rays 


%” Rose, Goertzel, Sprinrad, Harr, and Strong, Phys. Rev. 83, 
79 (1951). 
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TaBLeE V. Characteristics of the gamma-ray transitions of Sm!5, 








Quantum energy (kev) 70 «©6100 170 600 
Assumed total conversion 
coefficient 5.55 1,38 0.45 0.009 0.009 
Relative intensity of un- 
converted quantum radi- 
ations 
Relative transition inten- 
sity 0.68 1.0 


0.25 1.00 7.3X10-4 1.5X10-% 3.61074 


4.5X10-4 65X10 1.5 X10~4 








were calculated from values of ax measured in the 
present investigation, corrected for previously deter- 
mined® K/L ratios. 

The disintegration scheme of Sm!* is shown in Fig. 9. 
The spin of the ground state of Eu'®* has been pre- 
viously measured® as 5/2. This result is consistent with 
a shell model prediction of ds2. Orbitals of d3;2 and $1/2 
are indicated for low-lying excited states in the same 
shell. These spin values are also in agreement with the 
conclusion that the three gamma rays of low energy 
are mixtures of M1 and £2 transitions. The values of 
logft for the three more abundant beta transitions are 
such as to suggest them to be first forbidden (AJ=0, 1; 
yes). The forbiddenness of these three spectra would 
require an orbital value of 3/2 for the ground state of 
Sm}3, Such an assignment is not inconsistent with shell 
theory considerations. 

If a pattern of spin values indicated by the single- 
particle model is to be maintained in considering the 
spin of the level at 700 kev, it is necessary to enter the 
fifth shell where no orbitals are available which would 
be consistent with a first forbidden transition having 
an initial state of orbital p32. The value of log/t of the 
130-kev transition also permits it to be classified as 
l forbidden (AJ=1, Al=2; no), allowing an orbital 
assignment of f5/2 for the 700-kev level in Eu'®. Accord- 
ing to these orbital assignments, the 530- and 600-kev 
gamma rays could be mixtures of M2 and E3 transitions, 
and Ei and M2 transitions, respectively. 
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Fic, 9. Disintegration scheme of Sm’, 





DUBEY, MANDEVILLE, 





3 





390 kev 


On 





COUNTS PER MINUTE («107% 

















10 20 30 40 50 
VOLTS 


Fic. 10. Gamma-ray spectrum of Sn!, 
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The early investigations’ of the decay of the 10- 
day Sn’* yield good agreement in the fact that it 
decays mainly by emission of a 2.4-Mev beta spectrum. 
However, a weak beta branch of lower energy, associ- 
ated with gamma radiation, is also indicated in some 
of the investigations.”.°627 Hayward* reports the 
presence of two beta groups of end-point energies 
2.37 Mev (~95 percent) and 0.40 Mev (~5 percent) 
and finds no evidence of gamma radiation. Boyd and 
Ketelle** have reported the presence of 1.90-Mev gamma 
radiation as measured in a scintillation spectrometer 
and by lead absorption. Mandeville et al.2” have con- 
firmed the presence of a high-energy gamma transition 
at ~1.67 Mev and of a beta spectrum at ~0.5 Mev 
with an intensity of ~0.1 per disintegration. Beta- 
gamma coincidences were observed in the course of 
these latter measurements. 

In a recent investigation, Burson ef al.* have re- 
ported, in the decay of a 9.7-day Sn"®, three beta 
groups of end-point energies ~0.4, ~1.3, and 2.3 Mev, 
associated with seven gamma rays of energies 1.98 
+0.02, 1.41+0.02, 1.07+0.01, 0.90+0.01, 0.81+-0.01, 
0.47+0.01, and 0.34+0.01 Mev and have further re- 
ported the decay to excite four states in Sb" at energies 
1.07, 1.41, 1.88, and 1.97 Mev. 

The present investigation was commenced prior to 
publication of the last-mentioned report”* and has been 


1 J. C. Lee and M. L. Pool, Phys. Rev. 76, 606 (1949). 

2 A. S. Newton and W. R. McDonell, University of California 
— Laboratory Report UCRL-395, July, 1949 (unpub- 
ished). 

%J. A. Seiler, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1951), National 
Nuclear Energy Series, Plutonium Project Record, Vol. 9, p. 910. 

*% Ketelle, Nelson, and Boyd, - Rev. 79, 242(A) (1950). 

26 R. W. Hayward, Phys. Rev. 79, 409 (1950 

26 G. E. Boyd and B. H. Ketelle, ‘Oak Ridge National Labora- 
tory Report ORNL-1053, October, 1951 (unpublished). 

27 Mandeville, Shapiro, Mendenhall, Zucker, and Conklin, Phys. 
Rev. 88, 554 (1952). 

*8 Burson, Leblanc, and Martin, Phys. Rev. 99, 660(A) (1955), 
and Nuclear Science Abstracts 9, 78 (1955). 


AND ROTHMAN 


continued to construct, insofar as is possible, a complete 
decay scheme of Sn*. For the present investigations, 
Sn™, isotopically enriched to 90.26 percent, was twice 
irradiated in the Brookhaven reactor. The reaction 
Sn™(n,y)Sn® also yields the 9.5-minute Sn'5> which 
decays to the 2.7-year Sb”®. Before study of the 
irradiated material, chemical purifications were per- 
formed for the removal of Sb, impurities, etc. The 
purified 10-day activity so obtained was studied with 
the use of scintillants of NaI(Tl) and anthracene. 

Figure 10 shows the gamma-ray spectrum observed 
with two different gain settings of the linear amplifier 
of the scintillation spectrometer. Figure 10A is a plot 
of the low-energy region with high gain and Fig. 10B 
represents the high-energy region with reduced gain. 
The composite peak at 810 kev is included in both sets 
of curves in order to compare the relative intensities 
of the gamma rays at all energies. The prominent photo- 
peaks at 160 kev and 390 kev arise from the presence 
of the 14-day Sn" and the 112-day Sn"*. Photopeaks 
at 810, 1070, 1410, and 1960 kev are clearly present. 
The composite peak at 390 includes 340- and 470-kev 
photopeaks which are resolved in coincidence measure- 
ments to be discussed later. The peak at 810 kev 
appears to be likewise complex, and when the instru- 
mental resolution is taken into account, the presence 
of a 900-kev gamma ray is exhibited. 

The beta spectrum was observed with an anthracene 
counter and the end-point energy was found to be 
~2.4 Mev. 

Gamma-gamma coincidences in the decay of Sn’ 
were measured by fixing one gamma-ray counter on a 
single photopeak and moving the remaining counter 
over the entire gamma-ray spectrum. The coincidence 
rates so obtained are plotted in Fig. 11. 

The gamma-gamma coincidence data are in partial 
agreement with the results of Burson ef al. Some 
aspects of the data which differ with those previously 
reported are as follows: 

(1) The data of Fig. 114 show the 1070-kev gamma 
ray to be in coincidence with a gamma ray at 230 kev 
as well as with gamma rays at 340, 470, 810, and 900 kev 
as previously reported.”* 

(2) In Fig. 11B are shown coincidences between the 


TABLE VI. Relative intensities of the gamma rays of Sn5.* 








Transition probability 


Energy (kev) Relative intensity per disintegration 





9.3X10 
2.6X 10 
38.1 10% 
11.7X10- 
18.8 10™% 
6.2X 107% 
3.6X 10% 
25.0X 10-3 
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* In preparing this table of data, it has been assumed that the total con- 
version coefficients of the gamma rays are small. 
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Fic. 11. Gamma-gamma coincidences in the decay of Sn!*°: Curve A, with fixed counter at 1070 kev; Curve B, at 1410 kev; 
Curve C, at 470 kev; Curve D, at 810 kev. 


1410-kev gamma ray and the 230-kev radiation as well 
as with the 470-kev gamma ray as previously reported. 

(3) The coincidence curve of Fig. 11C shows the 
470-kev gamma ray to be coincident with the 340-kev 
and 230-kev gamma rays. When one counter was fixed 
at 340 kev, a photopeak was observed in the coincidence 
curve when the moving counter passed through the 
region of 470 kev. 

(4) In Fig. 11D are presented data which show 
coincidences between the 810-kev gamma ray and the 
gamma ray at 230 kev as well as with the 1070-kev 
radiation.”® 

In obtaining the data of Fig. 11, precautions were 
taken to insure that the 230-kev gamma-ray results 
from a real transition and is not an “apparent gamma 
ray” arising from backscatter effects relating to the 
presence of the high-energy quanta. Although the 
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Fic. 12. Disintegration scheme of Sn, 


geometry of the coincidence experiments was varied, 
and although certain selective absorption measurements 
were performed, the 230-kev line persisted in position 
and shape. 

The relative intensities of the gamma rays emitted 
in the decay of Sn'® have been estimated from the 
areas under the full energy peaks of Fig. 10. These 
estimates are corrected for detection efficiency and the 
ratio of the number of pulses of full energy absorption 
to the number of pulses falling in the Compton distri- 
bution. These relative intensities are given in Table VI. 
With the assumption that the gamma rays are associ- 
ated with five percent of the beta rays of Sn’*, the 
transition probabilities per disintegration have also 
been computed. 

The decay scheme of Fig. 12 was constructed largely 
from a consideration of coincidence studies and ener- 
getics. It is also consistent with the measured relative 
intensities of the gamma rays. The intensity of the 
230-kev transition was estimated from the combined 
intensities of the 470- and 810-kev gamma rays, 
assuming that the 1880-kev level of the decay scheme 
is not fed by a beta-ray group terminating at it. 

The ground state of the 10-day Sn™® has been pre- 
viously shown” to have an orbital value of /y1/2. The 
shell model of the nucleus furthermore predicts g7/2 to 
be the orbital of the ground state of Sb”. The ground- 
state beta transition (Es=2.4 Mev) would then con- 
form to the spin change AJ=2, yes, and so would be 
regarded as first forbidden. The observed value of 
logft is 8.9, in agreement with the classification give 
above. 

From the transition probabilities of the gamma rays 
and the decay scheme in which the gamma rays have 
been arranged, the presence of beta spectra were indi- 
cated which have the transition probabilities and values 
of logft indicated in Table VII. 
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classifications of the beta spectra can lead to some 
tentative assignments of orbitals of the excited states 
of Sb” as also given in Fig. 12. It is doubtful that the 
single-particle model of the nucleus can be used in 
making orbital assignments, because the high excitation 
energy could lead to excitation of the nuclear core. 


Bromine-82 


COUNTS PER MINUTE (x107%) 


wars Ik In early investigations of the decay of the 36-hour 
iene wee | Br®, Roberts et al.” have reported the:emission of a 
single-beta spectrum of maximum energy 465 kev 
40 followed by gamma rays of quantum energies 545, 787, 
are and 1350 kev in cascade. Deutsch® has searched for 

Fic. 13. Gamma-ray spectrum of Br®. beta rays of higher energy with negative results. 
Siegbahn ef al.*' have observed seven gamma rays, 
These various values of logft are consistent with a obtained from photoelectric peaks and internal con- 
first-forbidden classification for all of the beta spectra. version lines at quantum energies of 547, 608, 692, 766, 
The relative intensities of the gamma rays and the 823, 1031, and 1312 kev. In addition to these, Hubert 
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Fic. 14. Gamma-gamma coincidences in the decay of Br®. Curves A, with one counter fixed at 560 kev; 
Curves B, at 770 kev; Curves C, at 1030 kev; Curves D(1,2) at 1290 kev; Curves D(3,4), at 1450 kev. 


*® Roberts, Downing, and Deutsch, Phys. Rev. 60, 544 (1941). 
*® M. Deutsch, Phys. Rev. 61, 672 (1942). 
3 Siegbahn, Hedgran, and Deutsch, Phys. Rev. 76, 1263 (1949). 
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et al.” and Dzhelepov et al. have reported an additional 
gamma ray of quantum energy ~1450 kev. 

Levels of Kr® are also excited in the positron 
(K capture) decay of Rb®. Huddleston and Mitchell,* 
and Easterday,** have reported in the decay of Rb® 
six gamma rays in addition to the previously ob- 
served*—* eight gamma rays of Br®. These latter 
gamma rays were also detected by Lu et al.** with the 
use of the “sum peak” technique. More recently, 
Benczer and Wu* have investigated the radiations of 
Br® and Rb®. They did not find three of the six addi- 
tional gamma rays reported in the decay of Rb®, and 
the remaining three were described as being associated 
with an impurity. They have also studied the beta 
spectrum and found it to be simple with a maximum 
energy of 0.435 Mev. From a consideration of all the 
decay schemes proposed as a result of the above-quoted 
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TABLE VII. Values of log f# of the beta-ray spectra of Sn'*5, 








Percent of 


Energy (Mev) disintegrations 


~24 95 
~1.3 0. 
~.4 2. 
~0.3 2. 











investigations, it was concluded that a further study 
of Br®, particularly by the method of coincident 
scintillation spectrometers was in order. 

For the present investigations Br®, in the form of 
KBr, was obtained from Oak Ridge National Labora- 
tory at three different times and was studied with 
scintillation spectrometers of NaI(Tl) and anthracene. 
In Fig. 13 is given a plot of the y spectrum taken with 
the aid of a 3.5-cm diameter and 4 cm thick NaI(T]) 
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% P, Hubert and J. Laberrique-Frolow, Compt. rend. 232, 2420 (1951). 
33 B. Dzhelepov and A. Silant’ev, Doklady Akad. Nauk S.S.S.R. 85, 533 (1952). 


* C. M. Huddleston and A. C. G. Mitchell, Phys. Rev. 88, 1350 (1 


952). 


35H. T. Easterday, University of California Radiation Laboratory Report UCRL-2172, 1953 (unpublished). 


36 Tu, Kelly, and Wiedenbeck, Phys. Rev. 95, 1533 (1954). 


37N. Benczer and C. S. Wu, Bull. Am. Phys. Soc. Ser. II, 1, 41 (1956). See also “Nuclear level schemes,” U. S. Atomic Energy 


Commission Report TID-5300, June, 1955. 





DUBEY, MANDEVILLE, AND ROTHMAN 


_Tase VIII. Gamma-gamma coincidences. 








Fig. 
Coincident with (kev) No. 
~250, ~350, 610, 690, 770, 1030, 1290, 1450 
~250, ~350, 560, 610, 690, 820, 1030, 1290 
~250, 560, 770, 820 
560, 770 


~250, ~350, 560, 610, 820 





14-A 
14-B 








crystal. Photopeaks at quantum energies of 560, 770, 
1030, 1290, and 1450 are clearly resolved. The photo- 
peaks at 550 and 770 seem to be complex. Their struc- 
tures will be analyzed in a discussion of coincidence 
studies to follow. In addition to these gamma rays, very 
weak radiations of quantum energies ~1.8 Mev and 
~ 2.0 Mev are also observed. The spectra were obtained 
with the source at different distances from the crystal 
and it was found that the heights of the peaks of the 
two high-energy gamma rays remained the same rela- 
tive to the other photopeaks indicating that they are 
not sum peaks arising from the simultaneous detection 
of several gamma rays of low energy. It was also noted 
that the entire spectrum decayed with a half-life of 
~36 hours. Precaution was taken to reduce back- 
scattering effects, but a very prominent peak in the 
region of ~250 kev continued to be observed. Thus is 
indicated the presence of gamma ray of energy less 
than 560 kev, the photopeak of which is superposed 
upon back-scattered radiations and contributions of the 
Compton distribution of the high-energy gamma rays. 

The beta spectrum of Br® was observed in an 
anthracene crystal and when analyzed in a Fermi-Kurie 
plot was shown to be a simple spectrum of end-point 
energy 460+10 kev. Beta-gamma coincidences were 
observed by fixing the gamma counter on various photo- 
peaks and moving the beta counter over the entire 
spectrum with a channel width of one volt. In each 
case an end-point energy of 460 kev was noted. This 
result is in agreement with previous reports®—*.36.27 and 
gives no indication of the low-energy beta-ray spectra 
suggested by Huddleston and Mitchell.* 

Gamma-gamma coincidences were measured by fixing 
one gamma-ray counter to accept a single prominent 
photopeak and moving the other gamma-ray counter 
over the entire spectrum. The coincidences so observed 
are shown in Fig. 14 and the results are tabulated in 
Table VIII. The presence of a gamma ray at ~350 kev 
was also detected. 

The disintegration scheme of Br® is shown in Fig. 15 
where the energy and coincidence measurements of the 
preceding discussion have been combined. This scheme 
differs in many aspects from the one most recently pre- 
sented.” The data of Fig. 144 show the 560-kev 
gamma ray to be coincident with all quanta except the 
820-kev gamma ray. It appears that coincidences were 
not previously detected*’ between the 560-kev gamma 
ray and the 1030-kev radiation. The detection of such 


coincidences in the present investigation and the con- 
sequent relationship between those two quanta accounts 
for many of the differences in the two schemes.{ The 
quanta at 250, 350, 1800, and 2050 kev also appear to 
be unreported in the work of Benczer and Wu.*" It 
should perhaps be remarked that early experiments® 
involving photoneutron production have shown evi- 
dence of the latter two high-energy quanta. The location 
of the high-energy crossover transitions in the dis- 
integration scheme of Fig. 15 is based upon a logical 
consideration of coincidence studies and energetics. 
The existence of these transitions makes seem unlikely 
the rather large spin values which have been assigned 
previously to levels lying between the first excited state 
and the topmost level. The value of the spin of the 
2.62-Mev state of Kr® need not be large, because the 
beta transition of Br® is allowed (AJ=0, 1; no), and 
shell model considerations” show that the possible values 
of the spin of the ground state of Br® could range from 
1+ to 6—; that is, a small spin value for Br® is also 
acceptable. 

If Kr® is excited by simple decay*’ of Br® and Rb®, 
that is, if there is only a single beta decay in either case, 
then the relative intensities of the gamma rays do not 
give sufficient information to determine the order of 
emission of the gamma rays. In other words, if simple 
decay occurs, then one cannot say that the 770-kev 
gamma ray must be at the bottom of the cascade 
simply because of its high intensity. In this circum- 
stance the entire scheme of the de-excitation of Kr® 
might well be inverted, with the 560-kev gamma ray 
being at the bottom of the cascade. 

On the other hand, if earlier evidence* of branching 
in the decay of Rb® is accepted, the intensity of the 
770-kev gamma ray would be sufficient to adjudge it 
to be emitted from the first excited state. The complex 
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Fic. 15. Disintegration scheme of Br®. 


t Note added in proof—This scheme agrees well with that 
reported recently by R. C. Waddell and E. N. Jensen, Phys. 
Rev. 102, 816 (1956). 

38'V. Myers and A. Wattenberg, Phys. Rev. 75, 992 (1949). 
Po L198) Moszkowski, and Nordheim, Revs. Modern Phys. 23, 

1951). 
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decay of Rb® appears not to have been confirmed, 
however. 
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Analysis of the Beta Spectrum and Branching in Ho'*® 
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The shape of the 8 spectrum of the Ho!**—Er'® ground state (0— — 0+) transition and the branching 
to the first excited state (2+) has been investigated. Corrections due to the variation of the lepton wave 
functions over the nucleus have also been taken into account, and it is shown that under certain conditions 
these corrections can be sufficient to explain the experimental findings. 


UR interest in the problem of beta spectrum of the 

Ho!'**—Er'® ground state (0Q— — 0+) transition 
and in the branching ratio to the first excited state 
(at 80 kev, 2+) was aroused by the experimental 
results of the Canadian group.' Their decay scheme is 
given in the Nuclear Data Cards NRC 55 GO7-55-3-94. 
The ground-state transition shows approximately an 
allowed shape, ~:=52% and logft=8.2. While the 
transition to the 2+ first excited state seems to have 
predominantly a unique AJ=2 (yes) shape with 
p2=47% and log fi=8.0. 

The usual (O— — 0+) tensor correction factor rises 
37% over the energy region of the electron and one 
would expect log/t~6.0, because the matrix elements 
(8e-r) and (8B;;) are supposed to be of the same order 
of magnitude. The ratio p2/p:~1/100 owing to the 
presence of the large Coulomb factor in the (8e-r) 
correction factor. 

Our intention was to see under which assumptions 
one can get a large ft value and an allowed spectrum. 
We investigated the following two possibilities: 

(a) Destructive interference of pseudoscalar and 
tensor coupling.” 

(b) Small value of the (8e-r) tensor matrix element. 

There are two main corrections which can play an 
important role in these cases: i.e., the finite size of the 
nucleus,* and the corrections due to the fact that the 
emission of the leptons can take place over the whole 
nucleus and not only at the boundary as is usually 
assumed.‘ 

1 Graham, Wolfson, and Clark, Phys. Rev. 98, 1173(A) (1955). 

2 A. G. Petschek and R. E. Marshak, Phys. Rev. 85, 698 (1952). 

3M. E. Rose, Phys. Rev. 82, 389 (1951); M. E. Rose and D. K. 
Holmes, Oak Ridge National Laboratory Report ORNL-1022 
(1951); Rose, Perry, and Dismuke, Oak Ridge National Lab- 
oratory Report ORNL-1459 (1953). 

4M. Yamada, Progr. Theoret. Phys. Japan 10, 245 (1953); 
M. Yamada Progr. Theoret. Phys. Japan 10, 241 (1953); M. R. 


Nataf, Compt. rend. 238, 1012 and 1117 (1954); H. Takebe, 
Progr. Theoret. Phys. Japan 12, 561 (1954). 


Following the method of Rose ef al.3 we have com- 
puted the effect of the finite nuclear size on the wave 
function of the electron at the boundary r=r). The 
corrections are given in Fig. 1. 

The second correction, up to the quadratic terms in 
energy W, can be written in the form 


¢(r) 


(O(n) e(r)) = (0(®) ’ y’ 


¥Y\To 
X o(70) =(O(8)) e(r0) (a+BW+5W"), (1) 


where O(r) is the usual operator and ¢(r) is essentially 
the radial electron wave function. The ratio ¢(r)/ (ro) 
was calculated by using Rose’s expansion of the Dirac 


4M, AN, 
4a, aR, 


-05 -03 











“04 -0.2 
0 1 2 3 
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Fic. 1. The corrections Alo, AMo, ANo, APo, AQo, ARo are 
plotted against the kinetic energy of the electron. The correc- 
tions refer to p(ro)/p(0)=1+e¢=1.05 and ro=4aA? (full lines) 
and og 0.870 (dashed lines). The influence of ¢ on the corrections 
is small. 
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In this case, the second correction will play an im- 
AC%I portant role. The aforementioned small corrections can 
“A 5=0 be neglected. From Figs. 2 and 3 it can be seen that there 
exist values of I';, I'3’, and I for which the variation of 
the correction factor over the whole energy region is 
less than 6%. T'3= (6e-rx?)/(Be-r) is the ratio of the 
tensor matrix elements, while I;’=gs5(f(r)e-rx*)/ 
gs(8e-r) is essentially the corresponding ratio of the 
= . pseudoscalar and the tensor matrix element. The most 
a cee critical of the parameters is T';, its lowest acceptable 
value being approximately 6. The different values of I’;’ 

change slightly the value of I’; for which the variation 
“ we ' 2. a vies Bey KLCCWs) CW) AC is less than 6%, but affect the value of I’ rather 
A tm alisore “ seriously. I';’<0 decreases slightly the lowest acceptable 


correction factor is given as a function of I for different values of : . 
T's, P's’ ~0, and ro= $aA}, I';. The effect of I';’>0 is the opposite. 














wave function.’ The correction coefficients a, 8, and 6 ate 
contain ratios of the matrix elements I'en,1= (O(r)x*")/ Y ts: 4 
(O(r)), n=1, 2, 3 ---, x=r/ro, as new parameters. The * 3 
usual approach is to put all T'2,,:=1, in which case the 0 
correction is reduced to unity (a= 1, 8=y=0); and the 
correction will be still negligible if '3y~1 because the 
influence of higher T'2,4:1 terms can be neglected. To 
obtain a large energy correction, it is necessary to have 
|[';|>>1. It seems that this can be achieved if the 
usual matrix element is much smaller than it normally is. 
We first examined case (a). The main terms in the 
correction factor for tensor pseudoscalar mixture can 


vai : 2 
be written in the form Fic. 3. The maximum variation AC as a function 
C= ($)@Lo'+3qNo'+Mo' +20 (§qLo'+No')+I*L0’, (2) of I’, as in Fig. 2 but with I'y’= —4. 


T'=gs(f(r)o-r)/gs(8e-r), (3) The radius of the nuclear charge distribution is taken 
where f(r) is a function measuring the influence of to be ro>=}aA4. The alternative value ro’=0.8r9 was 
nuclear forces,® g is the momentum of the neutrino, and taken to determine the influence of the radius on the 
all the other symbols have the usual meaning. energy dependence of the correction factor. It was 

The destructive interference ([~10), even when found that the influence is negligible in the interesting 
corrected by additional terms*.’? region ';2 6. 
1 gs As shown, it seems that in this way it is possible to 
—— —T[UN'+Ro'+4q(ULo'+4No'—Po’)], (4) explain the experimental findings on Ho'*—Er'® under 
M g; the assumption of a small tensor matrix element. For a 
more precise determination of the parameters involved 
here, and the influence of the pseudoscalar coupling in 
this case, one needs a more precise measurement of the 
shapes and possibly the electron-neutrino angular 
correlations. 
~ 6 AL Kofoed-H n, and Winther, Kgl. Danske Videnskab — = - paenaiaty Oe tes See Sey 
Selskab’ Mat.-fys. Medd. 28, No. 3 (1953). E. J. Konopinski, cooperation with D me K. Alder, to whom the authors 
Phys. Rev. 94, 492 (1954); R. W. King and D. C. Peaslee, Phys. express their appreciation. We are deeply indebted to 
0 TL i enn Ft ten 6, 1313 ese. Dr. Graham who supplied us with a more detailed 
7 Formula (4) represents only the cross term between the two account of the work (reference 1) read at the meeting of 
parts of the nonrelativistic form of the pseudoscalar coupling. the American Physical Society. A more detailed account 


her t sary to complete the expression can be : ‘j : : 
canes semen = : of this subject will be published elsewhere. 














where Lo’, Mo’, --- have been corrected for the finite de 
Broglie wavelength and the second correction, failed to 
reproduce the experimental findings. U = W-+ (aZ/ro)—q 
and M is the nucleon mass. So we are left with case (b), 
the case of a singular matrix element. 
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Interactions initiated by 3-Bev protons of the Brookhaven Cosmotron were studied by photoemulsion tech- 
nique. With appropriate criteria, 115 events are attributed to interactions of the incident beam protons with 
hydrogen nuclei (~55%) and with bound protons of other nuclei (~45%). A detailed analysis allowed the 
subdivision of the 115 events in categories, according to the number of x mesons (NV 20) produced in the col- 
lision. The ratio of elastic scattering to the total number of events was estimated to be e1/ototai =0.20_0.071?™. 
The observed cross section for pure elastic scattering is oe:=8.9+1.0 mb. 

The percentages of single, double, triple, and quadruple -meson production are respectively: 34_29*??; 
35.6_237™; 9.6_«*#; ~1.043-5, 

Among the 20 most probable cases of single x-meson production—the estimated ratio of r+ to 7° 
is o*+/oy°=5.3_;.4*°3, The experimental results are not in agreement with the Fermi statistical-model 
theory (in particular the lower limit for the experimental ratio of triple to single production is given by 
o3/0,>~1/10 in contrast with the predicted ratio o3;/o:=1/67) but are not inconsistent with the Peaslee 


excited-state-model theory. 





I. INTRODUCTION 


NE of the problems of great interest in recent 

years has been that of the study of the interaction 
of high-energy nucleons. In particular, one would like 
to study the nucleon-nucleon interaction at high 
energies in order to obtain information on the nature 
and strength of the nucleon-nucleon interaction and 
the coupling of the nucleon field to the various types 
of meson fields. One of the primary questions relevant 
to the nature of the fundamental interactions is that 
related to the existence or nonexistence of multiple 
m-meson production in nucleon-nucleon collisions. A 
great wealth of experimental information bearing on 
this problem has been obtained from studies of the 
interactions of cosmic rays. These studies have, how- 
ever, suffered from the facts that the intensity is 
extremely low, and the beam is not monoenergetic and 
has a complex composition. Because of these limitations 
it is not possible to study the nucleon-nucleon inter- 
action directly. However, from the wealth of data 
obtained by many different laboratories! it seems rather 
conclusive that the nucleon-nucleon interaction is 
indeed a strong one and that at sufficiently high 
energies multiple w-meson production occurs. It was 
not possible in the experiments, however, to determine 
in a meaningful way the effective threshold for multiple 
production nor the relative probabilities for production 
of different numbers of x mesons. In fact, the cosmic-ray 
data at lower energies could be made consistent with 


*This work was assisted by the U. S. Atomic Energy 
Commission. 

t In leave of absence from the Laboratoire Leprince-Ringuet, 
Ecole Polytechnique, Paris. 

t American Association of University Women fellow. 

1M. L. Vidale and M. Schein, Phys. Rev. 87, 71 (1952); W. 
Bosley and H. Muirhead, Phil. Mag. 43, 783 (1952); Weaver, 
Long, and Schein Phys. Rev. 87, 531 (1952); A. B. Weaver, 
Phys. Rev. 90, 86 (1953) ; Kusumoto, Miyake, Suga, and Watase, 
Phys. Rev. 90, 998 (1953); McCusker, Porte, and Wilson, Phys. 
Rev. 91, 384 (1953). 


the Heitler-Janossy? plural production mechanism. 
However, with the advent of the high-energy ac- 
celerators at Brookhaven National Laboratory and 
the Radiation Laboratory at Berkeley, monoenergetic 
sources of 3- and 6-Bev protons are available and it is 
then possible to study in a more definitive way the 
nucleon-nucleon interaction at a known energy. It 
was first shown by Shutt and his collaborators* that 
multiple w-meson production does indeed occur at 
incident nucleon energies as low as 2.2 Bev. It is the 
purpose of this paper to report on a study of the p-p 
interaction for 3-Bev incident protons as observed in 
nuclear emulsions and to compare the results with 
available theories. 


II. EXPERIMENTAL 


A small stack of Ilford G-5 stripped emulsions was 
exposed to one pulse of the 3-Bev internal beam at the 
Brookhaven Cosmotron. The plates were then developed 
by standard methods and scanned under high magnifi- 
cation with the on-track-scanning technique. This 
technique is preferred to the “area-scanning” technique 
for the following reasons: (1) The main purpose of the 
experiment was the study of p-p interactions originated 
by 3-Bev protons of the internal beam. In the majority 
of events of this type most of the visible prongs are 
usually at minimum grain density and the events could 
be easily missed by “area scanning.” (2) The “‘on-track 
scanning” allows an unbiased detection of events and 
thus enables one to determine also characteristic mean 
free paths. With this procedure the plates were scanned 
and all interactions recorded. 

We accepted for analysis as p-p interactions those 
events that obeyed the following criteria necessary to 
insure their compatibility with the interaction of an 


2 W. Heitler and L. Janossy, Proc. Phys. Soc. (London) 62, 669 
(1949). 

3 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 
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Fic. 1. Calibration curve for protons. 


incident proton with either a free proton of the emulsion 
or a bound proton of an emulsion nucleus: (1) An even 
number of visible prongs emerging from the interaction, 
of which at most two are protons. (2) No evidence of 
nuclear recoil or of §-ray emission. (3) A proton 
emerging at an angle @ cannot have an energy greater 
than an elastically scattered proton at the same angle. 

Criterion (1) is just that of conservation of charge 
and of number of interacting nucleons. Criterion (2) is 
peculiar to emulsion. In nuclear emulsion the greatest 
portion of the mass is contained in AgBr crystals. The 
A-1 isotones of Ag and Br are not @ active while the 
A-1 isotopes are. A similar statement holds for the rest 
of the emulsion. constituents. Therefore the lack of 
observation of a 8 ray is at least consistent with an 
interaction with a bound proton but does not of course 
prove it, since the efficiency for detecting 8 rays is not 
100%. The condition on lack of nuclear recoil is a 
requirement that no nuclear cascade has occurred. 
Criterion (3) is less definite since the momentum of a 
bound proton in a nucleus is not well defined. We have 
taken as the limiting angle and energy that which 
corresponds to the interaction of the incident proton 
with a bound proton of maximum Fermi energy and 
directed opposite to the incident one. 

Of 315.5 meters of track scanned by the more 
efficient scanner, 81 events could be interpreted as p-p 
collisions, giving a mean free path of 390 cm. By 
linearly extrapolating to 3 Bev the results of Shapiro, 
Chen, and Leavitt‘ for the total p-p cross section 
obtained by counter measurements and using the known 
composition of the emulsion, a mean free path of 704 
cm is expected for collision with the free hydrogen of 
the emulsion. This indicates that approximately one- 
half of the accepted -p interactions are with bound 
protons of emulsion nuclei. Any attempt to give a 
meaningful estimate of the p-p interaction cross section 
thus seems rather unfruitful. The unavoidable inclusion 
of edge collisions among the analyzed events does not, 
on the other hand, prevent the study of the relative 

4C. P. Leavitt, Proceedings of the Fifth Annual Rochester 


Conference on High-Energy Nuclear Physics (Interscience Pub- 
lishers, Inc., New York, 1955), p. 41. 


probabilities of different modes of interaction (elastic 
scattering, single, double, triple . . . N x-meson pro- 
duction) which is the main object of our experiment. 
However, due to their inclusion, additional ambiguities 
other than those inherent from the limited obtainable 
data arise in the interpretation of some events; this is 
due to the fact that the momentum of the target 
proton, which is zero for pure p-p collisions, is in- 
determinate, both in magnitude and direction, for an 
edge collision, and allows in some events alternate 
classification depending on the assumed target proton 
momentum. 


Ill. ENERGY AND MASS MEASUREMENTS 


The kinetic energy of the beam was first checked by 
the relative scattering technique.’ The result obtained 
was E,=2.95+0.15 Bev, in good agreement with the 
a priori expected value of 3 Bev. 

For each of the outgoing tracks in the accepted 
interactions, limiting mass and energy values were 
obtained by a combination of grain counting (g) and 
range and scattering measurements (P8), when possible. 

As Voyvodic® has recently shown, the shape of the 
ionization —P8 curve for particles more massive than 
electrons is particularly sensitive in the region of 
minimum ionization to the processing of the emulsion. 
The first requirement was therefore to obtain the 
g—P8 calibration curve, which is shown in Fig. 1. 
This was done by measuring the P§ of 22 identified 
protons originating from interactions taking place in 
the emulsion, and having a length >2 cm and a grain 
density ranging from 28/75 » (minimum) to 100/75 yu. 
The “plateau” grain density was obtained by grain 
counting electron tracks from —y—e decays and shows 
a rise of less than 6% over the minimum grain density 
as obtained by grain counting of beam protons in the 
same region of the plate. Because of the small difference 
between “minimum” and “plateau” grain density it 
was impossible to differentiate by a combination of 
grain density and P8 measurements, between protons 
and pions for P8>1.5 Bev, even with good statistics. 

In an experiment of this type it is necessary to include 
all events without bias with respect to their geometry, 
since any criteria on favorable geometry may preclude 
a certain class of final states. This of course leads to 
further difficulties in interpretation, for there will then 
exist secondaries about which little information is 
obtainable. For those secondaries which were relatively 
short and at or near minimum ionization, no precise 
information is obtainable other than that from kine- 
matic considerations. If the ionization of a secondary 
was appreciably above minimum, it was possible in 
some cases to differentiate between + mesons and 
protons by scattering measurements. In this differ- 
entiation no allowance was made for inclusion of 


5M. Koshiba and M. F. Kaplon, Phys. Rev. 97, 193 (1955). 
®L. Voyvodic (private communication). 
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K mesons since their relative production cross section 
is low at these energies (Nx+t/N,+<1/500) and the 
accuracy of the measurements is in general never 
precise enough to distinguish between K mesons and 
protons. In some cases, identification of tracks was 
possible from dynamical considerations. 

(a) In the case of a pure p-p collision, a maximum 
angle of emergence of the proton in the lab system can 
be calculated from the well-known transformation 
formula’ 


tanOz max=[(1—8.?)/(m?—1) }}, 


where m=£./8;, 8. is (1/c) times the velocity of the 
center of mass, and §; is the velocity of the protons 
in the c.m. system when 1,2,3, . . . N pions are emitted 
at rest in the c.m. system (maximum value of 8;). 

(b) In the case of edge collisions, the proton can be 
emitted at any angle but it is still possible to calculate 
a maximum energy of the proton in the lab system as a 
function of the angle @ of emission. Again the maximum 
condition corresponds to emission of the pions at rest 
in the c.m. system. From (a) and (b) we can, for 
example, immediately identify as a r meson a track 
at or near minimum ionization emerging at 90° with 
respect to the beam direction (this is an example of 
identification by dynamical considerations). 


IV. RESULTS 
(a) Elastic Scattering 


The cases of elastic scattering could be identified 
by energy and angle measurements and by the co- 
planarity test. If elastic scattering takes place in a 
pure p-p collision, the energy of the emitted protons 
and the included angle between them is a single-valued 
function of the angle of emission, and in addition the 
plane containing the two emerging protons must also 
contain the incident proton. This interpretation can be 
carried out in most of the cases unambiguously. 
Fifteen of the 115 p-p collisions (of which approximately 
} are pure) analyzed belong to this category; of these, 
only three could be alternatively interpreted as m-meson 
production. If elastic scattering occurs in an edge 
collision, the Fermi momentum of the target proton 
has the effect of destroying the uniqueness in the angle- 
energy correlation of the emitted protons. In many 
of these cases it was impossible to differentiate between 
an elastic edge collision and 7° production. For this 
reason we are bound to assign lower and upper limits 
to the number of events included in this category. This 
number is estimated to be 8_;**. 

The results on elastic scattering support the con- 
clusion, deduced from the total cross-section measure- 
ment, that ~55% of the analyzed events are pure 
p-p collisions. 

The elastic scattering cross section oo, deduced from 


7 Bradt, Kaplon, and Peters, Helv. Phys. Acta 23, 24 (1950). 


1445 


the 15_;+° cases of pure p-p collisions and the com- 
position of the emulsion, is 7.9<¢9<9.9 mb. The 
corresponding value of ¢9>=9.8 mb obtained by linear 
extrapolation to 3 Bev of the results of Smith, Mc- 
Reynolds, and Snow‘ agrees satisfactorily with this 
result and lends support to our procedure. 

In Fig. 2 we have plotted the angular distribution 
in the center-of-mass system for protons emitted in 
pure elastic collisions. The strong peak in the forward 
direction indicates that most of the elastic scattering 
is diffraction scattering. In order to test this hypothesis, 
we have calculated the diffraction spectrum produced 
if the incoming proton beam felt the target proton as an 
opaque sphere of radius R. The value of the parameter 
R to be used in the calculation was obtained from the 
experimental total cross section by using the relation 
or=m(A+R)? and was found to be R=1X10-" cm. 
The diffraction-scattering angular distribution® is also 
plotted in Fig. 2. A comparison with the experimental 
angular distribution shows that diffraction scattering 
accounts for most of the elastic scattering, though a 
better fit with experiment could be obtained by con- 
sidering the target nucleon as a sphere with an opaque 
core and semitransparent edges. This would in fact 
have the effect of broadening the first maximum of the 
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Fic. 2. Elastic scattering angular distribution. The curve is the 
diffraction scattering angular distribution calculated for /max=6 
and R=1X10~-" cm and normalized to the total experimental 
cross section. 


8 Normalized with respect to the total area covered by the 
histogram which represents the angular distribution of the 15 
most probable cases of pure elastic collision. 
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diffraction spectrum, and shift to the right the second- 
ary maxima. Because of the large number of partial 
waves involved, this result could, however, not be 
obtained in an unique way. The contribution of 
Coulomb scattering was also calculated and was found 
to be negligible for @>3°. 


(b) Meson Production—2-Prong Events 


Most of the two-prong events could not be interpreted 
as elastic scattering because: (a) one or both of the 
emitted particles were positively identified as x mesons, 
or (b) the measured energy of the emitted proton was 
incompatible with its angle of emission. The com- 
patibility of these events with one of the following 
interaction schemes (which conserve charge and nucleon 
number) was then studied. 


(a) ptp— ptattn 
> ptatt+ntNe, N21. 


(b) ptp— ptpt+Nw, N21. 


(c) ptp— 2nx*+2n 
— 2xt+2n+Ner, N21. 


Let us first consider the cases in which both of the 
emitted particles were positively identified by mass 
measurement or by dynamical consideration, and their 
energy and momentum fairly well determined. The 
direction cosines of the charged prongs were determined 
and the missing mass obtained from the relation 

[Pot P—(PitP2) P=M’, (1) 
where Po, P, Pi, P2 are the 4-vectors of momentum 
and energy, respectively, of the beam proton (Pp), 
the target proton (P), and the two emitted particles 
(P,,P.). If the two particles were identified as one 
proton and one pion [case (a) ] and the missing mass 
was found to be M > a nucleon mass (for P=0), then 
the interaction was accepted as a p-p event and was 
included (1) in the single x* production category if 
the mass was in good approximation equal to one 
nucleon mass, and (2) in the multiple production 
category if (M*—M,") was found to be 2y’+2uM 
(where M is the calculated missing mass and M,, u are 
respectively the mass of the nucleon and of the 7). 
If the missing mass was less than a nucleon mass, the 


TABLE I. Two-prong events—total number =97. 
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Single or > 
production 


double x prod. 
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Single x 
prod. 
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scattering 


23_,+6 











® This condition was obtained in the following way: When two 
neutral particles are emitted in one of the (a)-type interactions, 
the explicit form of the right side of (1) becomes M?= (P,,+P,°)? 
= M,2+,2+2E,°E, —2P,-P,, (where the £; are the total energies 
and the P,; the momenta of the neutral particles). This expression 
obviously has a minimum when P,,=P,°=0, which is equivalent 
to the statement that double production is only possible for 
interactions of the (a) type if (M?—M,?) > 2Mu+uw*. The general- 
ized condition for the case of NV r°-meson production is obtained 
with an analogous procedure and is M>M,+NuM,. 


CESTER, HOANG, 


AND KERNAN 


interaction could still be interpreted as an edge collision 
and the Fermi momentum of the target nucleon taken 
into consideration. If after consideration of the Fermi 
momentum of the target nucleon, the missing mass 
remained negative, the event was rejected as a p-p 
collision, some nuclear cascade effect being probably 
involved in the emission process. Some attempt was 
also made to differentiate between double and triple 
(or more) w production, simply by considering as 
double production the events in which the missing mass 
M satisfies M,+2uM,<M<M,+3uM,~1:5 Bev. 
The events with M>1.5 Bev are regarded as most 
probably double production events but are also included 
in the computation of the upper limit of triple produc- 
tion events. In a similar way the interactions of class 
(b) were studied (two identified protons emitted). In 
this case the mass of the nucleon has to be substituted 
for the pion mass in all the written conditions, as a 
consequence of the fact that the neutral particles 
emitted are always ° mesons. The classification into 
the categories of (b) is then made in similar way to 
that of (a). 

The single x-meson production in pure p-f collisions 
could be completely reconstructed both in the lab and 
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Fic. 3. Differential angular distribution in the c.m. system of the 
pions emitted in single production events. 


in the c.m. systems, the momentum, energy and 
direction cosines of the neutral particle being determined 
by energy and momentum conservation arguments. 
If the two particles were both identified as + mesons, 
single production is obviously excluded and the calcu- 
lated mass must be >2M,. Unless this condition was 
satisfied the event was rejected. 

The most probable interpretation of the analyzed 
two prong events with lower and upper limits of error 
is given in Table I. The angular distribution in the c.m. 
for the single emitted x mesons is plotted in Fig. 3. 
As should be expected, the distribution is approximately 
symmetric with respect to 90° 


(c) Meson Production—4-Prong Events 


Seventeen of the thirty-four 4-prong events analyzed 
can be interpreted as p-p collisions. (Those excluded 
had a negative missing mass, allowing for all limits of 
error and Fermi momentum.) The ratio of four-prong 
events to inelastic collisions is then 17/92=0.185, in 
good agreement with the corresponding ratio 27/147 
obtained in cloud chamber experiments with a beam 
energy of 2.7 Bev." 

WR. P. Shutt, Proceedings of the Fifth Annual Rochester Con- 


ference on High-Energy Nuclear Physics (Interscience Publishers, 
Inc., New York, 1955), p. 44. 
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In the majority of the cases considered, it was not 
possible to identify positively all of the four charged 
particles emitted. Collisions of the type p+p— p+) 
+n++2a- could, however, be unambiguously classified 
and completely reconstructed both in the lab system 
and in the c.m. system when at least two of the emitted 
particles were known and their energy and momentum 
accurately determined. This was done by missing-mass 
determination and the transverse-momentum-balance 
test. Eleven of the seventeen 4-prong p-p interactions 
could not be classified as double production because 
(a) 3 or more of the emitted particles were positively 
identified as + mesons; (b) no transverse momentum 
balance consistent with energy conservation could be 
obtained. Of these eleven events, seven were positively 
identified as 34 production and could be completely 
reconstructed both in the lab system and in the c.m. 
system, the momentum, energy, and angle of emission 
of the neutral particle being determined by energy- and 
momentum-conservation arguments. The remaining 
cases could be interpreted either as triple or quadruple 


TABLE ITI. Summary of results. Total 
number of interactions=115. 








Quad- 
Triple ruple 
prod. prod 


Double 
prod. 


Elastic 
scattering 


Single 
prod. 





Experimental 
results 

Experimental 
percentage 

Predicted by 
Fermi theory 
(percent) 3 67 29 


23_,+ 1_o+# 


20_;*5 


39_23475 = 41_»7+23 


34_o9t?? = 35.6_237  9.6_,*8 


11_,;*7 


0.9+8-5 








production. A definite case of 44 production was also 
identified among the four 6-prong events analyzed. 


V. COMPARISON WITH THEORIES 


In Table II we give the complete results of the 
analysis with upper and lower limits of error. The 
percentages for the various processes are compared with 
those calculated on the basis of the Fermi statistical 
theory." As is well known, the basic idea of this theory 
is that in nucleon-nucleon collisions at high energy, 
statistical equilibrium is attained among all possible 
final states in a volume Q with radius ~%/yc. The 
matrix element for a transition from an initial state 
with two nucleons to a final state in which m pions are 
produced, becomes then simply proportional to 
(2/V)#@+*)(1/N!), where V is a normalization volume 
and the factor N takes care of the degeneracy due to the 
indistinguishability of the pions. Conservation of 
isotopic spin is assumed, and the neutral, positive, and 
negative pions have therefore to be considered as 
different charge states of one single particle. The 
density of final states in momentum space was calcu- 


570 (1950); E. 


11 E. Fermi, Progr. Theoret. Phys. (Japan) 5 
Fermi, Phys. Rev. 92, 452 (1953); Phys. Rev. 93, 1434 (1954). 
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Fic. 4. Momentum distribution in the c.m. system of the pions 
emitted in single-production events. The curve represents a 
theoretical prediction from the Fermi statistical theory. 


lated from the approximate formula” of Lepore and 
Stuart, and the resulting relative probabilities were 
weighted in the isotopic spin space following the 
procedure used by Fermi. From Table II, we read that 
the Fermi theory predictions underestimate elastic 
scattering and triple production (the calculation was 
done neglecting 49 production). A comparison between 
the predicted and experimental ratio o2/o, is not 
meaningful due to the large uncertainties in the 
differentiation of these two modes of interaction. 
However, the lower limit for the experimental ratio 
3/01 is 1/10 compared to 1/67 predicted for the Fermi 
theory. It appears that Fermi’s theory does not give 
the correct results at 3-Bev energy. Of the 20 reasonably 
definite cases of single production, 16 are r* and 3 are 
mr production events (the remaining one could be 
interpreted either as x* or 7° emission) ; this yields a ratio 
o1(4*+)/o1(9°) =5.35_1.44°3, in apparent disagreement 
with the prediction of the Fermi theory, o:(r*)/ 
oi(r°)=3. The ratio o2(x+,r°)/o2(x+,x-) appears also 
to be higher (by a factor ~2) than the value $ predicted 
by Fermi, although in this case an accurate estimate 
is not possible.” The c.m. momentum distribution of 
the m-mesons emitted in single production was also 
plotted and compared with Fermi’s theoretical predic- 
tion (Fig. 4). The maximum of the histogram which 
gives the experimental distribution, is shifted toward 
the lower energy region with respect to the maximum 
of the spectrum (solid curve) calculated on the basis of 
the Fermi theory. 

The experimental results can also be compared with 
the predictions of the excited-state model of Peaslee,® 
which assumes that pion production takes place in 
two steps: (1) one or both of the colliding protons are 
excited to a state of isotopic spin $, and (2) the excited 
state decays, emitting a + meson. In order to explain 
triple and quadruple z-meson production, the possi- 
bility of excited states of higher isotopic spin have to be 


taken into consideration. This theory predicts a ratio 


12]. V. Lepore and R. N. Stuart, Phys. Rev. 94, 1724 (1954). 

13 The process p+ p — p-+n-+7*+7° seems to be most frequent 
one between the modes of double r-meson production, whereas 
double +*+-meson and double 7°-meson production seems to be 
rather rare. 

4C, N. Yang and R. Christian, Internal Report of the Brook- 
haven National Laboratory (unpublished). 

16D. Peaslee, Phys. Rev. 94, 1085 (1954) ; 95, 1580 (1954), 
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Fic. 5. Sum of the two possible sets (A and B) of Q values 
calculated for the decay of an excited nucleon (JT =}#) into (A) 
a pion and the outcoming nucleon with less energy in the c.m. 
system (B) a pion and the outcoming nucleon with largest energy 
in the c.m. system for the cases of single r-meson production 
events. 





o1(x*)/o1(x°)=5, in good agreement with the value we 
have found experimentally. This type of theory also 
explains qualitatively the shift of the maximum of the 
c.m. pion momentum distribution toward low energies 
with respect to a statistical theory prediction. An 
excited-state model would account for a shift to a lower 
momentum for the pion since the phase space available 
is reduced. If the concepts of the Peaslee model are 
correct, a histogram of Q values calculated for the 
N* — N+ reaction should show some evidence of a 
peak. A difficulty arises in the calculation of the 
distribution of Q values since we do not know a priori 
which one of the two outcoming nucleons is, together 
with the pion, the decay product of the excited state. 
An attempt to overcome this difficulty was made in the 
following way: we first plot in Fig. 5 the two series of 
Q values obtained if (a) the decay products are the 
pion and the nucleon of lower energy in the c.m. 
system, or (b) the excited state decay products are 
the pion and the nucleon with larger energy in the 
c.m. system. The sum of these two distributions 
shows a definite peak for 200 <Q < 250 Mev. If this 
feature is due to the existence of an intermediate excited 
state, we should expect one and only one of the pos- 
sible two Q values calculated for every single #-meson 
production event to fall in the region of the peak. 
(A certain spread is expected in the Q-value distribu- 
tion, mainly due to the errors in the measured values 
of energy and momenta of the particles involved.) 

In Fig. 6(a) we have plotted a distribution obtained 
by choosing in every case the Q value closer to the peak 
region 200 <Q <250 Mev. This allows a criterion for 
establishing which of the two outcoming nucleons is, to- 
gether with the pion, the decay product of the excited 
state, and consequently permits an estimate of the ratio 
o1(7,'=%, T2= —})/o1(T.' =}, T,=}), where T, is the 
z component of the isotopic spin and the prime refers 
to the excited state. This ratio is found to be equal to 
1 and does not agree with the prediction of the 


Peaslee theory, which gives o:(7,/=3, T,=—})/ 
o:(T,/=}3, T,=}) =3/1. If, on the other hand, we choose 
the Q value set so that only those events contribute to 
oi(T,'=}3, T.=}) which cannot have an intermediate 
state (T,'=%, T,=—}4) because (1) a r° is emitted or 
(2) the Q value corresponding to a (T,’=$, T,=4) 
intermediate state is negative, we obtain for the ratio 
oi(7,'=4, T,= —})/o1(T,/=4, T,=}) the value 14/5 
which agrees with the one predicted by Peaslee. 
Moreover, the distribution of Q values so obtained 
[Fig. 6(b)] still shows a fairly sharp peak for 
200 <Q < 250 Mev. 


VI. CONCLUSIONS 


The following conclusions have been drawn from an 
analysis of 115 p-p collisions with incident laboratory 
beam kinetic energy E,=3 Bev: The measured elastic 
cross section for pure p-p interactions is in good agree- 
ment with the linearly extrapolated value of the results 
obtained from counter measurements. The ratio 
o:/e2 (of single to double z-meson production) is not 
very well determined but agrees, within the limits of 
error, with the preliminary results reported by the 
Brookhaven cloud chamber group. They obtained a 
value o:/o9~1/1.5. There is also evidence that 4-pion 
production starts at this energy. 

A comparison of the results with the Fermi statistical- 
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Fic. 6. (a) Distribution of Q values calculated for the decay of 
an excited nucleon (7'= #) into a nucleon and a pion for the cases 
of single x-meson production. For every event, of the two possible 
Q values, that value was plotted which falls the nearest to the 
peak region 200<Q<250 Mev. (b) Alternative distribution of 
Q values obtained by imposing the condition (suggested by the 
Peaslee model predictions) for the ratio o:(T7,/=}, T,= —4)/ 
oi(7,' =}, T,=}) to be as large as possible. 
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theory model and with the Peaslee excited-intermediate- 
state model shows that: (i) The predictions of the 
Fermi theory, in its present formulation, do not agree 
at this energy with the experimental results. In particu- 
lar, it predicts a ratio o3/o; which is at least 7 times 
smaller than the experimental one. (ii) The Peaslee 
model agrees, at least from a qualitative point of view, 
with experimental results. There is also an indication 
of the possible existence of an intermediate excited 
state which decays with 200 <Q < 250 Mev, although 
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the statistics do not allow a positive statement concern- 
ing the existence of such an intermediate state. 
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Pais-Piccioni Experiment* 
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Two experiments to check the Gellmann-Pais “particle mixture” suggestion are analyzed, by using a 
detailed, if crude, phenomenological description. A cloud-chamber experiment of the type proposed by Pais 
and Piccioni is compared to an experiment using a liquid-xenon bubble chamber. It is found that for likely 
values of the parameters involved, both experiments are considerably more difficult than envisaged by 
Pais and Piccioni. For intensity reasons, the bubble-chamber experiment seems preferable. However, if 
accidentally the relevant cross sections have rather special values, experiments of this type would be par- 


ticularly easy. 


I. INTRODUCTION 


ECENTLY Pais and Piccioni! have proposed a 
cloud-chamber experiment to verify the Gell- 
Mann-Pais? suggestion that the # should be considered 
as a “particle mixture.” In view of the availability of a 
xenon-filled bubble chamber,’ it is of some interest to 
compare the feasibility of a bubble-chamber experiment 
with the Pais-Piccioni experiment. 
Below, a set of phenomenological equations describing 
a crude model of these experiments is given. Solutions 
for the two types of experiments are obtained. From 
these it follows that for likely values of the parameters 
involved: (a) both experiments are considerably more 
difficult than anticipated by Pais and Piccioni; 
(b) bubble-chamber experiments are somewhat more 
feasible; (c) if the & absorption cross section and the 
6,°, 6.° mass difference are miraculously just right, 
experiments of this sort will be especially straight- 
forward. 


Il. PHENOMENOLOGICAL DESCRIPTION 


Our model is the following: The wave functions 
describing # and @ particles are to be linear combina- 
tions with prescribed phases of functions describing @,° 


* Supported in part by the Office of Naval Research, U. S. Navy 
Department. 

1A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955). 

2M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

3 Brown, Glaser, and Perl, Phys. Rev. 102, 586 (1956). 


and 6,° particles. Specifically, we have 
Vv (0) = (¥,+i¥.)/v2, 
WV (P) = (W1—i¥,)/V2. 


(1a) 
(1b) 


The 0@,° is to undergo the familiar two-r decay with 
lifetime ry~1.5X 10—"” second. The 62° has a completely 
different set of decay modes with a lifetime 72>7;. 
(To obtain detailed numerical results, we will idealize 
this and put r2= ©.) In passing through matter, the # 
can be absorbed while the # cannot. (For simplicity we 
follow reference 1 and omit consideration of all other 
processes.) This absorption will be described by an 
effective lifetime 7. Clearly, 
1/7r=Npv0z, (2) 

where » is the velocity of the &, p the density of ab- 
sorber material, V the number of absorbing particles 
per gram, and o, the absorption cross section per 
particle. 

Let the wave function describing the state at time / 
after a ® is produced be 


W(t) =a;(t)Vita2(t)Wo. (3) 
We have 


av(i) pay av a(t 
Ping at See ae 
aladdin lak lad, 





Here [d¥(t)/dt]p, describes the phase change due to 
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the kinetic energies. Thus, as in reference 1, we have 


dy 
[—| = twas (1)W1— iwocre(t) Vo, (S) 
dt ph 


where 


w=(ep+mict}'/h (i=1, 2). (6) 
The expression [dW(t)/dt], is due to the ® decay. 
Again, as in reference 1, we can write it as 
1 
[= -| Ae, —* (7) 
2ri 2T2 
The expression [dW(#)/dt], is due to the absorption of 
#’s. Phenomenologically it is 
dV (t) 1 : 
[=] =— — [Component of #’s in W(é)]. (8) 
dt Ja 2r 
Using Eqs. (1) and (3), we obtain 
[ax(i)-+as()] 
¥(é) =n) ae ee (9) 


Hence, 
[~"] mn _t Lani didennia (6) 
dt Ja 2r v2 
1 
= 7 ber tian) Ms 
+—Lou()+ian() Ws (10b) 


d¥(t) day das 
—=—¥,+—,, 
dt dt dt 


we obtain, on inserting (5), (7), and (10) into (4) and 
equating coefficients of YW, and V2, 


day 1 
-(x4— Je weer 
as 4r 4r 


dag 7% 1 
(x+— as, 
4r 


cabal 
(i=1, 2). 


(11) 


(12) 


(13) 
dt 4r 


1 
Af =twoj,+— 
2 


Ti 
Ill. SOLUTIONS 


For initial values a,(0) and a2(0), the solution of 
(12) is 


oC) 


a;(0) — Ra2(0) 
ais ee 


~@ 
1—R? R 


ttl 
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CASE 


where 
Ai _Mt+hs? 2 
Ae 


1 
- —+(4LOs’— A2°)?+1/477}}, (15) 


and 

R= — (i/27){ AY—A2") +[AYP—A2")?+1/477 

The probability of the two-m decay at time ¢ is 
por (t)= |ai(?)|?/71. (17) 


Hence, the ratio of the intensity of decays at time ¢ 
after production to those at time zero is 


[a(0)—Raz(0)] ig 2 
o_ 1—R? 
|a(0) |? 


(16) 








(18) 
IV. VALUES OF THE PARAMETERS 


Measuring time.in units of r:, we see that the relative 
intensities given by (18) depend on the two parameters 
B=7,/7 and y= 7;Aw. Here Aw=wi—w: arises from any 
difference in the masses of 6,° and 6.°. Since such differ- 
ences presumably would originate from the same inter- 
actions which occasion the difference in lifetimes, it 
seems reasonable that y~1. To see the effects of differ- 
ing values of y, we have computed the results to be 
expected for y=0, 1, and 27. 

While the decay lifetime 7; is known to be ~1.5 
X10~ seconds, comparably accurate information for 
the & absorption lifetime 7 does not seem to be available 
at present.‘ 

To obtain some idea of 7, let us assume each nucleon 
can absorb &’s with a cross section og. Then 


1 


T= 


’ (19) 
Noptea 


where Vp is Avogadro’s number and p is the absorber 
density. Thus, 


T1 p v Oa 
s-"~(+)(-)( ) xe2x10- (20) 
T 2.3 ¢7 \10°* 


Assuming »~c and the absorption cross section per 
nucleon as 1 millibarn, we have 


B(Xe)~6.2X 10-8, 
B(Pb)~3.0X 10~, 


(21a) 
(21b) 


4 The evidence of D. M. Fournet and M. Widgoff [Phys. Rev. 
102, 929 (1956) ] and D. M. Ritson (Proceedings of the Sixth 
Annual Rochester Conference) seems to indicate the @~ cross 
section is approximately geometrical and primarily due to absorp- 
tion. If the @ does, indeed, form an isotopic doublet, 7, should 
be almost geometrical. 
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With either substance we are certainly in a situation of 
little absorption. 

To obtain an extreme upper limit for 8, let us assume 
oa~5 X 10-** cm? (i.e., roughly geometrical per nucleon). 
Then 

B(Xe) <0.3, (22a) 


B(Pb) 1.5. (22b) 


From (21) and (22), one can conclude that with either 
xenon or lead we do not have a situation in which 8 is 
very large. Upper limits in the two cases are of the 
order of § and 1, respectively, with somewhat lower 
values being likely. 


Vv. CLOUD-CHAMBER EXPERIMENT 


By this we mean an experiment of the type proposed 
by Pais and Piccioni. A beam of ’s produced in a lead 
plate are to decay in a cloud chamber until all 9,°’s are 
removed. The remainder then passes through a lead 
plate which removes the # component. Since, effec- 
tively, 6;°s are produced by removing #”s, the familiar 
two-m decay can be expected to reappear below the 
second plate. As indicated in reference 1, the intensity 
of decays below the second plate may be expected to 
be of the order of } of that below the first. However, 
implicit in the derivation of this result is the assumption 
that 7(Pb)<r; (i.e., 8>>1). In the other limit of B<1, 
qualitatively different results will occur. If 7(Pb)>>7:, 
most 6,°’s arising from @ absorption will decay within 
the lead. The number of decays occurring below the 
second plate will be very small. 

To analyze the situation in detail, we can use Eqs. 
(12) and (18). On production in the first plate, we have 
a2(0) =ia, (0). After passing through a region with r~ 0 
for a time T long compared to 7, we will have 


ai(T)=0, (23) 


and 
ae ( T) =ae2 (0) 


Using these as the initial values when the beam enters 
a second plate, the ratio of two-m decays occurring at 
a time ¢ later to those occurring just below the first 
plate is 


T(t) | 
1(0) |1—R|? 


|R|? 2|R|? 


| eAat— gt | 2 9 (48) t/2r1 
|1—R?|? 
X Lcosh (6:t/71)—cos(Set/71) J, (25) 
where 
6: +i52=3[ (1+2iy)*+6"]}, (26) 
and 
18 
[(1+2i)+[(1+2i)* +67} 


Let us first consider some limiting cases. 
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(1) 6>1.—Here 6:~8, 6.~0, R~—i, and hence, 


I(t) : Bt 
S$ e~ (+8) #/2r1) cosh —)-1} 
1(0) 2n 


The maximum number of & decays occurring below 
the plate is clearly obtained by choosing the thickness 
of the plate so that the time of traversal ¢, satisfies 


(29) 


(28) 


THK}. 
In this case we have 


I(t) 


T(0) 


(30) 


=i 
. -— 


(which is just the Pais-Piccioni prediction). 


(2) B<1.—In this case, we have 
18 
~—-2(142éy) 


5:™3, b2=y¥, 


1) Bt 


e~*/"1[ cosh (t/271)—cos(yt/71) ]. (32) 


1(0) 2|1-+2iy|? 


Now the maximum number of decays occurring 
below the plate is of the order of magnitude of the 
coefficient in (32), i.e., 

T(t) 6? 
—_j =. (33) 
T(0)Jmax 2|1+2iy|? 


Thus, for 8=0.1 and choosing the most favorable case 


of y=0, we have 
T(t) 
Fn =0.005, 
(0) max 


(34) 


as compared with the value 0.25 of (30). 

(3) In Fig. 1 the maximum ratio of the number of 
decays occurring below the second plate to that below 
the first is shown as a function of 8 for y=0, 1, 2z. 
(Maximum means having chosen the thickness of the 
second plate to make this ratio greatest.) It is striking 
how slowly the value 0.25 is reached as a function of 8. 
For y= 2 and B= 1.5 [which we have seen is a probable 
upper limit for B(Pb) ], we have 


[1/To]}max=0.007. 
VI. BUBBLE-CHAMBER EXPERIMENT 


It should be possible to produce #’s directly within a 
liquid-xenon bubble chamber. Since one would be able 
to observe @’s moving in all directions from the point 
of production, a considerable increase in the number of 
#’s observed would result as compared with the number 
observed if one produced them in a lead plate above 
a cloud chamber. The experiment we have in mind con- 
sists of measuring the distance of the # decay from the 
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Fic. 1. Cloud-chamber experiment—maximum relative intensity as a function of § absorption. 


point of production. From a knowledge of the velocity 
of the @ the time of decay is known. Equation (18) 
[with a2(0)=ia; (0) ] shows that the relative number of 
decays at time ¢ after production is given by 


ce { } 
1(0) [(1—Ri2-+Rz?) P+-4RYRe? 
{ } =e [(1+Re)?+Ry? Je“ Ort 0/1 
+[(R?2+R,”) (1 — R2)*+R,? Je“ 8/2 1 
fe Ftl2rig - 2[Ri2(2—Re) 
+R,(1 — R,?)} cos(52t/71) 
—2Ri(1 —R,’—R,’—2R:) sin (59t/71)}. 


et/2r1 





(35) 


Here R=R,+iR: is given by (27) and 6; and 6, are 
given by (26). Now, of course, 8 refers to the xenon. 
(1) 6>1.—Equation (35) becomes 


I(t)/T(O)Se-#/21, (36) 
In this limit the &’s would behave as if their lifetime in 
xenon was double that found in cloud-chamber studies. 
This would certainly be easy to observe. Unfortunately, 
the estimates of Sec. IV indicate that we are far from 
this limit. 

(2) B<1.—In this case, 

T(?) p? 


etn siabinthdutntinshintshine 
T(0) 4(1+4y’) 
je t/2r1 


+— [cos(yt/71)+2y sin(yt/r1) ]. 
1+4y? 


(37) 


Thus, only when the number of decays has dropped 


quite low will there be any deviations from what one 
could expect for a particle with lifetime 7}. 

(3) In Figs. 2, 3, and 4, decay curves for various 
values of 8 are given, corresponding to y=0, 1, and 2z, 
respectively. 
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Fic. 2. Bubble-chamber experiment—relative decay probability 
as a function of time. (y=0.) 
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From Fig. 2 (y=0), we see that for 8 small (81) 
significant deviations from B=0 (no & absorption) 
occur only when the number of decays is quite small. 
Thus, for 8=4 there are twice as many decays as for 
B=0 only when the latter is approximately 1/70 of its 
initial value. 

Figure 3 (y=1) leads to similar conclusions, except 
for one salient feature. For 8~} there is a tremendous 
decrease in the number of two-r decays expected in the 
region where, for no absorption of #’s, we would expect 
1% of the decays to occur. While the observation of this 
effect would be difficult, it is hard to imagine that a 
decrease by a factor of 100 could not be seen. It should 
be pointed out that this phenomenon only occurs for a 
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Fic. 3. Bubble-chamber experiment—relative decay probability 
as a function of time. (y=1.) 


region of values y~1, 8~}. However, the discussion in 
Sec. IV by no means rules out this possibility. 

The curves of Fig. 4 for y=2m are quite remarkable. 
Increasing 8 from zero to infinity does not change the 
curves smoothly from the straight line describing the 
decay e~‘/" to that for e~‘/?", As 6 increases from zero, 
the decay curves develop characteristic oscillations 
[due to the sine and cosine terms in (35) ]. Since these 
oscillations probably would be averaged out in an 
experiment, we have also given curves for this average. 
These oscillations are most pronounced for B=1. The 
decay occurs increasingly rapidly with increasing 6 until 
B&12.5. In this region the decay curves look as if the ® 
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Fic. 4. Bubble-chamber experiment—relative decay probability 
as a function of time. (y=2r.) 


lifetime is considerably shorter than 1.5X10-" sec. 
Increasing 6 further the decay curves swing back up, 
becoming essentially straight. Two phenomena should 
be observed : 

(a) Extremely large values of 8 are required before 
the curve for B= is even approximately realized. 
Thus, 8= 200 is clearly far from this limit. 

(b) The decay curves for 12.55 8560 coincide with 
the averaged curves for 12.5>8>0. For example, the 
curve for B=40 falls, within the accuracy with which 
one can read the figure, exactly on the averaged curve 
for 8=1. Thus, if one did see an effect of the kind indi- 
cated—namely, an apparent increased decay rate—one 
could only conclude that there are two possible absorp- 
tion lifetimes t compatible with the results. 


Vil. CONCLUSION 


We have seen that, in general, for reasonable values 
of the parameters the “mixture property” of Gell-Mann 
and Pais will affect only a small proportion of the #&’s— 
in either a bubble chamber or a cloud chamber. Under 
such circumstances the possibility of observing more & 
decays makes the bubble chamber preferable for experi- 
ments of this type. If accidentally, r~1, B~} for 
xenon, the bubble chamber experiment would be 
especially easy. 

It is a pleasure to thank Professor D. A. Glaser and 
Professor G. E. Uhlenbeck for helpful discussions. 
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The structure and size of the proton have been studied by means of high-energy electron scattering. The 
elastic scattering of electrons from protons in polyethylene has been investigated at the following energies 
in the laboratory system : 200, 300, 400, 500, and 550 Mev. The range of laboratory angles examined has been 
30° to 135°. At the largest angles and the highest energy, the cross section for scattering shows a deviation 
below that expected from a point proton by a factor of about nine. The magnitude and variation with angle 
of the deviations determine a structure factor for the proton, and thereby determine the size and shape of 
the charge and magnetic-moment distributions within the proton. An interpretation, consistent at all 
energies and angles and agreeing with earlier results from this laboratory, fixes the rms radius at (0.77+0.10) 
X10™% cm for each of the charge and moment distributions. The shape of the density function is not far 
from a Gaussian with rms radius 0.70X10~ cm or an exponential with rms radius 0.80107 cm. An 
equivalent interpretation of the experiments would ascribe the apparent size to a breakdown of the Coulomb 


law and the conventional theory of electromagnetism. 





I, INTRODUCTION 


OME time ago deviations from point-charge 
scattering of electrons against the proton were 
demonstrated at laboratory energies of 188 Mev and 
236 Mev and at laboratory angles between 90° and 
140°.!2 In those investigations, the cross section varied 
over approximately a factor of 200 between the forward 
and backward angles. Yet the deviation of the experi- 
mental data from a point-charge, point-moment curve 
was something less than a factor of two at the largest 
angles, and the experimental error amounted to per- 
haps a fourth of the deviation. It was not possible to 
determine accurately the relative separate proportions 
of charge structure and moment structure which could 
give agreement with experiment. However, it was 
shown that equal form factors for charge and moment 
agreed excellently with the experimental data and the 
size was fixed at (0.74+0.24)X10-" cm for the rms 
radius of the charge and moment distributions. Since 
the reduced de Broglie wavelength of the probing 
electrons was larger than the “size” of the protonic 
distributions, it was not possible to distinguish between 
different shapes for the density distributions of the 
charge cloud and moment cloud. 

Recently we have completed the construction of a 
larger analyzing spectrometer for the scattered elec- 
trons. This spectrometer can bend and analyze electrons 
with energies up to 550 Mev. At this energy the reduced 
de Broglie wavelength approaches one-half the size of 
the proton determined by the earlier experiments, and 
the experimental angular distribution is no longer 
insensitive to the shape of the mesonic clouds in the 


* The research reported here was supported jointly by the Office 
of Naval Research and the U. S. Atomic Energy Commission, and 
by the U. S. Air Force, through the Office of Scientific Research 
of the Air Research and Development Command. 

ft Lieutenant, U. S. Coast Guard. 

1R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
(1955). 
2R. W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
(1956). 


proton. We have taken advantage of the shape sensi- 
tivity and have attempted to find a model of the proton 
which fits not only the angular distribution at the 
highest energies, but also those at lower energies where 
only a size is determined. These matters will be treated 
in detail below. 


II. EXPERIMENTAL METHOD 


In many respects the experimental apparatus and 
method are similar to those reported in earlier papers.*~® 
The new features relate to a larger spectrometer and its 
accessories in the new installation in the “end station” 
of the Stanford linear accelerator. The end station and 
bunker area (beam-switching taking place in the latter) 
will not be described in this paper since they have 
already been discussed previously.* The details of the 
linear accelerator are also discussed in reference 6. 

Figure 1 shows the experimental arrangement used 
in the electron-scattering experiments in the end 
station. The electron beam is deflected and dispersed 
by the first magnet and passes through the energy- 
defining slit. After passing through the second magnet, 
the beam is returned parallel to its original direction 
and refocused at the target. The beam travels in vacuum 
from accelerator through the magnets, through a 
secondary electron monitor, and through a thin window 
(3-mil aluminum) into air before it strikes the target 
foil. The secondary monitor is of a type we have used 
previously’ and is equivalent to a thickness of 5 mils of 
aluminum. In future experiments the secondary monitor 
will be replaced by the large Faraday cup, shown dotted 
in the figure, which is now nearing completion. 

3 Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 (1953). 

‘Hofstadter, Hahn, Knudsen, and McIntyre, Phys. Rev. 95, 
512 (1954). 

5 J. H. Fregeau and R. Hofstadter, Phys. Rev. 99, 1503 (1955). 

® Chodorow, Ginzton, Hansen, Kyhl, Neal, Panofsky, and 
Staff, Rev. Sci. Instr. 26, 134 (1955). See particularly Fig. 6.1 
of this paper. See also W. K. H. Panofsky and J. A. McIntyre, 
Rev. Sci. Instr. 25, 287 (1954). 


7G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
(1955). 
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From the target foil the scattered beam travels 
through five inches of air, through a thin entrance 
window (3 mils of aluminum) and then in between the 
jaws of a lead slit which defines the entrance aperture 
of the magnetic spectrometer. The target-to-slit 
distance is usually 26 inches. The pole face of the 
spectrometer lies at a distance 10.0 inches beyond the 
lead entrance-slit. The scattered electrons arriving at 
the magnet are then bent through 180° and double- 
focused by the magnetic spectrometer. The spectrome- 
ter and its mounting will now be described. 

The heart of the apparatus is the 180° double-focusing 
magnetic spectrometer sketched in Fig. 2. The instru- 
ment is basically a 30-ton analyzing magnet of a design 
similar to the smaller 2}-ton magnet used in previous 
electron-scattering studies.’ The latter instrument is, 
in turn, quite similar to the spectrometer of Snyder 
et al.§ which, itself, is a modification of the original idea 
of Siegbahn and Svartholm.’ The presently described 
spectrometer has been newly designed and is not a 
scaled-up version of a previous magnet. The radius of 
curvature of the central trajectory in this magnet is 
36 inches and the maximum field obtained on this radius 
is approximately 20000 gauss, although the magnet 
has not often been used in experiments at this maximum 
field. 

In actual practice, electrons with energies up to 510 
Mev have been analyzed and studied in these experi- 
ments. These correspond to electrons of incident energy 
550 Mev in the laboratory, scattered at 30° by protons. 
Electron trajectories can in principle fill an area of 
15X3 inches; these dimensions refer to the pole width 


8 Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 852 
1950). 
9K. Siegbahn and N. Svartholm, Arkiv. Mat. Astron. Fysik 


33A, No. 21 (1946); N. Svartholm, Arkiv. Mat. Astron. Fysik 
33A, No. 24 (1946). 
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and pole gap, respectively. At the present time, a 
bronze vacuum chamber within the magnet reduces 
the internal dimensions available to electrons to a cross- 
sectional area of 14X2 inches. Three radial holes, 4 
inches in diameter, pass through the outer yoke of the 
magnet and communicate with three similar, but 
smaller, holes in the bronze chamber. Into these holes 
we have inserted radial magnetic probes to study the 
field distribution in the median plane of the magnet. 
These holes lie at the 30°, 90°, 120° azimuths around 
the magnet circle. The magnetic fields at the 30° and 
120° ports have been observed to be 2% smaller than 
those in the middle of the magnet, at the 90° port. A 
typical magnetic profile is shown in Fig. 3. Up to 14.000 
gauss the field-current curve is essentially linear, and 
the magnet is unsaturated. 14 000 gauss corresponds to 
approximately 400 Mev. 

Double focusing is achieved by tapering the pole 














Fic. 2. Details of the magnetic spectrometer. 
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Fic. 3. A typical plot of magnetic field in the median plane vs 
current in the magnetizing coils. 


faces so that the field falls off at larger radii in a manner 
similar to the field in a betatron. The field is required 
to fall off according to the inverse square root of the 
radius in this type of instrument. This means that 


dH/H=—}4dr/r, (1) 


where H and r refer to the field and the value of the 
radius on or near the central trajectory in the median 
plane. In the expectation that the field in the gap would 
fall off as the reciprocal of the gap itself, or in other 


words, 
dH/H=—dy/y=—}dr/r, (2) 


where y is the pole gap at any radius, the pole faces 
were given a linear taper corresponding to Eq. (2). At 
the edges of the pole, a lip was machined into the steel 
to prevent a too-rapid decline to zero. The linear taper 
has proved satisfactory as shown by the radial measure- 
ments of the field. The measurements show that up to 
400 Mey, relation (1) is well satisfied between radii 33.5 
and 38.5 inches. At higher fields this region contracts 
until at 550 Mev it is only approximately two inches 
wide. Consequently, up to 400 Mev, the field is as it 
should be for double focusing. Photographs and visual 
observation of the exit spot show that focusing does 
indeed take place in two dimensions, as expected. 
Some essential statistics regarding the magnet may 
prove useful to others.® As shown in Fig. 2, the magnet 
is built in two symmetrical-forged halves, each weighing 
approximately 15 tons, and having the gross shape of a 
capital D. Perpendicular to the D plane, the thickness 
of the iron in each half is 21.75 inches. The outer radius 
of the D is 57 inches, making the total height of the 
magnet 9.60 feet. When the two halves are assembled 
and the magnet is viewed from the input end, an H-like 
space around the pole gap may be seen accommodating 
the electrical coils and the bronze vacuum chamber. 
1 The magnetic spectrometer was designed by L. Rogers and 
R. Hofstadter. The magnet was constructed by the Bethlehem 
Steel Corporation at Bethlehem, Pennsylvania. The authors are 


indebted to Erb Gurney and W. Koegler for assistance in designing 
and fabricating the forgings. 


The coils are constructed of 0.467-inch-square copper 
tubing, having a round hole of 0.275-inch-diameter, 
and are water-cooled." There are 256 turns around the 
poles and the coils are wound four at a time in two 
bundles to make eight turns per pancake layer. In this 
way adequate cooling can be provided. All the turns are 
electrically in series but there are 64 parallel water 
circuits. The nominal capacity of the magnet is 800 
amperes at 250 volts, although as much as 1000 amperes 
have been put through it. At 800 amperes the coils are 
barely warm. 400 amperes correspond approximately 
to 400 Mev on the linear part of the magnet charac- 
teristic. The outer return yoke is 11.75 inches thick on 
each side and 8.5 inches thick radially. The inner return 
is a half-cylinder 21.75 inches thick and 47 inches in 
diameter. Each half of the magnet is equipped with a 
single large handling lug. A fourth hole through the 
outer return yoke and vacuum chamber permits an 
x-ray beam to pass through the magnet when desired, 
the magnetic field itself being used as a clearing field. 

Because of the poor duty cycle of the linear ac- 
celerator, a heavy shield must guard the detector from 
background radiation. In this installation a ten-ton 
shield, constructed of heavy concrete on the outside 
and lead on the inside, surrounds the Cerenkov detector. 
The shield is carried on the magnet by means of a 
massive platform overhanging the target assembly as 
shown in Fig. 1. As the magnet rotates, the platform 
and shield are carried with it. The magnet, platform, 
and shield can also be moved radially to and from the 
target on two large ways. Within the ways are many 
cylindrical rollers which take the weight of the 40-odd 
tons of the spectrometer. The ways are fastened to a 
modified double five-inch anti-aircraft obsolete gun 
mount kindly furnished by the Bureau of Ordnance, 
U. S. Navy, at the request of the Office of Naval 
Research.” The modifications, which transformed the 
mount from a military device to a scientific instrument, 
were carried out at the San Francisco Naval Shipyard.” 
The whole gun mount and its assembly can be ac- 
curately moved by remote control about the target 
center. Repeated trials positioning the assembly appear 
to agree within better than 0.05 degree. 

The Cerenkov detector is a truncated Lucite cone 
6.0 inches long with a 2.75-inch-diameter input face 
and a four-inch-diameter termination which couples 
onto a DuMont 5-inch photomultiplier. The Cerenkov 
counter is seated behind lead slit jaws which determine 
the transverse width seen by the detector at the target. 
Usually a 1.75-inch slit is used to determine the effective 
target width and the energy slit is, of course, variable 


1 The coils were wound and installed by the Pacific Electric 
Motor Company of Oakland, California. Mr. James Allen of this 
organization worked out the coil design. 

12 We wish to thank Lt. Malcolm Jones and Dr. W. E. Wright 
for their part in securing for us the use of the gun mount. 

18 We wish to thank Mr. Bernard Smith and his associates at 
the San Francisco Naval Shipyard for the design and construction 
of this modification. 
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but accommodates up to a spread of about 1.3% in 
energy (strictly speaking, in momentum). The response 
of the Cerenkov detector is tested before each run and 
always shows a wide plateau (30 to 40 volts wide) for 
electrons ranging from less than 200 Mev to the maxi- 
mum studied (510 Mev). The distribution of Cerenkov 
counter pulses is checked with a twenty-channel 
discriminator before each run and has shown insig- 
nificant differences at any energy studied : a narrow peak 
is observed at all energies. 

The spot has varied between a width of 0.25 and 0.50 
inch in the course of these experiments. The height of 
the spot has always been less than 0.25 inch and more 
usually about 0.13 inch. 

Although most runs have been taken with poly- 
ethylene targets, a few points which check the 
polyethylene data have been taken with a gas target. 
In this case the gas target previously described has 
been used,? although its length has been increased to 
eight inches to allow better observations at small and 
large angles. 


Ill. RESULTS 


The shape and characteristics of an elastic profile 
taken at 60° at 400-Mev incident energy are shown in 
Fig. 4. This curve was taken with statistics about four 
times as numerous as those usually employed in a run 
in order to determine the characteristic appearance of 
the profile. Similar curves taken at larger and smaller 
angles have the same appearance within our experi- 
mental errors. Consequently, relatively little error will 
be obtained by employing the same method at all angles 
in correcting for the area between AB and CE which 
corresponds to the bremsstrahlung tail of the elastic 
peak. Our method has been to continue the straight 
line AC into the carbon background and calculate the 
area under the roughly trapezoidal peak. Different and 
independent methods have been used consistently by 
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Fic. 4. An elastic profile at 60° and 400 Mev, showing the data 
taken with polyethylene and the background points due to carbon. 
The potentiometer reading is proportional to the magnet current, 
which in this region of the spectrometer characteristic, is propor- 
tional to energy. 
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Fic. 5. A theoretical curve found by employing relativistic 
kinematics of the two-body, electron-proton collision, showing the 
energy of the scattered electron vs angle of scattering in the 
laboratory frame. 


each of the two authors to estimate the peak areas, but 
the results obtained always have agreed within less 
than the experimental errors. It is to be understood, of 
course, that the polyethylene-carbon difference is used 
in obtaining the area under the proton peaks. Excellent 
agreement is found. between such differences and esti- 
mations of the areas of the proton peaks obtained by 
sketching in the relatively flat (or slightly upturned 
towards lower energies) background in polyethylene 
alone, on top of which the proton peak “rides.” 

In finding the area under the proton peak, the half- 
width of the curve is always expressed in energy units. 
The conversion from potentiometer readings (magnet 
current) to an energy scale has been accomplished by 
(1) using a magnetic probe to find the field in the 
magnet and assuming the energy is proportional to the 
field, and (2) using the positions of the centers of the 
proton peaks and relativistic kinematics to determine 
the energy of the scattered electrons at any given 
incident energy and at any given angle. The typical 
appearance of such a theoretical curve is shown in Fig. 
5. Methods (1) and (2) have been combined to give the 
most consistent calibration curve, using the calibration 
curve of the deflecting magnet (Fig. 1) to find the 
incident energy. The two methods agreed so well from 
the first comparison that it was hardly necessary to 
make any changes. However, the methods have been 
merged in a self-consistent way to give what we think 
is the most accurate final calibration curve. As stated 
before, this curve tells us that the magnet is essentially 
linear (energy vs magnet current) up to about 400 Mev, 
which corresponds to 204 units on the potentiometer 
scale. In almost every measurement we have made, 
the proton peak has been below 204 on the potentiome- 
ter to avoid saturation and possible defocusing prob- 
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Fic. 6. The experimental points, showing the relative angular 
data taken at 300 Mev. The point-charge curve (r.=0, 7m=0) is 
shown above. The solid line running through the points is the 
theoretical curve obtained from Eq. (3) for an exponential proton 
with rms radii r,=0.8X10-" cm and rm=0.8X10-" cm, and 
represents a best fit to the data for an exponential model. 


lems. However, in operating at the highest energies 
and smallest angles, we have occasionally overstepped 
the 204 limit, but in no way that we believe has caused 
any serious trouble. Of course, in these cases, as well as 
in all others, we used the calibration scale to determine 
the energy width of all peaks. It is not believed that any 
error larger than 5% can be introduced even at the 
highest energies and smallest angles. Explicitly, the 
only cases in which the 204 boundary was passed were 
at 500 Mev, 45°, and at 550 Mev, angles less than 60°. 

Photographic registration of the focused spots at the 
output of the spectrometer show that the dispersion 
obtained experimentally is very close to that calculated 
with Judd’s formula." This is further assurance that the 
calculation of energy width from magnet current is 
correct. In this connection it should be pointed out 
that the areas under the proton peaks still need a 
correction for the constant width of the upper spec- 
trometer slit. The constant slit value was set at 1.3%, 
which means that, at all momenta, 1.3% intervals are 
selected for passage into the detector. Thus, at smaller 
energies of the scattered electrons (larger angles—see 
Fig. 5), the slit assumes a smaller absolute energy 
width. This correction varies as the reciprocal of the 
energy so that at smaller energies the area has been 
increased by 1/E relative to the higher energies. This 
is the usual correction made in beta-ray spectrographs. 

Other small corrections have been made for radiation 
straggling in the targets and for the radiative calculation 
of Schwinger.'® Thickness normalizations have been 

4D. L. Judd, Rev. Sci. Instr. 21, 213 (1950). We wish to thank 
Dr. J. A. McIntyre and Mr. B. Chambers for taking the spot 


photographs. 
6 J. Sabetngte: Phys. Rev. 75, 898 (1949). 


made where the target thickness varied from angle to 
angle, because of a half-angle setting as is customary 
in scattering experiments, or in the case of the gas 
target. In some experiments the target angle was not 
varied, although most of the time it was. Consistent 
results were always obtained. 

Thick-target effects were investigated with some 
care. However, they appear to be absent or at any rate 
are so small that they do not lie consistently outside 
our experimental errors. Aside from the normalization 
due to source thickness, the totals of all corrections to 
the data were never larger than 10% and were usually 
considerably smaller. By this we mean, of course, 
relative corrections between the smallest and largest 
angles. The Schwinger correction itself is approximately 
a 20% correction in the absolute cross section. So far 
we have confined our attention to relative cross sections 
exclusively. 
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Fic. 7. The experimental points at 400 Mev. Theoretical calcu- 
lations are similar to those referred to in the legend of Fig. 6. 


We have obtained rough absolute cross sections only 
by knowing the absolute response of the secondary 
emitting monitor.’ We shall return to this point after 
discussing the relative cross sections and the angular 
distributions which do not require absolute measure- 
ments. Thus, in the ensuing material, except where 
noted, we shall be speaking of relative cross sections 
only. 

By measuring areas under the proton peaks at various 
angles at a given incident energy, we may prepare 
relative angular distributions. Such angular distri- 
butions are shown in Figs. 6, 7, 8, and 9. The experi- 
mental points are the black dots attached to the bars 
indicating the limits of experimental error, usually not 
statistical, but primarily due to the type of fluctuation 
we have mentioned in earlier articles. The data repre- 
sent in each case the results of at least two separate 
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runs, except at 300 Mev where only a single run was 
taken. We have also made a run at 200 Mev, but since 
it agrees excellently with the earlier data taken with the 
smaller spectrometer,!:? we do not show it separately 
here. The 200-Mev data appear in Figs. 11 and 13, along 
with data of all other energies. In Figs. 6 to 9 there also 
appear solid lines going through most of the experi- 
mental curves. These are not experimental lines, but are 
actually the result of theoretical calculation which we 
shall discuss shortly. Also shown in Figs. 6 to 9 are the 
point-charge curves of Rosenbluth.'* These are desig- 
nated r,=0, rm=0, to indicate that the rms radius of 
the charge and magnetic-moment distributions are each 
zero, in other words, that the charge and moment are 
points. 

In order to compare the experimental curves with 
theory, we have employed the same phenomenological 
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Fic. 8. The experimental points at 500 Mev. The theoretical calcu- 
lations are similar to those referred to in the legend of Fig. 6. 


scheme presented in the earlier paper.? This amounts 
to using a separate form factor F; for charge and Dirac 
moment of the proton, and an additional independent 
form factor F; for the anomalous or Pauli magnetic 
moment. In the static limit, Fi= F.2=1, and the Pauli 
moment takes on its value, 1.79 nuclear magnetons, 
compared with the Dirac value, 1.0 nuclear magneton. 
F,A1 implies a spread-out charge and spread-out 
Dirac moment and F;~1 implies a spread-out Pauli 
moment. For reference, the Rosenbluth formula with 
phenomenological form factors is 


et cost(0/2) 1 
al sin‘(6/2)) 1+ (2E/M) sin®(6/2) 





g 
x | Pb (Fit+uF.)? tan?(0/2)+u?F:?]}, (3a) 


16 M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 


PROTON 


5 
$ 


5 
“ 


|__ PROTON 
EXPONENTIAL 
7 08 
fm? 0.8 

| 


DIFFERENTIAL CROSS SECTION (CM?/STERAD) 


@ LAB (DEGREES) 


Fic. 9, The experimental points at 550 Mev. The theoretical calcu- 
lations are similar to those referred to in the legend of Fig. 6. 


where 
(2/X) sin(6/2) 


1 T+ (2E/M) sin?(@/2))" 





and A is the de Broglie wavelength of the electron. 

The effect of using the form factors is shown in Fig. 
10. For this figure an exponential model of the proton 
is assumed as an example. By this, it is meant that the 
proton has a charge density given by 


(4) 


In Eq. (4) as well as in subsequent ones, we shall omit 


Pexpon= poe”. 
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Fic. 10. Shown are the point-charge curve r,=0, tm=0 and 
various theoretical curves for an exponential proton with equal 
radii, such as 0.4,0.4 up to 1.0,1.0. These curves were obtained 
from Eq. (3) and the form factors 1, fF: appropriate to an ex- 
ponential model with the stated rms radii, 
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Fic. 11. Summary of the comparison between the exponential 
model with equal radii (0.8X10-" cm) and the experimental 
points. The square of the form factor is plotted against g*, where 
q is given by Eq. (3). ¢* is given in units of 10-** cm?. 


the parameter corresponding to an rms size, although, 
of course, the exponential has to be expressed in di- 
mensionless units. For example, pexpon can be expressed 
as poexp(—r/a), where 3.48 is the rms radius. The 
assumption that the magnetic-moment distribution has 
a shape and size equal to that of the charge distribution 
means that the magnetic-moment density has a dis- 
tribution of exponential type with the same radius as 
the charge and points in a single direction everywhere 
throughout the proton. Under these conditions its form 
factor will be exactly like that of the charge distribution. 
The actual computation of explicit form factors has 
been carried out, for example, by Rose,!’ Smith,!* 
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Fic. 12. The comparison of the experimental points with an 
exponential model with radii equal to 0.6X10-* cm. This is an 
example of a model which does not fit and shows the tolerance of 
the fit allowed by experiment. 


17M. E. Rose, Phys. Rev. 73, 279 (1948). 
18 J. H. Smith, Ph.D. thesis, Cornell University, 1951 (un- 
published) ; Phys. Rev. 95, 271 (1954). 
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Schiff,” and others. We shall not reproduce here any 
of the resultant expressions obtained by integration of 
the appropriate Born-approximation integral. It is 
known that the Born approximation is accurate for the 
proton to better than a few tenths of 1%.” 

The features of all other calculations, with different 
proton models, are similar to those shown in Fig. 10. 
The general effect is to reduce the scattering below that 
due to a point charge. At small angles the form factors 
approach unity and all curves meet with the point- 
charge curve. Thus, relative fitting of the experimental 
points to the theoretical curves benefits from the 
joining-up that must occur at small angles. 

When both the shape and size of the protonic model 
are assumed to be the same, Eq. (3) shows that the 
square of the form factor may be factored out and the 
result is a point-charge curve multiplied by the square 
of a form factor. Such calculations are the easiest to 
make. 
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Fic. 13. Summary of a comparison between the Gaussian model 
with equal radii (0.7 10~ cm) and the experimental points. In 
this case the theoretical plot is a straight line. g? is given in units 
of 10-* cm?. 


With the models above described, the following 
shapes have been examined : 


(5) 
(6) 
(7) 
(8) 
(9) 
(10) 


Pa=piexp(—r*), “Gaussian,” 
po=pr(e*/1*), 
pe=ps(e*/r), 
pa= pare’, 
Pe= pre, 


ps= per” exp(—r’), 


Yukawa, 


Yukawas, 


in addition to the exponential model of Eq. (4) and the 
uniform and shell distributions. These models cover a 
very wide range, and almost any reasonable shape can 
be approximated by one of them. The best fits are 
obtained with models 4, 5, 8, and 9. None of the other 
models can be made to fit the data at all energies. Each 


1” L. I. Schiff, Phys. Rev. 92, 988 (1953). 


% H. Feshbach, Phys. Rev. 88, 295 (1952). 
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model naturally requires a slightly different rms radius 
for the best fit, but all successful models give a radius 
very close to 0.75 10-" cm. 

For the exponential proton, which we shall take as a 
typical successful model, the best fit is obtained with 
the rms radii, r,=0.8X 10-" cm and r,,=0.8X 10-" cm. 
Figures 6 through 9 show the quality of the fit at various 
energies. A summary of all the data taken together can 
be well presented by plotting the square of the common 
form factor vs g’, where g is given in Eq. (3b). Such a 
plot is given in Fig. 11. Since F* is a function of ¢’, a 
single theoretical curve suffices for all energies. This is 
not the case when the charge and moment radii are 
unequal, for then a separate theoretical curve must be 
prepared for each energy. Figure 11 shows that the 
exponential model with radii equal to 0.8 10-" cm is 
very good at all energies. As an example of the tolerance 
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Fic. 14. An attempt to fit the data at 400 Mev with a small 
magnetic-moment distribution. 


of the exponential fit, Fig. 12 shows the exponential 
model with equal radii of 0.6X10-" cm. This is a case 
where a good model with an “incorrect” size will not 
fit. On the other hand, the Gaussian model with rms 
radii equal to 0.7 10~-* cm will fit just as well as the 
exponential model with 0.8X 10-" cm. Figure 13 shows 
how well this model fits. The theoretical plot in this 
case is a straight line. The Yukawa model (6) with 
equal radii cannot be made to fit even with radii as 
large as 1.5X10-* cm. 

The case of two unequal sizes has also been investi- 
gated. It has not been possible to find a unique model 
with two unequal sizes for the charge and moment 
clouds that will fit the data at all energies (within, of 
course, the tolerance permitted by experiment). A 
model with a small magnetic distribution cannot be 
made to fit under any circumstances. Figure 14 shows 
a typical case for r,=0.8X 10-" cm and r,,=0.4X 10-" 


GAUSSIAN MODEL 
fe =O 
fm 21.0 


Fic. 15. An attempt to fit the data at all energies with a Gaus- 
sian proton having r.=0, rm=1.0X10~* cm. The fit is not good 
and this model can be excluded. Separate curves are required for 
different energies. g* is given in units of 10-26 cm?. 


cm. It is possible to find suitable fits by using a larger 
magnetic-moment size and a smaller charge size. For 
example, it might be possible to choose r,=0.6X 10-" 
cm and 7r,,=0.9X 10~-* cm, and the data at all energies 
would be satisfied but not quite so well as with the 
models having equal sizes. On the other hand, a point- 
charge and spread-out moment will not fit, as shown by 
the summary graph given in Fig. 15. The results are 
similar for other models, such as the exponential and 
uniform. The limit on minimum charge size allowed by 
these experiments appears to be about 0.6 10~" cm. 
The maximum is about 1.5X10~" cm. Similar figures 
apply to the magnetic-moment radii. 

The fitting above has been carried out entirely in a 
relative manner. In other words, each set of data at a 
given energy was multiplied by a constant factor to 
obtain the best fit with theory. The data at each energy 
were thus treated independently. As stated above, the 
best fit converged on the models 4, 5, 8, and 9 with equal 
radii. A tabulation of the results is given in Table I. 

It is also possible to correlate the data taken at one 
energy with the data taken at another energy. For 
example, if a 30° point at 300 Mev can be taken at the 
same time and under the same conditions as a 75° point 
at 550 Mev, the lower energy point can be used to 
normalize the data. The low-energy point has an F? 
value that is essentially unity and thus, except for the 


TABLE I. Summary of the models and their values of rms 
radii which give the best fits. Equal radii for charge and moment 
are assumed. 





rms radius for best fit (re =7m) 


Model No. Shape in units of 107 cm 





4 ev 0.80+0.05 
5 exp(—r*) 0.72+0.05 
8 ret 0.78+0.05 
9 ret 0.75+0.05 

Mean (best fit) 0.77+0.10 
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TABLE II. Experimental ratios (column 1) at the quoted energies and angles. Columns 2 to 7 list the predicted ratios for the various 
models represented therein. Where a single radius is given, the value applies to charge and moment. In column 4 the charge radius is 
zero (a point) and the monent radius is 1.0 10~" cm. All lengths in the table are in units of 10% cm. 








1 2 3 


4 5 6 





Experimental 


Ratio ratio 


Model 8 
r =0.77 





a (300 Mev, 30°) 
@ (550 Mev, 75°) 
@ (300 Mev, 30°) 
@ (550 Mev, 60°) 
a (300 Mev, 60°) 
a (550 Mev, 75°) 
a (300 Mev, 60°) 
@ (550 Mev, 60°) 


440 +10% 


164 +10% 


18.9 +10% 


6.964 10% 


390 


126 








Schwinger correction, the cross section can be obtained 
absolutely from the Rosenbluth point-charge curve. 
Now the Schwinger correction varies by only 3% 
between the two extremes under comparison and can 
be allowed for with great confidence since the whole 
effect itself is small. Consequently, the cross section at 
the larger angle can also be obtained in an absolute 
way. The absolute cross section at high g values (large- 
angle, high-energy) is very sensitive to shape and can 
distinguish between the different models proposed. 
Table II gives a comparison among the predictions of 
the different models. 

From the comparison it appears that model 8 (column 
5) fits best although there is not much to choose between 
this model and the others. The table shows conclusively, 
however, that the small-charge cloud and _large- 
moment cloud (column 4) give an unacceptable fit to 
the data. It may be noticed that the experimental 
values appear to be a little high. This is probably a 
result of not knowing the absolute experimental energies 
precisely. 

One of the authors has made an “absolute” deter- 
mination of cross sections, using the absolute efficiency 
of the secondary-electron monitor’ and Judd’s" calcu- 
lations of effective solid angle of the spectrometer. 
These determinations agree excellently with the con- 
clusions of the relative fitting procedure and also with 
the semiabsolute comparison of large-angle, high- 
energy, and small-angle, low-energy data. The two 
authors, have, therefore, independently confirmed the 
best choices for the charge and moment distributions 
within the proton. 

In Fig. 16 we have displayed the result of these 
determinations. The ordinate of that figure is 4r’*p, 
which is a quantity proportional to the amount of 
charge in a shell at radius r. Three models (4, 5, and 8) 
are shown. All are good fits to the data at all energies 
and angles. Of the three, the model 8, the “hollow” 
exponential, is probably the best. Values of r, are also 


given, which represent the best estimate of the rms 
radius of the charge distribution. The best value for 
Tm, the rms radius of the magnetic-moment distribution, 
is equal to r,. The figure shows that a region is defined 
which outlines the three best fits and this region in the 
graph is what the experiments really determine. Any 
charge distribution lying in this region will define an 
equally good fit to the data. The region near radius zero 
is most poorly defined of all because the smallest amount 
of charge resides there owing to the r* factor. In other 
words, the exponential model, which has a high density 
at radius zero, cannot be distinguished well from a 
hollow exponential model in which the charge density 
is zero at radius zero, for just the reason given above. 
The fact that the hollow exponential model appears to 
be a slightly better fit than the exponential or Gaussian 
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Fic. 16. Shown in the figure are three charge distributions 
(Gaussian, exponential, and hollow exponential) which fit the 
data at all energies and angles. The hollow exponential is the 
best over-all fit of the three. In the figure the ordinate is 4rr*p, a 
quantity proportional to the amount of charge in a shell at radius 
r. The Yukawa and uniform models are examples of charge 
distributions which will not fit the data. In all cases, r, refers to 
the best value of the rms radius of the charge distribution. 7» is 
taken equal to r,. 
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may suggest that the density drops a little, or flattens 
off, as radius zero is approached from larger values. At 
the moment this remark is rather speculative, but there 
is no reason why an improvement in the accuracy of 
the data cannot fix the behavior near zero. In any case, 
the disagreement with models of type 6 (Yukawa, 
shown in Fig. 16) and 7, which have large central cores, 
implies that the center of the proton does not have a 
dense, charged core. Further improvement in accuracy 
will also help to clear up this point. 


IV. DISCUSSION OF THE RESULTS 


We have mentioned in this paper and in the earlier 
ones!” that the analysis of our results is phenomeno- 
logical. The analysis determines a charge distribution. 
From the charge distribution, an electrostatic potential 
can be calculated, using Poisson’s equation in the usual 
way. Now this potential as a function of radius is the 
essential meat that can be extracted from the expcri- 
ments. The basic integral of the Born approximation, 
containing, in its integrand, the potential multiplied 
by the product of ingoing and outgoing plane waves, 
underlies this fact. Consequently, electrostatic and 
magnetostatic potentials are the end products of these 
experiments. 

One may ultimately determine a protonic model in 
terms of a meson theory fitting the potentials we have 
found. These potentials have the feature that they 
flatten off as radius zero is approached, rather than 
increasing to infinity as the point-charge Coulomb law 
would predict. The effective deviations from the 
Coulomb law due to the flattening-off should be the 
goals of a meson theory which will then give results 
consistent with the experimental data. Of course, here 
we see immediately that the simple assumption that 
the Coulomb law breaks down (or equivalently, that 
Maxwell’s equations do not hold) at small dimensions 
(less than 10~" cm), will automatically explain our 
results and perhaps some other results.” This is what 
we have tried to point out in earlier papers,':? but we 
have no direct evidence that this breakdown does take 
place. Phenomenologically the finite-size interpretation 
and the breakdown of the Coulomb law cannot be 
distinguished from each other by these experiments. 
Electron-electron scattering experiments at multi- 
billion-electron-volts energy could do this. Since we 
cannot distinguish between these two possibilities, we 
have talked, for convenience, in terms of the finite-size 


21D. R. Yennie and M. Lévy (to be published). 
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interpretation. In any case, many of the implications of 
the two approaches are identical. 

A satisfactory meson-theoretic approach to the 
quantitative explanation of the finite proton size is not 
yet available, although Rosenbluth'® has sketched how 
this may be done. In the absence of such a theory a 
naive approach would involve assuming that the proton 
is an undissociated Dirac particle a fraction f of the 
time and a spread-out meson cloud for the fraction 
(1—f) of the time. During the latter time, scattering 
by the overturned value of the magnetic moment of 
the neutron, into which the proton was changed by 
emitting the #+ meson, would take place and appro- 
priate form factors allowing for times f and 1— f would 
have to be employed in the computation. Such calcu- 
lations are obviously not simple and will depend on the 
assumptions implicit in the particular meson theory 
to be used. We shall not consider such an interpretation 
at this time. However, it may be noted that the simple 
phenomenological interpretation given in this paper 
corresponds to a permanently dissociated proton. It is 
already clear from the experiments that a small dis- 
sociation time, corresponding to say, f=0.9, will not 
suffice to fit the experimental facts, because in this case 
the scattering would be quite close to point-charge 
scattering. 

By comparing cross sections at two energies at the 
same value of g, the ratio F,/F2 can be determined from 
Eq. (3a). This ratio will be independent of any assumed 
proton model. The comparison was made between three 
pairs of energies at a g* of about 4X10** cm™ and a 
value for the ratio was obtained F;/F2=1.1+0.2. 
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The charge distribution of the deuteron has been studied by electron-scattering experiments using 188- 
Mev and 400-Mev electrons. Both deuterated-polyethylene foils and deuterium gas targets were used. 
Two different scattering apparatuses were also used. All experiments are consistent with the following 


results. 


The charge of the deuteron is extended over a larger volume than that inferred from low-energy neutron- 
proton scattering. Specifically, the effective range of the neutron-proton potential is found to be at least 
(2.18+-0.15) X 10~ cm as compared with the n-p scattering result of (1.70+-0.03) X 10" cm. It is possible 
also to fit the data using a 1.70 10-" cm effective range, and a deuteron consisting of a point neutron and 
a proton with an rms radius of (0.82+0.17)X10~“ cm. This procedure, however, violates the assumption 
of the charge independence of the internal structure of nucleons. Finally, the 1.70X10-* cm effective 
range could be preserved by suitably modifying the Coulomb law at small distances. 





I. INTRODUCTION 


HE scattering of electrons from nuclei gives infor- 
mation about the distribution of charge in the 
nuclei.! Since the charge distribution (wave function) 
of the deuteron can be calculated directly from a 
knowledge of the potential between the neutron and 
the proton, an experimental measurement of this charge 
distribution by electron scattering would be expected 
to throw some light on the properties of the neutron- 
proton potential. 

The effective range of this potential has been quite 
accurately determined from low-energy neutron-proton 
scattering experiments,’ and, indeed, the analysis of 
these experiments is so fundamental and straight- 
forward that it would be surprising if an electron- 
scattering experiment should give a different result. 
However, the low-energy, neutron-proton scattering 
experiments have not yet yielded information about the 
shape of the nuclear potential between the neutron and 
proton. It seemed worthwhile, therefore, to do the 
electron scattering experiment to discover whether any 
information about the potential shape could be ob- 
tained. 


II. EXPERIMENTAL PROCEDURES 


Scattering from the deuteron has been observed at 
electron beam energies of 188 Mev and 400 Mev by 
detecting the elastically-scattered electrons. The 188- 
Mev data were obtained with the scattering apparatus 
at the halfway station’ of the Stanford Mark ITI linear 
accelerator. The 400-Mev scattering was performed in 
the end station of the same accelerator with a larger 
apparatus similar in principle to that at the halfway 


*The research reported here was supported jointly by the 
Office of Naval Research and the U. S. Atomic Energy Com- 
mission and by the U. S. Air Force, through the Office of Scientific 
— " the Air Research and Development Command. 

, Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 
1131 ( 1956) ‘for recent measurements on large nuclei. 

2 See, e.g., J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952), Chap. II. 

* This apparatus is described in J. A. McIntyre and R. Hof- 
stadter, Phys. Rev. 98, 158 (1955). 


station. In addition, a check run at 188 Mev was made 
in the end station. The scattering was performed also 
with both solid (CD2) and gas targets as before.* All 
runs at the two energies, at both stations, and with both 
kinds of targets are consistent with one another. 

A schematic diagram of the end station installation 
is shown in Fig. 1. The electron beam from the ac- 
celerator is deflected and its spread in energy limited 
by the energy defining slit. A second deflection directs 
the beam through a secondary-emission monitor* and 
onto either the scattering foil or gas target. The gas 
target is a cylindrical tube ? in. in diameter and 8 in. 
long, with its axis along the beam. The gas pressure is 
about 2000 psi. The beam striking the target has a cross 
section of roughly } in. by } in. The scattered electrons 
are deflected upward and analyzed by a 36-in. 180° 
double-focusing magnet spectrometer and then detected 
by a Lucite Cerenkov counter 4 in. in diameter. A large 
platform mounted on the spectrometer carries 10 tons 
of lead and concrete shielding around the counter. 
The spectrometer and counter are mounted on a twin 
5-in. gun mount supplied by the United States Navy; 
the entire apparatus can be rotated by remote control 
about the scattering target. The Faraday cup shown in 
Fig. 1 has not yet been installed.® 

The 188-Mev data are essentially a more careful re- 
run of the data published earlier.* Improvement in the 
data results chiefly from better statistics, repeated 
measurements, and a better understanding of the effects 
associated with the use of thick targets with the double- 
focusing magnet spectrometer. Nevertheless, there is 
still a lack of reproducibility in the data possibly due to 
hysteresis effects and small drifts in the magnetic field 
of the magnets. Efforts are being made to install 
magnetic-field measuring devices to replace the method 
of deducing the magnetic field from the magnet current. 

In the 188-Mev runs at the halfway station, elastic 


( 4G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
1955). 

5 For details of this apparatus see E. E. Chambers and R. Hof- 
stadter, Phys. Rev. 103, 1454 (1956), this issue. 
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Fic. 1. Schematic 
diagram showing the 
end station electron- 
scattering apparatus. 
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scattering from the deuteron was observed at angles 
between 35° and 120°. Five runs were made with the 
solid target, one with the gas target. One 188-Mev run, 
covering six angles, also was made in the end station 
with the gas target. In all runs (except the one in the 
end station) scattering from the proton also was 
measured at 50° to give a reference point (using a 
corresponding solid or gaseous hydrogen target). In all, 
36 points were taken at 188 Mev including the proton 
points. 

The 400-Mev deuteron points at the end station were 
taken at 5° intervals between 30° and 60°. Six runs 
were made with the gas target, one with the solid 
target. A proton reference point was taken at 30° in 
each run. In all, 27 points were taken at 400 Mev 
including the proton points. 

A typical curve, showing the number of 188-Mev 
electrons scattered by the solid target at 80°, is shown 
in Fig. 2. Figure 3 shows data at 60° using the gas 
target. The area between the CD» and carbon curves 
or under the gas curve is then measured to determine a 
quantity proportional to the number of elastically- 
scattered electrons at a particular angle. With curves 
such as these, and their associated areas, the cross 
sections for elastic scattering at the various angles and 
energies can be computed. 


III. CORRECTIONS TO DATA 


A number of corrections must be applied to the areas 
obtained from the curves such as the ones shown in 
Figs. 2 and 3. These corrections will now be considered. 

1. When using the solid target, the normal to the 
target is rotated to one-half the scattering angle to 
equalize energy loss in the target. Thus, the target 
thickness is ¢ sec(@/2), where ¢ is the thickness normal 
to the target. With the gas target, on the other hand, 
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the target thickness is /’ csc#, where ?’ is the length of 
the gas target ‘“‘seen” by the electron counter through 
the spectrometer magnet. 

2. Because of the recoil of the deuteron, the elasti- 
cally scattered electrons at various angles have different 
energies. Since the exit-slit width of the spectrometer 
has a constant value of Ap/p (p=electron momentum), 
the abscissa interval in Figs. 2 and 3 should be changed 
from dJ (J=magnet current) to dp/p. Therefore, the 
areas obtained are multiplied by (dp/p) X (1/dI) = (1/p) 
X (dB/dH), where dB/dH is the slope of the magnetiza- 
tion curve of the spectrometer (neglecting end effects). 
Because of the saturation of the halfway-station spec- 
trometer and the significant recoil energy of the deu- 
teron dB/dH varies by 60% for the range of angles 
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Fic. 2. Elastic elec- 
tron-scattering data 
obtained at 80° using 
the solid CD: target. 
The scattering from 
a carbon target is 
shown by the lower 
curve. The electron 
beam energy is 188 
Mev. 
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Fic. 3. Elastic electron-scattering data obtained at 60° using 
the gas target. The electron beam energy is 188 Mev. The points 


to the left of the dotted line represent electrons which have lost 
energy in the process of disintegrating the deuteron. 


covered in the deuteron experiment. In the end station, 
dB/dH is constant for the 188-Mev scattering and 
varies by 15% for the 400-Mev scattering. 

3. The number of electrons passing through the 
target during the counting period must be divided into 
the area measured under the scattered electron peaks. 
As mentioned before, the beam is monitored by a 
secondary-emission monitor. This type of monitor has 
been found to be stable within a few percent over long 
periods of time.‘ 

4. The scattering cross sections are determined for 
each run by normalizing the corrected area associated 
with the hydrogen scattering to the cross section for 
proton scattering as determined by Chambers and 
Hofstadter.® 

5. The radiative correction to the scattering theory® 
has been applied. This amounted to no more than 3% 
because of the method of normalizing to hydrogen. 

6. Correction was made for electrons lost from the 
experiment due to bremsstrahlung in the target.” At 
most, this was a 3% correction. 


IV. EXPERIMENTAL CHECKS 


A number of checks was made to determine whether 
the corrections of the last section were valid. These 
checks were often not pushed beyond an accuracy of 
10% even though better accuracy could have been 
obtained. This was because the experimental accuracy 
was already limited to 10% because of lack of repro- 
ducibility in the data as already mentioned in Sec. II. 

8 J. Schwinger, Phys. Rev. 76, 790 (1949). 


7H. A. Bethe and J. Ashkin, Experimental Nuclear Physics, 
— by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
p. 272. 


Following are the experimental checks made on the 
system. 

1. The geometrical correction to the target thickness 
was checked in two ways: First, for scattering at 50°, 
the solid target was set at 25° and then at 55°. The 
counting rate varied as sec(@/2) as it should to within 
a factor of 3%. This result showed not only that the 
calibration of the target angle was correct but also 
that the counter beyond the spectrometer magnet 
could “see” all of the target area struck by the in- 
coming electron beam. This latter conclusion follows 
from the fact that the horizontal dimension of this 
active target area depends on the target angle (in this 
test this dimension changed by 70%). 

The second check on the target thickness follows 
from the agreement between the scattering from the 
solid and the gas targets. This agreement was on the 
average better than 5%. Variations among different 
solid-target runs was sometimes greater than this. 

2. The value of dB/dH, the slope of the magnetiza- 
tion curve for the halfway-station spectrometer, was 
checked by four methods. The first method was to 
measure the magnetization curve at the center of the 
spectrometer with a Rawson rotating coil fluxmeter of 
2% accuracy. The second method was to measure the 
voltage induced in a fixed coil when the spectrometer 
current was changed by a small amount. A ballistic 
galvanometer was used to measure this voltage. This 
measurement gave dB/dH directly. The third method 
was to determine B and H from the recoil energies 
measured in the hydrogen and deuterium scattering. 
At a given angle the energy of the scattered electron 
could be calculated and B was obtained from this 
energy value. H was obtained at that angle experi- 
mentally by noting the magnet current required to bend 
the scattered electrons through the spectrometer. This 
method thus determined the magnetization curve over 
the region used in the scattering experiments. Finally, 
the fourth method was to relate B and H by measuring 
the difference in spectrometer current readings between 
the elastically- and inelastically-scattered electrons 
from carbon nuclei. Since the nuclear energy levels of 
carbon are well known, this information provided a 
10-Mev section of the magnetization curve at 188 Mev 
and at 150 Mev, the energies at which the carbon meas- 
urements were made. The last two methods measured 
more nearly the desired quantity as they include the 
effects of the fringing fields at the entrance and exit of 
the spectrometer. The four methods agreed with each 
other within 10%. 

For the end-station spectrometer, a rough check of 
the magnetization curve was made with the Rawson 
flux meter. The curve used in processing the data, 
however, was determined from the spectrometer cur- 
rents associated with the electrons scattered from 
hydrogen as measured by Chambers and Hofstadter.° 
The electrons scattered from deuterium checked this 
calibration within a few percent. Since the change in 
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the slope is only 15% for the 400-Mev data and is zero 
for the 188-Mev data at the end station, the slope 
does not need to be known accurately at these energies. 

3. A check was made on the constancy of the dis- 
persion Ap/p of the halfway-station spectrometer by 
placing a double slit at the spectrometer exit. The 
double peak resulting from the monoenergetic scattered 
electrons passing through these slits as the spectrometer 
current was varied gave the change in current required 
to move the electrons a fixed distance at the exit slit. 
A check at 186 Mev and at 143 Mev gave a 12% dis- 
crepancy. Because the spectrometer current shunt had 
been damaged and was found later to be in error by 
10%, this discrepancy is not viewed seriously and is 
ignored in processing the data. 

A check on the dispersion of the end-station spec- 
trometer using film exposures indicates good agreement 
with the theory of the magnet. It is known also from 
film exposures that this spectrometer gives a small 
focused spot (} in. by } in.) at the exit slit when 
analyzing 400-Mev monoenergetic electrons. 

4. An over-all check on spectrometer characteristics 
is provided by performing the 188-Mev scattering 
experiment at both the halfway station and the end 
station. Since the magnetization curve of the end- 
station magnet is linear at this energy, the agreement 
in scattering data obtained at these two locations gives 
an excellent check of all of the characteristics of the 
halfway-station spectrometer. This check provides 
another reason to doubt the 12% variation found in 
the dispersion of the halfway-station spectrometer. 
Finally, the agreement between the 400-Mev data in 
the end station and the 188-Mev data gives reason for 
confidence in the characteristics of the end-station 
spectrometer at 400 Mev. Chambers and Hofstadter® 
have also measured the magnetic field of the end- 
station spectrometer and its gradient over a wide range 
of energies and have found the values predicted by the 
magnet design. 

5. The effect of the walls of the gas target has been 
checked by McAllister and Hofstadter* by placing a 
metal foil comparable in thickness to the target wall 
between the target and the spectrometer. No change in 
the area under the elastically scattered electron peaks 
(such as the peak in Fig. 2) was observed within the 
accuracy of the measurement (10%). 

6. A plateau of Cerenkov-counter pulse heights was 
taken before each run to determine the discriminator 
setting of the counter-scaler combination. The counting 
system was also checked periodically by inserting a 
radioactive source and crystal in front of the Lucite 
Cerenkov counter which then acts as a light pipe. 

7. There is some uncertainty involved in measuring 
the areas under the experimental peaks (see Fig. 3). 
This occurs because there are inelastically-scattered 
electrons (to the left of the peak) which have dis- 


8R. W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
(1956). 
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integrated the deuteron. These electrons must be re- 
jected in the elastic-scattering measurement. Thus, the 
area is bounded on the left with the dotted line which 
has been sketched in to make the elastic peak roughly 
symmetrical. The accuracy of this procedure has been 
checked in two ways: The first is to sketch in dotted 
curves that seem to be in limiting possible reasonable 
positions. The area under the peak as measured by a 
planimeter is found to vary no more than +5% for 
these changes. The second check is to change the 
abscissa and ordinate scales of the peaks obtained at the 
various angles so that the peaks will coincide with one 
another when they are superimposed.’ The lower left 
portions of the peaks are ignored when making this 
superposition so that the problem of the inelastic 
scattering is circumvented. The abscissa and ordinate 
compression factors then give the ratios of the areas at 
the various angles. This procedure gave agreement with 
the other method of area measurement within +10%, 
the variations being on both sides of the first measure- 
ments. This shows that there is no large systematic 
error introduced by the inelastic electrons in measuring 
the area. This second procedure was not carried out very 
carefully as it was used only to detect a systematic error. 

8. There is little doubt that the above checks, which 
gave 10% discrepancies, could have been refined to 
give better consistency. The effort was not made to 
carry out this refinement because the reproducibility of 
the data was not better than 10% even when all 
experimental parameters were held constant. As men- 
tioned before, this lack of reproducibility is thought to 
be caused by drifts in the field of the beam-deflecting 
magnet before the energy-selecting slit or in the spec- 
trometer magnet. For example, if a change in field of 
0.1% should occur in either of these magnets while the 
point at current reading 374 in Fig. 3 was being taken, 
an error of 8% would occur in the number of counts 
obtained at that point. Such a change is thought to be 
not unlikely and would account for the 10% lack of 
reproducibility observed in the data. 


V. HANDLING OF DATA 


The data from each run were normalized by means 
of the experimental proton point. The deviation of the 
proton scattering from the scattering of a point proton 
has been determined by Chambers and Hofstadter® to 
be (0.88+0.05)% at 50° and 188 Mev and (0.81+ 
0.05)% at 30° and 400 Mev. Using these deviation 
factors and the theoretical cross section for scattering 
from a point proton,” the proton scattering cross 
sections are found to be (omitting the radiative correc- 
tions) : 


188 Mev, 50°, o=3.2310-” cm? sterad-', 
400 Mev, 30°, o=5.39X10-” cm? sterad-'. 


* This method was suggested to the author by Professor J. F. 
Streib. 
10M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 
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Fic. 4. Experimental points and theoretical F? (form factor)? 
curves. The three theoretical curves are for deuterons held 
together by three types of neutron-proton potentials. The shaded 
theoretical bands represent the uncertainty in the theoretical 
curves introduced by the standard deviation in the presently 
accepted effective range value of (1.70+-0.03) X 10-8 cm. 


From these values and the experimental ratios between 
proton and deuteron scattering, cross sections were ob- 
tained for the deuteron points. 

This method of determining the deuteron cross sec- 
tions gives excessive weight to the proton point, how- 
ever, as a poor proton point will result in all of the 
deuteron points in a given run being given incorrect 
cross sections. Consequently, a constant multiplying 
factor was applied to the cross sections of each run so 
as to give a least squares fit for all of the data. This 
adjustment did not change the normalization of any 
run by more than 2%. 

The mean value for the cross section for each deu- 
teron angle was then obtained by averaging the deu- 
teron points from the various runs. The standard 
deviation of this mean was computed from the different 
cross-section values used in obtaining the mean. In 
almost all cases, the deviations between different runs 
were larger than the statistical deviations. At angles 
where only one run was made, the deviation was arbi- 
trarily set equal to that for the neighboring angle since 
that deviation was always larger than the statistical one 
for the single run. 

In order to compare the experimental results with 
theory, it is convenient to divide the experimental cross 
sections by the theoretical cross section for the scatter- 
ing by a point particle with the mass and charge of the 
deuteron [see Eq. (4) ]. This ratio is designated by F°, 
(form factor)’, and is plotted in Fig. 4 as a function of 
g, the momentum transfer of the scattered electron in 
the center-of-mass system. The theoretical curves 
plotted in Fig. 4 will be discussed in the next section. 


VI. THEORETICAL CONSIDERATIONS 
As mentioned before, there is a simple theory for the 
deuteron.’ From low-energy neutron-proton scattering 


data, an effective range of the neutron-proton potential 
can be determined which is essentially independent of 


the shape of the potential. Using Bethe’s notation," 
the effective range of the triplet potential is found to be 
p(0, —e)= (1.70+0.03) x 10-" cm.'!* (e is the binding 
energy of the deuteron.) 

In the work which follows, three types of neutron- 
proton potentials have been considered: the Hulthén 
potential, V(r) =e-*"/(1—e-*") (which is essentially a 
Yukawa potential but can be handled more easily 
mathematically),!* the square-well potential, and a 
repulsive-core potential" yielding a deuteron wave func- 
tion of the type 


¥=0 forr<a, p=(1/r){e~-"—e-%e-”} for r>a. 


A deuteron binding energy of e= 2.226 Mev is used."® 

For the Hulthén potential, p(—«, —e) is evaluated 
in terms of the wave function, p(—e, —«) then being a 
function of K, the Hulthén potential parameter. To 
evaluate K, the value of p(—e, —«) must be found from 
p(0, —¢)=1.70.'* This is done by combining Eqs. (33), 
(10), and (13a) from Bethe’s article" to obtain 


p(€2,€1)=ro— 2Pro° (ko? +h”). (1) 


For the Yukawa well, Blatt and Jackson" give P to 
be 0.14 so that Eq. (1) above gives ro>=p(0,0)=1.63 
and p(—e, —e)=1.77. For this value of p(—e, —e), K, 
the Hulthén potential parameter, is found to be 1.13. 
The wave function for the deuteron is then determined 
and also its square, the charge distribution. To obtain 
the charge distribution in the laboratory system, the 
lengths given above are divided by two. Using the Born 
approximation for electron scattering from this distri- 
bution,'* the scattering is found to be™ 


1.580 q q 
F(q)= ( tan 2 tan~—— 





3.19 


+a), (2) 


q \ 0.930 


where g= (2p/h) sin(0/2)[1+ (26/Mc) sin?(6/2) }-4, p is 
the incoming electron momentum, @ is the scattering 
angle in the laboratory, and M is the deuteron rest 
mass. F?(q) is defined as the ratio of actual scattering to 
that expected from a point scatterer. Equation (2) thus 
gives the theoretically expected modification to point- 
charge scattering of a deuteron bound together by a 
Hulthén potential. 

Electron scattering from a deuteron with a square- 


1H. A. Bethe, Phys. Rev. 76, 38 (1949). 

12 See reference 2, 5. 

LL. Hulthén, Arkiv Mat. Astron. Fysik. 28A, No. 5 (1942). 

“V, Z. Jankus, Phys. Rev. 102, 1586 (1956). 

15 See reference 2, p. 51. 

16 Henceforth, all "lengths will be expressed in units of 10- cm. 

17 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 

18 W. A. McKinley, Jr. and H. Feshbach (Phys. Rev. 74, 1759 
(1948) ] have shown that the Born Ce nemal pot is accurate to 
better than 4% for scattering from sing] a 

19 See, e.g., M. E. Rose, Phys. Rev. 73 279 ( “isaaye x calcu- 
lation of form factors. 
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well potential between neutron and proton has been 
calculated by Smith.” A procedure similar to that used 
with the Hulthén potential was followed to determine 
the range and depth of the square well for use in Smith’s 
equation. By using the data in Blatt and Jackson!’ as 
above, (0,0) was found to be 1.73 for p(0, —«)=1.70. 
The potential range to give this value for p(0,0) was 
found to be 2.04 with a potential depth of 35.2 Mev. 
Smith’s equation then gives the form factor F(q) for 
scattering from such a deuteron. 

Jankus" has calculated the scattering from a re- 
pulsive-core potential using the repulsive-core wave- 
function given above. If one investigates instead an 
extreme repulsive-core model [y= (1/r)e~* beyond the 
core radius ], it may be shown that p(—e, —¢€)=1.67 for 
p(0, —e)=1.70. The assumption has been made in the 
following that this is true for Jankus’ wave function 
also. Therefore, the repulsive-core scattering in this 
paper has been calculated for p(—e, —e)=1.67. A core 
radius of 0.65 has been used. 

The values for F?(q) are plotted in Fig. 4 for the 
Hulthén, the square-well, and the repulsive-core deu- 
terons. The 0.03 standard deviation in the effective 
range value is indicated for the Hulthén and repulsive- 
core potential by the shaded areas. 

Thus far, the deuteron has been considered as con- 
sisting solely of a neutral and a charged particle 
attracted to each other by a central potential and in an 
S state. The magnetic moments of the neutron and 
proton and the mixture of D state in the wave function 
must also be considered as to how they affect the elec- 
tron scattering. The magnitude of these effects has 
been investigated by Jankus."* He has found that the 
scattering of electrons from the magnetic moment of 
the deuteron has a cross section 


Tmom > {3 (e?/Mc?)*up*[ 1+ csc? (6/2) ]} 
X {1+ (2p/Mc) sin?(0/2)}-*X Fmom’(q) 
= Cpoint mom F mom*(q), (3) 


where ¢ is the electronic charge and up is the magnetic 
moment of the deuteron in nuclear magnetons. This is 
seen to be negligible, in most cases, when compared to 
the scattering from the charge of the deuteron which is 
simply Fharge?(q) times the Mott scattering from a 
point charge”!: 


charge = (<) csc* (0/ 2) cos?(6/ 2) 
2pe 


x { 1+ (2p/Mc) sin?(6/2) }-'X Feharge?(q) 
= Cpoint charge X Fcharge* (q). (4) 
For instance, at the largest scattering angle of 120° at 
188 Mev, TF point onnnf Poctan charge is 11% while at 90° it 
2 J. H. Smith, Ph.D. dissertation, Cornell University, 1951 


(unpublished). 
4 N. F. Mott, Proc. Roy. Soc. (London) A135, 429 (1932). 
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is only 3%. For the 400-Mev scattering at the largest 
angle, it is 4%. 

The small admixture of D state in the deuteron 
wave function (about 4% of the charge distribution) 
affects the wave function in two ways: it contributes 
to the spherically symmetric part of the wave function, 
and it accounts for the quadrupole moment. The con- 
tribution to the electron scattering of these two D-state 
effects is shown by Jankus" to be of the order of no 
more than a few percent.”” 

Because of the smallness of all of the contributions to 
the cross section in comparison to the scattering from 
the charge, it is necessary in the following to consider 
only the charge scattering. Therefore, the experimental 
cross sections have been divided by the scattering from 
a point charge [opoint charge in Eq. (4)] to give the 
experimental F? plotted in Fig. 4 (see Sec. V). 


VII. DISCUSSION OF RESULTS 


Figure 4 shows that there is a large discrepancy be- 
tween the theoretical curves and the experimental data. 
The following possibilities are available to explain this 
discrepancy : 

1. The neglected factors mentioned in the last section 
should be taken into account. However, these factors 
all add to the theoretical curve and, hence, make the 
discrepancy in Fig. 4 larger. Thus, the discrepancy in 
Fig. 4 results. This feature of the deuteron scattering 
greatly simplifies the interpretation of the experimental 
results. 

2. The experimental points may be made to agree 
with theory by increasing the effective range of the 
neutron-proton potential in the deuteron. If this is 
done a fit may be obtained for the data as shown in 
Figs. 5 and 6. For the Hulthén deuteron p(0, —e) 
=2.47_9.37°-*, and for the repulsive-core deuteron 
p(0, —e)=2.18+0.15. The square-well deuteron is in- 


0 
ani 5 
Fic. 5. Experimental points fitted by a theoretical Hulthén 
deuteron with suitable effective range. The upper and lower 
curves represent the extremes in effective range values that will 
still fit the experimental data. 


2 The effect of the D-state admixture was first calculated by 
L. L. Schiff, Phys. Rev. 92, 988 (1953). 
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Fic. 6. Experimental points fitted by a theoretical repulsive- 
core deuteron with suitable effective range. The upper and lower 
curves represent the extremes in effective range values that will 
still fit the experimental data. 


distinguishable from the repulsive-core deuteron (see, 
e.g., Fig. 4). 

These effective range values are seen to be at least 
(16+5) standard deviations outside the presently ac- 
cepted value for the effective range of 1.70+0.03. 
This latter value for the effective range is based on the 
simplest assumptions about the neutron-proton poten- 
tial. It is thus necessary to make a fundamental 
modification in the present ideas about nuclear forces 
in order to increase the effective range obtained by low- 
energy neutron-proton scattering a sufficient amount to 
agree with the results of the electron-scattering ex- 
periments. 

3. An agreement between experiment and theory can 
be obtained by assuming that the charge cloud of the 
proton in the deuteron is spread out over a root-mean- 
square radius of about 0.8, while the cloud for the 
neutron extends over a region much smaller than this. 
This assumption is in agreement with the electron- 
proton scattering experiments of Chambers and Hof- 


a4 as 


Fic. 7. Experimental points fitted by a theoretical Hulthén 
deuteron containing a proton with suitably spread-out charge 
distribution. The radial dependence of the proton charge density 
is Gaussian. 


stadter® and the neutron-electron scattering experi- 
ments of Melkonian et al.% and Hughes et al.™:*5 

The form factor of a deuteron which contains a 
proton with form factor Fp is FpX Fp, where Fp is the 
usual deuteron form factor. Figure 7 shows the modified 
deuteron form factor for a Hulthén deuteron which 
contains a proton with Gaussian radial charge distribu- 
tion. The best fit with the experimental data is obtained 
with a proton rms radius of 0.85. The upper and lower 
limit proton radius values are 1.00 and 0.70, respec- 
tively. Figure 8 shows the repulsive-core deuteron form 
factor modified by a Gaussian proton. The curves here 
fit for a proton rms radius of 0.80+0.15. 

Some change in these values occurs if the proton 
radial charge distribution is different from the Gaussian. 
The change is such as to increase the proton rms radius 
values required to fit the experimental data. Thus, the 
proton rms radius values of 0.85+0.15 for the Hulthén 


° a4 as 20 24 28 
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Fic. 8. Experimental points fitted by a theoretical repulsive- 
core deuteron containing a proton with suitably spread-out charge 
distribution. The radial dependence of the proton charge density 
is Gaussian. 


deuteron and 0.80+0.15 for the repulsive-core deu- 
teron are minimum values. As mentioned above, the 
square-well deuteron gives the same result as the 
repulsive-core deuteron. 

Yennie** has pointed out that the assumption made 
here of a proton and neutron of different size existing 
in the deuteron is almost equivalent to abandoning the 
property of the charge independence of the internal 
structure of nucleons. His argument is that, if one 
assumes charge independence of the neutron and proton 
in the deuteron, the x— meson cloud about the neutron 
and the x* meson cloud about the proton will just 


23 Melkonian, Rustad, and Havens, Bull. Am. Phys. Soc. Ser. II, 
1, 62 (1956). 

*% Hughes, Harvey, Goldberg, and Stafne, Phys. Rev. 90, 407 
1953). 

25 For a discussion of the relation between the neutron-electron 
interaction and the extension of the neutron charge cloud, see, 
e.g., H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1955), Vol. 2, pp. 297-299. 

%D. R. Yennie, Phys. Rev. 100, 1795 (1955) and Yennie, 
Lévy, and Ravenhall (to be published). 
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cancel each other because the wave function for the 
neutron in the deuteron is the same as that for the 
proton. Thus, the protonic nucleon core is alone re- 
sponsible for the charge distribution of the deuteron as 
measured by the electron-scattering experiments. This 
argument applies also to the mesons exchanged between 
the neutron and proton. Therefore, either the nucleon 
core has an rms radius of 0.8 or the assumption of 
charge independence is invalid. Since the nucleon 
Compton wavelength is 0.2, the first possibility seems 
unlikely. Therefore, it seems necessary to abandon the 
assumption of charge independence of nucleons if the 
discrepancy of Fig. 4 is to be removed by postulating a 
proton rms radius of 0.8 and a smaller neutron in the 
deuteron. 

4. The discrepancy between theory and experiment 
in Fig. 4 can be removed by assuming a modification of 
the Coulomb law of interaction between the deuteron 
and the scattered electrons.** This follows from the 
fact that an electron-scattering experiment measures 
the potential of the scatterer. A departure of this 
potential from the Coulomb law has heretofore been 
interpreted as evidence for a spread-out charge distri- 
bution. However, if the Coulomb potential itself is not 
the correct one at small distances for a point charge, 
then a different charge distribution would be implied 
by the electron-scattering experiments. Thus, a suitable 
modification of the Coulomb potential can be invoked 
to obtain agreement between experiment and theory in 
Fig. 4. 


VIII. CONCLUSIONS 


There is a discrepancy between the charge distribu- 
tion of the deuteron as determined by the electron- 
scattering experiments reported here and the charge 
distribution as inferred from low-energy neutron-proton 
scattering. This discrepancy is associated only with the 
charge of the S state of the deuteron. In order to remove 
the discrepancy, the following three procedures are 
possible : 

1. Increase the effective range of the neutron-proton 
potential from the presently accepted value of (1.70 
+0.03)X10-" cm to at least (2.18+0.15)10-" cm. 
This latter value is 16+5 standard deviations higher 
than the present value. This procedure entails a re- 
evaluation of the fundamental nuclear theory used in 


FROM DEUTERON 1471 
obtaining the effective range from low-energy neutron- 
proton scattering experiments. 

2. Postulate a point neutron and a proton with rms 
radius (0.830.17) X 10— cm as the components of the 
deuteron. This procedure entails the abandonment of 
the assumption of the charge independence of the 
internal structure of nucleons. 

3. Assume that the Coulomb law of interaction be- 
tween the scattered electron and the deuteron is 
modified at small distances. 

Finally, it should be noted that because of the 
uncertainty in interpreting the experiments, no infor- 
mation can be deduced concerning the shape of the 
neutron-proton potential. 
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244 examples of proton-proton scattering have been observed by using the hydrogen-filled diffusion cloud 
chamber of the Brookhaven cloud chamber group. The mean energy of the incident protons was measured 
to be 8104100 Mev. The reactions observed were (1) p-+p — p+), 126 examples, (2) p+p — p+n+rt, 
84 examples, (3) p+ — d+, 1 example, and (4) +p — p+p+7°, 5 examples, with 28 examples which 
can be either reaction (2) or (4). The total proton-proton cross section was determined to be 45-6 mb. The 
ratio R of the cross section for x+ production to that for x® production is 17-8. An elastic differential distri- 
bution strongly peaked in the forward direction was obtained. Angle and momentum distributions of 
particles and angular correlations between pairs of particles from reaction (2) are presented. No interactions 
leading to the production of more than one meson or of heavy unstable particles were identified. 





A. INTRODUCTION 


HERE has been considerable interest for some 

years in the scattering of nucleons by nucleons 
because it is related to the force which acts between 
them. Charged-particle accelerators are the usual source 
of monoenergetic groups of nucleons and the simplest 
stable isotope is the proton itself; consequently, many 
proton-proton (-p) scattering experiments at various 
energies have been performed.’ 

The most fruitful approach to the problem of the 
force between nucleons involves the assumption that 
the strong attraction which first acts when they come 
within a distance of ~10-* cm results from the exchange 
of one or more pions.” A kinetic energy of 290 Mev is 
required of a bombarding proton in order to materialize 
a pion from a collision with a proton at rest. The 
possibility of pion production, however, does not appear 
to affect the gross features of the -p interaction until 
the bombarding energy exceeds 400 Mev.?# 

A great deal of experimental and theoretical work 
has been done at energies below the threshold for pion 
production.’* The situation between 290 Mev and 400 
Mev has been investigated rather intensively since 
1950. Pion production has received most attention, 
but elastic scattering has been studied in detail.‘ A 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission, The measurements and analysis were 
performed at Yale University. The cloud chamber and associated 
equipment were provided by the Brookhaven cloud chamber 
group. 

{ Now at Brookhaven National Laboratory, Upton, New York. 

Now at San Diego State College, San Diego, California. 

1See J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 
77 (1950); J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear 
Physics (John Wiley and Sons, Inc., New York, 1952). 

*H. Yukawa, Proc. Phys. Math. Soc. Japan 17, 48 (1935); 
H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. 2. 

*B. Rossi, High Energy Particles (Prentice-Hall, Inc., New 


York, 1952). 

« Marshall, Marshall, and Nedzel, Phys. Rev. 98, 1513 (1955) ; 
Ypsilantis, Wiegand, Tripp, Segr?, and Chamberlain, Phys. Rev. 

, 840 (1955); Sutton, Fields, Fox, Kane, Mott, and Stallwood, 
Phys. Rev. 97, 783 (1955); Kane, Stallwood, Sutton, Fields, and 
Fox, Phys. Rev. 95, 1694 (1954); Chamberlain, Segré, Tripp, 
Wiegand, and Ypsilantis, Phys. Rev. 93, 1430 (1954); J. M. 
Dickson and D. C. Salter, Nature 173, 946 (1954); Marshall, 


summary of results and theoretical interpretations for 
p-p interactions at high energies has been given recently 
by Bethe and de Hoffmann? 

It has long been known that for each primary cosmic 
ray striking the earth’s atmosphere, several mesons 
appear near sea level. Since about 85% of primary 
cosmic rays are protons, it is likely that copious 
production of pions occurs when protons of average 
energy ~10 Bev strike matter.5 Recent cosmic-ray 
work has shown that many pions can result from the 
encounter of such a proton with a single nucleus, and 
some studies have indicated the possibility of multiple 
pion production in nucleon-nucleon encounters.5:* Two 
early results from the Brookhaven National Labora- 
tory’s Cosmotron indicated that a strong increase in 
pion production in nucleon-nucleon collisions occurs 
as energy increases above 400 Mev. Frequent double 
pion production in neutron-proton collisions at an 
average bombarding energy of 1.7 Bev was seen,’ 
and a rise in the total cross section for p-p interaction 
from 26 millibarns at 400 Mev to 48 millibarns at 
830 Mev was observed.* Independent observation of 
the rise in p-p cross section between 400 Mev and 600 
Mev has been reported recently.® 

This paper reports some results concerning p-p 
interactions at 810 Mev, obtained from photographs 
of a diffusion cloud chamber containing hydrogen gas 
at a pressure of twenty atmospheres and operating in a 


Marshall, and Nedzel, Phys. Rev. 93, 927 (1953); Chamberlain, 
Segré, and Wiegand, Phys. Rev. 83, 929 (1951). 

5 J. G. Wilson, Progress in Cosmic Ray Physics (Interscience 
Publishers, Inc., New York, 1952), Vol. I; L. Janossy, Cosmic Rays 
(Clarendon Press, Oxford, 1948). 

*M. L. Vidale and M. Schein, Phys. Rev. 84, 593 (1951); 
Kusumoto, Miyake, Suga, and Watase, Phys. Rev. 90, 998 
(1953). 

7 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 

8Shapiro, Leavitt, and Chen, Phys. Rev. 95, 663 (1954); 
Chen, Leavitt, and Shapiro, Phys. Rev. 103, 212 (1956). 

®“Russian experiments with 660-Mev_ synchrocyclotron,” 
Argonne National Laboratory, 1955. Translated by M. Hamer- 
mesh from Doklady Akad. Nauk U.S.S.R. 99, No. 6 (1954). 
Also, Dzelepov, Moskalev, and Medved (private communication). 
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magnetic field of 10 000 gauss.’° Similar experiments" 
have been performed at 1.5 and 2.75 Bev. 

This work represents a continuation of a preliminary 
cloud chamber survey of nucleon-nucleon and pion- 
nucleon interactions at the Cosmotron. Previous 
publications have given results concerning m-p inter- 
actions at 1.7 Bev’ and x~— interactions at 1.4 Bev.” 
Interactions in which heavy unstable particles are 
produced have also been discussed."* The present work 
on p-p interactions followed the same general procedures 
for cloud chamber operation and for analysis of the data. 

When work on p-p interactions at 1.5 Bev was begun 
(1953), the only information available for energies 
above 500 Mev was that derived from cosmic-ray data, 
which mainly involved collisions with heavy nuclei. 
In this experiment interactions occur in hydrogen gas 
in the chamber. Since two positive particles (at least) 
emerge from each interaction, all the different inter- 
actions can be observed directly. In principle, all 
aspects of p-p interactions could be investigated in this 
way, but in practice the results are limited by am- 
biguities in interpretation and by statistical un- 
certainties. 

The experiments described here and in II and III" 
were intended to give a picture of the nature of p-p 
interactions, and to provide a comparison with n-p and 
a--p interactions.’ In particular, the data should 
provide information at three different energies concern- 
ing the following: 1. total interaction cross section; 
2. ratio between elastic and inelastic cross sections; 
3. angular distribution in elastic scattering; 4. multi- 
plicity of pion production; 5. momentum, angle, and 
charge distribution of secondaries from inelastic events; 
6. angular correlations and Q values between pairs of 
secondaries from inelastic events; 7. production of 
‘new unstable particles.” 

Results of other experiments which have become 
known as the work progressed include: (1) determi- 
nation of the differential cross section for elastic p-p 
scattering in the range from 0.4 to 1.0 Bev at 
Brookhaven"; (2) results from a series of experiments 
at the Moscow synchrocyclotron® (peak energy 700 
Mev) concerning many aspects of p-p interactions and 
pion production; (3) results from emulsion studies at 
Birmingham" of 0.65 and 1-Bev proton interactions 


10 Fowler, Shutt, Thorndike, and Whittemore, Rev. Sci. Instr. 
25, 996 (1955). 

4 This paper and the next three form a series dealing with the 
following cobnactes I. p-p interactions at 810 Mev; II. p-p inter- 
actions at 1.5 Bev; III. p-p interactions at 2.75 Bev; IV. com- 
parison of data on p-p interactions at 0.8 to 2.75 Bev and interpre- 
tation of the results. Papers I, II, and III present the experimental 
results. Conclusions involving comparison with other experiments 
and with theoretical predictions are deferred until paper IV, so 
that interpretations can be given in a unified way. 

1 Eisberg, Fowler, Lea, Shepard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 

13 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 91, 
1287 (1953) ; 93, 861 (1954) ; 98, 121 (1955). 

4 Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 

18 Lock, March, Muirhead, and Rosser, Proc. ve Soc. 
(London) A230, 215 (1955); W. O. Lock and P. V. March, Proc. 


INTERACTIONS AT 810 MEV 


1473 


with various nuclei; (4) preliminary results from a study 
of p-p interactions at 0.65 Bev at Birmingham using 
a cloud chamber similar to the one used at Brook- 
haven'*; (5) preliminary data from a study at the 
Bevatron of elastic p-p scattering in the Bev range.’” 
These results are included for comparison at the 
appropriate places in the following papers. A pre- 
liminary summary of the results given in this and the 
following papers was presented at the 1955 Rochester 
Conference.!8 


B. EXPERIMENTAL PROCEDURE 


The protons for this experiment were obtained by 
“blowing up” the internal beam horizontally. The 
radio-frequency accelerating voltage of the Cosmotron 
continued to act until the magnetic field had passed its 
maximum and was decreasing. Upon removal of the 
accelerating voltage, part of the circulating beam 
spiraled out and emerged from the vacuum tank 
through a thin aluminum panel in the “south straight 
section.” The particles traversed this window at such 
a small angle that their path in aluminum was still 
about 1} in. The exact trajectories of the protons as 
they leave the Cosmotron are not known, primarily 
because of uncertainty in the fringing field. After the 
particles passed through a 6-in.X6-in. channel suitably 
placed in the concrete shielding of the Cosmotron, they 
were deflected by about 18° with a steering magnet and 
then passed through the cloud chamber. The total 
quantity of material traversed by the protons before 
entering the cloud chamber is equivalent in stopping 
power to about 120 g/cm? of copper. This corresponds to 
an average beam energy loss by ionization of 190 Mev 
for an initial circulating beam energy of 1 Bev. 

Figure 1 shows the momentum distribution of the 
beam obtained from measurements on 200 tracks 
randomly selected from the 17 500 photographs used 
for this experiment. The average kinetic energy and 
spread in that energy corresponding to protons with 
the observed momentum distribution is 0.81++0.10 Bev. 

Positive pion contamination of the magnetically 
deflected beam is expected to be negligibly small since 
the circulating beam (1700-Mev/c momentum corre- 
sponding to 1.0-Bev kinetic energy) cannot produce 
pions with momenta higher than about 0.9 Bev/c. 
The steering magnet would deflect particles of such 
momentum through an angle of about 30°, causing 
them to miss the cloud chamber. 

The photographs were scanned for scatterings, 
V particles, and stars. 244 examples of scattering of 


Roy. Soc. (London) A230, 222 (1955); Duke, Lock, March, 
1988)” McKeague, Hughes, and Muirhead, Phil. Mag. 46, 877 

1%L. Riddiford, Birmingham University (private com- 
munication). 

17 B. Cork and W. A. Wenzel, Phys. Rev. 100, 962 (1955). 

8 Noyes, Hafner, Yekutieli, and Raz, Fifth Annual Rochester 
Conference on High-energy Physics (Interscience Publishers, Inc., 
New York, 1955), p. 43. 





MORRIS, 





T T T 





























No, OF TRACKS PER 100 Mev 

















a i I | 1 
1000 1200 1400 1600 
BEAM MOMENTUM (Mev/C) 








Fic. 1. Proton beam momentum distribution. 


beam particles were found. Area scanning as well as 
along-the-track scanning was used. 70% of the photo- 
graphs were scanned by two observers in order to 
evaluate the scanning efficiency better. General features 
of the procedure of reconstructing events in space and 
measuring momenta have been described previously.’-” 
The orientation angles are measured for each outgoing 
track of an event. The angle which the outgoing track 
makes with the incoming beam direction is called 8. 
The azimuthal angle about the beam direction is 
denoted by ¢, where ¢=0° is the downward direction 
in the cloud chamber. 

The following reactions have been observed: (1) 
pt+p— pt? (elastic), (2) ptp— ptntnt (called 
gn+), (3) ptp—dtxt (d+), and (4) ptp—op 
+p+7° (pp0). In analyzing a scattering event, it was 
first determined whether all three tracks were coplanar. 
If so, it was further determined whether the angles of 
the outgoing tracks agreed with the kinematic require- 
ments for elastic events. In that case the event was 
classified as elastic; otherwise, inelastic. Elastic events 
were not considered further except to check the 
momentum of the tracks against kinematic require- 
ments. Similarly, (d+) events were identified by 
the kinematic relations among angles and momenta. 
With these criteria all events were determined with 
reasonable certainty to be either elastic or inelastic. 

Inelastic events other than (d+) were examined to 
see if they could most reasonably be classified as (pn+) 
or (pp0). In many cases, the event was determined 
unambiguously by identification of an outgoing meson 
or two protons from ionization and momentum or angle. 
(The maximum angle in the laboratory system of a 
nucleon from an event in which a single meson is 
produced is 54° at 0.81 Bev.) If the momenta of all 
tracks could be measured, then the momentum of the 
neutral particle was calculated. The final total energy 
was then compared with the initial total energy. If 
they agreed within 20 Mev, energy was considered 
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to be conserved and the event was determined. If not, 
the momenta were varied within experimental limits 
until agreement was obtained. 

If all momenta in an event could not be measured, 
values consistent with ionization were tried. If tracks 
could not be identified, then all possible interpretations 
were tried. Usually all interpretations but one were 
excluded by the failure of energy conservation for all 
reasonable variations of momentum and ionization or 
even for all possible momentum assignments. When 
more than one interpretation was possible, one interpre- 
tation usually fit the measured data better than the 
others. 

Good results can be obtained by this method of 
constructing interpretations to fit the available data 
in a larger fraction of the cases here than at higher 
energy, since (1) there are a smaller number of partici- 
pating reactions, (2) momenta are lower and conse- 
quently more accurately measured, and (3) most 
protons are at ionization greater than minimum and 
hence can be distinguished from mesons more 
frequently. About 80% of the inelastic events were 
identified by this technique. 

All events were tested to determine the number of 
neutral particles. No event could be made to fit a 
double production scheme more favorably than a single 
production scheme. It is unlikely that any event is a 
case of double production, since the absence of an 
additional 140 Mev out of a total of 380 Mev available 
in the center-of-mass system should be apparent. No 
interactions leading to heavy unstable particles were 
identified. 


C. TOTAL CROSS SECTION 


Two independent determinations of the total cross 
section have been made from pictures selected from 
one running day (September 16, 1954). The first 
measurements, made at Yale University, were from 
4100 pictures. The second measurements, performed at 
Cornell University by V. T. Cocconi and E. Hart, were 
from 5400 pictures including the 4100 used at Yale. 

The following method was used at Cornell University : 
The requirement was made that events have at least 
1 cm of incoming track, and that they lie in a restricted 
region of the cloud chamber. The restricted region, 
located in the central portion of the chamber, was well 
defined by fiducial marks. The total track length in 
the restricted region was measured in every fiftieth 
picture. Every track or portion of track whose length 
was more than 1 cm was included in the count. Only 
tracks within specified limits of the nominal] beam 
direction and momentum were included. A similar 
method of track and event selection was used by the 
Yale group. 

The pictures were scanned very carefully; most of 
them were scanned three times by three different 
groups, and all were scanned twice. The following 
method for estimating the scanning efficiency was 
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applied. Since it is to be expected that events with 
tracks of azimuthal angle ¢ near 0° or 180° (¢ angles at 
which the horizontal projection of the outgoing track 
makes a small angle with the beam track) would be 
harder to recognize during scanning, only those events 
with tracks in the range 30°<¢ <150°, 210°<¢ <330° 
were counted. Inelastic events which had only one 
track in this range were counted as half an event. 
The number of events thus obtained was then multiplied 
by $ to give an adjusted total for all ¢. This method 
gave the same total number of events as had been 
recorded when all ¢ angles were accepted, and therefore 
indicated that no events were missed because of small 
¢ angles on the film selected for the total cross-section 
determination. The most reasonable assumption is that 
our scanning efficiency is 100% for the total cross- 
section measurement, although it is conceivable that 
one or two obscure events could have been missed. 
However, it was found by this method that 12 elastic 
and 23 inelastic events were missed on all the film. 
Furthermore, it is likely that an additional 6 elastic 
scatterings at very small angles were missed (see 
Sec. E). 

With the above considerations, the measured cross 
sections were: 


48+6 mb (Cornell) (from 56 events), 
42+7 mb (Yale) (from 42 events), 
45+6 mb (mean). 


D. PARTIAL CROSS SECTIONS 


The partial cross sections for the reactions contri- 
buting to p-p scattering at 810 Mev are given in this 
section. Attempts were made to improve the data by 
selecting the events from the restricted region used for 
the total cross-section measurements. No significant 
change in the results was apparent in this selection. 
Furthermore, this procedure is not an efficient way to 
improve the data since many good events are discarded 
and poor ones retained. Therefore, selection of events 
from the central region was not utilized here. Another 
method of selecting events according to quality will 
be discussed in section F; that method cannot be 
applied to the data in this section. 

Table I gives the distribution of events between 


TaBLE I. Elastic-inelastic distribution. Row one gives the 
events found by scanning; row two was obtained by applying 
a correction for scanning efficiency (see Sec. C). The third row 
shows the cross sections corresponding to row two and to a total 
cross section of 48 mb. The elastic/inelastic ratio was obtained by 
using the corrected number of events from row two. The un- 
certainty quoted is the standard deviation. 








Elastic Inelastic 


No. of events found 126 118 
Corrected number of events 98 94 
Cross section (mb) 2443 2443 
Ratio (elastic/inelastic) 1.04+0.15 











INTERACTIONS AT 810 MEV 


1475 


elastic and inelastic reactions. The first row gives all 
the events which were found by scanning while the 
second row includes only those events found in the 
range 30°<$<150°, 210°<¢<330° plus 6 elastic 
events missed at small angles. (See Sec. C.) The cross 
sections in the third row were obtained from the number 
of events in row two and were normalized to the counter 
value for the total cross section of 48 mb.* The corrected 
ratio of elastic to inelastic events obtained from the 
numbers of row two is 1.04+0.15. 

A check was made to see whether any inelastic events 
were erroneously classified as elastic. Since the sum of 
the angles of scattering and recoil in elastic events must 
be between 80° and 90° for this energy, inelastic events 
that are nearly coplanar and whose angles add up to 
about 80° or 90° might be mistaken for elastic events. All 
inelastic events that were within 40° of being coplanar 
were considered. The distribution of the sum of the 
angles of these events were plotted and was indeed 
found to dip in the interval 70° to 90°. However, this 
distribution for events that were remote from 
coplanarity, and hence could not be confused with 
elastic events, showed a similar dip. Thus it is not clear 
from this test that any events were erroneously 
classified. At most, 6 elastic events should be changed 
to inelastic, which would make the ratio o(elastic)/ 
a(inelastic) become 0.92 instead of 1.04. 

The distribution of events among the inelastic 
reactions was: 


(pn+) (d+) (pp0) (pnt) or (pp0). 
84 1 5 28 


90 events could be assigned to a specific reaction, while 
28 events could be either (pp0) or (p+). 12 of these 
28 events have no momentum measurements to form 
the basis of an identification and hence will not be 
discussed further. The remaining 16 were measured but 
could be interpreted as (pp0) or (pn+) cases equally 
well. If all 16 were examples of (pp0), an unlikely 
situation, the ratio (pw+)/(pp0) would be 4. On the 
other hand, if all were (p++) cases, the ratio would be 
20, a minor change from the ratio of 17 given by the 
identified events. 

One of the events identified as a (pp0) case is of 
particular interest. The event contains four outgoing 
tracks consisting of two protons and an electron pair 
unambiguously identified. This has been interpreted 
as a case in which one of the 7° decay gamma rays 
produced an electron pair in the field of one of the 
protons. Reasonable energy and momentum balance 
may be achieved by this interpretation. The data 
cannot be reasonably interpreted as double meson 
production nor as the production of a single gamma ray. 

It is of value to examine the relative difficulties of 
identifying (pn+) and (pp0). It is reasonable to 
suppose that (pn-+-) cases are easier to identify because 
(1) (pn+) is immediately identified when a pion is 
recognized, while two protons must be identified to 
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Fic. 2. Elastic center-of-mass differential cross section repre- 
senting the data with the azimuthal correction of Sec. C. The 
level has been adjusted to give a total elastic cross section of 21 
mb to compare with the results of Smith, McReynolds, and 
Snow” (circles). 


prove a (pp0); and (2) since pions have, on the average, 
less than half the momentum of protons, their momenta 
should be measurable in a larger fraction of cases. This 
situation is modified by the analysis procedure in which 
the data for each event are fitted to a particular interpre- 
tation. An event which is otherwise unclassified can 
usually be identified by this method. The problem is 
then to determine whether the remaining unclassified 
events are more likely to be (pm+) or (pp0). 

Various attempts were made to solve this problem. 
No convincing argument could be made, however, 
which gave a method for assigning a distribution to 
the unclassified events. In summary, it is believed that 
the ratios o(elastic)/o(inelastic) and o(pn+)/o(d+) 
are accurate within the statistical error, since the 
kinematical requirements provide relatively un- 
ambiguous criteria for identifying elastic and (d+) 
events. However, the ratio o(pn+)/o(pp0) cannot be 
stated with any certainty. The uncertainties arise from 
the statistics of the number of identified events and 
any bias introduced in the identification of events. The 
ratio obtained from the identified events is R=17, 
with an estimated total uncertainty of +8. 


E. ELASTIC DIFFERENTIAL CROSS SECTION 


When the number of elastic events per unit solid 
angle is plotted against center-of-mass angle, a sharp 
dip is observed below 10° (corresponding to 4° in the 
laboratory). This is to be expected because of the 
difficulty in recognizing small-angle scatterings during 
scanning. It appears that about six elastic events were 
missed in this manner. Furthermore, as was seen in 
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Fic. 3. Center-of-mass system scatter diagram of the protons 
from (pn+) events. The differential angular distribution is 
shown at the top, and momentum distribution at the right side. 
Selected good quality events are represented by plus signs (+) 
and the other events by crosses (X). The “selected” event 
distributions are plotted with dashed lines, while the distributions 
of all events taken together are represented by solid lines. The 
maximum momentum for an incident proton energy of 1000 Mev 
is indicated by the line at the top of the diagram. 


Sec. C, 12 elastic events with azimuthal angle near 0° 
or 180° appear to have been missed. 

Figure 2 presents the differential cross section in the 
center-of-mass system representing the data with the 
azimuthal correction of Sec. C. A correction for the 
six small-angle events does not alter this plot appreci- 
ably, nor is there significant variation from the curve 
obtained using the original data alone. The three points 
obtained by Smith ef al." are indicated by circles. 
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Fic. 4. Center-of-mass system scatter diagram of the pions from 
(pn+) events. The differential angular distribution is shown at 
the top, and momentum distribution at the right side. Selected 
good quality events are represented by plus signs (+) and the 
other events by crosses (X). The “selected” event distributions 
are plotted with dashed lines, while the distributions of all events 
taken together are represented by solid lines. The maximum 
momentum for an incident proton energy of 1000 Mev is indicated 
by the line at the top of the diagram. 
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Fic. 5. Center-of-mass system scatter diagram of the neutrons 
from (pn+) events. The differential angular distribution is shown 
at the top, and momentum distribution at the right side. Selected 
good quality events are represented by plus signs (+) and the 
other events by crosses (X). The “selected” event distributions 
are plotted with dashed lines, while the distributions of all events 
taken together are represented by solid lines. The maximum 
momentum for an incident proton energy of 1000 Mev is indicated 
by the line at the top of the diagram. 


F. (pn+) ANGLE AND MOMENTUM DISTRIBUTIONS 


Angle and momentum distributions in the center-of- 
mass system of particles from (pn+) events are 
presented here in the form of scatter diagrams. The 
results were considered in two forms: (1) all the events 
taken together and (2) events selected because of their 
better quality. Any such selection according to quality 
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Fic. 6. Collection of the center-of-mass momentum and 
angular distributions for (pn+-) events. 
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must be done with care, since certuin types of events 
(e.g., some of those with particles emitted at large 
angle) are not likely to yield precise measurements. 
Some checks for bias will be discussed below. 

The following rather subjective criteria were adhered 
to in choosing “selected” events: (1) either a meson 
alone or both outgoing charged particles must be 
identified by ionization and momentum, or only one 
interpretation must be allowed by conservation of 
energy (see Sec. B), and (2) the measured momenta 
must be in good agreement with the momenta necessary 
to conserve energy. Some assurance is necessary that 
the “selected” events do not yield distorted results 
caused by the method of selection. The most obvious 
way that the data would be biased is against particles 
that go out at large angles. That this is not the case is 
indicated by the laboratory angular distributions, in 
which the “selected” events actually increase relative 
to the total with increasing angle, and by the symmetry 
of the “selected” center-of-mass angular distributions 
about 90°. 

In Figs. 3 to 5, the “selected” events are represented 
by plus signs (+) and the other events by crosses (X). 
Similarly the distributions of “selected” events are 
represented by dashed lines, while the distributions of 
all events taken together are represented by solid 
lines. In the same figures, the horizontal line represents, 
for a beam energy of 1000 Mev, the maximum mo- 
mentum for each particle. The differential angular 
distribution appears at the top and the momentum 
distribution at the side of each scatter diagram. All 
distributions are for center-of-mass data. 
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Fic. 7. Distributions, in the center-of-mass system, of angles 
between the (p,+), (m,+), and (p,m) pairs of particles from 
(pn+) events. The distributions of “selected” events are plotted 
with dashed lines and of all events with solid lines. 
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TABLE II. Distribution in the cosine of the center-of-mass 
angle of particles from (pn+) events. The actual number of 
events in each interval is given. 








—0.4 to —1.0 


Cosine +1.0 to +0.4 +0.4 to —0.4 
(120° —180°) 


angle (0° —60°) (60° —120°) 


Protons 30 21 32 
Pions 36 15 33 
Neutrons 29 26 28 











Since the center-of-mass system is symmetric with 
respect to the incoming nucleons, the center-of-mass 
angular distributions of the outgoing particles should 
be symmetric about 90°. That this is true is shown in 
Table II, and consequently the center-of-mass angular 
distributions have been plotted with all the data 
contained between 0° and 90° in order to improve 
statistics. The angle and momentum distributions in 
the center-of-mass system have been collected in 
Fig. 6 for convenience. 

Within experimental error, the neutron and proton 
angle and momentum distributions are the same. Any 
differences which may exist are obscured by experi- 
mental uncertainty. 


G. ANGULAR CORRELATIONS AND Q VALUES 
BETWEEN PAIRS OF PARTICLES 


Figure 7 shows the differential distributions of the 
center-of-mass angles between the pairs (p,+), (”,+), 
and (p,m). It is apparent that the neutron and proton 
have a strong tendency to be emitted in opposite 
directions, a condition to be expected since the nucleons 
carry most of the momentum. An interesting aspect of 
these distributions is the apparent difference between 
the (p,+) and (m,+). The (p,+) pair seem to be 
emitted in opposite directions more strongly than the 
(n,+) pair. The effect is even more pronounced when 
the “selected” events are considered. This effect is 
modified by the 16 ambiguous events which, if inter- 
preted as (pn+) events, decrease this apparent differ- 
ence in the distributions. 

The distributions in Q values for the different pairs of 
particles in the (pn+) reaction are shown in Fig. 8. 
The (f+) distribution is peaked near the middle 
energies and low at each end. The (m+-) distribution 
is nearly constant with energy up to the maximum 
Q value. 

The apparent differences between the (m+) and 
(p+) distributions in Q values and included angles 
are difficult to assess. No strong conclusion may be 
reached as to the similarity or difference in these 
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distributions because of the measurement errors, 
statistical uncertainties and experimental biases. This 
problem is further discussed in paper IV." 

A summary and comparison of the results of this 
paper (I) and the two following papers (II and III) 
together with theoretical interpretations, when possible, 
will be found in paper IV. 
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Fic. 8. Q-value distributions of the (+), (m+), and (pm) pairs 
of particles from (pn+-) events. The distributions of “selected” 
good quality events are plotted with dashed lines, and of all 
events with solid lines. 
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152 interactions of 1.5-Bev protons have been observed in a hydrogen-filled diffusion cloud chamber. The 
data indicate an elastic cross section of 20 millibarns, with about 22 millibarns cross section for single pion 
production and 5 millibarns for double pion production Most single pion production cases are 
p+p — p+n+2*; no definite cases of + d+2* or — p+ p+7° were observed. The median elastic scattering 
angle is 24° in the c.m. system. Inelastic events have pions emitted isotropically with low momenta, nucleons 
emitted near 0° and 180° with high momenta. The average relative energy (Q value) for the p, x* pair is 


154 Mev. 





HIS paper reports some results concerning p-p 

collisions at 1.5 Bev, and extends to higher 
energies the results given in the preceding paper.' 
References to previous work on -p interactions and 
other high-energy interactions are given in I. 


A. EXPERIMENTAL PROCEDURE 
1. Cloud Chamber Operation at Cosmotron 


The observations were made with the magnet cloud 
chamber 16. inches in diameter, filled with hydrogen at 
20 atmospheres. The magnetic field was 10 500 gauss.? 

The proton beam was selected by a channel through 
the Cosmotron shield lined up so that particles emitted 
at 20° from a carbon target at 356-inch radiys passed 


directly down the channel without going through any 
appreciable Cosmotron magnetic field. Positive particles 
were bent through 12° by an analyzing magnet and 
allowed to pass through a second channel in the 3-foot 
wall of a concrete-block house around the cloud 
chamber. The magnet was set to select a beam with a 
nominal momentum of 2.4 Bev/c. The Cosmotron 
circulating beam energy was 2.2 Bev. Under these 
conditions it was energetically impossible for positrons 
or positive mesons produced in the target to have a 
momentum as high as 2.4 Bev/c, and there should be no 
beam contamination except for accidental background 
tracks. The proton beam obtained in this way had 
satisfactory intensity for cloud chamber experiments. 

The 10-inch channel width was great enough to 
allow a considerable spread in beam momentum, 
however. Momenta were measured for a group of beam 
tracks. Since the width of the chamber was appreciable 

* Work performed under the auspices of the U. S. Atomic Energy 
Commission. 

t Now at University of California Radiation Laboratory, 
Berkeley, California. 

1 Morris, Fowler, and Garrison, Phys. Rev. 103, 1472 (1956), 
preceding paper, designated hereafter as I. Block et al., Phys. 
Rev. 103, 1484 (1956), following paper, present data at 2.75 Bev 
and will be referred to as III. Fowler ef al., Phys. Rev. 103, 
1489 (1956), this issue, give a comparison of data on p-p interac- 
tions at 0.8 to 2.75 Bev and interpretation of the results and _will 
be referred to as IV. 

2 Fowler, Shutt, Thorndike, and Whittemore, Rev. Sci. Instr. 
25, 996 (1955). 

3 These runs were made during June and October 1953, before 
the possibility of the “blown-up” beam described in I was realized. 


compared with the deflection introduced by the 
analyzing magnet, the beam momentum depends on 
position in the chamber. Twenty tracks near the center 
gave an average momentum of 2.57+0.17 Bev/c, 
while 18 at the low-momentum side gave 2.21+0.18 
Bev/c. (The uncertainty quoted is the standard 
deviation.) The beam tracks were not uniformly 
distributed over the chamber. When one takes these 
factors into account, the beam momentum is estimated 
to be 2.25+0.30 Bev/c with an uncertainty in the 
average value of 0.20 Bev/c. The mean kinetic energy 
is then 1.50 Bev. The “beam” contains tracks within 
+5° of the mean direction. Tracks outside this range 
were omitted in all instances. 

About 15 600 Cosmotron pulses were photographed. 
The pictures were scanned and measurements made in 
the same way as in I. 


2. Analysis of Events 


If one assumes that the frequency of events with the 
production of three or more secondary pions is 
negligible,* the types of events to be expected are as 
listed in Table I. Events resulting in heavy unstable 
particles are omitted, since no definite cases were 
observed. 

The first step is to classify the events in one or 


TABLE I. Types of p-p interactions considered in this paper. 








No. of 
prongs 


No. of neutral 


Type Charge state particles 


Elastic 2 0 
Inelastic: 
Single pion 





Double pion 


DOD DN NY DO lt 
CONF NRNOF eS 








* For example, (pn+0) means that proton, neutron, x*, and r® are 
emitted from the interaction. 


‘There were no events whose interpretation required the 
presence of three or more pions at this energy, but a number of 
such events are reported in the following paper dealing with 
interactions at 2.75 Bev. 
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TaBLe II. Neutral mass values from hypothetical 
calculation (in Bev). 


Be 
px(Bev/ cote . 1.1 1.6 


0.65 1.200 1.080 
0.80 1.170 0.970 
0.95 1.130 0.910 

















another of the 9 types listed in Table I, using the same 
general procedure as in I. The (pp+—) type is obvious 
since it is the only one with 4 prongs. The elastic and 
(d+) events are easily distinguished as described in 
I, Sec. B, but events in which one or more neutral 
secondaries are involved constitute a more difficult 
problem than in I, since more types of events must now 
be considered. The basic procedure is to make the 
hypothesis that the event is (pp0), (pn+), (pp00), 
(pn+0), (d+0), or (mm+-+) and then determine 
whether the observations it any way contradict this 
hypothesis. If either outgoing track is identified, 
certain possibilities are eliminated at once. The next 
step is to check whether the hypothetical classification 
is consistent with energy and momentum balance. 

The procedure for testing energy and momentum 
balance has been modified slightly from that given in I 
in order to employ machine calculation, using the 
Remington-Rand type 409.2R Punched-Card Elec- 
tronic Computer now in operation at Brookhaven. 
For a given set of input values for the masses, angles, 
and momenta of the charged particles the computer 
calculates the mass, momentum, and angles of a neutral 
particle that would give energy and momentum balance. 
Numerous sets of input values are entered for each 
event, chosen so as to be consistent with measurements 
made on it and their errors. The usual procedure is to 
start with three entries for a given quantity: its 
measured value, its measured value minus its estimated 
error, and its measured value plus its estimated error. 
A given set of entry values is considered to be a solution 
if the resulting neutral mass is in agreement with that 
desired within +10 Mev. 

As a simple example, consider an attempt to fit a 
given hypothetical event to the (pn+) type by varying 
the two outgoing momenta which are measured to be 
p2=0.8040.15 and p3=(1.1-03*°*) Bev/c. Three 
entries are made for each momentum, giving a total of 9, 
(but for the time being angles and incoming momentum 
are considered fixed). The neutral mass values calcu- 
lated are given in Table II. To be consistent with an 
outgoing neutron, it is necessary to obtain a neutral 
mass of 0.939, so it is clear that such a solution can be 
obtained by interpolating between the entries giving 
neutral masses of 0.910 and 0.970, that is, by taking 
ps=1.6 and p2.~0.88. On the other hand, there is a 
rather wide range of values for p2 and ps3 that would 
make the neutral mass greater than 1.080, so that 
(pn+0) classification would also be possible for this 
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event. There are, in fact, many cases of ambiguity 
between (pn+) and (pn+-0) classification, even for 
events that are fairly well measured. In this respect the 
situation is similar to that for s-—> interactions at 
1.37 Bev.® 


B. TOTAL CROSS SECTION 


An estimate of the total cross section was made 
using a count of the number of tracks and events in a 
region at the center of the cloud chamber, following the 
procedure described in I, Sec. C. In this case 4520 
pictures in rolls of good quality were rescanned inde- 
pendently, yielding a total of 49 events, of which 4 
were missed in the first scan and 3 in the second.® A 
total path length of 2340 g/cm? of hydrogen was 
estimated, so that the total cross section is 3545 
millibarns. Two small corrections to this cross section 
should be taken into account, as in I, Sec. C: (a) 
events not recorded because of unfavorable angles of 
secondary tracks, and (b) possible nonbeam tracks 
included in the beam count. These corrections would 
increase the cross section by at most 10%, accord- 
ing to our estimate. The corrected cross section 
is then 35_s;+® millibarns.? This result is somewhat 
lower than the value of 47_, .;+*-* millibarns obtained by 
Shapiro, Leavitt, and Chen from an attenuation 
measurement,® which is more accurate, but the differ- 
ence is not considered to be significant. 


C. PARTIAL CROSS SECTIONS 


Of the events found, 55 were elastic, 91 were inelastic, 
and 6 could have been either elastic or inelastic. For a 
better estimate of the actual fraction of elastic scatter- 
ings, one should correct for lower scanning efficiency 
for elastic events as in I. One obtains 47 elastic events 
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1.5 Bev 


NUMBER OF EVENTS 
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a 
(mb / sterad) 
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Fic. 1. Angular distribution of elastic scatterings. Differential 
cross section is plotted as a function of cosé*, where 6* is the 
scattering angle in the c.m. system. The two small-angle intervals 
have been adjusted to allow for reduced scanning efficiency and 
are therefore shown dotted. 


5 Eisberg, Fowler, Lea, Shepard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 

* Rescanning was done by V. Cocconi and E. Hart at Cornell 
University, the original scanning by M. Burns and B. Carpenter 
at the Brookhaven National Laboratory. 

™The cross section was also estimated from the number of 
events found when all the pictures were originally scanned, and a 
— cee ete pe 

hapiro, Leavitt, and Chen, Phys. Rev. 95, 663 (1954); Chen, 
Leavitt, and Shapiro, Phys. Rev. 103, 212 (1956). 
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with ¢ at least 30° away from 0° or 180°. A correction 
of 4 is added for events with @ too small to be recorded. 
The corresponding number of inelastic events is 69. 
Accordingly, the elastic fraction is increased to 51/120 
=0.42+0.05. Using 47 millibarns for the total cross 
section, this yields 20 millibarns for elastic cross section 
and 27 millibarns for inelastic. 

The angular distribution of the elastic scatterings 
shown in Fig. 1 is strongly peaked in the forward 
direction. It seems most natural to interpret the elastic 
scattering as a diffraction scattering effect. The dis- 
cussion given in IV, Sec. C, shows that the data on 
elastic scattering are consistent with such an 
interpretation. 

Since this experiment involved a proton beam 
scattered from a carbon target, the elastic events were 
inspected for evidence of beam polarization. No 
right-left asymmetry was found (32 scatterings to the 
right, 29 to the left), but the number of cases was 
too small to detect an asymmetry of less than about 
25%. The proton beam scattering angle of 20° was 
probably not very favorable for producing a polarized 
beam. 

The methods described in Sec. A.2. were used to 
classify the inelastic events in one (or more) of the 
classes listed in Table I. In some cases only one type of 
event could be consistent with the measurements, but 
in many cases two or more types could be consistent 
with the measurements. If there were more than three 
possibilities, the event was considered to be unidentified. 
In addition, any two-prong event which was non- 
coplanar but provided no information on densities or 
momenta of outgoing tracks was simply classed as 
“unidentified inelastic”. The results of such a classifi- 
cation are summarized in Table III. 

Because of the ambiguous events with two or three 
possible classifications, conclusions concerning the 
multiplicity of pion production cannot be certain. 
From the definite events the ratio of single-pion produc- 
tion to double-pion production is 19/12=61:39.9 
Of the ambiguous events, five are nevertheless single- 
pion cases and one is a double-pion event. Including 


TABLE III. Classification of inelastic events. 








Ambiguous events 
(Double possibility) (Triple possibility) 
No. of 
cases 


Definite events 


No. of 


cases Types 


(pp), (bn+), 1 
or (nn+-+ 

(pp0), (pp00), 2 
or (pn-+) 

(pp0), (pn+), 
or (pn +0) 

(pn+), (pn+0),\ 47 
or (nn+-+) 


Unidentified inelastic 19 
Unidentified, could be elastic 5 


Types 





(pp0) or (pn +) 


(pn +-) or (pn +0) 
(pn +) or (nn++) 


(pn +0) or (nn ++) : 








9 In the following, ratios given in the form a:b will be given in 
percent, that is, normalized so that a+5=100. 
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Fic. 2. Scatter diagram for + from (pn+) events. The mo- 
mentum in the c.m. system, p*, is plotted as a function of cos#*, 
where 6* is the scattering angle in the c.m. system. Events known 
to be (pn+) are marked +, those classed as [(pn+) or (pn+0) ] 
are marked X, those classed as [(pm+-) or (nn+-+) ] are marked 
O, and those classed as [(pn+), (pn+0), or (mn++)] are 
marked \.. The dashed line gives the maximum ++ momentum 
that is possible. The distribution of cos6* is plotted at the top and 
that of P* at the right as histograms. 


them gives the ratio 24/13=65:35. Because of the 
small number of (pp+ —) events, ambiguous cases 
are more likely to be mainly single-pion production 
than double-pion production. From the Fermi treat- 
ment of charge independence, (pp+—) events should 
be 30% of all double-pion cases, while from the Peaslee 
excited-state model the fraction should be 20%.!%" 
Consequently, the three (pp+—) events probably 
should correspond to 10-15 double-pion production 
cases in all, most of which are already accounted for. 
In addition, the neutral mass values obtained for the 
double-pion classifications show a slight tendency to be 
grouped near the lowest possible value, as would be 
expected if the events really have only a single pion 
but the double-pion interpretation is allowed by the 
errors in measurements. 

There is no need to invoke triple-meson production 
in the analysis of any of these events, but it is possible 
that a few cases might actually involve three pions. 

When these considerations are taken into account, 
it appears to us that a lower limit for multiplicity would 
be a division into single, double, and triple-pion 
production in the ratio 86: 14:0, while our best estimate 
would be 80:20:0, and an upper limit about 65: 30:5. 
The best estimate would result in cross sections of 22 
millibarns for single-pion production, and 5 millibarns 
for double-pion production. 

Table III shows a striking predominance of (pn+) 
events compared with (pp0). The absence of (pp0) 
events was also noted in I. There were no events in 


0 E. Fermi, Phys. Rev. 92, 452 (1953); 93, 1434 (1954). 
1D. C. Peaslee, Phys. Rev. 94, 1085 (1954); 95, 1580 (1954). 
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Fic. 3. Scatter diagram for protons from (pn+) events. The 
momentum in the c.m. system, p*, is plotted as a function of 
cos#*, where @* is the scattering angle in the c.m. system. Events 
known to be (pn4 ) are marked +, those classed as [(pn+) or 
(pn+0)] are marked X, those classed as [(pn+) or (nn++) 
are marked O, and those classed as [(pn+-), (pn+0), or (nn++) 
are marked \.. The dashed line gives the maximum proton 
momentum that is possible. The distribution of cos6* is plotted 
at the top and that of p* at the right as histograms. 


which the two nucleons appeared to be emitted as a 
deuteron, confirming the absence of such events noted 
in I. 

D. DISTRIBUTIONS OF ANGLES AND MOMENTA OF 
INELASTIC EVENTS IN CENTER-OF-MASS SYSTEM 


Table III shows that while many events have two or 
three possible interpretations most of the events fall 
in one of four classes: (1) (pm+), (2) [(pnt+) or 
(pn+0)], (3) [(pm+) or (nn++)], or (4) [(pn+), 
(pn+0), or (nn++-)]. Very likely most of the events 
in classes (2), (3), and (4) are really (pm+), and 
therefore all the events in classes (1), (2), (3), and (4) 
have been assumed to be (m+) for c.m. system 
calculations, in order to obtain a group of events large 
enough to provide meaningful statistics on distributions 
of angles and momenta. Undoubtedly a few events are 
wrongly included; these will make a spurious contri- 
bution to the results, but should not obscure their main 
features. No other events are considered in this section, 
since the other types are either too few or too poorly 
measured to be useful. Figures 2, 3, and 4 give scatter 
diagrams of p* against cos#* for pions, protons, and 
neutrons from the (pn+) events. Histograms showing 
the p* and cos#* distributions are plotted along the 
axes. 

Since the original protons are identical particles, the 
scatter diagrams and distributions should be sym- 
metrical about cos#*=0 (90°). There is a slight indi- 
cation of asymmetry in the proton distribution which 
looks higher for cos#* near —1. This effect is probably 
due to selection bias, since events with slow protons 
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are easier to identify well, and such events have protons 
with cos#* near —1 (emitted backwards in the c.m. 
system). The lacking events with cos#* near +1 are 
presumably in the unidentified classes. 

The pions show a fairly uniform angular distribution. 
The protons and neutrons, on the other hand, show 
angular distributions that are clearly peaked at 0° and 
180° (cosé* equal to +1 or —1), and momentum 
distributions that are peaked near the high-momentum 
end. (There may be some selection bias favoring an 
angular distribution of this type, since protons emitted 
at 90° in the c.m. system will often leave the sensitive 
region at top or bottom with only a short track visible, 
which tends to give an unidentified event, but it seems 
unlikely that such bias could completely account for 
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Fic. 4. Scatter diagram for neutrons from (pm+) events. 
The momentum in the c.m. system, #*, is plotted as a function of 
cosé*, where 9* is the scattering angle in the c.m. system. Events 
known to be (m+) are marked +, those classed as (pm+-) or 
(pn+0) are marked X, those classed as (pn+-) or (nn+-+) are 
marked O, and those classed as (pn+-), (pm+-0), or (nn+--) are 
marked \.. The dashed line gives the maximum neutron mo- 
mentum that is possible. The distribution of cos#* is plotted at 
the top and that of p* at the right as histograms. 


the observed distribution.) These general features 
would result if the two nucleons tend to continue after 
collision in approximately their incident direction with 
approximately their incident momentum. 


E. ANGULAR CORRELATIONS AND Q VALUES 
BETWEEN PAIRS OF PARTICLES 


The angles between outgoing particles are sum- 
marized in Fig. 5. The most striking feature is the 
strong peak in the distribution of cos6*p,, where 
Oyn* is the angle in the c.m. system between proton 
and neutron, showing that the two nucleons usually 
are emitted in opposite directions. Such a correlation 
is required by conservation of momentum if the nucleon 
momenta are high, and would necessarily result if the 
nucleons tend to be emitted with small change in 
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momentum and direction. The same situation is 
evident in the distribution of relative energies or 
Q values shown in Fig. 6 in that the energy of relative 
motion of the two nucleons tends to be high. 

The proton and z* also are emitted in opposite 
directions, but with a less marked angular correlation, 
while the (~+-) pair shows no strong angular correlation. 
The Q-value distribution for (p+) shows an obvious 
peak at about 0.15 Bev. 

If, as a working hypothesis, the shape is assumed to 
arise from the emission of r+ associated with protons 
in a T= resonant state," one can use the Q values to 
determine the energy of the resonant state. This was 
done by using the definite (p+) and (pn+0) events, 
which had the best measurements. The average Q value 
was 154+15 Mev, where the error is the standard 
deviation of the mean, calculated from the spread 
of the individual values. This corresponds to a reso- 
nance at 189 Mev in the laboratory system for r+—p 
scattering, which is in excellent agreement with the 
scattering results.” 
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Fic. 5. Histograms showing the distributions of cos0;;*, where 
6;;* is the angle in the c.m. system between particle i and particle 
j. Proton-nevtron angles, proton-r+ angles, and neutron-rt 
angles are given. 


F. SUMMARY 


Our estimate of total cross section for p-p collisions 
at 1.5 Bev is consistent with the more precise value of 
Chen, Leavitt, and Shapiro (47 millibarns). The elastic 


2 For a recent summary of pion scattering results see report 
of the Fifth Annual Rochester Conference on High-Energy Nuclear 
Physics, 1955 (Interscience Publishers, Inc., New York, 1955). 
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Fic. 6. Histograms showing the distributions of Q value for 
proton-neutron, proton-r*+, and neutron-x* pairs. 


scattering cross section is then 20 millibarns, and the 
inelastic cross section is estimated to be composed of 
22 millibarns for single-pion production, and 5 milli- 
barns for double-pion production, but the latter 
breakdown cannot be determined accurately because 
there are many events whose identifications are 
doubtful. There is no evidence for triple-meson produc- 
tion, or for the production of heavy unstable particles. 
Events classed as (pp0) are very rare compared with 
those classed as (pn+). 

The elastic scatterings are concentrated near 0°, the 
median angle in the c.m. system being 24°. In the (pn+) 
collisions the momenta and directions of the nucleons 
after collision also tend to be close to the initial ones, 
and the pion momenta are accordingly low. From 
definite events the average Q value for px* pairs is 
determined to be 154+ 15 Mev, which would correspond 
to a resonance at 189 Mev in the lab system. 

Conclusions based on comparison of the data with 
statistical and excited-state models of pion production 
are given in IV. 
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212 interactions of 2.75-Bev protons have been observed in a hydrogen-filled diffusion cloud chamber. 
The data indicate an elastic cross section of 15 millibarns, with about 9 millibarns cross section for single 
pion production, 13 millibarns for double, and 4 for triple. There is one example of quadruple pion pro- 
duction. One definite example of the production of heavy unstable particles was observed, and two doubtful 
cases. The median elastic scattering angle was 19° in the c.m. system. Angle and momentum distributions 
for inelastic events are consistent with those observed at lower energies. 





HIS paper reports some results concerning p-p 
collisions at 2.75 Bev, using the same general 
procedure as described in the preceding papers.! 


A. EXPERIMENTAL PROCEDURE 
1. Cloud Chamber Operation at Cosmotron 


The observations were made with the magnet diffu- 
sion chamber 16 inches in diameter, filled with hydro- 
gen at 20 atmospheres. The magnetic field was 9000 to 
10 500 gauss. 

The “blown-up” proton beam was used in a way 
similar to that described in I, Sec. B. It was obtained 
by simply shortening the voltage pulse applied to the 
Cosmotron magnet so that its magnetic field was de- 
creasing at the time of rf turn-off. The protons then 
tend to spiral outward. While this blown-up beam 
was adequate for this experiment, it has been somewhat 
erratic and is not well understood. The protons emerged 
through a channel in the Cosmotron shield, were de- 
flected by an analyzing magnet, and passed through 
the chamber. No secondary shield about the chamber 
was necessary, since the Cosmotron was operated at 
greatly reduced intensity (~10’ protons/pulse). 

The circulating proton beam energy at rf turn-off was 
2.85 Bev, with error ~1%. Most trajectories through 
the wall of the vacuum tank should have energy loss of 
less than 200 Mev for the protons used, so the proton 
beam can be considered to have an energy of 2.75+-0.10 


* Work at Duke supported by a joint Office of Naval Research- 
U. S. Atomic Energy Commission contract. Work at Brookhaven 
performed under the auspices of the U. S. Atomic Energy Com- 
mission. 

t A portion of this work was performed while the author was 
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Laboratory, Washington, D. C. 

t Now on leave at Istituto di Fisica “A. Righi” della Universita 
degli Studi di Bologna, Bologna, Italy. 

< Now at University of California Radiation Laboratory, 
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1 Morris, Fowler, and Garrison, Phys. Rev. 103, 1472 (1956) this 
issue, designated hereafter as I; Fowler, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 103, 1479 (1956) preceding paper, 
designated hereafter as II; Fowler et al., Phys. Rev. 103, 1489 
(1956) following paper, give a comparison of data on p-p inter- 
actions at 0.8 to 2.75 Bev and interpretation of the results and 
will be referred to as IV. 

? Fowler, Shutt, Thorndike, and Whittemore, Rev. Sci. Instr. 
25, 996 (1955). 


Bev. It was not possible to measure its energy with 
comparable accuracy with the cloud chamber. The 
energy was estimated from the curvatures of beam 
tracks and from the angles of elastic events. Both gave 
values consistent with the above figure, but with errors 
several times as large. 


2. Analysis of Events 


The procedure for scanning and analysis of events 
was identical with that given in II, Sec. A. 2. There 
were, however, some 4-prong events with two identified 
a+ (and a z~) so that triple pion production must now 
be considered as a possibility. Final states involving 
three pions are given in Table I. For the 4-prong events 
an attempt was made to classify the events as having one 
of the three possible final states. For the 2-prong events, 
however, the triple-pion states (pp000), (pn+00), 
(d+00), and (wn++0) were ignored, since each is 
different from a corresponding double pion state only 
in the presence of an additional x°. It is not in general 
possible to determine, from the data available, whether 
two or three neutral particles are involved. 


B. TOTAL CROSS SECTION 


An estimate of the total cross section was made 
using the central region in selected pictures in the same 
way as described in II, Sec. B. In this case 4831 pictures 
were scanned twice, yielding a total of 64 events, of 
which 10 were missed in the first scan, and none in 
the second. A total path length of 3040 g/cm? of hydro- 
gen was estimated, so that the total cross section 


Taste I. Types of p-p interactions involving triple pion 
production. (Events of lower pion multiplicity are given in 
Table I of IT.) 
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TABLE II. Classification of 2-prong inelastic events. 








Definite events (Double possibility) 


Type 


Ambiguous events 
(Triple possibility) 
No. of 


cases 


Type 





(pp0) or (pp00) 
(pp0) or (pn+) 
(pp0) or (pn+0) 
(pp00) or (pn-+0) 
(pn+) or (pn+0) 
(pn-+0) or (nn++) 


(nn++-) (d+0) or (pn+0) 


(pp), (pn+), or (pn+0) 
(pp0) ) 


(pp00), (pn+0), or (nn+-+) 
(pn+), (pn+0), or (nn+-+) 
(pn+), (pn+0), or (d+0) 


2 

1 

1 p 
7 (pp00), (pn+), 
1 


Also: Unidentified inelastic 33 
1 


(Y+Ktn 


(pn+0) or (x*Ktnn) 1 








TABLE III. Classification of 4-prong inelastic events. 








Definite events 


No. of 
cases 


(Double possibility) 


Type Type 


Ambiguous events 
(Triple possibility) 


Type 





(pp+—) 5 
(pp+ —0) 2 
(pn++—) 6 


(pp+—) or (pp+—0) 
(pp+—) or (pn++—) 
(pp+—0) or (pn++—) 


Kae 1 (pn++—0) case] 


(pp+—0), (pn+—+), or (pPA°K-++) 


(d+-+ —) is not considered explicitly as a possibility ] 








(uncorrected) is 35-5 millibarns. If a correction of 0 
to 10% is applied for events at unfavorable angles 
and for possible nonbeam tracks counted, the corrected 
value for the cross section becomes 35_;+® millibarns.’ 
This result agrees with the value of 41.6_,,.¢**° milli- 
barns of Chen, Leavitt, and Shapiro,‘ which is more 
accurate. 


C. PARTIAL CROSS SECTIONS 


Of the events found, 61 were elastic, 150 were in- 
elastic, and 1 could have been either. (Among the 150 
inelastic cases there were one definite case involving 
V-particle production, and two very doubtful cases, 
which are described in Sec. D.) For a better estimate 
of the actual fraction of elastic scatterings, we consider 
events with ¢ at least 30° away from 0° or 180°, as in I, 
Sec. C and II, Sec. C. There are then 55 elastic events 
plus a correction of 4 for events with small @, and 99 
inelastic events. The corresponding elastic fraction is 
59/158=().37+0.04. Using 41.6 millibarns for the total 
cross secyion, this yields 15 millibarns for the elastic 
cross section and 26 millibarns for the inelastic. 

As is usual at Cosmotron energies, the angular distri- 
bution of the elastic scatterings is strongly peaked in 
the forward direction, as shown by Fig. 1. One can 
interpret the elastic scattering as diffraction scattering, 
as is done in IV. 

3 The cross section was also determined from the events found 
in the original scan of all pictures, which gave a value of 37 
millibarns. In this case, however, the scanning efficiency is less 


well determined. 
¢ Chen, Leavitt, and Shapiro, Phys. Rev. 103, 212 (1956). 


The methods described in II, Sec. A. 2. were used to 
classify the inelastic events in one (or more) of the 
classes listed in Table I of II and Table I of III. The 
results are summarized in Table II for 2-prong events 
and in Table III for 4-prong events. 

The ambiguous events make conclusions concerning 
multiplicity of pion production somewhat uncertain. If 
we confine our attention to the definite events at first, 
we find from Table II a single/double ratio for 2-prong 
events of 15/20=43:57.5 From Table III the double/ 
triple ratio for 4-prong events is 5/8=39:61. If these 
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Fic. 1. Angular distribution of elastic scatterings. Differential 
cross section is plotted as a function of cosé*, where 6* is the 
scattering angle in the c.m. system. A few events may have been 
missed at the smallest angles, in which case an upward adjust- 
ment would be in order for cos6* near 1.0. 


5 In the following, ratios given in the form a:b will be given in 
percent, that is, normalized so that a+b= 100. 
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Fic. 2. Scatter diagrams for x* from (pn+-) and (pn+0) events. 


The momentum in the c.m. system, p*, is plotted as a function of 
cos#*, where 6* is the scattering angle in the c.m. system. Only 
definite events are plotted. The dashed line gives the maximum 
x* momentum that is possible. The distribution of cos6* is plotted 
at the top and that of p* at the right as histograms. 
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were simply lumped together we would have a single/ 
double/triple ratio of 15/25/8= 31:52:17. In the analy- 
sis of the 2-prong events, however, it was assumed that 
triple-pion production need not be considered (since 
there is no means for identifying 2-prong triple-pion 
cases). In view of the triple pion cases among the 
4-prong events, it is most probable that some of the 
2-prong cases identified as (pn+0), for example, really 
are (pn+00), which tends to increase the numbers of 
triple-pion events. On the other hand the ambiguous 
cases mainly have two 2-prongs, so inclusion of them 











NO, OF PROTONS 


Pp” OF PROTONS, (Bev /C) 


a 





| | ! ! 
=. ey 
cOS@ OF PROTON 





+10 5S 10 
NO. OF PROTONS 


+0.5 














NO OF PROTONS 





(pnt) EVENTS 


p” OF PROTONS, (Bev /C) 











| | | 
5 ° +0.5 +10 5 10 
cos @" OF PROTON NO. OF PROTONS 


Fic. 3. Scatter diagrams for protons from (pn+-) and (pn+0) 
events. The momentum in the c.m. system, *, is plotted as a 
function of cos#*, where 6* is the scattering angle in the c.m. 
system. Only definite events are . The dashed line gives 

¢ maximum proton momentum that is possible. The distribution 
of cosé* is plotted at the top and that of p* at the right as 
histograms. 





would be expected to reduce the multiplicity, since 
2-prong events would probably have lower multiplicity 
than 4-prong events. 

To estimate the over-all frequency of single, double, 
and triple pion production, we proceed as follows: 
Assume that for all 4-prong events the true single/ 
double/triple ratios are0/5/8, and omit the (pn++—0) 
case and the possible (pA°K~++-) case from considera- 
tion. Then for 4-prong events we would have 9 double 
production cases and 14 triple. We can infer the number 
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of triple production cases among the 2-prong events 
using the Fermi statistical weights.* The combined 
weight of (pp+—0) and (pn++-—) is 329, while that 
of (pp000), (pn+00), and (mn+-+0) is 221, so that 
14X (122/329)=9 two-prong triple-pion cases are in- 
ferred. There are 123 two-prong cases in all,’ so that if 
we take 15/20 for the single/double pion ratio, there are 
53 single pion cases and the remaining 70 are divided 
into 61 double and the 9 triple. The resulting over-all 
single/double/triple pion ratios are 53/70/23= 36:48: 
16.8 The corresponding cross sections are: single pion 
production 9 millibarns, double pion production 13 
millibarns, and triple pion production 4 millibarns. 
This result, however, has considerable uncertainties 
because of the small number of definite events and 
because the definite events may have different pion 
multiplicities than the others, although there is no 
obvious reason to expect such to be the case. It is 
fairly clear that double and triple pion production are 
common at 2.75 Bev. 

The numbers given in Table II show a marked pre- 
dominance of (pn+) and (pn+0) events as opposed to 
(ppO0) and (pp00), as was found for lower energies in 
I and II. 

Two interesting incidental results are the presence of 
three events in which it appears that the two nucleons 
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Fic. 4. Scatter diagram for neutrons from (pn+) events. The 
momentum in the c.m. system, p*, is plotted as a function of cos6*, 
where 6* is the scattering angle in the c.m. system. Only definite 
events are plotted. The dashed line gives the maximum neutron 
momentum that is possible. The distribution of cos6* is plotted 
at the top and that of p* at the right as histograms. 


6 R. H. Millburn, Revs. Modern Phys. 27, 1 (1955). 

7 Omitting the (Y+K*n) case, the [(pn+0) or (x+K*tnn)] case 
and the [(pp), (pn-+), or (pn+0) ] case. 

8If one uses Peaslee statistical weights, the ratio 221/329 is 
replaced by 4, which only changes this result to 36:49:15. 
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Fic. 5. Histograms showing the distributions of Q values for 
proton-r* pairs for (pn+) and (pn+0) events. Only definite 
events are plotted. 


are emitted as a deuteron, even at this high energy, 
and the existence of one (pnu+-+ —Q0O) event, which 
involves quadruple pion production. 


D. EXAMPLES OF PRODUCTION OF HEAVY 
UNSTABLE PARTICLES 


Protons of energy 2.75 Bev have approximately the 
same energy available in the c.m. system as 1.37-Bev 
pions (1.06 Bev vs 1.00 Bev). It is therefore of interest 
to observe whether the cross section for producing 
heavy unstable particles may be similar to the 0.9 
millibarn estimated for pions of that energy.® One event, 
probably to be identified as p+p—-Y*t+Kt+t+n, has 
been reported.” There were two additional events in 
each of which the density of ionization and momentum 
suggest that one track is that of a K meson. Such an 
identification is allowed by energy and momentum 
conservation in each case, but neither can be identified 
with any degree of certainty. One event could be a 
second (Y+K+m), while the other would be a 4-prong 
event with a K~, (pA°K-++-). (In neither case is the 
hyperon observed, but it is assumed that one would be 
present.) Since this latter event is doubtful, it does not 
constitute evidence against the Gell-Mann scheme in 
which it is forbidden.” 

One can hardly derive a cross section from such 
meager data, but it would seem reasonable to estimate 
that the cross section for the production of heavy 
unstable particles may lie in the range 0.1 to 1.5 milli- 
barns. Further evidence that the cross section for 
production by protons is comparable with that for 


hype Shutt, Thorndike, and Whittemore, Phys. Rev. 98, 
121 (1955). 

Block, Harth, Fowler, Shutt, Thorndike, and Whittemore, 
Phys. Rev. 99, 261 (1955). 

1 Examples ‘of the production of heavy unstable particles in the 
gas of a hydrogen-filled diffusion chamber by high-energy protons 
and neutrons have also been observed at Berkeley. 
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Fic. 6. Histograms showing the distributions of proton-1*t 
angles for (pn+) and (pn+0) events and neutron-xt angles for 
(pn+-). Only definite events are plotted. 


pions may be deduced from the number of V events 
produced in the walls. For the 1.37-Bev x beam there 
were twelve A°, three #, twelve unidentified V°, five V+, 
and 147 interactions (in the gas). For 2.75-Bev protons 
there were ten A°, three @, eleven unidentified V°, 
three V+, and 212 interactions. 


E. CENTER-OF-MASS DATA AND Q VALUES 


In II, Sec. D, it was reasonable to consider most of 
the inelastic events to be (pn+), and center-of-mass 
data were analyzed on the basis of such a hypothesis. 
In the present case, however, it is clear that double and 
triple pion production are common, and there is no 
reason to think that an event identified as “(pn+-) or 
(pn+0)” is more likely to be one than the other. 
Consequently, only the definite events (pm+) and 
(pn+0) are plotted in the scatter diagrams of Figs. 2, 
3, and 4, which show * and cosé* for pions, protons, 
and neutrons. Histograms showing the ~* and cos#* 
distributions are plotted along the axes. 

The number of cases is very small, and it is clear 
from the unsymmetrical distribution of cosé* that 
there is a marked bias in these events favoring protons 
emitted backwards in the c.m. system (so that they 
have low laboratory momentum and can be measured 
accurately). As might be expected, the pion momenta 
appear lower for the (pn+0) events. Such a difference 
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can be interpreted in two ways: (a) as simply indicating 
that the average energy available per pion is less when 
two pions are produced due to conservation of energy, 
or (b) as indicating that when the a+ is emitted with 
low energy there is enough energy available that an 
additional pion is usually produced. 

In II, Sec. D, the Q values calculated for p+ pair 
showed a suggestive peak at the energy corresponding 
to the x+-p scattering resonance. It is of interest to 
plot the corresponding Q values for the present energy, 
which is done in Fig. 5. For the (p+) events there is 
no evidence for a group at 0.15 Bev, but the (p2+0) 
plot could well be interpreted as consistent with a 
0.15-Bev group. This is essentially the same fact that 
was noted with respect to pion momentum distributions, 
and is subject to the same dual interpretation. 

Correlation angles were calculated as well as Q values 
for all pairs of particles. The data are plotted in Fig. 6 
for definite (pn-+-) and (pn-+-0) events. As in IT, Sec. E, 
proton and 2* appear to have a tendency to go in 
opposite directions for (pn+), but there is no such 
tendency apparent for neutron and xt. 

The significance of these observations is, unfortu- 
nately, doubtful because of the small number of events 
and because of experimental bias. There can be no 
doubt that the requirement of definite events introduces 
a bias in favor of events that have tracks of low mo- 
mentum in the lab system. There is probably some lab 
angle bias as well. We do not feel that the bias can be 
evaluated in quantitative terms. 


F. SUMMARY 


Our estimate of total cross section is consistent with 
the more precise value of Chen, Leavitt, and Shapiro 
(41.6 millibarns). Using this value, we obtain the 
following partial cross sections: 


15 millibarns, 
9 millibarns, 
13 millibarns, 
4 millibarns, 
~™1 millibarn. 


elastic 

single pion production 
double pion production 
triple pion production 
other events 


The final figure is only a rough guess at the frequency 
of events involving heavy unstable particles, or more 
than three pions. The breakdown into single, double, 
and triple pion production events is uncertain because 
of the many ambiguous events. 

The elastic scatterings are concentrated forward more 
strongly than at lower energies, the median angle in the 
c.m. system being 19°. The inelastic events are difficult 
to classify, and because of the high incidence of multiple- 
meson production cases no firm conclusions can be 
drawn from momentum and angle distributions, or 
from Q values or correlation angles. These results, 
however, are not inconsistent with those obtained at 
0.8 and 1.5 Bev. 
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One fairly definite example of the production of a 
charged V event in a -p collision has been observed, 
and two doubtful cases of K-meson production. There- 
fore, the cross section for such events may well be com- 
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parable with that observed for x~-p at 1.37 Bev (similar 
energy available in the c.m. system), but the statistics 
are too poor to draw any definite conclusions concerning 
the production of heavy unstable particles. 
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In the absence of numerical predictions based on meson field theory, elastic p-p interactions have been 
compared with a simple optical model and inelastic ones with statistical theories and considerations based 
on charge independence. Elastic scattering data are fitted satisfactorily by a spherical interaction region 
with uniform density, radius 0.93 X 10~ cm and absorption coefficient from 4.3 to 2.7108 cm™. Inelastic 
interactions provide a confirmatory test of charge independence at 0.81 Bev. Pion multiplicities at 1.5 and 
2.75 Bev are higher than predicted by the Fermi statistical theory, but the difference is less than that ob- 
served for n-p interactions. The multiplicities observed for p-p interactions are lower than those calculated 
by Kovacs. Distributions of angle and momentum of particles, and correlation angle and Q values for pairs 
of particles, in general agree with the predictions of statistical theory at 0.81 Bev and disagree at 1.5 Bev. 
The data that are not consistent with statistical predictions suggest that a r-nucleon interaction may affect 
pion production in an important way, but the data are not sufficiently accurate for definite conclusions. 


HE analysis of pictures of a H,-filled diffusion 
cloud chamber exposed to proton beams from the 
Brookhaven Cosmotron has given the results reported 
in the preceding papers.' This paper gives a summary 
and tentative interpretations of the main features of the 
p-p collisions in the energy range from 0.8 to 2.75 Bev. 
These energies lie well above the threshold for meson 
production (0.29 Bev) and correspond to de Broglie 
wavelengths from 0.32 to 0.17X10—* cm (in the c.m. 
system) which are considerably smaller than the range 
of nuclear forces. Consequently, the many reaction 
products listed in Table I of II and Table I of III are 
possible, and states of many different angular momenta 
may enter for each reaction. 


* Work at Cornell University performed under the auspices of 
the Office of Naval Research. Work at Duke University sup- 

rted by a joint Office of Naval Research and U. S. Atomic 

ergy Commission contract. Work at Brookhaven National 
Laboratory and Yale University performed under the auspices 
of the U. S. Atomic Energy Commission. 
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§ A portion of this work was performed while the author was 
on active naval duty at Nucleonics Division, Naval Research 
Laboratory, Washington, D. C. 

Now at San Diego State College, San Diego, California. 
Now at Brookhaven National Laboratory, Upton, New York. 

1 Morris, Fowler, and Garrison, Phys. Rev. 103, 1472 (1956), 
this issue; Fowler, Shutt, Thorndike, and Whittemore, Phys. 
Rev. 103, 1479 (1956), this issue; Block et al., Phys. Rev. 103, 
1484 (1956), preceding paper, hereafter referred to as I, II, and 


III, respectively. 


A complete theory of mesons and nuclear forces 
would predict such phenomena from basic assumptions 
concerning the properties of meson and nucleon fields. 
In the absence of such a complete theory it is only 
possible to compare the data with greatly simplified 
models or with phenomenological considerations that 
apply to restricted portions of the data. One can, for 
example, assume that the nucleon-nucleon interaction 
through the pion field normally leads to production of 
@ mesons in inelastic processes, and that the elastic 
scatterings are mainly a (diffraction scattering) conse- 
quence of the inelastic interactions. One can then ob- 
tain over-all information about the characteristics of 
the interaction region from analysis of the elastic 
events. 

Such an assumption is a convenient one, since elastic 
and inelastic events then can be considered separately, 
as is done in the following discussion. The interrelation 
of elastic and inelastic events is probably more com- 
plicated, however, in actual fact. 


A. ELASTIC AND INELASTIC CROSS SECTIONS 


The procedure followed in estimating the total cross 
section for p-p collisions, ozo, from the cloud chamber 
data is described in I, Sec. C, II, Sec. B, and ITI, Sec. B, 
and the nature of the experimental uncertainties is 
discussed there. The results, in millibarns, are 45+6, 
3545, and 35++5 for incident kinetic energies of 0.81, 
1.5, and 2.75 Bev, respectively. It may be that these 
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Fic. 1. Total elastic and inelastic p-p cross sections as func- 
tions of the kinetic energy of the incident proton. The curves 
drawn for og and a; are tentative. Circles (O) and crosses (X) 
represent experimental points for ot and squares represent 
points for oz. The solid symbols are the cloud chamber results 
where og is computed from the oto¢ obtained with counters and 
the cloud chamber ratio for og/o;. The other symbols show the 
results of other experiments. 


figures should be increased somewhat because of sys- 
tematic errors, but the correction is estimated to be 
<10%, and is neglected in the following discussion. 

In Fig. 1, data from this and other experiments are 
summarized, showing ott aS a function of kinetic 
energy from 0.1 to 3.0 Bev. Several determinations of 
Ctot from beam attenuation measurements with counters 
have been reported for energies below 1 Bev.? Counter 
results in the Bev region have been obtained recently 
by Chen, Leavitt, and Shapiro,’ who have extended 
their measurements to 2.6 Bev. The cloud chamber 
results are in fair agreement with the counter data. 
Since the latter are determined with better statistical 
accuracy, the counter values for ot: will always be 
used in the following discussion. The interesting fea- 
tures of the curve for ot, are an approximately constant 
value of 24 mb from 0.10 to 0.40 Bev, followed by a 
sharp rise to a broad maximum of about 48 mb at 
about 1 Bev, and then by a slow decrease to a value of 
about 40 mb at 3 Bev. 

As explained in I, Sec. D, IT, Sec. C, and ITI, Sec. C, 
the detailed analysis of the cloud chamber scattering 
events has led us to the determination of the ratio 
between elastic and inelastic scatterings E/J, and 
hence to estimates of the partial elastic and inelastic 
cross sections, og and a7, at each energy. The results 
are summarized in Table I. The values of og given in 
column 4 are computed using our experimental ratios 
E/I and the counter values for oto listed in column 3. 
Then o1=¢tot—cz. 

The cloud chamber results for og are plotted in Fig. 1. 
Some other data on og can be compared with these 


2 See references 4, 8, and 9 of I. 
* Chen, Leavitt, and Shapiro, Phys. Rev. 103, 212 (1956). 


results. Sutton e¢ al. have estimated og=23.8+-1.2 mb 
at 0.437 Bev from integration of their differential cross- 
section curve extrapolated toward small angles.? With 
a similar counter technique, Smith ef al. have obtained 
values for og of 24+2, 2542, 2142, and 1943 mb at 
0.44, 0.59, 0.80, and 1.00 Bev.‘ Recently Duke e¢ al. 
have reported og=15+2.5 mb at 0.95 Bev from analy- 
sis of proton scattering in photographic emulsion.’ The 
experimental evidence is too poor to warrant definite 
conclusions about the energy dependence of og and or. 
One may tentatively describe the elastic cross section 
as slowly decreasing with increasing energy from 0.4 
to 3 Bev.* The sharp rise in total cross section above 
0.4 Bev appears to be entirely due to inelastic inter- 
actions. The inelastic cross section is a few millibarns 
at 0.4 Bev, i.e., at about 0.1 Bev above the threshold 
for pion production. The inelastic cross section increases 
very rapidly up to approximately 0.8 Bev, and then 
probably levels off at a value around 26 mb. Inelastic 
events are already more numerous than elastic ones at 
1 Bev and about twice as abundant at 3 Bev. Tentative 
curves for og and o; are shown in Fig. 1. 

Knowledge of og and o; at even higher energies 
would obviously be of great interest. Experiments now 
in progress at Berkeley are expected to produce values 
for p-p cross sections at energies up to 6 Bev. Pre- 
liminary results obtained with a hydrogen-filled dif- 
fusion cloud chamber lead to a tentative value of oto: 
of 29.5+5.5 mb at 5.3 Bev, based on 31 events, with 
inelastic scatterings more than five times as frequent as 
elastic scatterings.” From this result it would appear 
that ¢; is practically constant from 0.8 to 5 Bev, while 
og decreases by 15 to 20 mb in the same energy range. 

At even higher energies one has to depend on cosmic 
ray experiments for information about cross sections. 
The various cosmic-ray determinations of the proton 
reaction cross section on nuclei should in principle 


Taste I. Elastic and inelastic partial cross sections 
obtained from experimental data. 








Total cross 
section, otot Elastic 
(from counter cross sec- 
results) tion, oz 
(mb) (m 


24+2 24 
202 27 
1542 26 


Inelastic 
cross sec- 
tion, o7 
(mb) 


Elastic to 
inelastic ratio, 
E/I 


Proton 
energy 
v7 


(Be 





0.81 1.04+0.15 48 
1.5 0.74+0.14 47 
2.75 0.59+0.10 41 








4 Smith, McReynolds, and Snow, Phys. Rev. 97, 1186 (1955). 

5 Lock, March, Muirhead, and Rosser, Proc. Roy. Soc. (London) 
A230, 215 (1955); W. O. Lock and P. V. March, Proc. Roy. Soc. 
(London) A230, 222 (1955); Duke, Lock, March, Gibson, 
McKeague, Hughes, and Muirhead, Phil. Mag. 46, 877 (1955). 

* Cester, Hoang, and Kernan, Phys. Rev. 100, 940 (1955), and 
Phys. Rev. 103, 1443 (1956), this issue, have reported that the 
fraction of the total that is elastic at 3 Bev is as low as 20%, from 
emulsion observations. There may, however, have been some 
ambiguity in the identification of elastic scatterings on bound 
protons, due to their Fermi momentum. 

7 Wright, Saphir, Powell, Maenchen, and Fowler, Phys. Rev. 
100, 1802(A) (1955). 
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supply some information in a wide energy range 
around 30 Bev. The energy spread of the protons is 
one source of uncertainty, and the results depend 
strongly on the geometry of the apparatus. In addition, 
deductions of the p-p reaction cross section have to rely 
either on difference methods (CH.—C or D,O—H,0) 
that suffer from poor statistics and poor geometry, or 
on elaborate and somewhat arbitrary interpretations of 
the results obtained for heavy nuclei. The determina- 
tions based on difference methods furnish results for 
o7 ranging from below 15 mb to approximately 80 mb.® 
The interpretation of the results for the heavy nuclei 
has led Williams to a higher value, oy =120_29+® mb.? 
One is, therefore, forced to conclude that the cosmic-ray 
data presently available do not provide reliable quanti- 
tative information. 


B. ANGULAR DISTRIBUTION OF ELASTIC SCATTERING 


The experimental definition of elastic scattering 
groups together all those events whose product is a 
proton with the same c.m. energy in the c.m. system 
as the incident one. It may, therefore, consist of both 
coherent and incoherent scattering, the latter arising 
from the possibility of spin-flip scattering whose ampli- 
tude cannot interfere with that of the nonflip amplitude. 
Therefore, o£ = Ott — 71 = OE ,coherent +7 £, incoherent: The 
total “reaction’”’ cross section” is then given by Greaction 
=o1+¢R incoherent. The coherent scattering may be 
thought of as arising either from a nucleon-nucleon 
potential or from the absorption of the incident wave 
by inelastic processes, or both. Such scattered waves 
interfere, and the identity of the two contributions is 
lost in the interference. If waves of several angular 
momenta are involved, the interference leads to an 
angular distribution resembling an optical diffraction 
pattern, and therefore, such scattering is often termed 
diffraction scattering. From the observed angular dis- 
tribution one can obtain information concerning the 
angular momentum states involved in the interaction, 
but there is no unambiguous way of determining to 
what extent incoherent scattering, potential scattering, 
or other coherent scattering is involved. 

The experimental values of the elastic differential 
cross section, doz/dQ, given in I, Sec. E, II, Sec. C, and 
III, Sec. C, are summarized in Fig. 2. The histograms 
give the differential cross section vs cos#* (where & is 
the scattering angle in the c.m. system) for 0.81, 1.5, 
and 2.75 Bev. The cloud chamber data at 0.81 Bev 
agree within the errors with the counter results of 
Smith et al. at the same energy.‘ Preliminary data of 


® Walker, Dulles, and Sorrels, Phys. Rev. 86, 865 (1952); 
Froman, Kenny, and Regener, Phys. Rev. 91, 707 (1953); R. H. 
Rediker, Phys. Rev. 95, 526 (1954); Cervasi, Fidecaro, and 
Mezzetti, Nuovo cimento 1, 300 (1955); Watase, Suga, Tanaka, 
and Mitani, Nuovo cimento 2, 1183 (1955). 

9R. W. Williams, Phys. Rev. 98, 1393 (1955). 

10 See, for example, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley and Sons, Inc., New York, 1952), 
Chap. 8. 
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Fic. 2. Elastic differential cross sections at 0.81, 1.5, and 2.75 
Bev. The histograms represent the experimental data corre- 
sponding to events with ¢>30°; the broken line indicates the 
zenithal correction (see text). The curves are the angular dis- 
tributions calculated using the optical model, with the assump- 
tions listed in the text. The parameters used in the calculation are: 
K=4.3X10" cm, og=21.5 mb (0.81 Bev); 3.710" cm™, 21.0 
mb (1.5 Bev); 2.710% cm™, 16.0 mb (2.75 Bev). A value of 
R=0.93X10-" cm was used at all energies. 


Cork and Wenzel at energies from 0.92 to 4.4 Bev are 
also consistent with our data." 

For the sake of comparison we have sketched the dif- 
ferential cross sections for proton energies of 0.345 and 
0.59 Bev’ along with our results in Fig. 3. The curve 
drawn for 0.345 Bev describes the behavior of the dif- 
ferential cross section from about 0.10 to 0.40 Bev; in 
this range, in fact, the striking features of dog/dQ are 
its isotropy and its approximate energy independence. 
As the incoming energy increases beyond 0.40 Bev, the 
behavior of dogz/dQ changes drastically. The 90° value 
progressively decreases, and a peak at small angles 
develops. The forward peak is the only feature left at 
energies above 0.8 Bev, and its slope keeps increasing 
with energy, so that around 3 Bev practically no elastic 
scatterings occur at angles greater than 30° in the c.m. 
system. The onset of the forward peak coincides with 
the onset of the inelastic phenomena. 


" B. Cork and W. Wenzel, Phys. Rev. 100, 962 (1955). 
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Fic. 3. Elastic differential cross sections for incident proton 
energies from 0.345 to 2.75 Bev. The curves for 0.345 and 0.59 
Bev are derived from the experiments quoted in reference 2; the 
others are based on the cloud chamber results. 


C. INTERPRETATION IN TERMS OF OPTICAL MODEL 


For lack of any rigorous theory, it has become cus- 
tomary to use the formalism of the optical model de- 
veloped for the interpretation of the interaction of 
neutrons with heavy nuclei” to analyze the results of 
high-energy elementary processes, like nucleon-nucleon 
collisions. The quantitative results obtained from such 
a crude model of a nucleon must be taken with some 
caution. One may hope, however, that the qualitative 
features of the phenomena are correctly described. 
Unfortunately, there are sufficient parameters available 
in the optical model (and the experimental data are 
uncertain enough) to allow one to put forward a number 
of versions all capable of fitting the experimental 
results, since one can choose both real and imaginary 
parts of the refractive index of nucleonic matter as well 
as the geometrical description of its density distribution. 

The simplest set of assumptions compatible with the 
experimental results obtained for cross sections and 
angular distributions is the following: 


(a) The interaction region is a sphere of uniform 
density. 

(b) The radius, R, of the sphere is a constant, inde- 
pendent of energy. 

(c) The sphere is purely absorbing. This is equivalent 
to saying that its refractive index has real part equal to 
unity (no potential scattering), and, therefore, the 


12 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
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incoming wave undergoes amplitude attenuation in it 
but no modification of its wavelength. 
(d) Incoherent elastic scattering is negligible. 


« With these assumptions, the set of parameters com- 
patible with the experimental results is as given in 
Table II. The compatible values for R, oz and o7 are 
deduced from the Bethe-Wilson curve for kiA=0.% 
The absorption coefficient, K=1/A, is deduced from 
Fernbach, Serber, and Taylor, Eq. (5). The opacity is 
the ratio o7/rR*. Under these assumptions, the opacity 
decreases slowly as the energy of the incoming proton 
increases, and hence the absorption coefficient does the 
same. The opacity is close to unity, but a totally black 
interaction region could not describe the results at all 
energies, as it would produce equal elastic and inelastic 
cross sections, which would certainly be inconsistent 
with the experimental results. 

The differential cross section was calculated with the 
values for R and K listed in Table II, using Eq. (7) of 
Fernbach, Serber, and Taylor. The results are shown by 
the curves drawn in Fig. 2. They can be considered in 
fair agreement with the experiments. 

None of the assumptions listed above has any real 
justification except simplicity. It seems likely that 
density distributions with no sharp edges (Gaussian or 
tapered distributions) should be better representations 
of a nucleon than a uniform sphere. One might, of 
course, prefer discontinuous distributions with an 
opaque or semi-opaque core, surrounded by a region of 
weaker interaction, analogous to the Jastrow or Lévy 
potentials.“ The data are not, however, sufficiently 
detailed to distinguish between the many possibilities.!® 
It may well be that the size of the interaction region 
varies with the energy of the incoming particle, in 
which case the assumption of a constant radius for the 
interaction region just happens to be usable in this 
particular energy range. The variation of R with energy 
would probably be slow, however. The preliminary 
Berkeley results at 5.3 Bev could also be fitted with a 
radius of about 1.0X10-% cm. One would have to 


Taste II. Optical-model parameters fitting experimental results. 











Caleu- Calcu- 
lated lated 
Absorption elastic inelastic 
Proton coefficient, cross cross 
energy Radius, R K section section 
(Bev) (cm) (em~) Opacity oz (mb) o7 (mb) 
0.81 0.93 10-* 4.310" 0.97 21.5 26.5 
1.5 0.93 10-8 3.7X 108 0.96 21.0 26.0 
2.75 0.93 10-8 2.7X 10" 0.92 16.0 25.0 








13H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951). 

“RR. Jastrow, Phys. Rev. 81, 165 (1951); M. M. Lévy, Phys. 
Rev. 88, 725 (1952). 

6 Calculations with a Gaussian distribution showed that the 
index of refraction would then have to include an appreciable 
real part because the contribution of the weakly interaction 
periphery would otherwise give too much reaction cross section 
relative to the elastic. This would probably be true of any dis- 
tribution with a fuzzy edge. 
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assume, however, that the opacity of the interaction 
region is reduced to about 0.6 at that energy. Assump- 
tions (c) and (d) may prove wrong, particularly at 
0.81 Bev. In fact, at energies below threshold for pion 
production there is no inelastic scattering, and at 
energies not far above threshold inelastic scattering is 
rare, so that the index of refraction of nucleonic matter 
is predominantly real. The onset of inelastic phenomena 
is expected to cause a change from predominantly real 
to predominantly imaginary index of refraction. At 
0.81 Bev the change may well not be complete, and 
potential scattering may still given an appreciable 
contribution to the coherent components of the out- 
going wave. In addition, incoherent elastic components 
arising from spin-flip scattering may be of importance. 
No satisfactory way was found to evaluate the different 
contributions to elastic scattering at these energies 
theoretically. However, as said before, the simplifying 
assumptions used find justification in the fact that our 
experimental data do not require the introduction of 
more parameters. 

Fortunately, the main conclusion that can be derived 
from the results on elastic scattering at Cosmotron 
energies is independent of detailed interpretations. The 
conclusion is that in p-p collisions the interaction region 
acts like an almost opaque absorbing body with dimen- 
sions of the order of 1.0X10-" cm. One may speculate 
on the relation of this observation to the results ob- 
tained in interpreting p-p elastic scattering in the energy 
region between 0.15 and 0.40 Bev. In fact, the theories 
proposed have as a common feature the postulate of a 
region of repulsion, i.e., a “hard or reflecting core,” 
strong enough to overcompensate the attractive inter- 
actions, with dimensions between 0.5 and 1.010-" 
cm. The Cosmotron results may indicate that as the 
energy increases the hard core begins to be “pene- 
trated” and can be considered as an almost opaque 
body of similar dimensions. 

The optical-model formalism was also applied to 
a--p scattering at 1.4 Bev, and led to conclusions 
similar to those for p-p scattering. The elastic scattering 
could be described as caused by a sphere with R=1.2 
10-8 cm and opacity 0.6.1 The numerical values for 
the radii and opacities may not have enough significance 
to warrant comparisons and speculations on their 
relative values. However, the fact that the two experi- 
ments yield similar results should be noted. The relation 
between the two results should be predicted by any 
complete theory of meson and nucleon fields. In the 
absence of such a theory, we can only offer two qualita- 
tive comments: 

(a) If one wants to interpret the radius of the 
interaction region in z-p collisions as the distance to 
which the interacting material of a nucleon (presum- 
ably its meson cloud) extends, one might think that 
nucleon-nucleon interaction can occur as soon as the 


16 Fisberg, Fowler, Lea, Shepard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 
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interacting material of the two nucleons overlaps. Fol- 
lowing this idea, the radius of the p-p interaction region 
should be greater than that for z-p, while it actually 
appears to be slightly smaller. 

(b) If, on the other hand, the x-p interaction is 
considered as “the fundamental interaction,” one 
might think that the apparent radius of the z- inter- 
action region may be larger than the radius for p-p 
collisions. 

Further speculations on this subject seem premature 
at present. 


D. PION MULTIPLICITY IN INELASTIC EVENTS 


In discussing inelastic events, the first step is to 
consider the over-all frequency of different pion multi- 
plicities before going to a more detailed breakdown in 
terms of final charge states and distributions in energy 
and angle of the particles emitted. Since many different 
reactions are possible, the analysis of inelastic events is 
much more complicated than that of elastic events. No 
detailed theory is available for comparison, but various 
aspects of the data can be compared with the Fermi 
statistical theory, which makes no specific assumptions 
concerning the interaction of pion and nucleon fields.’” 
If the experimental results show departures from the 
predictions of the statistical theory, these may give 
information concerning the details of the interactions 
involved. One detail which may be of particular interest 
is the strong interaction in the pion-nucleon state with 
T= J=3/2 shown by pion-nucleon scattering results.'* 
It is, therefore, important to determine whether pion 
production phenomena are influenced by such a 
strongly-interacting state. 

In I, II, and III, results were obtained for the fre- 
quency of single, double, and triple pion production. 
The “best values” are summarized in Table III, where 
they are compared with theoretical predictions. The 
third column gives the results of an evaluation of the 
Fermi theory using exact relativistic expressions.” The 


TABLE III. Comparison of experimental multiplicities 
with theory. 








Proton Theoretical ratios 


energy Experimental ratios 


Ferm 
(Bev) single: double:triple single: double: triple 


0.81 100: 0: 0 100: 0:0 
1.5 80:20: 0 94: 6:0 
2.75 36:48:16 78:20:2 


Kovacs 
single: double 





55:45 
28: 728 








* Extrapolated linearly from Kovacs’ curves. 


17E. Fermi, Progr. Theoret. ha he 5, 570 (1950); or 


E. Fermi, Phys. Rev. 92, 452 (1953) ; 1435 (19 54). 

18 See, for example, H. A. Bethe and F. de Hoffmann, Mesons 
and Fields (Row, Peterson and Company, Evanston, 1955), Vol. 2, 
or Proceedings of the Rochester Conference on High-Energy Nuclear 
Physics, 1955 (Interscience Publishers, Inc., New York, 1955). 

1M. M. Block, Phys. Rev. 101, 796 (1956). In the Fermi 
theory the radius of the interaction volume in which equilibrium 
is supposed to take place is an unspecified parameter that can in 
principle be adjusted to fit experiment. The calculations quoted 
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experimental results at 1.5 and 2.75 Bev show con- 
siderably more double and triple meson production than 
predicted. This conclusion is similar to that obtained 
from analysis of n-p collisions.” 

A number of theoretical calculations have been made 
in which the Fermi theory is modified in different ways. 
Lepore and Neuman introduced the conservation law of 
relativistic center-of-energy.”" Qualitatively, their re- 
sults predict a lowering of the average momentum of 
the pion (in comparison with the original Fermi theory), 
resulting in a higher multiplicity. Since no detailed 
calculations have been made at our specific energies, 
however, it is not known whether this theory gives 
quantitative agreement with our results. Bocchieri and 
Feldman have calculated matrix elements by a per- 
turbation calculation and have shown that a sufficiently 
large coupling constant might lead to frequent double 
pion production.” The effects of final state interactions 
between nucleons and between pions and nucleons have 
been included by Kovacs.” He finds that the pion- 
nucleon interaction seriously alters the statistical re- 
sults, with an enhancement of two-meson states due to 
resonance effects. If this effect dominates the production 
process, one would expect the cross section for single 
meson production to rise sharply at a laboratory kinetic 
energy of ~0.7 Bev, whereas double meson production 
should compete seriously at ~1.5 Bev, and triple 
production should set in at ~2.4 Bev. This is in good 
qualitative agreement with our experimental results. 
Kovacs’ calculated results for the single:double pion 
production ratios are indicated in column 4 of Table 
III. The theoretical multiplicities are somewhat larger 
than the experimental ones, but this discrepancy might 
well be ascribable to the approximate calculation 
methods employed, in particular, the nonrelativistic 
treatment of the nucleons. 

Of course, the experimental results are not altogether 
free from uncertainties, as pointed out in I, II, and 
III. Rough confirmation of the high multiplicities can 
be obtained from the emulsion data of Cester, Hoang, 
and Kernan at 3 Bev whose single: double: triple ratios 
are 43:45:12.8 


E. PARTIAL CROSS SECTIONS AND 
CHARGE INDEPENDENCE 


For a given pion multiplicity we now investigate the 
relative frequencies of the various possible charge 
states. The concept of charge independence of nuclear 
forces has proved to be a valuable tool in the analysis 
of high-energy nuclear reactions and the following dis- 


were made with radius equal to the Compton wavelength of the 
pion, as is conventional. The results of Sec. C suggest that the 
actual region of interaction may be somewhat smaller. This would 
tend to reduce the predicted multiplicity, giving even poorer 
agreement with experiment. 

® Fowler, Shutt, Thorndike and Whittemore, Phys. Rev. 95, 
1026 (1954). 

21 J. V. Lepore and M. Neuman, Phys. Rev. 98, 1484 (1955). 

% P. Bocchieri and G. Feldman, Phil. Mag. 45, 1145 (1954). 

% J. S. Kovacs, Phys. Rev. 101, 397 (1956). 
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cussion is based on the charge-independence hypothesis. 
Two simplifying assumptions concerning charge states 
have been advanced by Fermi!’ and by Peaslee.* Fermi 
assumes that all accessible final states are equally 
probable, while Peaslee assumes that only final states 
resulting from an intermediate 7=3/2 state are to be 
counted. The resulting statistical weights are sum- 
marized in Table IV. Despite the differences in assump- 
tion, the relative weights of different charge states are 
not widely different. When these predictions are com- 
pared with the experimental results in Table ITI of I, 
Table III of If, Table II of ITI, and Table III of ITI, 
one finds no obvious decision in favor of either Fermi 
or Peaslee weights. 

It is, therefore, necessary to consider the question in 
more detail. Experimentally the most reliable data are 
those at the lowest energy, where measurements are 
most accurate and criteria of identification least am- 
biguous. Consequently, the (pn+-) to (pp0) ratio, R, 
is of the most significance; the Fermi value for this 
ratio is 3:1, and Peaslee value is 5:1. The values of R 
obtained experimentally from identified (gm+) and 
(pp0) events are 87/5 at 0.81 Bev, 19/0 at 1.5 Bev, 
and 10/3 at 2.75 Bev, but the 2.75-Bev ratio is too un- 
reliable to be of use. The 0.81-Bev data also include 16 
events that could be either (pu+-) or (pp0). Since it is 
exceedingly unlikely that a major fraction of the un- 
certain cases are (pp0), it is concluded that R=17+8, 
where the limits include the effects of both statistical 
fluctuations and the uncertainty in the distribution of 
the unidentified events. At 1.5 Bev the number of un- 
identified events is relatively larger, but the value of R 
appears also to be high. 

We therefore conclude that our value of R does not 
fit either the Fermi or the Peaslee prediction. The more 
general deductions from the charge-independence hy- 
pothesis, presented in the appendix, give results that 


TABLE IV. Statistical weights for different final 
charge states from p-p interactions. 








Relative statistical weight* 


Charge state Fermi Peaslee Kovacs 


(pn+) 5 1 
(pp0) 1 0 


Multiplicity 





Single 
Single 


Double 
Double 
Double 
Double 


~6 
~9 


Triple (pn+00) 68> 
Triple (»p000) 8 8 
Triple (nn++0) 14 
Triple (pp+ —0) 154 66 
Triple (pn++—) 175 114 








® The figures give the relative statistical weight of different charge states 
for a given multiplicity, but they are not to be used for comparison between 
different multiplicities. 

b These figures are based on a hypothetical intermediate state consisting 
of two T =3/2 (nucleon+pion) states with an additional unaffiliated pion. 


%D. C. Peaslee, Phys. Rev. 94, 1085 (1954) ; 95, 1580 (1954). 
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do not depend on any specific model for the (pn+-) and 
(pp0) reactions, and permit an interpretation of the 
large value of R. The appendix shows that if r is defined 
as the ratio of differential cross sections 


r=dao(pn+)/do(pp0), 
then, in general, 
r=1+2|s|2/|#.|%, (2) 


where ®z is that (real space) X (real spin) portion of the 
outgoing wave function which is symmetric under 
nucleon exchange and ®, is the similar portion which is 
antisymmetric. In particular, r= occurs when the 
(real space) X (real spin) wave function is symmetric, 
i.e., ®4=0, which then gives R= for the over-all 
ratio (including all angles, momenta, etc). Further, it 
was shown that if r=1 or if r= (for all angles, mo- 
menta, etc.), then a consequence of charge independence 
is that the neutron and proton in the (pn+) reaction 
have identical angular distributions, momentum dis- 
tributions, etc. 

The experimental data do not give R=, but only 
R=17+8. Using this range of R values, it is found 
that between 80% and 95% of the cross section for 
single pion production is due to @s. Therefore, the 
major effects in this experiment can be attributed to 
®@s, and it is approximately correct to neglect 4 in 
comparison. It therefore follows from the preceding 
arguments that charge independence requires that the 
proton and neutron have the same spatial distributions 
(if 4 is set equal to zero). As will be shown in later 
sections, we find experimentally that the proton and 
neutron do indeed have similar distributions, within 
experimental error. Thus this result provides a check 
on the hypothesis of charge independence of nuclear 
forces at 0.81 Bev, an energy considerably higher than 
those at which other checks have been made.”® Similar 
conclusions would hold at 1.5 and 2.75 Bev, but the 
values of R are not as well determined. 

The functions @s and ®, are associated with the 
isotopic spin functions which are antisymmetrical and 
symmetrical, respectively. These isotopic spin functions 
are obtained from the addition of the isotopic spins of 
the two nucleons to form states of 7’=0 and 7’=1, 
with subsequent addition of the pion isotopic spin. An 
alternative model involves addition of the isotopic 
spins of pion and one nucleon to form 7’=3/2 and 
T'=1/2 states, with subsequent addition of the other 
nucleon’s isotopic spin. This may be considered as a 
more general form of the Peaslee model. It is also dis- 
cussed in the appendix, and the result is obtained that 
values of R larger than 5 and smaller than 2 can only 
occur because of interference terms between 3/2 and 
1/2 states. Because of the 1/2 state contributions and 


(1) 


% For a summary of experiments testing charge independence, 
see Henley, Ruderman, and Steinberger, Annual Review y 
Nuclear Science (Annual Reviews, Inc., Stanford, 1953), Vol. 3, 
p. 1. 
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Fic. 4. Rough estimate of partial cross sections for (d+), 
(pn+), and (pp0) reactions as a function of proton kinetic 
energy in laboratory system. Curves up to 0.7 Bev are based on 
references 2 and 11. Above 0.7 Bev the curves are a guess based 
on our rough experimental points. 


the consequent large interference terms that are present 
for the large values of R found in this experiment, this 
excited nucleon model loses its simplicity and most of 
its predictive powers. 

The energy dependence of the partial cross sections 
for single meson production is also of interest. There are 
three possible reactions, (d+), (pu+), and (pp0). The 
data given in I, Sec. D, II, Sec. C, and ITI, Sec. C show 
that (d+) is negligible and that (pp0) is a small con- 
tribution at these energies. The number of ambiguous 
events at 1.5 and 2.75 Bev is too large to permit an 
accurate determination of the (pp0) contribution at 
1.5 and 2.75 Bev, but it appears that the energy de- 
pendence of (d+), (pn+), and (pp0) reactions may 
have the qualitative features shown in Fig. 4. For 
double and triple meson production, the information on 
partial cross sections for different charge states is not 
complete enough to warrant drawing similar curves. 

The (d+) reaction is the most probable immediately 
above threshold, and reaches a maximum cross section 
of about 3 mb,”® but above 0.8 Bev (d+) events are 
very rare. Apparently the two nucleons are seldom left 
with low enough relative energy to emerge in the bound 
state. 

The (pp0) reaction is practically forbidden at 
threshold”? but it is unlikely that the same selection 
rule accounts for its small cross section in the high- 
energy region. The (pm+) reaction predominates for 
energies above about 0.4 Bev. The occurrence of a 
maximum for both (pp0) and (pn-+-) cross sections at 
approximately the same energy and the slow decrease 
of both beyond 0.8 Bev appear to be due to the onset 
of competition of multiple meson production. 


28M. G. Meshcheryakov and B. S. Neganov, Doklady Akad. 


Nauk. S.S.S.R. 100, 677 (1955). 
37 See, for example, A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 
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Fic. 5. Angular distribution of protons, neutrons, and pions 
4 ger) events at 0.81 Bev (solid lines) and 1.5 Bev (broken 
es). 


F. ANGULAR DISTRIBUTIONS FOR (pn+) 


Since the (pn+-) reaction is the most frequent, it is 
the only one having a sufficient number of cases for 
angle and momentum distributions to be meaningful. 
There are few definite theoretical predictions concerning 
angular distributions with which the experimental data 
can be compared. Of course all angular distributions in 
the c.m. system should show forward-backward sym- 


metry about 90°, since the two colliding protons are 
identical particles. The simple statistical model (in 
which angular momentum is not conserved) would 
predict isotropy for all of the particles. Fermi has 
shown that at very high energies, where there is an 
appreciable Lorentz contraction of the sphere into 
which energy is deposited, the conservation of angular 
momentum requires a strong forward-backward peak- 
ing in the c.m. system.!” It is not clear whether, at the 
rather low energies of these experiments, this effect 
would lead to appreciable anisotropy in the c.m. 
system. Near threshold it is usually assumed that the 
nucleons are emitted in S$ states and pions in P states, 
and one might expect the same states to predominate 
at higher energies, as was assumed by Kovacs.¥ In 
such a case the nucleons should be fairly isotropic, but 
the pions peaked forwards and backwards. The argu- 
ment presented in IV, Sec. E leads to the conclusion 
that the symmetric function @s predominates, and 
therefore, neutron and proton should have similar 
angular distributions, whatever the distribution is. 

When the experimental distributions given in I, Sec. 
F, II, Sec. D, and ITI, Sec. E are tested for symmetry 
about 90°, we find appreciable asymmetries, which are 
greatest for 2.75 Bev and least for 0.81 Bev. As previ- 
ously pointed out, these must be ascribed to bias 
arising largely from the fact that events with charged 
particles emitted backward in the c.m. system are 
easiest to identify. It is difficult to determine the extent 
to which this bias will modify other distributions. Since 
the bias is worst for 2.75 Bev and the data fewest, 
distributions at this energy will not be discussed. In 
order to reduce the bias at the lower energies, all dis- 
tributions were folded about 90°. The resulting angular 
distributions are plotted in Fig. 5. The nucleon dis- 
tributions show a marked forward-backward preference 
in all cases. They are certainly not consistent with 
S wave or other isotropic emission, but suggest a 
collision with low momentum transfer, that is quasi- 
elastic in character. At each energy proton and neutron 
distributions are similar and could be identical within 
the experimental errors, as predicted in Sec. E. On the 
other hand, the data certainly do not rule out the 
possibility of minor differences between neutron and 
proton distributions; such differences might arise from 
interference between @g and #4, even though ®, is 
relatively small.”8 

The pion angular distribution at 0.81 Bev does in- 
deed resemble a P-wave angular distribution, having a 
minimum at 90°. The 1.5-Bev distribution, however, 
appears essentially isotropic. 

In principle one should be able to obtain information 
on the values of the angular momentum of the system 

8 Another condition has to be fulfilled if the neutron and proton 
are to be interchangeable. It is the symmetry about the 0°-180 
axis of the distribution of the function (6¢,—@n) where @p is the 
azimuth angle of the proton relative to any arbitrary direction, 


and ¢, is the azimuth angle of the neutron. It is found that this 
condition is fulfilled within the accuracy of the experiment. 
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by an examination of the angular distributions. It was 
shown earlier that the major portion of the (real space) 
X (real spin) part of the total wave function is sym- 
metric in the interchange of the nucleons. If analysis of 
the spatial distributions were to show that the real- 
space portion was of only one symmetry, e.g., sym- 
metric, then we would be able to conclude that the two 
nucleons were interacting in a particular real spin 
state, e.g., the triplet state. In practice the analysis of 
the data from this point of view presents formidable 
difficulties and has not been attempted. 


G. MOMENTUM DISTRIBUTIONS FOR (pn+) 


The momentum distributions expected on the basis 
of the Fermi statistical theory have been calculated 
using exact relativistic expressions." The curves given 
in Fig. 6 show the results for 0.81 Bev and 1.5 Bev. 
It should be emphasized that the shape of the mo- 
mentum distribution for a given multiplicity does not 
depend on the interaction volume. The discussion of 
Sec. E indicates that proton and neutron should have 
approximately the same momentum and angular dis- 
tributions. Other predictions can be made only quali- 
tatively. In the work of Lepore and Neuman, the pion 
would be emitted with lower average momentum than 
that predicted by the Fermi theory. The calculations 
of Kovacs also give lower pion momenta than the Fermi 
theory for incident proton energies greater than about 
1 Bev. 

The experimental momentum distributions are the 
histograms plotted in Fig. 6. The results at 0.81 Bev 
fit well with Fermi theory curves for both proton, 
neutron, and w+. Differences between proton and neu- 
tron, if any, are small. The experimental distributions 
at 1.5 Bev, however, are not consistent with the Fermi 
predictions. The statistical factor predicts a peak at 
too low a momentum for the nucleon distribution and 
at much too high a momentum for the pion. The results 
of Lepore and Neuman and Kovacs would give better 
agreement with experiment at 1.5 Bev. Proton and 
neutron spectra are again similar at 1.5 Bev, so that the 
predictions of Sec. E are confirmed. 

If one compares pion distributions at 0.81 and 1.5 
Bev, it is evident that the difference between them is 
much less than one predicts on the basis of Fermi 
theory. Yuan and Lindenbaum have noted that the 
pion energy spectrum in the c.m. system from nucleon- 
nucleon collisions does not change much with incident 
nucleon energy.” They have interpreted this in terms of 
a strong effect of the pion-nucleon resonance. Our 
momentum spectra are in rough agreement with their 
observation, but the (pn+-)/(pp0) ratio of 17 indicates 
that pion production does not occur entirely through 
a T=J=3/2 intermediate state, as shown in Sec. E. 


*®1L. C. L. Yuan and S. J. Lindenbaum, Phys. Rev. 93, 1431 
(1954). 
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Fic. 6. Momentum distributions of protons, neutrons, and 
pions in (pn+) events at 0.81 Bev (solid lines) and 1.5 Bev 
(broken lines). The histograms represent the experimental data 
and the smooth curves the distributions predicted by statistical 
theory. 


H. Q VALUES BETWEEN PAIRS OF PARTICLES 


Interactions between pairs of particles, such as a 
pion-nucleon interaction, might be expected to be 
shown most directly by an effect on the distribution of 
relative energy, or Q value, between pairs of particles.” 
For example, a resonant T=3/2 interaction would 


*Tt should be pointed out that for collisions with three-body 
final states and unique energy in the c.m. system, such as (pn+), 
the Q plots are not kinematically independent of the momentum 
distributions but rather are alternative means of analyzing the 
same data. In particular, a specification of the neutron momentum 
distribution automatically determines the Q,, distribution. How- 
ever, the Q plots do serve as independent approaches for collisions 
involving 4 or more final-state particles. 
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Fic. 7. Q-value distributions for (pm), (p+), and (m+) pairs 
of particles in (pn+) events at 0.81 Bev (solid lines) and 1.5 
Bev (broken lines). The histograms represent the experimental 
data and the smooth curves the distributions predicted by 
statistical theory. 


strongly affect the Q,, distribution. Calculations based 
on the Fermi theory have been made to predict Q- 
value distributions that would exist in the absence of 
important 2-particle interactions.” 

Figure 7 shows Q-value distributions for (+), (n+), 
and (pm) pairs from 0.81- and 1.5-Bev (pn+) events 
as observed experimentally and as predicted from the 
Fermi theory. At 0.81 Bev reasonable agreement is 
obtained. Also, the agreement between Q,, and Qn; 
distributions supports our earlier conclusion that charge 
independence is satisfied. At 1.5 Bev the statistical 
predictions are in marked disagreement with the data. 
There appears to be a difference between Q,; and Qn; 
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distributions, but it is difficult to be sure whether this 
difference is significant because of the large number of 
uncertain classifications, statistical fluctuations, meas- 
urement errors, and possible biases. It certainly does 
not imply any failure of charge independence at 1.5 
Bev. 

As was noted in II, Sec. E, the average value of 0, 
is 154 Mev for the 1.5-Bev cases, which would agree 
well with the energy of the w*-p scattering resonance. 
For the 0.81-Bev data, the average value of Q,, is 
about the same, but similar values are predicted by the 
statistical calculations. Further measurements with 
greater accuracy are necessary to show whether the 
1.5-Bev result is really caused by the 2-p resonance or 
whether the numerical agreement is merely fortuitous." 


I. ANGULAR CORRELATIONS BETWEEN PAIRS 
OF PARTICLES 


The distributions of angles (in the c.m. system) in- 
cluded between particle pairs from (pn+) reactions 
are shown in Fig. 7 of I for 0.81 Bev, in Fig. 5 of II for 
1.5 Bev, and in Fig. 6 of III for 2.75 Bev. A striking 
feature at all beam energies is the strong back-to-back 
correlation between proton and neutron. This, of 
course, mainly reflects the fact that the average nucleon 
momentum is considerably higher than that of the 
average pion; consequently, momentum conservation 
in the c.m. system requires that the nucleons be emitted 
almost antiparallel. 

There appears to be a strong preference for large 
pion-proton correlation angles in (p+) events at 
0.81 Bev, which is somewhat less pronounced for the 
pion-neutron pair. However, these apparent differences 
are probably too small to be conclusive. It should be 
noted that the kinematics of a 3-body final state are 
such that a specification of two correlation angles 
suffices to specify the magnitudes of all momenta. 
Thus, if the (x+,p) and (x~,m) angular correlation dis- 
tributions are dissimilar, this would result in a dis- 
similarity between the proton and neutron momentum 
distributions. Since we had concluded that there were 
no obvious differences in the momentum spectra of the 
two nucleons, the small apparent asymmetry in angular 
correlations may be spurious. On the other hand, there 
may in fact be a small difference between neutron and 
proton momentum distributions. 

The angular correlation data at 1.5 Bev for (p+) 
events show that the (x+,p) pair has a small peak at 
large angles whereas the (x+,m) pair peaks slightly at 
small angles. A similar difference was noted in the 
Q-value distributions, but the statistical accuracy of 
these results is low. Charge independence predicts that 
for a (pn+-)/(pp0) ratio of ~, the proton and neutron 
would have the same behavior. It is possible that the 


31 One might hope to obtain further information from the 2.75- 
Bev data, but since there are only 10 (pn+) events and 17 
(pn+0) ones, with severe problems concerning bias and identi- 
fication, no clear conclusions can be reached. 
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asymmetry in these observations is due to experimental 
errors. It is also possible that a small but nonvanishing 
©, would give rise to small asymmetries by interference 
with the dominant ®s. 


J. CONCLUSIONS 


The rise in total cross section for p-p interactions 
occurring between 0.4 and 0.8 Bev is due to inelastic 
events leading to the production of one or more pions, 
the cross section for such processes being about 26 
millibarns for energies from 0.8 to 2.75 Bev. In this 
energy range, the elastic cross section apparently drops 
slowly with increasing energy. 

The ratio of elastic to inelastic cross sections and the 
strong forward peaking of the elastic cross section are 
consistent with predictions of a simple optical model 
in which the region of interaction is taken to be a 
sphere of absorbing material of uniform density with 
radius 0.93X10-" cm. The absorption coefficient of 
nucleonic matter then varies from 4.3 10" cm= at 0.81 
Bev to 2.710" cm~ at 2.75 Bev. These parameters are 
purely empirical, and we have no theoretical justifica- 
tion for assuming an interaction region of this kind. 

At 0.81 Bev only one pion appears to be produced, 
but at higher energies multiple pion production becomes 
increasingly frequent. At 2.75 Bev the percentages of 
inelastic events involving single, double, and triple pion 
production are estimated to be 36%, 48%, and 16%. 
Multiple pion production is thus considerably more 
common than predicted by the Fermi statistical theory, 
but not quite as common as the predictions of Kovacs, 
whose calculation takes into account a strong pion- 
nucleon final state interaction. Qualitatively, however, 
the Kovacs theory leads to predicted energies at which 
double and triple pion production should begin to 
become appreciable that are in rough agreement with 
experiment. 

In single pion production events the (pm+) reaction 
predominates at all energies. The (pn+-)/(pp0) ratio is 
17+8 at 0.81 Bev and remains high at the higher 
energies. An analysis in terms of charge independence 
shows that the predominant final state has a (real space) 
X (real spin) wave function, @s, that is symmetric 
under exchange of the two nucleons, and corresponds 
to final state nucleons coupled with isotopic spin 
T’=0. Accordingly, proton and neutron should exhibit 
approximately identical spatial behavior. The mo- 
mentum spectra, (Q-value distributions, and angular 
distributions of the protons and neutrons are reasonably 
alike, which provides a rest of charge independence at 
energies considerably higher than those of previous 
tests. At 1.5 and 2.75 Bev charge-state ratios and 
spatial distributions are less well determined. The data 
involve no contradictions of charge independence. 

Nucleons from inelastic collisions tend to be emitted 
forwards and backwards in the c.m. system so that 
relatively low momentum transfer is involved. Their 
angle and momentum distributions show marked devia- 
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tions from the predictions of the Fermi statistical 
theory at 1.5 Bev. 

Correspondingly, pions tend to be emitted with low 
momenta, which is in marked disagreement with the 
predictions of statistical theory at 1.5 Bev. These data 
suggest that a w-nucleon interaction may affect pion 
production in an important way. Such a z-nucleon 
interaction might be strong in a T=J=3/2 resonant 
state, but our data are not sufficiently accurate to 
establish such details. 
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APPENDIX. GENERAL RESULTS FROM CHARGE 
INDEPENDENCE CONCERNING (pn+) 
AND (pp0) REACTIONS 

We wish to develop, from the charge-independence 
hypothesis, some general results for the reactions 
p+p— ptn+nt and p+p— p+p+7. The proced- 
ure resembles those applied for lower energies,?* but 
here it is not possible to introduce the usual limitation 
to S and P states. 

Since the initial p-p state of our system has isotopic 
spin T=1, T,=+1, we require that our final system, 
consisting of two nucleons and a pion, be in a (1, +1) 
state. Within the context of charge independence, the 
two nucleons in the final state must be treated as 
identical particles, since the charge state of a given 
nucleon is merely an additional quantum number 
specified by its 2 component of isotopic spin. This 
requires that the total final state wave function (de- 
pending on nucleons 1 and 2 and the pion), which is a 
product of (real space) X (real spin) X (isotopic spin) 
wave functions, be antisymmetric in the exchange of 
nucleons 1 and 2. (Hereafter, the terms symmetric and 
antisymmetric, and/or subscripts S and A will denote 
wave functions which are symmetric or antisymmetric 
under the exchange of two nucleons.) 

The final-state isotopic spin wave function corre- 
sponding to an isotopic spin T can be constructed by 
first coupling the isotopic spin of the nucleons to obtain 
T’=0 or 1 and then combining‘7” with the isotopic 
spin of the meson to get 7. This"mode of intermediate 
coupling insures that the final isotopic spin state is 
either symmetric or antisymmetric. We find that the 
final isotopic spin wave functions corresponding to the 
two different intermediate values of 7’ are 


1 1 
a prt )—— mprt) for T’=0, (A.1) 


1 1 1 j 
anne pt)— met )+| be) 
for 7’=1, 


(A.2) 
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where, for example, | 172+) is the orthonormal state 
function for nucleon 1 being in a proton state (i.e., 
tz3=+1/2), nucleon 2 being in a neutron state and the 
pion being in a w* state. We note that from (A.1) ra 
is antisymmetric, whereas from (A.2) rg is symmetric. 
If we denote the (real space) X (real spin) portions of 
the outgoing wave function by ®, then the total wave 
function VW (which is a function of the two nucleons 
and the pion) is 


W=O8744+PyrTs, (A.3) 


where the appropriate (real space) X (real spin) portion 
with 74 must be symmetric in order to insure that V 
be antisymmetric, and for the same reason, the (real 
space) X (real spin) portion with 7s must be antisym- 
metric. By combining (A.1), (A.2), and (A.3), the total 
wave function can be written as 


$, Ps 
v-( +) post) 
2 vw 


+( inden.) | REY ae PS 
a mpe ) is ». (A.4) 


From (A.4) it can be shown that the ratio r=do(pn+)/ 
do(pp0) is given by 


r=1+2|bs|*/|b,|*. (A.5) 


Thus an experimental determination of r fixes the ratio 
|@s|?/|@,|*. In particular, if 6s=0, then r=1, whereas 
if d4,=0,r=;ie,1<r<o. 

If we consider the case r= ©, (A.4) can be written as 


Ps 
(A.6) 


It follows from (A.6) that the real-space and real-spin 
distributions of the nucleons remain the same under the 
interchange of the charge states of nucleons 1 and 2, 
ie., in the reaction +p — p+n-+r2*, the spatial dis- 
tributions for neutrons and protons must be identical 
for the final-state neutrons and protons. This conclusion 
remains unaltered for the case r=1, as is seen from 
inspection of (A.4). Thus, in summary, if experiment 
were to show that r is given by either r= or r=1, 
then it is predicted as a consequence of charge inde- 
pendence that the angular distributions, momentum 
distributions, etc., of the protons and neutrons in the 
aforementioned reaction would be identical. 

These considerations permit us to construct a sta- 
tistical theory which is a modification of that proposed 
by Fermi.’ The Fermi statistical theory predicts no 
difference in spatial behavior between proton and neu- 
tron. We can use this property, conversely, to define 
what is meant by a statistical theory. If we do so, and 
require that the neutron and proton enter symmetri- 
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cally, it follows from Eq. (A.4) that 
Py, ®s 2 PD, Ps F 


(A.7) 


a WE 2 w 


if the neutron and proton are to have the same dis- 
tributions for (pn+-) or (pp0) reactions. Equation (A.7) 
can be satisfied in three ways: (a) 4=0, (b) &s=0, or 
(c) 6s=0 when #440, and 64=0 when s+0, but 
neither ®s nor ®, need be zero over all regions of space. 
Fermi apparently chose condition (c) and, to satisfy 
his statistical requirement took the average values of 
|@,|? and |@g|?, integrated over all space, to be equal. 
This leads to an over-all ratio R=3 for otot(pn+)/ 
rot (pp0). It would, however, be equally consistent with 
our definition of a statistical theory to choose either 
condition (a) or (b). The exclusion of the other sym- 
metry state could then be due to a selection rule. In 
summary it is found that there are three a priori 
predictions of R possible from the statistical theory, 
corresponding to assumption (a), (b), and (c), re- 
spectively, R=, R=1, and R=3. It should be ob- 
served that the large experimental values of R are in 
agreement with condition (a), and therefore, we con- 
clude that these results are in essential agreement with 
the statistical theory, even though they disagree with 
the R value derived from the more restrictive condi- 
tions chosen by Fermi. These same remarks would 
apply to the modified statistical theory of Lepore and 
Neuman.” 

One can also present an analogous formulation of 
the excited-state model. It is now assumed that nucleon 
1 and the pion are coupled together in either a 3/2 or 
1/2 isotopic spin state, which resultant is then coupled 
to nucleon 2 to lead to a final isotopic spin state for the 
3 particles of T=1, T,=+1. These isotopic spin wave 
functions are labeled by the value of the intermediate 
state, and are given by 


1 
"(1,2)=—-— 0) 
3(1,2) vole 
1 


v3 
“YD mpst)+— pint), (A.8) 


1 v2 
74(1,2)= a np) +— mprt). (A.9) 


The indices 1,2 refer to the spatial positions of 
nucleons 1 and 2, and for simplicity, the pion position 
is omitted throughout. If nucleons were nonidentical 
particles, the total wave function would be given by 


W (1,2) =4(1,2)74(1,2)-+4)(1,2)74(1,2), (A.10) 


where the ®’s correspond to the (real space) X (real spin) 
portion of the outgoing wave function. Since nucleons 
are identical particles (within the framework of charge 
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independence), and we thus require ¥(1,2)= —W(2,1), 
Eq. (A.10) is clearly an inadmissible wave function in 
general. To give it the necessary antisymmetry, we form 
W (1,2) =y9(1,2) 79.4 (1,2) +44 (1,2)748(1,2) 


+045 (1,2)75.4 (1,2) +454 (1,2)745(1,2), (A-11) 


where 
1 
748(1,2) pial 2) + ra(2s1)], 
(A.12) 


1 
74a (1,2) = [73(1,2)— 73(2,1) ], 
v2 


1 
®;5(1,2) =—[o4(1,2) +44 (2,1) ], 

v2 

; (A.13) 
#; (1,2) = phat 2)—#1(2,1) I, 


and similarly for the 1/2 state. These are functions of 
manifest symmetry and obviously lead to (A.11) being 
antisymmetric. We find from (A.12) and its analog for 


the 1/2 state that 
tya=(4/3)'r4,  — (A.14) 


(A.15) 


T4347 (3)! 75, 


tys= —(4/3)*rs, tyra =—(9)!7a, 


where 7s and 74 have been defined in (A.1) and (A.2). 
Using (A.14), (A.15), and (A.11), the total wave 
function is found to be 


W=[(4/3) iby s— (2) 8p 5 Jr 


+[- (3) *®ya— (4 (3) '@, 4 |rs. (A.16) 
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Comparison of (A.16) with (A.3) indicates that the 
wave function 4 and ®gs previously obtained can be 
interpreted, in the excited nucleon model, as being 
given by 


(A.17) 
(A.18) 


Ps = (4/3) *Pys— (F) Ms, 
D4 = — (§)!Bya— (4/3) ya. 


and 


Under Peaslee’s restrictive assumption that only the 
3/2 isobar is formed, #;3;=%;,=0. Further, it is im- 
plicit and necessary in his calculation that the isobar 
be assumed to have a sufficiently long lifetime so that 
on the average it decays when it is quite separated 
from the other nucleon, and thus is not interacting 
with it. Under these conditions, the spatial portion of 
the wave function containing the two nucleons can be 
separated into forms of the type (1/v2)[f(1)g(2) 
+/(2)g(1)]. If nucleon 1 (the one assumed to be 
coupled to the pion in the case of nonidentical nu- 
cleons) is sufficiently localized so that it has an appreci- 
able wave function only in the neighborhood of position 
1, then $;5(1,2) ~@,4(1,2) = (3) 4, (1,2), where ;(1,2) 
is the unsymmetrized wave function in (A.10). In this 
limit, 

Os~ (2) '@y, and @4~— (4) *;. (A.19) 
Therefore, from (A.5), we obtain r=5 at all angles and 
momenta, so that the over-all ratio R is also 5, the 
result obtained by Peaslee. If we were to have made the 
opposite assumption, that only the 1/2 state isobar 
contributes to the process, the corresponding value of 
R would be 2. Values of R larger than 5 and smaller 
than 2 can only occur because of interference terms 
between the 3/2 and 1/2 states. 
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The elastic double scattering of deuterons by complex nuclei has been investigated experimentally. 
Measurements were made on carbon, aluminum, and copper near 157 Mev, on lithium, beryllium, and carbon 
near 125 Mev, and on carbon and aluminum at 94 Mev. The expected tensor components of the 
deuteron polarization have not been found. Measurements have been made of the differential cross section 
and vector-type polarization as a function of angle. The observed polarizations were found to be larger 
than would be expected on the basis of the individual nucleon-nucleus interactions. 





1. INTRODUCTION 


OTH in its experimental and theoretical features, 
the double scattering of deuterons is more compli- 
cated than nucleon-nucleus double scattering. The 
second-scattered intensity of nucleons may be described 
by but one parameter in addition to the unpolarized 
cross section—namely, the polarization. For deuterons, 
however, because they have spin 1, four additional 
parameters may in principle be measured. The theoret- 
ical treatment of deuteron scattering must of necessity 
entail more approximations than that for protons 
because the deuteron is not an “elementary” particle. 
The problem is further complicated by the existence of 
both S and D states in the deuteron wave function. 

In spite of the theoretical difficulties, the results of 
the experiments should lead to a better understanding 
of the nature of the spin-orbit interaction’ which is 
assumed to give rise to polarization phenomena, and 
of the energy dependence of the nucleon-nucleus 
interaction? # 

The results of some earlier deuteron experiments at 
this laboratory have been reported in The Physical 
Review.* Lakin‘ has given a theoretical discussion of 
deuteron double scattering. Stapp,® using a formalism 
different from that of Lakin, has made an attempt to 
fit some of the present data. He has considered first 
and second Born approximations as well as contribu- 
tions due to the presence of D state in the deuteron 
wave function. 

Throughout this paper the symbol © is used to 
denote the (polar) scattering angle as measured in the 
laboratory system, and @ for that measured in the 
center-of-mass system. 


2. THEORETICAL 


In this section we recapitulate the theory of the spin 
polarization of the deuteron given by Lakin.‘ 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1E. Fermi, Nuovo cimento 11, 407 (1954). 

2R. M. Sternheimer, Phys. Rev. 100, 886 (1955). 

8 Chamberlain, "ie Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 95, 1104 (1954 

‘Ww. Lakin, Phys. ypev. 98, 139 (1955). 

5H. P. Stapp, University "of California Radiation Laboratory 
Report, UCRL-3098, August, 1955 (unpublished). 


The polarization state of a beam of nucleons can be 
completely specified by the statistical expectation 
values of four linearly independent matrices in the 
two-dimensional spin-space of the nucleon. These 
matrices are usually chosen to be the unit matrix, 1, 
and the Pauli spin matrices, ¢,, ¢,, and o,. By a proper 
choice of coordinates, the polarization state of the 
beam may be described by the expectation values of 
only two of the four matrices, namely, 1 and g,. In the 
spin-space of the deuteron there are nine linearly 
independent matrices. Again, the proper choice of 
coordinate axes allows us to specify the polarization 
state of a beam of deuterons by the expectation values 
of five of these nine. Lakin constructs a convenient 
complete set of nine 3X3 matrices from the unit 
matrix, 1, and the Cartesian components of the unit- 
angular-momentum operator in matrix representation, 
S;, Sy, and S,, in a manner similar to the formation of 
the sperical harmonics from 1, x, y, and z. These 
operators are denoted by 7; and are defined as 


Too=1, 
Tu= —$v3(S:+iS,), 
Ti0= (3)4S., 
T22= 3V3(S2+iS,)’, 
Tu=—4V3[(S2+iS,)S:+S.(S2+iS,)], 
T2o= (3)*(3S7—2), 

Ty_m= (—1)”T ya. 


J and M are simply parameters that number the 
matrices and have nothing to do with the angular 
momentum of the system. 

Let us denote by (Zz) the quantum-mechanical 
expectation value of Ty, averaged over the particles 
of a beam. For a beam of unpolarized deuterons, all 
the (Ty) are zero except (7), the normalization. If 
we scatter a beam of unpolarized deuterons and examine 
the portion of the scattered flux in the neighborhood 
of some mean scattering angle, we should expect this 
“beam” to be characterised by some nonzero (Tym), 
which would, of course, be functions of the scattering 
angle. 


(2.1) 
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Consider the following double-scattering experiment. 
A beam of unpolarized deuterons is incident upon 
target No. 1, with an initial propagation vector ky, 
(where the momentum of a particle is p=”k). Let that 
portion of the scattered flux near some final propagation 
vector ky be incident upon a target No. 2. Let us 
measure the second scattered flux near some final 
propagation vector, ks; (the initial second-scattering 
propagation vector, k2;=kiy, neglecting energy loss 
in the targets). If one sets up, for the second scattering, 
a right-handed coordinate system whose z axis is along 
kiy and whose y axis is along the normal, m, to the first 
scattering plane (m:=ki;Xkiy), then, as Lakin shows, 
the second-scattered intensity is given by® 


T=I{1+ (T20)1(T20)2+2(— (T21)1(T21)2 
+i(T11)1i(T11)2) cosp 
+2(T22)1(T22)2 cos2¢ |. 


The index on Ty; indicates that the parameter is 
characteristic of either the first or second scattering. 
The angle ¢ between the normals to the two scattering 
planes is given by ni: M2= m2 cos¢. Jo is the unpolarized 
differential-scattering cross section for the second 
scattering. 

It is shown that if the first scattering does produce 
any nonzero (S), it is directed along the y axis. From 
Eq. (2.1) we note that (711) is pure imaginary [that is, 
(T11)= — (t/2)v3(S,)], and the (72s) are all real. 

We shall refer to i(71:) as the vector polarization 
since it is the expectation value of the y component of 
the vector §. The (72) are referred to as components 
of the tensor polarization, since the T2 are compounded 
from the elements of the second-rank tensor S;S;. 

Let us attempt to apply the impulse approximation’~® 
to a model similar to that used by Fermi! in connection 
with scattering of nucleons. If we assume charge 
independence, the interaction of a proton with a nucleus 
is identical to that of a neutron. We also assume that 
the Hamiltonian may be written 


H= Tit To+ Ualris)+ V (r1,p1,01) + V (12, P2,02), 


where 1 and 2 label the neutron and proton of the 
deuteron, 7 is the kinetic energy operator, r12= | r1— 2| 
is the separation of the nucleons of the deuteron, 
Ua(riz) is the interaction between the nucleons of the 
deuteron, and V is the interaction of a nucleon with 
the target nucleus. We then write H=Ho+AHu, where 


Ho=T1+T24+ Va(ri), 
Hy=V(1)+V(2). 


(2.2) 


(2.3) 


(2.4) 


® Note that the sign of the (72) term is incorrect in Lakin’s 


r. 
PPG. F. Chew, Phys. Rev. 80, 196 (1950); G. F. Chew and 
G. C. Wick, Phys. Rev. 85, 636 (1952). 
8 G. F. Chew, Phys. Rev. 74, 809 (1948). 
°K. A. Brueckner, Phys. Rev. 89, 834 (1953). 
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The initial and final wave functions may be written 
Yi=exp[tk;-3 (11+ 12) JF (ri2)x1™, 
v= exp[iky,- 3(ti+12) |F (ri2)x1™, 


F(ry2) is the deuteron wave function (assumed to be 
pure § state) and x,” is the 3-component spinor of 
unit angular momentum with magnetic quantum 
number m. In the Born approximation, the scattering 
matrix Mis given as the matrix element of H, connect- 
ing the initial and final eigenstates of Hp. 


(2.5) 


2ua 
M,z= —— [arin exp —ik;- 3 (+12) | 
rh? 


XLV (1)+V (2)]-expLik;-3(ri+12) JF, (2.6) 


where ua is the deuteron reduced mass. Let us write V 
as a central potential plus a spin-orbit term 


V=U(r)+oe-L—VY(r) ]XpA2/h, (2.7) 
where 4, is 1/2 times the nucleon Compton wavelength, 


and is introduced so that Y has dimensions of energy. 
We then obtain for the scattering matrix the expression 


Ma= f'(K)[2ga(K)+ha(K,k)S-n1], (2.8) 
where “7K is the momentum transfer of the whole 
deuteron in the c.m. system, K= |k,—k;| = 2 sin(@/2), 
and f{(X) is the sticking factor.’ In the Born approxi- 
mation, gg and /g are given by 


a face) 
=—-— en er), 
” 4h? 


(2.9) 
2ha Sheed 
ha(K,k) =ik 2k? sino ——*) farce (r). 
Arh? 


The scattering matrix describing the scattering of 
free nucleons by the potential V of Eq. (2.7) is 


Ma=gn(K)+h,(K,A)o-n. (2.10) 


In the Born approximation, g, and h, are given by 


(K) te fa XU (0) 
§n(K) = ——— } dre“**®t U(r), 
4h? 
(2.11) 
2bn 
hn(K,k) =i 2k? sina ——) fare -¥( ). 
Arh? 


Comparison of Eqs. (2.9) and (2.11) shows that we 
may express the elements of the deuteron-scattering 
matrix, Eq. (2.8), in terms of the elements of the 
nucleon-scattering matrix Eq. (2.10) at the same 
momentum transfer: 


ga(K) = (=), 


ka 3 sina Ma 
ha( K,ka)= (=) ( ) (=) iat. 
ka sind] \pn 


(2.12) 
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Later we will compare the predictions of the above 
approximation with our experimental results. We will 
estimate g,(K) and h,(K,k,), using the results of 
proton-nucleus scattering experiments. In the scattering 
of deuterons of momentum ka, the nucleons that 
compose the deuteron interact with the target nucleus 
at an average momentum k,=k,/2. (This is smeared 
out because of the internal momentum of the deuteron.) 
In making our comparison, then, we must use proton 
experiments at an energy about half that of the asso- 
ciated deuteron results. 
Lakin shows that Eq. (2.8) yields 


To= f{4| gal?+3 | hal*], 


(2.13) 


2 
Toi{T1)= vg! (ga*hatgalta*), 


Io(T21)=0. 


Equations (2.12) and (2.13) enable us to express the 
parameters characterizing deuteron-nucleus double 
scattering in terms of the proton-nucleus scattering 
matrix at the same center-of-mass momentum transfer, 
K. We refer to them again in the discussion of the 
results. 


3. EXPERIMENTAL 


The experimental] arrangement was similar to that 
used for the double scattering of protons, described 
in a previous paper.” 


A. Polarized Beam 


The 165-Mev polarized deuteron beam was obtained 
by scattering the 190-Mev internal circulating deuteron 
beam from a target (target No. 1) inside the 184-inch 
cyclotron vacuum tank. The particles scattered outward 
were deflected in the fringing field of the cyclotron. 


” Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 102, 1659 (1956). 
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Those particles which were scattered at a suitable 
angle passed through an aperture in the vacuum tank 
into an evacuated exit tube. The beam entered the 
experimental area (cave) through a tubular collimator 
(snout collimator) 46 inches long. The first scattering 
was done from position a of Fig. 1. Calculations 
indicated that deuterons scattered at an angle of 17° 
would reach the exit tube. After the cyclotron had 
been shut down for conversion, however, measurements 
made with a mechanical analog orbit plotter deter- 
mined the first-scattering angle to be 16°+0.5°. The 
error in the first scattering angle corresponding to a 
}-inch radial error in target position was determined to 
be about 1° and this value represents an estimate of 
the maximum error in the first-scattering angle. 


B. Energy Degradation 


To obtain the 133- and 100-Mev beams, it was 
necessary to degrade the full-energy polarized beam. 
The degradation was done inside the vacuum tank by 
placing beryllium bricks at position A of Fig. 1. Beryl- 
lium was used to minimize intensity loss due to multiple 
scattering. The change of beam polarization due to 
the degradation process has been calculated by Wolfen- 
stein" and shown to be negligible. We have also 
considered the possibility that, owing to the changed 
magnetic rigidity of the particles after they have passed 
through the degrader, the exit tube might accept 
particles whose first-scattering angle is different from 
the assumed one. Calculations indicate that this effect 
is also small. An experimental check using the polarized 
proton beam has been performed” and seems to 
confirm the expectation that the polarization of the 
degraded beam is substantially the same as that of 
the full-energy beam. 


C. Apparatus 


To measure the scattered intensity, a three-counter 
telescope was used. These counters were called Counters 
1, 2 and 3, number 1 being defining and closest to the 
target. A variable copper absorber was put between 
Counters 1 and 2. A small fixed absorber was sometimes 
inserted between Counters 2 and 3. The coincidence 
circuit used was capable of detecting simultaneously, 
1-2-3 and 1-2 coincidences. In all the runs, a snout 
collimator of circular cross section was used in order 
to obtain a beam with high azimuthal symmetry. 
A 1-inch-diameter collimator was used when possible, 
in order to obtain good angular and energy resolution. 
However, on the low-energy experiments we used a 
2-inch-diameter collimator in order to obtain sufficient 
beam intensity. 


D. Counting Procedure 


For each polar angle © and azimuthal angle ¢, three 
counting rates were measured. These consisted of 


1 L. Wolfenstein, Phys. Rev. 75, 1664 (1949). 
12D). Fischer and J. Baldwin, Phys. Rev. 100, 1445 (1955). 
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“target in,” “target out,” and accidental coincidence 
counting rates. The accidental rate was measured with 
the target in place and with a time delay equal to the 
cyclotron rf pulse repetition time introduced into the 
circuit of counter No. 1. This rate was generally 
negligible. The counting rate due to the target, 9(0,¢)," 
was obtained through the relation 


§(0,¢) = (target in)— (target out)— (accidental). (3.1) 


The counting rates were used to derive three quantities. 
These are: 

(a) the coefficient of cos¢ in the angular distribution, 
denoted by e: 


4(@,0°)— 9(@,180°) 
~ 4(@,0°)+5(0,180°) ’ 





e(Q) (3.2) 


(b) the coefficient of cos2¢, denoted by B: 
B(@) 
[9(0,0°)+ 9(0,180°) ]—[9(@,90°)+ 9(0,270°) } 
~ £4(0,0°)+5(0,180°) ]}+[4(0,90°) +5(0,270°)]’ 
(3.3) 





(c) the average counting rate, denoted by9y: 
In(®) =3[9(0,0°)+9(0,90°) 
+49(0,180°)+9(0,270°)]. (3.4) 
Since the first scattering is to the left, ¢=0° is defined 
as scattering to the left, ¢=90° is scattering up, etc. 
The angular distribution observed with an unpolar- 
ized beam is called J9(@). The second scattered angular 


distribution is expressed in terms of the experimental 
parameters a, B, e, and go as 


I= 45 1+at+e cosp+B cos2¢ ], (3.5) 


and in terms of theoretical parameters by Eq. (2.2). 
Explicitly, the correspondence between the theoretical 
and experimental parameters is 


a= (T20)1{T 20)2, 
e=2[-— (T21)1(Ta1)2+4(T 1) 10(T 11) 2], 
B= 2(T 22)1(T 22)2. 

The measurement of a required two separate experi- 


ments, one with a polarized beam and one with an 
unpolarized beam. For a polarized beam we have 


(Im) p= 4L 9 (0°) +.9(90°) +.9(180°) 
+9(270°) ]= $0(1+a), 


and for an unpolarized beam, 


(Iw)u= Io. 


(3.6) 


(3.7) 


(3.8) 


13 In general, we use the symbol 9 to denote a scattered intensity, 
and the symbol J for a differential scattering cross section. In 
cases where the distinction is unimportant, we use the symbol / 
interchangeably. 
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Thus 
a=[ (Im) »/(Im)uj—1. 


In order to make the two experiments as similar as 
possible, special precautions were taken. The same 
target and telescope absorber were used in both 
measurements. The unpolarized beam had a higher 
energy and smaller energy spread than the polarized 
beam. To rectify this, a carbon wedge was placed in 
the beam at position A of Fig. 1. Bragg-curve measure- 
ments“ determined the polarized beam energy as 
1653.1 Mev and the degraded unpolarized beam 
energy as 165+2.8 Mev. A copper, rather than a 
carbon, first target was used in the hope that the 
smaller diffraction pattern would result in larger 
(T) at the first scattering angle. 


(3.9) 


E. Angular Resolution 


The geometrical angular resolution was computed by 
folding together the effects of a circular aperture due 
to the beam size and a rectangular aperture due to the 
defining counter. The effect of multiple Coulomb 
scattering was taken from Millburn and Schecter.'® 
The total angular resolution was obtained by taking 
the square root of the sum of the squares of the two 
rms angles. The results agreed reasonably well with the 
values obtained experimentally by sweeping the 
counters through the beam. 


F. Beam Polarization 


In the appendix we discuss the effect that the 
magnetic fields encountered by the polarized beam 
have on the beam polarization. There is no effect on 
the vector polarization, i(711). The fields do, however, 
produce a mixing (72). From Eq. (A.1), we see that 
for the conditions of this experiment the effect is small 
and can be neglected. 

The only nonzero (7'\y) that we have uncovered are 
related to the asymmetry by the second of Eqs. (3.6). 
If one performed an experiment in which the polarized 
beam was deflected through a large angle by means of a 
magnetic field, he could determine how much of e was 
produced by (721) and how much by i(71). Such an 
experiment was not done because of the extremely 
large deflections required (see appendix). It is therefore 
impossible to disentangle, in the measured asymmetry, 
the parameters characterizing the first and second scat- 
terings. We would like to go further than simply listing 
the observed asymmetries and to this end we shall make 
the heuristic assumption that | (7's1)|<«1 at the angle of 
the first scattering. This allows us to say (721)1(7'21)2~¥0. 
The following considerations support this assumption. 
The first Born approximation predicts (72)=0. The 
more extensive calculations by Stapp® indicate that 

44 Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 

1G, P. Millburn and L. Schecter, University of California 


Radiation Laboratory Report UCRL-2234, January, 1954 
(unpublished). 
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TABLE I. Estimate of rms systematic error in asymmetry. 
E is the beam energy. 








Target 


E Target E 
(Mev) No.2 e (Se) rms (Mev) No. 2 





165 = C 0.084 100 63C 








(Tx) should be small compared with i(7i:). The 
experiment reported here shows that the other (T2») 
are small. Consistent with this assumption, the asym- 
metry may now be written as 


e= 2i(T11)1i(T11)2= 3 (Sy) (Sy) 2. (3.10) 


We now have a relation that looks very similar to that 
applying to particles of spin 3, in which e depends on 
the product of a number characteristic of the beam 
multiplied by another characteristic of the target. 
We may now speak of a beam polarization (referring 
to the value of i(71:) characterizing the beam) and list 
values of i(71:) for various targets, energies, and 
scattering angles. No information has been obtained 
concerning the absolute sign of the polarization. 

The errors given for the tabulated values of i(7T11) 
include the estimated systematic error in the deter- 
mination of the polarization of the incident deuteron 
beam as well as the statistical error in the measurement 
of the asymmetry (see Table V). All errors reported 
are standard deviations. 

One other point should be mentioned. The polarized 
proton beam was usually obtained by scattering at 
~10° from Be. The polarization changes about 4.5% 
per degree in this region. In the deuteron experiments, 


we most commonly used C at 16° where i(7) is 
changing about 15.5% per degree. This makes the 
deuteron results more strongly dependent upon errors 
in first-target position, cyclotron main field, etc. 


G. Discussion of Uncertainties 


The absolute values of J) are uncertain to about 
20%. This is chiefly due to the uncertainties contained 
in the extrapolation of the counting rate to zero 
absorber and the slope of the voltage plateaus. Because 
of the preponderance of inelastic scattering at large 
angles, the tabulated values of J) must there be interpre- 
ted as, at best, upper limits to the true values of the 
elastic cross sections. The errors quoted are derived 
from counting statistics alone. 

The asymmetries found with the unpolarized beam 
in the a experiment can be used to make an estimate 
of the systematic error in ¢ in the following way. Let 
us assume that the asymmetries calculated from the 
unpolarized data are due to small misalignment errors. 
If we define 


d 
@) =— InJ,(9), 
8(@) te (9) 


then, to first order and for e*<1, the error de produced 
in the asymmetry by an angular misalignment 60 is 
given by ée=$50. From the asymmetries observed 
with the unpolarized beam, we compute (50) pms~0.14°. 
Using this value of (60);ms, we obtain values of 
(5e):ms=8(60)rms for our data. These are listed in 
Table I. 

One may also compute values of B for the unpolarized 
beam. These are listed in Table II. Four of the eight 
measured are greater than their statistical uncertainties, 
the worst being about 1.7 times its uncertainty. Thus 
we are inclined to believe that in the experiments with 
the polarized beam (see Table III) we have observed 
no values of B inconsistent with zero. 

The a@ experiment depends critically on matching 
the beam energies and energy spreads of the polarized 
and unpolarized deuteron beams. Although the counting 
rate due to elastic scattering should be independent of 
small variations of beam energy, that due to inelastic 
scattering is not. Crude estimates of the inelastic 
contamination at @=17° indicate that a disparity in 


TABLE II. Values of B observed with unpolarized beam. 








Target | BI 


Cc 0.0013-0.0085 
0.0049 +-0.0088 
0.00880.0095 
0.01350.0087 


0.0114-++0.0078 
0.0086+-0.0082 
0.0065 +0.0110 
0.0197 +0.0117 
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TaBLE III. Cross sections, asymmetries, polarizations, etc., for deuterons elastically scattered 


from lithium, beryllium, carbon, aluminum, and copper. 








es 
(degrees) 


Io 
(mb/sterad) 


Ba 


a(Tu)e 


Target 1 


Groupt 





1557+13 
87747 
57543 
575+8 
163+3 

94.2+2.1 

103.6+1.0 


82.0+1.3 


54.7+0.5 
25.90.7 
12.5+0.4 


254524 
400+5 


242+1 
160+2 
84.6+1.4 


36.6+0.8 
19.5+1.0 
9.30+0.37 


201+8 
2222 
111+6 
1054 
121+1 
40.1+2.3 


44.5+1.1 


30245 
105+2 
55.5+1.3 
29.7+1.1 


12 500+-200 
3860+20 
1400+20 

27547 


17.9+0.8 


27 900+600 
4350+40 
1770+20 

452+8 
438+8 
169+4 
152+3 
91.542.5 
47.0+1.3 
24.4+1.3 


118 000+1000 
6650+70 
1510+20 

38849 
36649 

21245 
97.4+2.9 
73.143.3 
42.724:2.5 


—0.010+0.012 
+0.017+0.011 
0.041+0.008 
0.078+0.014 
0.155+-0.021 
0.319+0.022 
0.253+0.011 
0.283 +0.028 
0.287+0.019 
0.332+0.019 
0.3170.035 
0.279+0.028 


—0.0330.021 
+0.225+0.012 
0.233+0.012 
0.2050.016 
0.226+0.009 
0.281+0.030 
0.278+0.031 
0.450+0.048 
0.454-0.069 
0.3780.049 


0.238+0.038 
0.231+0.041 
0.299+0.053 
0.3350.040 
0.272+0.053 
0.3840.059 


0.217+0.025 


0.045+.0.017 
0.164+0.021 
0.273+0.024 
0.2550.037 


—0.016+0.018 
+0.0330.019 
0.023+0.014 
0.108+0.024 
0.280-+0.032 
0.222-0.020 
0.256+0.027 
0.3230.031 
0.3330.042 


—0.037+0.019 
—0.055+0.009 
—0.071+0.009 
—0.032+0.019 
—0.069+0.019 
+0.095+0.023 
+0.099+0.022 

0.131+0.028 

0.164+-0.028 

0.253+0.051 


+0.020+-0.010 
—0.082+0.011 
—0.097+0.016 
+0.012+0.023 
—0.039+0.024 
—0.020+0.020 
+0.105+0.029 
+0.212+-0.046 
+0.170+0.060 


Carbon ~156 Mev 


+0.016+0.008 
—0.004+0.012 
+0.007 +0.006 
—0.008=-0.090 
+0.042+0.016 
+0.001+0.020 


+0.019-+0.035 
—0.004+0.014 


Aluminum ~157 Mev 


—0.019+0.012 
—0.004+0.011 


+0.008-+0.008 


Copper ~157 Mev 


+0.016+0.027 
+0.002+0.025 
+0.052+0.037 
+0.006+0.026 
+0.061+0.038 
+0.011+0.042 


Lithium ~121 Mev 


Beryllium ~124 Mev 


Carbon ~125 Mev 


Carbon ~94 Mev 


Aluminum ~94 Mev 


—0.017+0.020 
+0.027+0.017 
0.062+0.013 
0.117+0.022 
0.242+-0.034 
0.480+0.046 
0.4800.055 
0.426+0.052 
0.448+0.035 
0.499+0.044 
0.495+0.058 
0.528+0.078 


—0.049+0.031 
+0.339+0.029 
0.351+0.030 
0.320+0.013 
0.3530.020 
0.422+0.053 
0.434+0.051 
0.677+0.085 
0.682+0.134 
0.567 0.083 


0.357+40.062 
0.389+0.097 
0.450-+0.086 
0.503=0.069 
0.457+0.119 
0.577+0.097 


0.410+0.064 


0.084+0.033 
0.310+0.052 
0.517+0.071 
0.483+0.087 


—0.031+0.035 
+0.063+0.037 
0.044+0.027 
0.205+0.050 
0.530+0.083 
0.420+0.059 
0.484+0.073 
0.612+0.087 
0.6310.104 


—0.070+0.037 
—0.104+0.020 
—0.13520.023 
—0.060+0.036 
—0.130+0.038 
+0.180+-0.048 
+0.188+0.046 

0.249+0.059 

0.311+0.062 

0.480+0.110 


+0.038+0.019 
—0.155+0.026 
—0.184+0.036 
+0.022+0.044 
—0.0740.045 
—0.038+0.042 
+0.199+0.059 
+0.401+0.096 
+0.322+0.118 


Cu 
Al 


AAAPANA 


a ee 


— 


ij 


c 


AAQQAQAQAQAQAAAQ AAQAQAAQAQAAAAQ ANMAAAAAAAQ AAAQA A AQAAANAQ AANSOFSFSEQA|MNM |APeSAPS 


<<<<<<<e0 <ceeeccec 








® @: second-scattering angle in laboratory system. 


» Jo: unpolarized differential scattering cross section (lab). Errors quoted are due to counting statistics only, The absolute cross section is good to about 20%. 
©e: asymmetry. Quoted errors are due to counting statistics only. 

tatistics only. See Sec. 3-D. 
tion. Errors include beam polarization statistics. 
t Group: group designation (correlates data with those of Table i 


4B 


: errors due to counting s 
ei(Ti1): vector-type polariza 
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Fic, 2. Scattering of 
156-Mev deuterons from 
carbon. Upper curve: 
cross section; lower 
curve: vector polariza- 
tion. Triangular points 
and solid curve are 
predictions from proton 
data. 























beam energies of 1 Mev can give rise to an error of 
0.002 in a. It is reasonable to suppose that drift in the 
steering-magnet field and main cyclotron field could 
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Fic. 3. Scattering of 
157-Mev deuterons from 
aluminum. Upper curve: 
cross section; lower 
curve: vector polariza- 
tion. Triangular points 
and solid curve are 
predictions from proton 
data. 
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TRIPP, WIEGAND, AND YPSILANTIS 
give rise to a change in beam energy of at least 0.5 Mev. 
Thus, the experimental results (see Table IV) are con- 
sistent with a=0. 


4. DISCUSSION OF RESULTS 


The results appear in Table III and IV and in Figs. 
2 through 8. Beam polarizations are given in Table V. 
The data are divided into groups. Each time a critical 
parameter (snout collimator diameter, beam energy, 
etc.) was changed, a new group designation was 
assigned. Table VI gives the parameters characterizing 
each group as well as target thickness, rms angular 
resolution, and mean scattering energy for each of the 
experiments within the group. 

Let us now compare our results with the predictions 
of the impulse approximation. We make use of the 
Harvard unpolarized differential cross-section measure- 
ments for the scattering of protons from carbon and 


TABLE IV. Values of «. (See Sec. 3-D.) EF is the mean scattering 
energy. The first scattering was from a copper target. Errors 
quoted are due to counting statistics only. The unpolarized beam 
is Group III’ and the polarized beam Group III. 








E (Mev) 


159 
157 
157 


Target 2 e a 


Cc 9° +0.005+0.010 
Cu oo +0.026+0.027 
Cu taf —0.016+0.038 











TaBLE V. Beam polarizations. D is the diameter of the snout 
collimator. Errors are due to counting statistics only. 








D 
Target 1 (in.) (Tu) 


Cc 030-0013 





1 
Al 1 0.320+0.013 
Cu 1 0.298+0.052 
Cc 2 0.264+0.028 


Groups I-III 
Groups IV-VI’ 








aluminum near 90 Mev,'* and the Harwell low-energy 
polarization data for carbon and aluminum.” 

The following expressions relate g, and h, of the 
nucleon-nucleus scattering matrix (2.10) to the quanti- 
ties measurable at this energy: 


To"= | gn|?+ | hnl?, 

Io*P= En Nat Buln”. 
Here J,” is the nucleon-nucleus unpolarized scattering 
cross section and P is the polarization.’* It will be seen 


by referring to Eqs. (2.12) and (2.13) that g and h enter 
the expressions for Jo? and J” in different ways. We 


(4.1) 


16K. Strauch and F. Titus, Phys. Rev. 103, 200 (1956); Ger- 
stein, Niederer, and Strauch (private communication). 

17 Dickson, Rose, and Salter, Proc. Phys. Soc. (London) A68, 
361 (1955) and private communication. ae, 

18 Tt mr be well at this point to underline the similarity 


between i(T,) and P. Both are expectation values of spin opera- 
tors. They point along the normal to the first-scattering plane. 
The same mechanism gives rise to each of them and both are 
proportional, toS/o“(g*h+ gh*). 
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cannot predict Jo? from Jo” without a simplifying tor 
assumption. In view of the smallness of P at these COPPER 
energies, it is reasonable to assume that |h|*<|g|*. ~ 157 Mev 
On this basis we have 


Iy4(K) =4f(K) (“) 10"(K). (4.2) 


Mn 


This appears as the solid curve in Figs. 2 and 3 (upper). 
Using these expression for Jo’, we obtain i(71) in 
terms of the nucleon polarization P for the same 


momentum transfer K as Fic. 4. Scattering of 
157-Mev deuterons from 


I, mb/sterad 
5, 


copper. Upper curve: 


i(T se ka * (sina P(K) (4.3)  stoss section; lower 
™ a; s kn sind, . = vector polariza- 








The results of this calculation appear as the triangular 
points in Figs. 2 and 3 (lower). 

The agreement is quantitatively poor. The theory 
predicts that i(71,)-~3-' times the polarization for 


TABLE VI. Parameters of the scattering. Z is beam energy in 
Mev; Intens. is beam intensity in deuterons per second; D is 
diam. of snout collimator; ¢ is thickness of second target; H is 
mean scattering energy; A@ is rms angular resolution. 
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E Intens. D Target Target 

Group (Mev) (d/sec) (in.) 1 
I 165+2.6 8X10 cy SS ?1 energies and for different target nuclei. In Fig. 9 we 
Il 6543.4 8X10 Cc have passed a smooth curve through the experimental 
III 16543.1 4108 Cu values, using as abscissa the value of the momentum 
165 +2.8 


IV 160+5.5 5 X105 
Vv 100+5.9 8X10 


VI 13344.5 5 X104 
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nucleons at half the deuteron energy. Proton polariza- 
tions are notoriously small below 95 Mev, whereas 
i(T11) becomes respectably large at large scattering 
angles. The values of i(71:) at 24° and 28° for aluminum 
at 157 Mev are near 2-, which is the maximum value Fic. 5. Scattering of 
attainable if (7'21)=0. 124-Mev deuterons from 
Nor is there qualitative agreement. Since P should es rel oe 
vary as sind for small @, the theory does not predict the Upper curve: cross sec- 
observed change of sign of i(T1:) at small angles." tion; lower curve: vec- 
The observed and predicted values of Jo? for carbon oo ee 
seem to run parallel to each other at small angles. 
At larger angles the observed values fall off much less 
rapidly than the predicted. The same sort of behavior 
is observed with aluminum. 
It is interesting to plot i(71) is such a way as to 
facilitate the comparison of our results at different 


I, mb/sterad 
ro} 














9 Tt is not likely that this rapid fall of 7(71:) as @ decreases is 
due to Coulomb scattering. The cross-section data from Harvard 
indicate that Coulomb scattering becomes important at angles 
much smaller than any at which we have made measurements. 

2” W. Heckrotte, Phys. Rev. 101, 1406 (1955). 
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Fic. 6. Scattering of 
125-Mev deuterons from 
carbon. Upper curve: 
cross section; lower 
curve: vector polariza- 
tion. 























transfer times the cube root of the target mass number. 
It is seen that there is a good deal of similarity between 
the curves. The rapid fall-off of i(7 1) is a quite con- 
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CARBON 
~ 94 Mev 
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Fic. 7. Scattering of 
94-Mev deuterons from 
carbon. Upper curve: 
cross section; lower 
curve: vector polariza- 
tion. 




















sistent feature, and is centered in all cases around 
KAt=2. The lowering of the energy from 156 to 94 
Mev seems to result in a general depression of i{71:). 

The reason for the disparity between the theoretical 
and experimental results is not known. It is unlikely 
that the trouble can be traced to multiple collisions of 
a single nucleon within the target nucleus, since we 
have used empirically derived nucleon amplitudes 
in our calculations. Professor Malvin A. Ruderman 
has attempted to use the presence of D state in 
the deuteron wave function to explain the change 
of sign of the polarization at small angles, with very 
little success so far. It is possible that inclusion 
in the theory of the possibility for simultaneous scatter- 
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F ALUMINUM 
~ 94 Mev 
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Fic. 8. Scattering of 
94-Mev deuterons from 
aluminum. Upper curve: 
cross section; lower 
curve: vector polariza- 
tion. 
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ing of both nucleons of the deuteron would lead to 
enhancement of the large-angle cross section and 
polarization. There is one other refinement of the 
impulse approximation, which is suggested by the 
following observations. An imaginary part is usually 
included in the nucleon-nucleus potential. This is 
used to describe the effect of inelastic events in which 
the target nucleus is left in an excited state. We would 
expect to find, in the equivalent deuteron-nucleus 
potential, an additional imaginary part describing 
inelastic events in which the deuteron was dissociated. 
The impulse approximation does not seem to predict 
this feature. The inclusion of the attenuation of the 
deuteron wave by this sort of stripping reaction as the 
wave traverses the target nucleus should also lead to 





ELASTIC 





Cu~157 








AHS 
| 1 1 i 1 


1 
1 2 5 6 








3 Ka 4 


Fic. 9. eo of all i(Ty:) data, plotted against KA? 
= 2A sin}?. The number following the element symbol is the 
mean scattering energy in Mev. 


enhancement of the large-angle polarization. Although 
the consideration of these two effects should operate 
to reduce the difference between theory and experiment, 
we do not know whether it results in quantitative 
agreement. Indeed, it is very unlikely that we can, 
by this means, explain the small-angle change of the 
sign of the polarization. 
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APPENDIX. EFFECT OF A MAGNETIC FIELD 
ON THE DEUTERON SPIN STATE 


The fringing field of the cyclotron and the field of 
the bending magnet, as they are parallel to the normal 
of the first scattering plane, do not affect the value of 
i(T11) characterizing the beam. These fields do, 
however, produce a mixing of the (724). Two factors 
contribute to this effect. (1) The (T2): which result 
which result from the first scattering are referred to a 
set of coordinates having z axis along ki, whereas we 
must refer them to coordinates having z axis along 
k2;—the direction in which the beam actually enters 
the cave. (2) The effect of the magnetic field on the 
spins themselves is to rotate the principal axes of the 
tensor (5,5;). These two effects produce the same 
result on the (T2:¢), but in opposite directions and with 
different magnitudes. 

If we designate that (72) resulting from the first 
scattering and referred to a z axis along ky, simply as 
(T2m), and the (T2.4) of the beam entering the cave 
and referred to a z axis along ke; as (T24)’, then 


(T 22)’ = 4(1+cos’A) {T22) —} sin2A(T21) 
+4 (§)! sin’ (720), 
(T)' =} sin2\ (T22)+cos2A(T 21) 
—$(§)* sin2A(T 29), 
(T 20)’ = (3)! sin?A(T22)+ ($)# sin2A(T21) 
+- (1 —;3 sin?)) (Tx), 
where A=(u—1)n, n= +0.85647=deuteron magnetic 
moment, in nuclear magnetons, and =the total 
angular deflection of the beam, considered positive 
when directed opposite to the normal, m, to the 


first-scattering plane. In this experiment, »=39.5° 
and A= —5.67°. 


(A.1) 
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Seventy events of K~ capture at rest have been analyzed in 
emulsion stacks exposed to the Berkeley Bevatron. The distribu- 
tion of prong numbers and energy release of stars is given. The 
average prong number was 3.3 and the maximum prong number 
was 10. The small average energy release was found to be con- 
sistent with the assumption that in many events a large fraction 
of the K~ rest energy is carried away by neutral particles. The 
energy distribution of emitted nucleons was found to include 
energies up to 200 Mev. The energy distribution of emitted pions 
falls into two groups, one with a sharp upper limit corresponding 
to the expected pion energy of Z-hyperon reactions and the other 
corresponding to A°-hyperon reactions. The energy release in 2x 


events was found to be consistent with the assumption that the 
capture process takes place on bound nucleons. A small difference 
in the energy release of =+x~ compared with =~z*+ events was 
found, indicating a possible mass difference M(2~)>M(=*). An 
estimate of the ratio of production of = to A° hyperons, based on 
pion energies, gave =/A° about 2. The ratio 2~/Z*+ was found to 
be >7/3. The emission of pions with energies of more than 100 
Mev was found, providing evidence for the direct production of 
A° hyperons. Hyperfragments were observed in four events. In 
one event two fast particles of nucleonic mass were emitted, one 
of them disappearing in flight, providing evidence for the existence 
of two-nucleon reactions. 





I. INTRODUCTION 


HE present interpretation'~’ of the interactions of 
strange particles makes it possible to predict in a 
simple way some of the connected phenomena of K 
particles and hyperons. These predictions are both an 
aid in understanding strange-particle phenomena and 
a test for the correctness of the ideas themselves. In 
particular, the expected reactions conserving charge, 
nucleons, and a strangeness in the case of a negative 
K meson captured at rest by a nucleon are 


K-+p—2*+r, (1) 
K-+p—>2-+r", (2) 
K-+p— 2°+7°, (3) 
K-+n—3-+2", (4) 
K-+n— 2°+2-, (5) 
K-+p— Ata", (6) 
K-+n— A°+n-. (7) 


Considerable evidence has been presented*~* that pions 
and hyperons are produced in K~ interactions. 


* Supported in part by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at Princeton University, Princeton, New Jersey. 
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4M. Gell-Mann and A. Pais, Proceedings of the Glasgow Con- 
erence (Pergamon Press, London, 1955). 
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8 L. Leprince-Ringuet, Revs. Modern Phys. 21, 42 (1949). 

9W. F. Fry and J. J. Lord, Phys. Rev. 87, 533 (1952). 
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Several of the possible reactions are easily recog- 
nized in emulsion events, either because they involve 
the emission of a charged unstable particle [(1), (2), 
and (4)] whose decay or interaction can be"recognized, 
or a charged pion [(1), (2), (5), and (7)] with a par- 
ticular energy. As can be seen in Table I, the energy of 
an emitted pion can be used to distinguish reactions in 
which a = or A° hyperon is initially produced, since even 
for the case of capture on bound nucleons the energy 
limits for emitted pions are nonoverlapping. This 
method is limited, of course, to cases where the pion 
has not lost energy by secondary interaction. On the 
other hand, in reactions where a neutral hyperon is 
emitted [ (3), (5)-(7) ], it is most likely that little energy 
will be left for excitation of the residual nucleus and 
only a small star or even a zero-prong ending [ (3), (6) ] 
may result. 


TaBLeE I. Table of Q values and particle energies for various 
capture reactions of K~ mesons. In the case of single nucleon cap- 
tures by a bound nucleon, the kinetic energy of the nucleon was 
assumed to be 20 Mev, and 10 Mev was allowed for binding 
energy. In the case of two nucleon captures, 20 Mev was allowed 
for binding, and the energy limits were computed by assuming 
both nucleons were moving in the same direction, each with a 
momentum of 200 Mev/c. 








Free nucleon Bound nucleon 


Reaction Q(Mev) Ey Ex Ey Ey 





O- 42 
0- 65 


K~+nucleon--2 +7 103 17 86 50- 92 
K~+nucleon -A°+x 178 28 150 105-170 
Enueleon 
45-200 
70-250 


Ey Enueleon Ey 


K~-+2 nucleons 2 +nucleon 224 108 135 27-180 
K~+2 nucleons-A®+nucleon 297 147 170 50-230 








4 DiCorato, Locatelli, Mignone, and Tomasini, Nuovo cimento 
12, Suppl. 2, 270 (1954). 

15 Boggild, Hooper, and Scharff, Nuovo cimento 12, Suppl. 2, 
223 (1954). 

16 Baldo, Ceccarelli, Grilli, and Zorn, Nuovo cimento 12, Suppl. 
2, 257 (1954). 

17 MacPherson, Major, Parkash, Rochester, and Short, Nuovo 
cimento 12, Suppl. 2, 275 (1954). 

18S. von Friesen, Nuovo cimento 12, Suppl. 2, 273 (1954); 
Arkiv Fysik 8, 305 (1954). 
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A K~ meson may also interact with two nucleons," 
in which case the expected reactions conserving charge, 
nucleons, and strangeness are 


K-+p+p— 2t-+n, (8) 
K-+ptp— 2+, (9) 
K-+p+n—2-+9, (10) 
K-+p+n— 2°+n, (11) 
K-+n-+n — =-+n, (12) 
K-+p+p— A°+?, (13) 
K-+p+n— A°+n. (14) 


The expected kinetic energies of the nucleon and 
hyperon in these reactions are also shown in Table I. 
Among these reactions, only (10) can be recognized 
unambiguously by its two charged secondaries, but 
other reactions [ (8), (10), and (12) ] can be identified 
from hyperon decay or interaction, and in some cases 
(13) may be distinguished from (9) by the energy of 
the emitted nucleon. 

Since the first observation of artificially produced 
K~- mesons from the Cosmotron,! it has become in- 
creasingly feasible to select beams of K~ mesons from 
high-energy accelerators now in operation suitable for 
observations in emulsion stacks. The analysis of ex- 
posures similar to the present work has been reported 
by a number of groups.!*-*4 


II. EXPERIMENT 


Sixty-seven events*® discussed here were found in 
part (30 sheets) of a stack of 2 in.X3 in. 600-u Ilford 
G-5 emulsion®® exposed to a magnetically analyzed 
channel of the University of California Bevatron. The 
energy of incoming K~ mesons varied from 80 to 100 
Mev across the stack and the range before coming to 
rest varied from 3.2 to 4.9 cm. 

i Events were located by area-scanning, with a mag- 
nification of 200X, a strip 2 cm wide, centered on the 
range at which K~ mesons were expected to stop. 
Stopping tracks that produced stars at their end were 
traced back toward the incident edge of the stack and 


18 J. Hornbostel and E. O. Salant, Phys. Rev. 98, 218 (1955) ; 
102, 502 (1956). 

2S. C. Freden and H. K. Ticho, Phys. Rev. 99, 1057 (1955). 

21 Fry, Schneps, Snow, and Swami, Phys. Rev. 100, 950, 1448 
(1955). 

2 Chupp, Goldhaber, Goldhaber, and Webb, University of 
California Radiation Laboratory Report UCRL-3044 (unpub- 
lished) ; Phys. Rev. 100, 959 (1955). 

( % George, Herz, Noon, and Solntseff, Nuovo cimento 10, 95 

1956). 

m ~ al Pevsner, Ritson, and Widgoff, Bull. Am. Phys. Soc. 
Ser. II, 1, 64 (1956). 

25 Three additional events located in a stack exposed to 3.0-Bev 
x~ mesons from the Bevatron are also included in this analysis. 

26 We are indebted to Professor W. F. Fry for sharing with us 
part of his stack. The exposure is described in his paper, Phys. 
Rey. 100, 939 (1955). 
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Fic. 1. Distribution 
of prong numbers for 
K--capture stars with 
one or more prongs. All 
charged particles emit- 
ted are included in the 
prong number. N gives 
the number of events 
for each prong number. 
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verified to have K-meson mass by comparing ionization 
and range. A few starless endings due to stopping K~ 
mesons were observed, in agreement with other 
workers,'*” but are not included in this analysis 
because of the low detection efficiency for such events 
with the scanning method used. For K~ stars with at 
least one black prong, the detection efficiency was 
about 90%. 

All of the tracks originating in the K~ stars were 
traced out until they ended or left the stack. Out of 
the total of 237 tracks, 35 tracks left the stack. Of 
these 19 were fast pions, 10 were gray tracks (2X mini- 
mum ionization<J<6Xminimum ionization), and 6 
were black tracks (J>6X minimum ionization). 

The energy of emitted particles was obtained from 
measurement of range in the case of stopped particles. 
Of the fast tracks, all favorably located tracks were 
identified by a comparison of ionization and scattering 
and frequently results obtained in successive plates 
were combined to improve statistical accuracy. For 
each fast track, a calibration of grain density was ob- 
tained in the same region of the emulsion using the 
fast pions that accompany the K~ mesons in the mo- 
mentum analyzed beam. The energy of these pions was 
calculated from the observed ranges of the K~ mesons, 
assuming them to have r-meson mass, and correcting 
for energy loss of the pions in the emulsion. 


Ill. RESULTS 
A. Prong Distribution 


The prong distribution for K~ stars with one or more 
prongs is shown in Fig. 1. The average prong number 
computed from the distribution shown in the figure is 
3.3. The average prong number for stars that include a 
pion is the same within statistics. However, for stars 
that include a hyperon, the prong number is 2.1. 

The frequency of emission of various types of par- 
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Taste II. Table of frequency of emission of various particles 
from K~ stars. Protons with energies of more than 35 Mev are 
listed as fast protons. The last column refers to events with only 
black prongs, with energies of less than 35 Mev, if protons. Note 
that the categories are not mutually exclusive. 








Evapo- 
ration 

prongs 
Emitted particles only 


Number of events 20 10 q 18 22 
Percentage 2946 1445 643 2646 3147 


Charged Hyper- Fast 


Pion hyperon fragment proton 











ticles is shown in Table II. Events in these categories 
will be discussed in greater detail separately. 


B. Energy Distributions 


The total kinetic energy release in the form of charged 
particles from K- stars is shown in Fig. 2. Singly 
charged nuclear particles were assumed to be protons. 
This assumption leads to an underestimation of the 
energy release, since deuterons and tritons are also 
emitted in stars, but the error is small. In every event 
the kinetic energy release was sufficiently small to be 
consistent with the assumption that a hyperon was 
produced. 

The energy distribution of emitted pions is shown in 
Fig. 3. The shaded part of the histogram represents the 
pions in events from which a definitely identified 2 
hyperon has been emitted. In three additional cases a 
pion in the same energy interval is emitted in associa- 
tion with a black prong. Whether these can be regarded 
as additional cases of 2~ emission where the =~ forms 
a starless ending, will be considered later. 

The spectrum strongly suggests two distinct energy 
groups corresponding to the pion energies appropriate 
to the different hyperon reactions [(1)-(5) and (6), 
(7) ]. The sharp upper limit to the first energy interval 
is made up almost entirely by events where a = hyperon 
and a pion have escaped with little interaction in the 
capturing nucleus. The average energy in the lower 
interval of about 40 Mev is consistent with the pion 
energies expected from 2 reactions, if allowance is 
made for inelastic scattering in the capturing nucleus. 


= Energy vs Frequency 


. All K Captures 


Fic. 2. Kinetic en- 
ergy release in the 
form of charged par- 
ticles from K~-capture 
stars. Shaded portion of 
histogram represents 22 
events from which only 
black prongs were emit- 
ted. 
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Inelastic scattering can obviously reduce the energy of 
a pion originally in the high energy group to the lower 
energy group. However, this effect is difficult to esti- 
mate. Pion energies in the upper energy group are 
consistent only with reactions in which A° hyperons 
were produced. No pions have been found in the energy 
range between 90 and 120 Mev. 

The energy distribution of particles of nucleonic 
mass from K~ stars is shown in Fig. 4. It is seen that 
most of the nuclear particles emitted are of low energy, 
but that some energetic nucleons occur. Except for the 
higher energies these particles can be consistent with 
stars formed by the reabsorption of pions. The higher 
energies, however, are consistent only with interactions 
of the K~ meson with two nucleons. 


C. Emission of & Hyperons 


In ten events, the stopping of a K~ meson resulted in 
the emission of a charged hyperon. Three of these cases 
are identified as positive, since the hyperon stops and 
gives rise to a single proton track with the characteristic 
1.65-mm range. Five cases in which the hyperon stops 
are identified as negative. Three of these five cases give 


rm] Energy vs Frequency 
Pions From « Captures 


Fic. 3. Energy distribu- 
2 Events tion for pions emitted from 
Y, K--capture stars. Shaded 

area represents pion energy 
in two-prong 27 events. 
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rise to a star, and the other two end with associated 
Auger electrons. One event is interpreted as the decay 
in flight of a negative hyperon and another as the 
charge exchange of a negative hyperon in flight. 

In six of the above-mentioned K~ stars, the hyperon 
is produced in association with a pion. A typical event 
of this kind is shown in Fig. 5. Four of these events 
consist of the hyperon and pion tracks alone and are 
well situated for accurate measurement.”’ In one of the 
additional cases the star contains two other prongs and 
in the other the pion track is too steep for accurate 
energy determination. 

From the general appearance of these events, it 
could be assumed that they were due to one nucleon 
capture. However, since none are collinear, they cannot 
be captures by hydrogen, but must be captures by 
heavier elements in the emulsion. That the captures are 
by only one nucleon is strongly supported by the fact 
that the distribution of residual momenta for these 
events is consistent with the distribution of Fermi 
momenta of bound nucleons, which has a broad maxi- 
mum near 200 Mev/c. The residual momentum dis- 


27 Short recoil tracks (less than 2 4) are visible in two of these 
events, but are disregarded in the energy and momentum balance. 





CAPTURE OF K- MESONS BY NUCLEI 


tribution for the six 2m events, the three doubtful 
events, in which a pion is emitted along with an ending 
black prong, is shown in Fig. 6. These black prongs 
could be interpreted as stopping 2~ hyperons, which 
in turn undergo the fast capture process, 


2-+p— A°+n+0(0=78 Mev), 


without secondary interaction of the products. Since 
=~ stars have frequently a very small visible prong 
number (1 or 2 prongs), it is quite probable that =~ 
endings with no visible prong do occur. 

It is interesting to compare the energy release in 
the reactions: 


K-+p—2-+2*+0(—), 
and 


K-+p— 2++9-+0(+). 


A difference in the Q values of these reactions would be 
expected if the masses of the 2+ and 2~ hyperon were 
not the same. The data for four = events, selected only 


Energy Distribution of 
Nuclear Particles from 
K Captures 


Fic. 4. Energy dis- 
tribution of nuclear par- 
ticles emitted from K-- 
capture stars. Singly 
charged particles were 
assumed to be protons. 
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by the requirements of measurability, are summarized 
in Table III. It can be seen that the average of 0(—) 
is smaller by 22 Mev than the average of Q(+-). The 
contribution of Fermi momentum to this difference can 
be almost neglected, since for these cases the residual 
momentum varies less than +35 Mev/c. In spite of 
the relatively large error in the determination of the Q 
(because of the pion energy) (+10 Mev), it should be 
noted that the discrepancy in 2 mass is in the same 
direction as reported in the emulsion work of Gold- 
haber” and the recent bubble chamber results of 
Steinberger.”® 


D. =&--Capture Stars 


Most 2~-capture stars observed to date have been 
characterized by a small energy release in the form of 
charged particles, as would be expected, if the =~ 
capture occurs according to the reaction 2-+p-— A° 


%8 J. Steinberger, Sixth Annual Rochester Conference on High- 
Energy Physics, 1956, (unpublished). 


Fic. 5. Projection 
drawing of a typical 
Zw event. The 2+ 
has an energy of 18 
Mev, the pion 78 
Mev. The angle be- 
tween them is 140°. 
p is the decay proton 
of 1.61 mm range. 


+n+Q, since Q is somewhat small, only 78 Mev. The 
usual small energy release has been observed in this 
experiment. Of the 2~ stopping regarded as certainly 
identified, two have associated Auger electrons, and 
one each has one prong, two prongs, and four prongs. 
If the doubtful cases, inferred from the presence of a 
pion near the correct energy and a residual momentum 
compatible with the Fermi momentum are included, 
three zero-prong endings were observed. 

The four-prong 2~-capture star, however, is of more 
than usual interest. A drawing of the event is shown in 
Fig. 7. Prongs a and 6 are singly charged tracks and, if 
protons, have energies of 6.8 and 26.5 Mev, respec- 
tively. Track ¢ is 1.5 w recoil, and track d is a fast 
particle, steeply inclined to the plane of the emulsion. 
From measurement of the grain density, this track is 
found to have an ionization of 2.7 minimum, corre- 
sponding either to a pion of 21 Mev or a proton of 
140 Mev. 

Because of the small Q value of the capture reaction, 
the emission of such a high-energy nucleon is excluded, 
unless the A° decayed within the capturing nucleus, 
and the pion was reabsorbed. The most likely inter- 
pretation of the event is that track d is a pion due to a 
A°® which remained bound to the residual nucleus and 
decayed. The observed pion energy of 21 Mev is in 
agreement with such an interpretation. The event could 
not be explained as a Z=1 hyperfragment, since in 
this case charge could not be conserved. 


E. Evidence for A°® Reactions 


The only proof of the direct production of A”s by K~ 
mesons captured at rest is the observation of pions with 


TaBLe III. Data for four Zw events. For these events the 
capturing nucleus is bound, as can be seen from the residual 
momenta and angles of emission of the products. The average 
energy release Q(+-) for 2*w~ events is 22+10 Mev greater than 
the average energy release Q(—) for 2~x* events. 








Residual Angle 
momentum between 
E,x+Ez (Mev/c) Zand sr 


96 135 140° 
92.5 197 115° 
79 162 116° 
65.5 153 119° 
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Fic. 6. Residual momentum distribution for K~-capture stars 
consisting of po and hyperon only. The shaded portion repre- 
sents doubtful events in which the possible hyperon ends giving a 
zero-prong star. The smooth curve shows the theoretical dis- 
tribution of Fermi momentum within a nucleus, assuming Gauss- 
ian distribution of momentum density normalized to the area of 
the histogram. 





too great an energy to have been produced in associa- 
tion with a 2. (See Table I.) Two events provide good 
evidence for such direct production, because of the 
observed pion energy. One of these events is a 4-prong 
star (1,2,3,4) shown in Fig. 8. Track 1 scatters strongly 
and appears to stop after 7 wu, forming a four prong 
secondary star (a,b,c,d). Tracks 2 and 4 are singly 
charged black prongs, and if protons, have energies of 
4.3 and 11.8 Mev, respectively. Track 3 is nearly 
parallel with the plane of the emulsion, and travels 
12104 before interacting to form a two prong star. 
From the :nteraction, and from measurements of grain 
density and scattering, track 3 is identified as a pion of 


Fic. 7. Projection 
drawing of K~-capture 
star leading to an un- 
usual  Z~ interaction. 
The =~ has an energy 
of 17 Mev, the pion 62 
Mev, and the angle be- 
tween them is 116°. In 
the =~ star, track ais a 
proton of 6.8-Mev en- 
ergy, track b is a proton 
of 26.5 Mev, and ¢ is a 
1.54 recoil track. Track 
d has an ionization of 2.7 
Xminimum and is most 
probably a pion of 21- 
Mev energy. 


148+35 Mev. Since this pion energy is outside the 
energy limits for 2 reactions, it can be concluded that 
track 1 is not a 2~ hyperon. It does not seem likely that 
track 1 isa Z=4 hyperfragment undergoing nonmesonic 
decay, since the energy release in the secondary event 
is small, about 15 Mev. However, if this were the case, 
the capture reaction is still (7). The considerable scatter- 
ing along track 1 makes it seem most probable that it is 
a negative pion and (a,b,c,d) is a capture star. Again, 
it could be assumed that the pion resulted from a A° 
which became bound to the residual nucleus and de- 
cayed mesonically. 

In a second event, a high-energy pion is the only 
visible prong.” The secondary is favorably located, with 
more than 15 mm of track length available in one 
emulsion. The energy of the pion, obtained from com- 
bining grain density and scattering measurements, is 
125+10 Mev, which is again outside the limits for 
> reactions. 


Fic. 8. Projection drawing of K~-capture star emitting ener- 
getic pion. Track 1 has a range of 7 u, and scatters strongly, ter- 
minating in the secondary star (a,b,c,d). The total visible energy 
release in the secondary star, assuming a, b, c, and d to be protons 
is less than 15 Mev. Tracks 2 and 4 are protons of 4.3 and 8.8 
Mey, respectively. Track 3 is a pion of 148++35 Mev which inter- 
acts, forming a 2 prong star after traversing 1210 u of emulsion. 


F. Hyperfragments form K~ Captures 


Hyperfragments were observed in four cases of K—~ 
capture. Of these, one has been identified as mesonic 
decay of ,H** and has already been reported.” The 
other three cases are all nonmesonic decays and are 
not definitely identified. Two are most probable Z=2 
hyperfragments, and the last is Z=3, or Z=4. The 
ranges of the nonmesonic decays are 3, 22, and 19 u. 


G. Two Nucleon Captures 


Several events have been observed that can most 
readily be explained as captures by two nucleons, Of 


%In a previous publication from this laboratory [Williams, 
Haskin, Koshiba, and Schein, Phys. Rev. 100, 1547 (1955) ], this 
event was reported as the emission of a high-energy electron from 
a K~-meson capture. Re-examination of the data has shown the 
track in question to be a pion. 

% Haskin, Bowen, Glasser, and Schein, Phys. Rev. 102, 244 
(1956). 
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particular interest is a K~ star which consists of two 
fast visible prongs, both of nucleonic mass. A drawing 
of the event is shown in Fig. 9. Track 1 has an ioniza- 
tion corresponding to a proton of 80+5 Mev, and 
leaves the stack after traversing 6.8 mm. Track 2 is 
emitted almost oppositely, 168° with respect to track 1, 
and has an ionization of 4X minimum. After traversing 
10.8 mm the track disappears in the sensitive region of 
the emulsion at an ionization of 6Xminimum. This 
sudden disappearance could possibly be attributed to 
the charge exchange of a =~ hyperon, according to the 
reaction 2~+p — A°+n. With this interpretation, the 
event corresponds to reaction (10). It might be pointed 
out that reaction (10) is the only two-nucleon reaction 
with entirely charged secondaries, and the certain 
identification of the other two-nucleon reactions is 
more difficult. The possibility that the disappearance 
is due to the charge exchange of a proton with a 
neutron cannot be excluded. 


Fic. 9. Projection of K~-capture star assumed to be the result 
of the 2-nucleon reaction K~+p+n— p+2Z~. The proton (p) 
has an energy of 80+-5 Mev. The =~ is emitted with an energy of 
95 Mev and disappears in the sensitive region of the emulsion at 
6X minimum ionization, corresponding to an energy of about 60 

ev. 


Protons with energies of 100 Mev or more were 
emitted from four K~ captures. The energies found were 
100+4, 105+5, 130+12, and 18545 Mev. Except in 
the last case, the stars included a few evaporation 
prongs as well. The last case is of particular interest as 
the star contains only the energetic proton and an 
Auger electron. It is possible that this event is an 
example of reaction (13), since no star is observed and 
the proton is near the expected upper limit given in 
Table I. It cannot be shown conclusively that the other 
events are due to two nucleon captures, but the large 
residual momentum in each case makes it reasonable to 
suppose that energetic neutral particles were also 
emitted, and the reactions took place according to (9), 
(10), or (13), and that the interaction of one of the 
secondaries accounts for the star. 


IV. FREQUENCY OF PRODUCTION OF & 
AND A°® HYPERONS 


It is of interest to estimate the frequency of 2 to 
A® hyperon production in K~ captures. It is necessary 
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to distinguish here between the emission of a A° and its 
production in the primary capture process, since A° 
hyperons should also be emitted in some cases where a 
z is initially produced, but undergoes either a secondary 
collision, a charge exchange or spontaneous decay. 

To avoid the necessity of particular assumptions 
about the mechanism of K~ capture, our estimate is 
based on the relative frequency of emission of pions 
with energies characteristic of the two hyperon re- 
actions. (See Table I.) In this case we assume that the 
pion is emitted without secondary interaction in the 
nucleus. In the energy interval 60-80 Mev, eight pions 
were observed, and in the interval 120-160 Mev," 
two pions were observed. Since the total pion-nucleon 
cross section increases by about a factor of two between 
the median energies of these two intervals, the number 
of pions originally in the high-energy interval is esti- 
mated to be doubled. This would imply that the pro- 
duction ratio 2/A° is roughly 8/4. 

It should be pointed out that this estimate gives only 
the order of magnitude of the production ratio /A°. 
The estimate assumes an inverse dependence on the 
total cross section for the probability of pions escaping 
the capturing nucleus, and does not take into account 
the possible contribution to the 60-80 Mev interval 
from inelastic scatters of pions originally in the higher 
energy interval. 


V. CONCLUSIONS 


Several of the expected reactions corresponding to 
one nucleon capture of K~ mesons at rest have been 
verified. Captures of K~ mesons by two nucleons appear 
to occur, but with comparatively small probability, 
about 5%. The prong distribution and kinetic energy 
release of K~-capture stars indicates that in general a 
large fraction of the K~-meson rest mass is accounted 
for by the emission of neutral particles. Charged 
hyperons were observed in about 15% of the captures. 
All remaining cases are consistent with the assumption 
that a neutral hyperon was emitted. 

K~ captures from which both charged hyperons and 
charged pions were emitted, were consistent with the 
assumption that captures occurred on a bound nucleon. 
The average energy release of events involving 2~xt 
was found to be less than that of the corresponding 
events, 2+x~. It is possible to interpret this result as a 
small difference in mass of the 2~ and =* hyperon, 
Msz->Ms3-. 

From the pion energies observed, it is concluded 
that direct production of A°® hyperons occur in cap- 
tures of K~ mesons. An estimate of the production 
ratio 2/A°®, based on the number of pions observed 


5! These intervals are chosen as the most probable intervals for 
pions from the different hyperon reactions. 
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within the energy intervals appropriate to 2 and A° 
hyperon reactions, yields /A° about 2. 
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It is assumed that the cosmic-ray particles observed at the earth are of galactic origin, except for the 
occasional bursts from solar flares. With this interpretation the 11-year variation of the cosmic-ray intensity 
and the Forbush decreases represent depressions of the steady galactic intensity. The observed rigidity 
dependence of the depression indicates that magnetic fields are responsible. A quantitative investigation 
of the possible motion and configuration of magnetic fields capable of producing the observed effects is 
carried out. It is shown that, within the limitations imposed by what we think we know today of the galactic 
magnetic field, of solar activity, and of interplanetary fields, serious difficulties are encountered by any 
mechanism, such as Morrison’s interplanetary cloud model, modulating the galactic cosmic-ray intensity 
throughout the solar system. 

It is proposed that the modulation of the intensity is produced locally, within a few earth’s radii, by inter- 
planetary magnetic gas clouds captured by the terrestrial gravitational field. Such a model seems to produce 
the observed effects on the basis of the known facts about solar activity. The most straightforward test of 
this geocentric model, independent of inferences from cosmic-ray effects, is the question of whether the 
absorption of the captured magnetic hydrogen gas can be detected as a narrow line in the center of the broad 


solar L, emission line. 


I. INTRODUCTION 


OR some years it has been known that the cosmic- 
ray intensity in the atmosphere of the earth 
changes with time, but it has been only the last few 
years that it could be shown that the changes were due 
to variations in the primary cosmic-ray intensity and 
therefore not meteorological in origin or induced by 
changes in the geomagnetic field. At the same time it 
has become clear that the variations in the primary 
spectrum are related somehow to solar activity, though 
apparently many effects occur simultaneously and the 
solar relation is not a simple one: low-energy studies 
show that the variations are a function only of the 
particle rigidity, the variations being larger for smaller 
rigidities. 

It is indeed fortunate that the theoretical study of 
the dynamical properties of ionized gases, plasma 
dynamics, has been pushed ahead in the last decade, 
because the electromagnetic fields associated with 
plasma motions afford the only known coupling between 
cosmic-ray particles and the matter throughout space, 
except, of course, for short-range nuclear forces that 
come into play in nuclear collisions. Naturally the 


* Assisted in part by the Office of Scientific Research and the 
Geophysics Research Directorate, Air Force Cambridge Research 
Center, Air Research and Development Command, U. S. Air 
Force. 


attempts to account for the observed variations in the 
cosmic-ray intensity have appealed to plasma motions; 
observations would seem to indicate that the most of 
space is occupied by streaming gases carrying magnetic 
fields. The high electrical conductivity and relatively 
slow variations in the gas suggest that the displacement 
current and the inertial separation of electrons and 
protons may be neglected, leading to the hydromagnetic 
approximation of the electromagnetic field equations! 
wherein the gas is treated as a classical conducting fluid. 

In this paper we shall concern ourselves with the 
hydromagnetic processes which might be expected to 
produce a modulation effect in a pre-existing steady 
primary cosmic-ray spectrum. In particular, we shall 
be interested in schemes by which the sun could modu- 
late the galactic cosmic-ray spectrum within the confines 
of the solar system. 

Several interesting hydromagnetic modulating devices 
are already well known and may be found in the litera- 
ture. Alfvén has made use of the fact that the magnetic 
field carried in a rapidly moving beam or jet of ionized 
gas in interplanetary space will give rise to an electric 
field for an observer in a fixed frame of reference; he 
suggests? that the resulting electrostatic accelaration of 


1 W. M. Elsasser, Phys. Rev. 95, 1 (1954). 
2H. Alfvén, Cosmical Electrodynamics (Clarendon Press, 
Oxford, 1950). 





MODULATION OF PRIMARY COSMIC-RAY INTENSITY 


the cosmic-ray particles passing through the beam 
might account for some of the observed primary cosmic- 
ray fluctuations. Morrison’ has suggested that large 
ionized gas clouds carrying tangled magnetic fields may 
move outward from the sun and engulf the earth, 
thereby shielding it from the incident galactic cosmic- 
ray particles. 

Such mechanisms as the above center about the sun 
and hereafter will be designated as heliocentric. The 
mechanisms must preserve the observed isotropy of 
the cosmic-ray particle distribution while at the same 
time varying the intensity by large amounts. Thus 
they offer the common difficulty that they must operate 
throughout a large fraction of interplanetary space, 
which requires immense amounts of matter and mag- 
netic fields from the sun. Apart from this difficulty, 
however, one finds that Alfvén’s beam would introduce 
complete anisotropy into the perturbation component 
of the primary cosmic rays, which is simply not ob- 
served. And the beam produces negligible acceleration 
effects because the beam must be thin enough to allow 
the particles to penetrate all the way through. It would 
seem that Morrison’s mechanism would require either 
interplanetary cloud velocities of the order of 10 
km/sec or disordered interplanetary magnetic fields of 
the order of 0.5X10-* gauss in order to explain the 
abrupt decreases (as small as 4 hours) in cosmic-ray 
intensity sometimes observed at Earth; if his idea of 
disordered fields is extended to account for the observed 
relative dearth of primary cosmic-ray particles with 
energies below about 1 Bev, it is found that the sun 
must eject the magnetic gas cloud in all directions 
rather than just near the equatorial plane as is usually 
assumed.‘ 

Nagashima® has suggested that a geoelectric field, a 
geocentric mechanism, may be responsible for some of 
the observed modulations of the primary cosmic-ray 
beam. However the existence of a geoelectric field is 
doubtful because of the high electrical conductivity of 
the ionosphere and of interplanetary space, and the 
effect on the primary cosmic-ray spectrum would be to 
shift the energy of each incoming particle by a fixed 
amount, whereas most fluctuations in the cosmic-ray in- 
tensity seem to represent a change in the total number of 
incoming particles*; this latter objection can be raised 
against Alfvén’s beam. 

Faced with the difficulties expressed above, we shall 
attempt to construct an alternative primary modu- 
lating mechanism in light of contemporary hydromag- 
netic theory, solar properties, and recent cosmic-ray 
observations. To avoid having to operate throughout 
the immense volume of interplanetary space, we shall 


*’P. Morrison, Proceedings of the Guanajuato International 
Conference on Cosmic Rays, 1955 (unpublished) ; Phys. Rev. 101, 
1397 (1956). 

4P. Meyer, Proceedings of the Guanajuato International Con- 
ference on Cosmic Physics, 1955 (unpublished). 

5K. Nagashima, J. Geomag. Geoelec. 5, 141 (1953). 
® P. Meyer and J. A. Simpson, Phys. Rev. 99, 1517 (1955). 
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consider a mechanism which is centered about the 
earth but is not confined to the terrestrial atmosphere 
or to regions of dense geomagnetic field; thus the 
mechanism will be geocentric but not really terrestrial. 
We suggest that gas, ejected from the sun and carrying 
with it disordered magnetic fields, may occasionally be 
captured by the terrestrial gravitational field. Such a 
model has the virtue of producing the observed dearth 
of low-energy primary particles (the so-called low- 
energy cutoff) even though the sun may eject matter and 
magnetic fields only into its equatorial plane. The decay 
time of the captured magnetic fields is of the order of 
months, explaining why the cutoff does not vary 
violently with the day to day solar activity but does 
vary over a period of years with the mean level of solar 
activity. However, the capture of new interplanetary 
matter is a process that would take place sufficiently 
rapidly to produce the abrupt Forbush-type decreases 
in the cosmic-ray intensity observed at the earth. 

With the presently rapid development of knowledge 
of cosmic-ray phenomena, solar physics, and plasma 
dynamics, one expects that the model which we shall 
construct will sooner or later undergo serious revision, 
but at present it appears to explain on simple physical 
principles most of the gross modulation effects. 

In this paper we shall develop in a quantitative way 
some of the difficulties with existing models for modu- 
lation of the primary cosmic-ray intensity. We shall 
then demonstrate that the geocentric model avoids 
these same difficulties. We shall find that a magnetic 
storm effect should be associated with the geocentric 
model, and this is discussed only qualitatively in order 
to suggest that the observed temporary decrease of the 
horizontal component of the geomagnetic field can 
occur. We shall find, ultimately, that it may be possible 
to test the geocentric model, independently of inferences 
from cosmic-ray observations, by observing the absorp- 
tion effects of captured interplanetary gas in the solar 
spectrum. 


II. OBSERVATIONS AND MODELS 


We describe the energy spectrum of the primary 
cosmic rays in terms of the differential spectrum j(£), 
so that 7(EZ)dE represents the number of cosmic-ray 
particles per cm? per sec per steradian with kinetic 
energy (per nucleon) in the interval (EZ, E+dE). j(E£) 
will be taken to refer to the cosmic-ray spectrum that 
would be observed at the top of the atmosphere in the 
absence of the geomagnetic field; we shall not concern 
ourselves with the geomagnetic cutoff and related 
phenomena, due to the dipole magnetic field of the 
earth. 

The dependence of j(£) on E£ is discussed at length 
in a review article by Biermann’; for E>20 Bev per 
nucleon j(£) is fairly well represented by E~", where 


7L. Biermann, Annual Review of Nuclear Physics (Annual 
Reviews, Inc., Stanford, 1953), p. 336. 





1520 


n=2.7. Below 20 Bev j(E) becomes less steep, with n 
falling to about 2.0 in the vicinity of 5 Bev. The existing 
evidence is not inconsistent with the assumption that 
j(E) reaches a maximum near 1 Bev and then decreases 
uniformly to zero at E=0; the decrease is called the 
low-energy cutoff. 

The variations of the spectrum with time are largest 
at low energies and decrease monotonically as one 
observes higher and higher energy particles. This 
suggests, of course, that magnetic fields are involved 
in the modulation. The variations with time have been 
treated extensively in the literature** and will be 
but briefly described here. The major recognized vari- 
ations are 

(a) A small diurnal variation with an amplitude of 
the order of 0.5% of the total cosmic-ray intensity. The 
maximum usually occurs near solar noon, but the phase 
sometimes wanders sufficiently that the maximum falls 
near midnight." The small amplitude of the diurnal 
variation implies that the primary cosmic-ray particles 
are very near isotropy. 

(b) Superposed but independent sequences of 27-day 
variations with amplitudes as high as approximately 
15% of the total intensity. The variation is generally 
associated with the period of solar rotation.® 

(c) Forbush-type decreases wherein the cosmic-ray 
intensity may drop as much as 20-30% in the course 
of a few hours, recovering slowly and irregularly, with 
perhaps further sharp decreases, over the next few 
days or weeks. Forbush-type decreases and magnetic 
storms occur sometimes simultaneously and sometimes 
quite independently.*:” 

(d) Eleven or twenty-two year variation of the 
cosmic-ray intensity with the general cycle of solar 
activity. The full character of this long period variation 
is still tentative, being based on ion-chamber measure- 
ments at higher energies,® where the effect is small, over 
the past 20 years and on observations of the low-energy 
end of the spectrum with neutron detectors since about 
1950. It seems that the cosmic-ray intensity increases 
at all particle energies when the general level of solar 
activity is low. This increase is largest at the low ener- 
gies but extends up to 20 or 30 Bev. At higher energies 
any changes in intensity are too small to be observed. 
The energy at which the cosmic-ray intensity is a 
maximum (usually near 1 Bev) was observed to decrease 
between the years 1948 and 1951° and between 1951 
and 1954"; 1954 was the year of sunspot minimum. By 


8S. E. Forbush, Terrestria] Magnetism and Atm. Elec. 42, 1 
(1937) ; 43, 203 (1938). S. E. Forbush, Bull. Int. Union Geod. and 
Geophys., No. 11, 438 (1940); J. Geophys. Research 59, 525 
(1954). 

®R. A. Millikan and H. V. Neher, Phys. Rev. 56, 491 (1939). 

0 J. A. Simpson, Phys. Rev. 94, 426 (1954); Ann. geophys. 11, 
305 (1955); Proceedings of the Guanajuato International Con- 
ference on Cosmic Physics, 1955 (unpublished). 

1 Firor, Fonger, and Simpson, Phys. Rev. 94, 1031 (1954). 

12H. V. Neher, Proceedings of the Guanajuato International 
Conference on Cosmic Rays, 1955 (unpublished); Phys. Rev. 
103, 228 (1956). 
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1954 there was no indication that j(EZ) went to zero 
at zero energy.”® At the same time the intensity in 
the vicinity of the spectrum maximum increased so 
much that below 4 or 5 Bev j(£) became a noticeably 
steeper function of E; whereas j(Z)« E~*” for E<5 
Bev prior to 1948, by 1951 it was found® that j(E) 
« F~*-5 over the same range. Rapid fluctuations at low 
energies were found in 1948-1949" and again in 1954- 
1955." One presumes that, with the increase in solar 
activity following the deep minimum of 1954, the 
cosmic-ray spectrum will return to approximately the 
form and intensity it possessed in 1948, and it is on 
this interpretation of the observations that we shall 
proceed. 

On the basis of the observations it seems that we are 
looking for a quasi-steady state magnetic condition, 
set up in the solar system by solar activity, which 
depresses the density of low rigidity galactic cosmic-ray 
particles at the earth. Now in order to depress the 
particle density in a region (solar system) immersed in 
the supposedly uniform and isotropic galactic cosmic- 
ray field, it is necessary to have a barrier surrounding 
the region in order to impede the entrance of particles 
into the region; it is also mecessary that there be some 
device for removing particles from within the region 
once they have entered. Otherwise, no matter how 
slowly particles may enter the region, the region will 
eventually fill up to the density of the external cosmic- 
ray field. Clearly, the more effective the removal 
mechanism, the less effective need be the barrier to 
depress the average particle density a given amount. 

With the above requirements in mind, consider a 
model in which magnetic field bearing ion clouds 
ejected from the sun and sweeping outward through 
the solar system serve to produce a cosmic-ray cutoff 
in the inner solar system. The tangled magnetic fields 
carried by the clouds deflect the lower rigidity particles 
so that their passage into the solar system is random 
walk ; hence the clouds serve as a barrier. The outward 
motion of the clouds sweeps back the low-rigidity par- 
ticles; hence the outward motions produce a convective 
removal: If we associate the clouds with the clouds 
from the sun that produce magnetic storms, then they 
would be expected to travel out from the sun with 
velocities of the order of 2000 km/sec; the orbit of the 
earth should be swept out once every day. Morrison? 
was the first to consider such a mechanism, though he 
was mainly interested in the Forbush decreases. 

In the next section it is shown that the outward 
sweeping clouds can produce a striking low-energy 
cutoff effect. From the random walk of the incoming 
cosmic-ray particles it is obvious that isotropy is 
preserved by the mechanism, and it is also obvious that 
the amplitude of the effect will depend in the proper 

13 E, P. Ney, Proceedings of the Guanajuato International Con- 


ference on Cosmic Rays, 1955 (unpublished). 
4 J. A. Simpson, Phys. Rev. 83, 1175 (1951). 





MODULATION 


way on solar activity. But there are several difficulties 
encountered : 

(a) The required number of outgoing clouds seems 
to imply a solar mass loss of the order of 10" g/sec, 
which is very much in excess of the estimates of 5X 10" 
g/sec obtained from the study of the dynamics of comet 
tails.15.16 

(b) In order for outward rushing magnetic clouds of 
solar origin to screen the earth in all directions from 
galactic particles, it is necessary that the clouds be 
ejected in all directions from the sun. One day is 
required for the clouds to sweep out the orbit of the 
earth, but a relativistic particle can make the trip in 
8 minutes; hence a leak of very small dimensions in the 
screening clouds may be serious. Both visual and mag- 
netic observations of the sun indicate that the most 
violent aspects of solar activity (e.g., sunspots, flares, 
surges, etc.), with which we might associate the ejection 
of the necessary high velocity magnetic clouds, do not 
occur near the poles."” This suggests that above both 
poles of the sun there would be large gaps in the outward 
moving cloud barrier. 

(c) Since the outward rushing cloud mechanism has 
a characteristic time of one day, it is not clear why the 
cosmic-ray spectrum does not vary markedly with the 
appearance of the active solar regions, which are re- 
sponsible for such phenomena as magnetic storms. 

(d) The fact that from solar flares we observe (low- 
rigidity) cosmic-ray intensity increases with sharp fronts 
and confined to geomagnetic impact zones on the 
earth!*! implies that the space inside the orbit of the 
earth is relatively free from scattering magnetic fields; 
the assumption of enough outward rushing clouds to 
produce either a Forbush decrease or the observed low- 
energy cutoff excludes such direct observation of flares 
particles. 

(e) The Forbush-type decreases in the cosmic-ray 
intensity sometimes show declines with characteristic 
times as little as four hours and relaxation times up to 
many months. Presumably the abrupt decreases are 
due to the appearance of either higher velocity inter- 
planetary clouds, so that the removal rate is increased, 
or more and magnetically denser clouds, so that the 
barrier they form is less permeable. As will be shown 
later a decrease time of 5 hours requires that we have 
cloud velocities of 10‘ km/sec or tangled interplanetary 
cloud fields as high as 0.5X10~? gauss. Those examples 
of Forbush decreases which take weeks or months to 
recover require that the cloud velocity and magnetic 
density occur uniformly throughout much of the solar 
system and be maintained for several months. 

In the next section we give a more quantitative dis- 


16. Biermann, Z. Astrophys. 29, 274 (1951). 
16H. C. van de Hulst, The Sun, edited by G. Kuiper (University 
of Chicago Press, Chicago, 1953). 
( ame Scott, and Little, Australian J. Sci. Research 5, 32 
1952). 
18 J. Firor, Phys. Rev. 94, 1017 (1954). 
1” P, Meyer and J. A. Simpson, Phys. Rev. (to be published). 
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Fic. 1. Schematic diagram of geocentric mechanism for modu- 
lating the primary cosmic-ray spectrum, showing the lines of force 
of the disordered magnetic fields of the captured interplanetary 
gas in and around the geomagnetic field. 


cussion of the aspects of this mechanism. For the 
present, let us go on to see what alternative models 
exist. Quite generally we may state that a magnetic 
barrier, for the purpose of impeding galactic cosmic-ray 
particles in entering the solar system, may be composed 
of disordered and tangled magnetic fields or, on the 
other hand, may be a single large-scale ordered field. 
We have already discussed outward rushing clouds, 
which seems to make the most efficient use of disordered 
fields. If we turn our attention to ordered fields, the 
most obvious model is a heliocentric dipole field; such 
a field would be expected to turn back galactic cosmic 
ray particles according to the familiar Stérmer theory. 
The first objection to be raised against the model is the 
observational fact that the fields on the surface of the 
sun have an average value of only a few gauss, which, 
if extrapolated as a dipole to the orbit of the earth give 
the insufficient field density of about 10-7 gauss. There 
is a further objection, however, which we shall discuss 
in connection with both the heliocentric dipole and an 
alternative solar model suggested by Davis.” 

Davis has pointed out that the outward pressure due 
to the steady streaming of matter from the solar corona 
may produce a cavity in the galactic arm field (Fig. 1). 
It is of interest to inquire whether such a cavity might 
contribute to the low-energy cutoff. If the cavity were 
to have smooth homogeneous walls it would have 
barrier properties for low-rigidity particles; a particle 
spiraling along a line of force of the galactic field would 
be diverted around the solar system because the galactic 
lines of force are so diverted (by the effusing solar 
coronal gas). 

To develop our objection to both the heliocentric 
dipole and the cavity we note that, in conjunction with 
these ordered barrier models, the most effective removal 
mechanism seems to be the absorption of cosmic-ray 
particles by the sun: The stimultaneous removal by 
outward sweeping clouds does not seem possible because 
the clouds would, if they swept outward, punch holes 
and otherwise disorganize the ordered fields; absorption 
by the interplanetary matter does not seem plausible 
because it would require an interplanetary density of 
10-” g/cm! in order to compete with the sun, and the 
removal by nuclear collisions would not allow the 


* L. Davis, Phys. Rev. 100, 1440 (1955). 
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observed heavy nuclei to reach the earth.”* The ob- 
served interplanetary densities are of the order of 10-* 
to 10~* g/cm*.4-** We suppose then that collision with 
the sun is responsible for removing the cosmic-ray 
particles. 

Now the disk of the sun occupies about 2X 10-° of 
the area enclosed by the orbit of the earth. Hence, a 
particle may expect to make 5X 10* trips through the 
orbit of the earth before being absorbed, requiring 1.5 
years at the speed of light. This is to be contrasted with 
the much more effective removal time of one day for 
outward sweeping clouds. Therefore, in order to sig- 
nificantly depress the particle density, an ordered 
barrier must be about 500 times more impenetrable 
than a disordered barrier of outward sweeping clouds. A 
large scale interplanetary dipole field would have to be 
so nearly perfect in form that less than one in 5X 104 
incoming particle trajectories serves to take the particle 
into a region forbidden by Stérmer theory; the galactic 
field near the wall of Davis’s cavity would have. to be 
so free of gradients parallel to the wall that fewer than 
one in 5X10‘ of the particles that would otherwise 
be diverted around the cavity( by a cavity field of 
perfect symmetry) succeeds in entering the cavity. In 
view of the distortions that would be produced in an 
ordered field by the irregular ejection of matter from 
the sun, as indicated by magnetic storms, aurorae, etc., 
it seems reasonable to expect that neither a heliocentric 
dipole nor a heliocentric cavity in the galactic field will 
possess the required remarkable degree of symmetry 
and smoothness. This problem is discussed again below. 

Looking back over all the arguments given above, we 
see that one of the basic sources of difficulty in pro- 
ducing a cutoff may be traced to the large size of the 
solar system: If we assume an outward sweeping dis- 
ordered barrier, we require an immense solar investment 
in both magnetic fields and matter, because the cosmic 
rays must be excluded over an area not less than 4r 
square astronomical units. If we use a static barrier we 
have only absorption by the sun to remove particles; 
the sun occupies so small a fraction of interplanetary 
space that the removal is verv slow and the cooperating 
barrier, be it ordered or disordered fields, must be more 
impermeable than seems reasonable. 

In closing this criticism of existing modulation 
models, it is only proper to emphasize that the apparent 
difficulties which we have suggested arise as much from 
ignorance as from knowledge; the existing dynamical 
theory of ionized gases in the presence of magnetic 
fields cannot begin to cope with some of the high 
velocities directly observed in solar activity, nor can 
it even hint as to how ions can be accelerated from 
thermal energies to the relativistic velocities of cosmic 


%1 E. Fermi, Astrophys. J. 119, 1 (1954). 

® Morrison, Olbert, and Rossi, Phys. Rev. 94, 440 (1954). 

% A, Unsold and S. Chapman, Observatory 69, 219 (1949). 

™ A. Behr and H. Siedentopf, Z. Astrophys. 32, 19 (1953). 

%* L.R. O. Storey, Trans. Roy. Soc. (London) A246, 113 (1954). 


EUGENE N. PARKER 


rays. Thus we should not be surprised if the same 
dynamics does not readily produce a means for modu- 
lating the primary cosmic-ray intensity. The above 
objections to existing cut-off models were raised in 
order to exhibit the theoretical obstacles that have yet 
to be overcome, and to give some basis for judging the 
relative merits of the geocentric mechanism which we 
shall later propose. 


Ill. PASSAGE OF COSMIC-RAY PARTICLES THROUGH 
DISORDERED MAGNETIC FIELDS 


A. General Theory 


To represent in an approximate way how a cosmic-ray 
particle diffuses through a barrier of disordered mag- 
netic fields we shall apply the statistical concepts of 
elementary kinetic theory. We let represent the 
ratio of the kinetic energy to the rest energy of a given 
particle. If W represents the total and Wo the rest 
energy, then 

=(W-W,)/We. (1) 


If the particle velocity is w, then it is readily shown that 


w  9(n+2) wu? 1 
’ i—-—= . (2) 
2 (+1)? 2 (+1)? 


We let j(x,y,2;) represent the number of particles 
per unit volume with energy 7. We use L(x,y,2;) to 
represent the distance over which the velocity of a 
particle becomes uncorrelated with earlier velocities as 
a consequence of the scattering centers. If f(x,y,z; ») 
represents the flux of particles due to a gradient in 
j(x,¥,2;), then from elementary kinetic theory 


f(x,y,25; 0) = —3L(x,y,3; 0) VLwj(x,y,25 0) J. (3) 
If in addition to the diffusion there is a general drift 
of the scattering centers through which the particles 
are diffusing, then (3) is valid in the frame of reference 
moving with the centers. In a fixed frame of reference 
we have, then, 


f=vj—3LV(wj), (4) 


where v is the drift velocity of the scattering centers, 
and for convenience we have dropped the argument 
(x,y,2; 9) of f, v, L, and 7. If there is no acceleration or 
absorption of particles, so that the number of particles 
in any given energy range is conserved, we have 


0j/dat=—V-f 
=—V-(vj)+$V-[LV(wj)]. (5) 
We are interested in the steady state conditions with 
a spherically symmetric geometry (heliocentric or geo- 


centric). Thus v has only an r component, which we 
denote by v. Equation (5) reduces to 


‘e() 
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Integrating, we find that 
jo—4}Lwdj/dr=C/r’, 


where C is the constant of integration. Comparing with 
(4) we see that the net outward flux f(r,) is 


(7,0) =f (ron) (10/7)? 
=j(r,n)v(r)—3L(r,n)woj(r.m)/dr, (6) 


where f(ro,n) represents the flux density at r=ro. 


1. Static Barrier 


Suppose that the scattering centers do not drift, so 
that »=0, but that the sphere r= R represents a perfect 
absorber of particles (supposedly representing the sun 
or the earth). Then at r=R there are only particles 
that move toward the origin, none away, and the flux 
density is —4wj(R,n). Equation (6) reduces to 


dj) j(Rn)R 
or Li(r,n)r? 





Integrating from r to ©, we have 


o dr 
j(2n)— jn) =j(RaR? f (7) 


r PL(r.n) 


Putting r= R, solving for j7(R,n), and eliminating j(R,») 
from (7), we have for »=0 


1+]i(r,n) 


vendita 8 had 8 
1+11( ,») ; 


ju(r,n) = j (2m) 


r dr 
hin) =R? J ae (0) 


The subscript 1 on j(r,n) indicates that it is the 7(r,n) 
resulting from /;(r,n). 


2. Outward Sweeping Barrier 


If, on the other hand, v does not vanish and there are 
no sinks, then f(r,n)=0 and (6) gives 


j2(r,n) =j( « sm) exp[ —J2(r,n) ] 
upon integration, where 
3 rf? u(r) 
TI, (r,) = f dr . 
wd, L(rn) 


The subscript 2 on j(r,n) indicates that it is the j(r,) 
resulting from /2(r,). 


(10) 


(11) 


B. Scattering Length 


Our next job is to determine the dependence of the 
scattering length L(r,n) on the particle energy 7. We 
define a scattering center to be a region over which the 
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magnetic field does not change sign. We let /(r) repre- 
sent the diameter of a scattering center at r, and B(r) 
the average field density. We let Zo(r) be the distance 
traveled by the particle between scattering centers. The 
radius of curvature P of the trajectory of a particle of 
rest mass m, charge q (esu), and velocity w in the scat- 
tering field B(r) is 


MWC 
B(r)gl1— (w/c?) } 
Wola 2) 
Bel” fo 


We must now introduce a distinction between scat- 
tering centers which are dense enough and large enough 
to actually reflect or turn back incident particles and 
centers which are sufficiently small and dilute to allow 
particles to penetrate all the way through, deflecting 
the trajectory of the particle by less than 2/2 radians. 
The former we call reflecting scattering centers; they 
are defined by /(r)B(r) being sufficiently large that 
l(r)>P(r,n). The latter we call transmitting scattering 
centers; they are defined by /(r)B(r) being sufficiently 
small that /(r) <P(r,n). It should be noted that reflecting 
and transmitting are terms which may be applied to the 
scattering centers only when the particle energy is 
specified ; from (12) it is clear that no matter what the 
value of /(r)B(r), P(r) will be larger than /(r) for 
sufficiently large particle energies and smaller for suf- 
ficiently small particle energies. 

It is obvious that the scattering length L(r,n) is just 
equal to Lo(r) for thick scattering centers. If the scat- 
tering centers are transmitting, the trajectory is 
deflected through an angle 6 upon passing through a 
center, where 





F (r,n) 6 


(12) 


0=1(r)/P(r,n). (13) 


After m such random deflections, the mean total de- 
flection is of the order of 6\/n. As a working definition of 
the scattering length L(r,n), we assume that the par- 
ticle has lost all correlation with its initial motion by 
the time that the mean total deflection is as large as 
1/2. Thus, it is readily shown that 


We use the combination form 


E (r,n) ] | 
i+ 
21(r) 


L(r,n) = Lo(r) (14) 


as an approximate representation of L(r,n) for both the 
case that 1>P and/<P. 

From elementary kinetic theory, we have that the 
mean free path of a particle, traveling among scattering 
centers of scale /(r) and spaced such that there are 
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N(r) per unit volume, is 


Lyo(r)= (15) 


aP(r)N(r) 
Using (12), (14), and (15), we may rewrite (9) as 


, R\? 1 wW —1 
hiva)= f ir(-) ven} 4 °n(n+2) 
R r al(r) 4q°h? (16) 





where ® is the total flux z/*(r)B(r) making up the 
scattering center. As we have already remarked, the 
electrical conductivity is sufficiently large that the 
magnetic lines of force move with the matter and @ 
may be taken as constant. 

High conductivity implies that the individual scat- 
tering centers preserve their identity, so that we may 
write the continuity equation 


aN/at=—V- (Nv). 
For a spherically symmetric steady state, we have 
N(r)v(r) = N (r0)0(10) (r0/r)? 


upon integration. Thus (11) may be rewritten as 


30(r0.)N (70) 7® ro\? 
ti | ae 
cad-—— [ a7) 


r 


eel ie, 
aP(r)(n +1) 4g*(n+1) | 


(16) and (18) give J, and J, im terms of the charac- 
teristics V, v, and %, of the scattering centers regardless 
of the relative values of P(r,n) and /(r). 

The first term in the braces in (16) and (18) represents 
the contribution of reflecting scattering centers, the 
second term represents transmitting scattering centers. 
From (16) and (18) we see that transmitting centers 
produce the sharper low-energy cutoff as 7 goes to zero. 
Or, to state the matter differently, reflecting scattering 
centers depress the density of the high-energy particles 
more than do transmitting centers for a given reduction 
of density of low-energy particles. The extreme is given 
by (16) for reflecting centers, in which case j:(r,n)/ 
j(® ,») is independent of n. Hence, if we wish to produce 
a low-energy cutoff with absorption playing the role 
of the removal mechanism, we must assume that the 
scattering centers are transmitting (P>/) down to the 
lowest observable particle energy. 


(17) 





C. Comparison of Removal Mechanisms 


Having developed the expressions for the depression 
j(r,n)/j( ©) of the cosmic-ray density by a disordered 
magnetic barrier in conjunction with either absorptive 
or convective removal, let us now compare the effective- 
ness of the two removal mechanisms in depressing the 
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density. Let us suppose that only very thin scattering 
centers are present so that J;, 721. Then (8) and (10) 
reduce to 


jrilr,n)/j( sn) =14+-Li(1,n) —1i( 9) +07(1)), 
jo(r,n)/ 7 (© n) =1—I2(r,9) +07(I2). 


The ratio, ¢, of the depression produced by absorptive 
removal to the depression produced by convective 
removal becomes 


_ G(%)— jalrn) 
jn) jalrn) 
_1i(e 9) Nan) 
Dalen) 


-(~) c [n(n+2)]}! 
os ro/ v(ro) ntl 
© drN(r) “ dd T* 
we ae 
x| f om || a ” 


berets 
=O 





(20) 


rrWwo? 
+—) n(n+2). 
4. gb 


If we suppose that we may write 
h(r)=h(r0) (ro/r)*, (21) 
N (r)=N (10) (r0/r)’, (22) 


over the range of r in which h(r) and V(r) are important, 


then 
K/R\2/170\" 
oe 
x= (u—1)/(u—1—»). 


We may put r=7o without loss of generality. 

If we apply (23) to the solar system, then R is the 
radius of the sun, 0.6X 10° km, and ¢ or 7p is the radius 
of the orbit of earth, 1.5 10® km. Then (23) reduces to 


_ 1.6 [n(n+2)}! 
v(ro) ntl 


with v(79) in km/sec. For a 1-Bev proton (n=1.07), we 
have {= 1.4«/v(r9). Since « is of the order of unity and 
the outward cloud velocity may be as large as 2000 
km sec, we see that ¢ will probably be very much less 
than unity. Hence, if we set about to decrease the 
cosmic-ray particle intensity with a barrier composed 
of disordered scattering centers or magnetic clouds, we 
find that convective removal is far more effective than 
solar absorption. 

If we apply (23) to a geocentric barrier, then R is 
the radius of the earth, 0.6X 10¢ km, and 7» is the inner 


where 
(24) 
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radius of the barrier, say ro=1.5R. Then ¢=3.9 
X 10*«/»(ro) for 1-Bev protons, and v(ro) would have 
to exceed some 4X10* km/sec before the outward 
sweeping would be as effective as the absorption by the 
earth. Of course, the earth does not eject magnetic 
clouds; the calculation serves to illustrate how effective 
is terrestrial absorption inside a geocentric barrier as 
compared to the solar absorption inside a heliocentric 
barrier. 


IV. MODEL FOR A HELIOCENTRIC DISORDERED 
BARRIER 


A. Interplanetary Field Densities 


As a first step in constructing a model for a helio- 
centric barrier of disordered fields to impede the 
passage of galactic cosmic-ray particles into the inner 
solar system, we must obtain some estimate of the dis- 
ordered interplanetary fields at our disposal. Observa- 
tions indicate that the mean electron density in the 
orbit of the earth is of the order of 500/cm*,**5 with 
occasional transient increases to 5X 10*/cm*.% Such low 
densities exposed to the ultraviolet radiation of the sun 
suggest that the interplanetary material should be 
almost completely ionized. Hence, the interplanetary 
density p should be given approximately by V.M, where 
N, is the electron density and M is the mass of a 
hydrogen atom. 

Consider a volume of highly conducting gas ejected 
from a region in the sun where the mean magnetic field 
density is B, and the material density is p,. If the 
ejected gas expands isotropically, then the magnetic 
field varies as p!. Insofar as the magnetic lines of force 
carried with the gas are not intertwined and tangled, 
the gas will expand only perpendicular to the lines of 
force in response to the magnetic stresses; expansion 
perpendicular to the lines of force leads to B varying 
directly with p. Thus 


B <B,(p/p.)* 


gives an upper limit on B after expansion of the solar 
gas. 

Suppose now that the velocity of the gas after ejection 
is v. If all of the kinetic energy of ejection came from 
the magnetic energy contained within the gas, we would 
equate the initial magnetic energy per unit volume 
B?/8m to the final kinetic energy of the same amount 
of gas, }p,0* (the residual magnetic energy after expan- 
sion into interplanetary space is negligible). If the 
energies of fields outside the ejected volume of gas con- 
tributed to the final kinetic energy, then B, would not 
be as large as indicated by the equality of magnetic and 
kinetic energies. Hence we write the more general con- 
dition that 


(25) 


B2/8m <4p,0*, (26) 


giving an upper limit on B,. 
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If we use (26) to eliminate B, from (25), we have 
B<2r'plv/p,''* (27) 


as an upper limit on the interplanetary field density B. 
We note how insensitive B is to the initial density p,. 
We put v= 2000 km/sec, suggested by the delay of the 
terrestrial effects of a solar flare; with V,=500/cm* we 
have the interplanetary density p=10-*! g/cm*; we 
choose the photospheric value 10-* g/cm! for p,. Then 
(27) gives B<1.4X10~ gauss as the upper limit on the 
mean interplanetary field density at the orbit of the 
earth. 


B. Necessary Barrier Thickness 


In order to estimate the number of scattering centers 
required in an interplanetary barrier of sufficient thick- 
ness to produce the observed low energy cutoff in the 
galactic cosmic-ray spectrum, we shall assume that the 
galactic differential spectrum is of the form 


j(,n)=constant/(a+n?), (28) 


and put a=3, p=2.5.5 

For outward sweeping interplanetary magnetic 
fields, which we have shown to be much more effective 
in producing a cutoff than a static barrier, we have 
from (10) that the differential spectrum j2(r,n) observed 
at the earth will be a maximum at the energy 7 for 

which 
8I2(r,n) 1 a7 ( wv yn) 
—= . (29) 


dn = f(y) On 
If the scattering centers are reflecting (P</), then from 
(18) we have that 


Ol Ai 


30 
dn — [n(n +2) }! "9 


(31) 


v(ro) ¢®* dr 
A= 3are?N (ro) J SFr). 


c e ¢ 


If, on the other hand, the centers are transmitting 
(P>1), then 
al, 2n?+4n+3 


dn [n(n +2) 0" 
12 (%o 24 

Amen —-(") >, 
va 


c \Wo/ r 


(32) 
where 
(33) 


The observed spectrum j2(r,») has a maximum at 
energies of the order of 7&1 (0.93-Bev protons). 
Putting (30) and (32) into (29) we find that A,;=3.25 
(for reflecting scattering centers) and A2=1.08 (for 
transmitting scattering centers). If the maximum is 
taken at n=2, then A:=18.5 and A,=7.8. 

We must now deduce the necessary outward cloud 
velocity v(ro) from the above values of A; and A. To 
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estimate the value of the integral in (31) we remember 
that we have assumed that the total flux @ in a scatter- 
ing center is constant, and that a reflecting center is 
one where the angle @, as defined in (13), is in excess 
of 2/2. As a cloud moves out from the sun, it can be 
shown that the thickness /(r) of the scattering center 
increases in proportion to the available room, and 
hence as fr! if »(r) is constant. Using (12), we may 
write (13) as 


_ Ur) B(r)q 

- Wdn(n+2)} 

" $q 

~ aWal()in(n+-2) 


Thus, @ eventually becomes small as r~?, and what may 
have been reflecting scattering centers at the orbit of 
the earth become transmitting, i.e., 9<2/2, farther out. 
Hence, the scattering which shields the earth at r=ro 
extends out to some effective distance r=mro (n>1) 
beyond which @ is too small to be effective. Hence, we 
shall eveluate the integral in (31) putting by I(r) «ri! 
and cutting off the integration at r=mro. 
We obtain 





(34) 


© dy 1? (ro) 
f Fin)= 3(nt—1) (35) 


or To 


for the shielding of the earth at ro. 

We have no way of deducing what might be the 
closeness of packing of the scattering centers, and the 
relative magnitudes of P and /(r) are undetermined. 
Thus we let 


N(r)=v/P(r), (36) 


so that v is a measure of the closeness of packing (v <1). 
We use 6, as defined in (13), as the parameter deter- 
mining the relative magnitudes of P and ((r), i.e., 
whether the scattering centers are relatively reflecting 
or transmitting. 

Using (12), (13), (35), and (36), we may rewrite 
(31) as 





; (37) 


ile -(.- eee. 
o) W ccln(n+2) }* 


with r=ro, (33) becomes 


oe 12qrev(r0) B(r0)[m(n+2) }* 
= (6r 
: f 1rcW 9 


with the aid of (12), (13), and (36). 
We now use (27), assuming that »=»(ro), to eliminate 
B(ro) from (37) and '(38). Solving for v(ro), we have 


sird>(- ay 2 nz 


(nt—1)tutp? 





(39) 
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for reflecting clouds (6>/2), and 


0(7)> (40) 


A: ( “*) pt 

(6v)# 2\/6\ gro 7 utpt{n(n+2)}* 
for transmitting clouds (@<7/2). 
tremely insensitive v(ro) is to ps. 

The minimum values of »(ro) in (39) and (40) are 
obtained for #=2/2. Now, at some energy , 6 will have 
this optimum value of 2/2. Since v(ro) varies with n 
only as [n(n+2) }, (ro) does not depend critically on 
our choice of . Thus we arbitrarily consider a model 
in which 6=2/2 at n= 1 (0.93-Bev protons). We consider 
protons, so that Wo=1.44X10~ erg and g=4.8X10-" 
esu. Then, incidentally, if the interplanetary magnetic 
field B(ro), is of the order of 10~ gauss, we find from 
(12) and (13) that the thickness of the scattering 
centers is of the order of 1.0X10" cm or 0.002 a.u. 
(astronomical units). 

We give p, the photospheric value of 10~® g/cm'; as 
alternatives to 10-* we might assign the chromospheric 
value of 10- g/cm! or the value 10~ g/cm’, appropriate 
to the upper edge of the convective zone, but such 
variations make a difference of only 10! or a factor of 
two in v(ro). The choice of n in (39) is not critical; the 
values n=2, 8, 27 give (n}—1)!=0.5, 1.0, 1.4 respec- 
tively. We shall put m=8 as a reasonable median value. 
The density of the interplanetary medium at the orbit 
of the earth we take to be p= 10-*' g/cm* (500 hydrogen 
atoms/cm’; we shall see that larger values serve only 
to give a larger solar mass loss. We put ro=1.5X10" 
cm for the orbit of earth. Supposing, then, that the 
maximum in the observed cosmic-ray differential 
spectrum occurs at n= 1, so that A;=3.25 and A2=1.08, 
we obtain as lower limits on (70), 


v(r9) > (500/+/v) km/sec 
from (39), and 
v(ro) > (280/+/v) km/sec 


from (40). It is to be kept in mind that »<1. The dis- 
crepancy between (41) and (42) arises from the ap- 
proximation introduced in (14) when we disregard one 
or the other of the comparable terms in the braces. 
The mass loss to the sun is 


We see how ex- 


(41) 


(42) 


M =4ar¢*pv(ro). (43) 


Using (42), we obtain 
M = (0.76X 10"*//v) g/sec. 


As noted earlier, this solar mass loss is a factor of 10° 
larger than previous estimates from other considera- 
tions. 

We see, now, to what extent the large size of inter- 
planetary space makes it difficult for a barrier composed 
of disordered magnetic fields to depress the cosmic-ray 
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intensity at the orbit of the earth. The sun must eject 
magnetic clouds in all directions, whereas observations 
suggest that most of the solar ejection is near the 
equatorial plane. The immense amount of magnetic 
clouds required for the barrier represents a mass loss 
to the sun a thousand times larger than the usual 
estimates. The steady low-energy cutoff in the cosmic- 
ray spectrum requires that the solar output of magnetic 
clouds not vary with the appearance and disappearance 
of sporadic solar outbursts, generally associated with 
the ejection of solar matter. 

Morrison estimates that tangled interplanetary fields 
of 1.5X10-* gauss are sufficient to produce a decrease 
of the cosmic-ray intensity of the order of magnitude 
of the Forbush decrease. We note that this field density 
is a factor of ten larger than the upper limit of 1.4 10~ 
gauss which we estimated from (27), and is a factor 
10° too large to permit the sharp cosmic-ray intensity 
increases due to solar flares. The conditions become 
more serious when we attempt to explain the observed 
time dependence of the Forbush decrease; Morrison 
considered decreases which take place over a period 
of a day or two, and recover only slightly more slowly; 
sometimes, however, the intensity will drop abruptly 
by 6% in 5 hours,”* then level off and require days or 
weeks to recover. It is not clear just what sort of inter- 
planetary magnetic cloud configuration might produce 
such an effect. If the sun were to eject magnetic clouds 
with velocities of 10000 km/sec and continue the 
ejection at a uniform rate for days or weeks, then we 
could account for the abrupt onset and slow relaxation, 
but 10000 km/sec and continued ejection are drastic 
assumptions. If we argue that the outward velocity is 
not in excess of the conventional 2000 km/sec, then the 
5-hour time of onset can be accounted for by assuming 
that the particles have diffused only 3.6 10" cm into 
the front of the cloud, requiring tangled fields of the 
order 0.5X10~* gauss; but in this case, or in any vari- 
ation of it, we cannot account for both the sharp 
leveling off after only 5 hours, and the intensity re- 
maining low for days or weeks following the decrease. 


V. GEOCENTRIC LOW-ENERGY CUTOFF 


It was suggested in the introduction that we should 
consider the possibility that the low-energy cosmic-ray 
cutoff is produced locally in the vicinity of the earth. 
Presumably the earth would be surrounded by a 
nebulous magnetic cloud, shown schematically in Fig. 1, 
composed of gas captured from the interplanetary 
medium by the terrestrial gravitational field. The high 
electrical conductivity of the gas results in the gas 
retaining the magnetic field present before the ejection 
of the gas from the sun. We shall now investigate the 
necessary characteristics of such a hypothetical geo- 
centric magnetic cloud. 


26 J. A. Simpson, December 5, 1955 (unpublished). 


A. Electrical Properties 


Presumably the solar ultraviolet radiation maintains 
at least a partial ionization of the gas of a geocentric 
nebula. The electrical conductivity may be approxi- 
mated by”? 

o=2X10-“T! emu. 


If we assume that T>2000°K, then ¢ >2X10-* emu. 
The decay time r for a magnetic field of scale 4 in a 
medium of electrical conductivity ¢ is of the order of 


T=. 


With b=500 km, we have r>2 months. It follows that 
the disordered magnetic field contained in a geocentric 
cloud built up from bits and scraps of captured inter- 
planetary magnetic matter will be sufficiently long 
lived to give a fairly uniform effect on the cosmic-ray 
intensity even though the solar outbursts which supply 
the cloud material may occur at irregular intervals. 
The high conductivity of the captured interplanetary 
matter also means that after being captured it will be 
some time before it can diffuse into the geomagnetic 
field ; thus, it may be that the geomagnetic field supports 
much of the weight of the nebula. We shall return to 
this point at a later time to show that the geomagnetic 
field is sufficiently dense to furnish the necessary 


support. 


B. Cutoff Requirements 


We consider first the necessary conditions in order 
that a geocentric magnetic cloud may produce the 
observed low-energy cosmic-ray cutoff. Since the 
removal mechanism associated with a static geocentric 
barrier is terrestrial absorption, it is necessary that the 
disordered magnetic fields in the captured interplane- 
tary material form transmitting scattering centers, in 
the sense that P>1, in order that the scattering produce 
a low-energy cutoff; if the centers are sufficiently thick 
that P<1J, then, as may be seen from (16), the cosmic 
ray intensity will be depressed by the same factor at 
all energies. For transmitting clouds, (16) reduces to 


C(r) 
I; (r,n) - ? 
n(n+2) 


(44) 


C(r)= 4 (45) 


4R°ge? per N(r) 
f dr 
R r 


9 


ra 


0 


The surface of the earth, where we observe the cosmic- 
ray spectrum, is also the surface of the absorbing region 
r= R. Thus we observe the differential spectrum 7(R,) 


given by (8) as 
n(n+2) 
ji (Ryn) = j(” ,) . 
ae C(#)-+n(n+2) 


27 T,G. Cowling, The Sun (The University of Chicago Press, 
Chicago, 1953). 
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Fic. 2. The cosmic-ray particle density at the surface of the 
earth compared to the density in the galaxy for the condition that 
the earth is surrounded by disordered magnetic fields of sufficient 
density to produce a cutoff below 1 Bev [C(#) =2.65]. 


It is readily shown that 7(R,n)/7j(©,) depends only 
on the particle rigidity &, 
R= pe/q= (Wo/g)[n(n+2) }}. 
We have 


(47) 





eR? 

(Ria) = j(00 9) 
j(Rin) = 7( 1 eC(~ e+e 
W(?C(~)/¢ is independent of Wo/g. Hence the cutoff 
effect for a static geocentric barrier depends only on 
particle rigidity. As one might expect, the effects of 
outward sweeping scattering centers in Morrison’s helio- 
centric model do not at low energies depend on rigidity 
alone. 

In order to estimate C() from the observed cosmic- 
ray spectrum, so that we may compute the number of 
scattering centers needed, we note that 


1 97(R,n) 1 
j(Ra) 


dj (2m) 
dn j(@,n) An 
2C (©) (n+1) 
“nla +2)[C(2)-+n(n+2)7 


With j(”,») given by (28) and the maximum of 
j(Rym) occurring near n= 1, we find that C()=45/17 
= 2.65. The resulting j(R,n)/j(,n) is shown in Fig. 2 
and j(R,n) in Fig. 3. 

In order to express C() in terms of the thickness 
I(r) and magnetic density B(r) of the disordered mag- 
netic fields in a geocentric magnetic cloud, it is neces- 
sary to construct a definite idealized model of the 
cloud. To make the problem tractable, we shall suppose 
that the cloud of fields does not extend below r= R; and 
has perfect spherical symmetry; thus below r=R, 
there will be no scattering of cosmic-ray particles, and 
we have only the geomagnetic field which will continue 
to produce the usual latitude effect. We further assume 
that the scattering centers above c=R, are closely 
packed so that the number of scattering centers per 
unit volume is 








N(N=R(r). (SO) 
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The field density 5 of the geomagnetic dipole field 
with density bg at r=R in the equatorial plane is 


b= be (R/r)*(3 cos’@+1)! (51) 


in spherical coordinates. Since we have assumed a 
spherically symmetric model, we idealize (51) to 


b=bp(R/r)?. 


We have no direct method for calculating the mean 
density B of the magnetic fields of the captured mag- 
netic clouds, but we can obtain a rough estimate by 
noting that for equilibrium the total pressure within a 
magnetic cloud must not exceed the total pressure 
outside. Presumably the external gas pressure is negli- 
gible so that the external pressure is just the pressure 
b’/8mu of the geomagnetic field. Hence, whatever the 
internal gas pressure, we conclude that the internal 
magnetic pressure B?/82py does not exceed b?/8xy, and 
that Bb. On the other hand, it can be shown that 
B cannot be much less than the geomagnetic field b if 
B is to turn back cosmic-ray particles with energies of 
the order of a few Bev. These two limitations on B 
lead to the conclusion that Bd and, hence, that the 
pressure of the cloud gas does not exceed B?/8:y. 

The total flux @ in each scattering center is assumed 
to be conserved by the high electrical conductivity of 
the gas so that z/*(r)B(r) is independent of 7. Using 
(50), we may carry out the integration in (45) to obtain 


8q°b'bgIR 7 R12 
lin!W¢ (5) ; 


(52) 


C(o)= (53) 


We let /,=1(R:), so that 
$= 71h e(R/Ri)*. 


It was mentioned earlier that in order for there to be 
a cutoff at low energies and not merely a depression of 


(54) 





I y I 











Fic. 3. The assumed galactic cosmic-ray spectrum j(,n), 
given by (28), and the spectrum at the surface of the earth sur- 
rounded by disordered magnetic fields of sufficient density to 
produce a cutoff below 1 Bev [C() =2.65]. 
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intensity over the entire spectrum, we must require 
that the scattering centers be transmitting, /,<P(R1,), 
for all observable values of n. We let mo be the value of 
n at which 


h=P(Ryn). (55) 


Using (52), (54), and (55) to eliminate B, &, and /; from 
(53), we obtain 


Ri 8qb2R[no(no+2) }* t 
R | 11WiC(@) 





(56) 


as the requirement that a geocentric magnetic cloud 
form a sufficiently impenetrable barrier to produce the 
observed low-energy cutoff in the cosmic-ray spectrum. 


C. Support of Geocentric Clouds 


Besides requiring that the geocentric magnetic clouds 
produce a cutoff, we must be sure that the geomagnetic 
field can support the weight of the clouds. It can be 
shown that the potential energy of a cloud of volume V 
in a large-scale magnetic field of density } is of the 
order of V (b°/8:) ; the cloud is buoyed in the direction 
of decreasing magnetic pressure just as it would be 
buoyed in the direction of decreasing hydrostatic 
pressure. It is in this way that we suppose the geomag- 
netic field to support the individual magnetic clouds. 
Thus, we must require that the geomagnetic stresses 
at r=R be at least as large as the weight of the 


overlying clouds, 
B?(Ri) a 
= f drgp. 
Ri 


Sau 


(57) 


Here p is the material density and g is the acceleration 
of gravity given by 
8=82(R/r). (58) 


Using (27) and (52) to express the material density p 
in terms of r, (57) becomes 


Ri 121b,0* (19) 
nee SRO een (59) 
R 32 R’pdulge? 


as the condition that the geomagnetic field be able to 
support the barrier against the terrestrial gravitational 
field. 

Both (56) and (59) are readily satisfied. We consider 
protons, so that g=4.8X10-” esu and W)>=1.44X10™ 
erg. Putting the maximum in the observed differential 
cosmic-ray spectrum at n=1, we found that C(o) 
= 2.65. The condition that /;<P(R,,n) for all observable 
values of 7 suggests that mo<0.3 (280-Mev protons) in 
(68). We use the terrestrial value R=6.4X10* cm, 
ge=10° cm/sec”, bg=0.5 gauss, and the solar photo- 
spheric value p,=10-* g/cm*. (56) and (59) reduce to 


R/RK<1.7, Ri/RS&3X10- (19) (60) 
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respectively, to which we add the geometric restriction 
that Ri/R>1. The first condition depends only on the 
fourth root of C(), and on the eighth root of mo, and 
is therefore probably fairly reliable. The second condi- 
tion, on the other hand, depends on w (ro), and is 
certainly not as unflexible. However, it is so easily 
satisfied that it can give little trouble; for instance, the 
rather low interplanetary velocity of v(r9)=50 km/sec 
gives Ri<3.75R. Larger values of v(ro) imply a lower 
material density for a given magnetic density in the 
cloud. We shall now compute the upper limit on the 
cloud density. 

An upper limit on the weight of the geocentric cloud 
may now be estimated from (57). Taking 6g=0.5 gauss 
we have that the magnetic stress density at r=R, is 
b?(R1)/8apu= 2X 10- dynes/cm?(0.7 X 10-* g wt/cm?) if 
Ri=1.7R. The weight of the cloud cannot exceed this 
value. If the thickness of the cloud is of the order of 104 
km, we have that p<0.7X10-" g/cm® or 0.4X10° 
atoms/cm*® as an absolute upper limit on the cloud 
density. When we come to consider the optical effects, 
we shall use the density given by (27) for v(ro) = 2000 
km/sec, suggested by the transit time from the sun 
of one day; we will find a value about 0.01 the above 
limit, indicating again how easily (57) may be satisfied. 


D. Forbush Decrease 


If we suppose that from time to time the terrestrial 
gravitational field is able to capture magnetic gas from 
a passing interplanetary cloud, then we would expect 
that at such times the cosmic-ray intensity at the 
surface of the earth will decrease. The fraction by which 
the intensity decreases will be approximately equal to 
the fraction by which the geocentric magnetic cloud is 
augmented. The length of time over which the decrease 
occurs will not be less than the time required for gravi- 
tational capture of magnetic clouds, and, of course, 
the time may be much longer if for several days passing 
magnetic gas is captured intermittently. Free fall from 
a distance r to the center of the earth requires a time /, 


given by 
Pp \t 
GaP 


where g is the acceleration of gravity, 980 cm/sec, at 
the surface of the earth, r=R. If r is rather larger than 
R, t is a good approximation to the time required to fall 
from r to ~R, for which we intend to use it. Observa- 
tions of decreases in the cosmic-ray intensity seem to 
show no fluctuations with characteristic times less than 
3 or 4 hours, corresponding to free fall from about 5 
times the earth’s radius. 

We would expect on the basis of the geocentric cloud 
model that the terrestrial capture of magnetic inter- 
planetary gas would not result in a decrease of the 
cosmic-ray intensity which was immediately uniform 
over the earth. It is observed that decreases in intensity 





1530 


in general do not have entirely the same behavior at 
widely separated stations. This lack of uniformity can 
be explained only on the basis of a geocentric mecha- 
nism; the earth is too small to be effected by inter- 
planetary inhomogeneities. 

Following the capture of magnetic gas, the cosmic-ray 
intensity should remain depressed until the newly 
captured fields decay; as was pointed out earlier, this 
may require as long as several months. Thus the geo- 
centric model seems to account in a natural way for the 
characteristics of cosmic-ray intensity decreases, and 
particularly the abrupt Forbush-type decreases, which 
are so difficult to explain on the basis of heliocentric 
models. 


E. Cosmic Rays from Solar Flares 


In evaluating (56) we assumed that /,=P(Ri,n) for 
some value of » not exceeding 0.3. For 7=0.3 this gives 
l,, the diameter of the scattering centers at r= R:, to be 
250 km. Consider, now, a 4-Bev proton originating in 
a solar flare. The radius of curvature of a 4-Bev proton 
in a field of 0.1 gauss (b at 1.7R) is 1560 km. The 
deflection @ upon passing through a scattering center 
of thickness 250 km is 0.16 radian, or about 9.2°, 
according to (13). Thus, the particle is deflected but 
little in each scattering center. If the effective thickness 
of the geocentric barrier is of the order of 10 km, then, 
provided that the particle goes more or less straight 
through, the particle undergoes about = 40 scatterings. 
6,/n becomes 1.0 radians or 57°. 

Now it is observed that there are forbidden zones on 
the surface of the earth for the arrival of cosmic-ray 
particles originating in solar flares. Firor (1954) has 
calculated a large number of trajectories through the 
geomagnetic field for cosmic-ray particles originating 
at the sun in order to demonstrate the position and 
extent of the forbidden and allowed impact zones. 
Comparing the theoretical results with the observed 
arrival of cosmic-ray particles from solar flares over 
the surface of the earth, he finds that the particles 
arrive over much wider regions than straight line 
propagation between the sun and the geomagnetic field 
would predict. Firor concludes that scattering of the 
cosmic-ray particles must take place between the sun 
and the earth. The random deflection of one radian 
produced by the geocentric disordered barrier is of the 
right order of magnitude. The deflection produced by 
the outward rushing interplanetary clouds in the helio- 
centric model discussed in Sec. IV is not less than 5 
radians and is much too large to be reconciled with the 
observation of forbidden zones. (B=10~ gauss and 
1=10" cm gives 6=0.4 for 4-Bev protons. The number 
of deflections between the sun and the earth is not less 
than 150, giving a total deflection not less than about 
+5 radians). 
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F. Geomagnetic Effects 


The theoretical geomagnetic effects produced at the 
surface of the earth, r=R, by geocentric magnetic 
clouds appear to be the result of at least two processes. 
We shall content ourselves here with a physical de- 
scription of what will happen; the formal development 
will be presented elsewhere.”* 

The weight of the magnetic clouds forming the geo- 
centric barrier presses down on the geomagnetic field, 
compressing the field beneath the bottom of the clouds. 
Thus, we expect that the effect is to increase the geo- 
magnetic field at the surface of the earth. 

The presence of nonmagnetic gas clouds, i.e., gas 
which does not carry an internal magnetic field, may 
have just the opposite effect. It can be shown that a 
volume of field free electrically conducting gas encysted 
in a large-scale magnetic field will successively divide 
into smaller and smaller fragments until the fragments 
are so small that they diffuse into the large scale field. 
Thus, the terrestrial capture of field free interplanetary 
gas will inflate the geomagnetic field with hydrogen 
gas, which may push down on the top of the terrestrial 
atmosphere and up on the lines of force. The result is 
to lift the geomagnetic field and decrease the field 
density below the top of the atmosphere. 

Ideally suitable combinations of these two effects, 
while the earth is capturing new interplanetary material, 
can produce both a cosmic-ray decrease and a magnetic 
storm, i.e., an initial increase and a more prolonged 
decrease of the horizontal component of the geomag- 
netic field. The proportions of magnetic and non- 
magnetic gas composing the captured material deter- 
mine to what extent the cosmic-ray decrease will be 
accompanied by a magnetic storm” and vice versa. 


G. Optical Effects 


The optical! effects of a geocentric distribution of mag- 
netic hydrogen clouds may afford a test for the existence 
of geocentric clouds which is independent of cosmic-ray 
inferences. In particular, we must look into the problem 
of the absorption and emission effects that the clouds 
may contribute to the solar spectrum and to the light 
of the night sky. 

To estimate the density of the gas, we use (27). 
Taking twice the radius of the earth as a mean value 
for the radius of the spherical shell occupied by the 
clouds, we find that the mean value of the geomagnetic 
field, and hence the cloud fields, is 0.06 gauss. Using the 
photospheric density p,=10-* g/cm® and the conven- 
tional figure of 2000 km/sec for the velocity of the 
clouds when they were first ejected from the sun, Eq. 
(27) gives the lower limit on the geocentric cloud density 
as p>8.3X 10-8 g/cm’ or N >5X10* hydrogen atoms/ 
cm’, comparable to the density in the outer corona. 

Now if N is as small as 5X 10® hydrogen atoms/cm 
and the clouds form a barrier 5X10* km thick, then 


%8 E. N. Parker, J. Geophys. Research (December, 1956). 





MODULATION OF PRIMARY COSMIC-RAY INTENSITY 


there are 2.5 10'* hydrogen atoms per cm? in the line 
of sight. But, as we have already mentioned, the inter- 
planetary density is of the order of 10° hydrogen atoms/ 
cm’, or 1.5X10'* atoms/cm? between here and the sun. 
Thus, the geocentric clouds may contribute only a small 
fraction of the extrasolar absorption in the solar 
spectrum. The situation is further complicated by the 
fact that the gas, both in the geocentric clouds and in 
interplanetary space, is probably far from thermo- 
dynamic equilibrium because of (a) the high color 
temperature (6000°K) and low blackbody temperature 
(300°K) at the orbit of the earth, (b) the strong solar 
emission lines in the ultraviolet, and (c) collisional 
excitation processes are probably rather unimportant. 
Thus, we hardly know how to proceed to calculate the 
emission and absorption effects. 

At present there seem to be only two facts to go on: 
Chapman,” using the standard expressions for the 
thermal conductivity of an ionized gas, has shown that 
if the temperature of the solar corona is as high as 
210° °K, then a kinetic temperature of 4X10° °K 
in the interplanetary medium may be communicated 
as far as the orbit of the earth; if the solar corona is at 
10° °K or less, then the high temperatures are not com- 
municated as far as the earth. If the interplanetary 
temperatures are as high as Chapman’s calculations 
indicate they may be, then the interplanetary gas will 
show no line absorption or emission and it may not 
mask the effects of the geocentric clouds. 

Calculations of emission and absorption assuming 
thermodynamic equilibrium may be expected to over- 
estimate the populations of the intermediate levels of 
the gas atoms. Hence they overstimate the absorption 
in the Balmer series and in all but the first line of the 
Lyman series; they overstimate the emission in both 
series. Assuming that the temperature of the clouds 
does not exceed 2 10* °K, the calculations show that 
in thermodynamic equilibrium the geocentric clouds 
would absorb too much L, to be reconciled with the 
fact that rocket-borne spectrometers have detected* 
the solar L, line, and emit too much H, to be reconciled 
with the lack of H, in the light of the night sky. The 
same difficulty obviously exists with the interplanetary 
medium unless Chapman’s high temperatures are 
assumed. 

The expected departures from thermodynamic equi- 
librium might well reconcile the geocentric hydrogen 
clouds to the observations. Much rests on future 
rocket-borne spectrographs obtaining a detailed profile 
of the solar LZ, line, which will indicate whether the 
expected narrow absorption line (half-width as small 
as 0.04 A) of the geocentric clouds is present. If there 
is no trace of such a line, then the existence of geocentric 
hydrogen is doubtful. 

2S. Chapman, Monthly Notices Roy. Astron. Soc. (to be pub- 


lished, 1956). 
2% W. A. Rense, Phys. Rev. 91, 299 (1953). 


VI. CONCLUDING REMARKS 


On the basis of the present rudimentary state of the 
theory of hydromagnetics, we have developed in a 
quantitative way the existing models for modulating 
the galactic cosmic-ray intensity at the earth. We have 
found that the heliocentric models for doing the modu- 
lation have yet to overcome fundamental obstacles: The 
heliocentric models using disordered magnetic field 
barriers presumably rely on the isotropic ejection of 
magnetic fields from the sun and involve immense and 
continuing expenditures of matter and fields; they have 
difficulty explaining both the steadiness of the low- 
energy cutoff and the abrupt Forbush decreases. The 
heliocentric models involving ordered fields require 
symmetry to a degree that seems to be more than one 
can reasonably expect, and of course static ordered 
fields offer no explanation for the Forbush decreases. 

To get around the seeming difficulties with the helio- 
centric models, we have suggested that perhaps the 
earth captures material from passing interplanetary 
magnetic clouds to form a geocentric barrier of dis- 
ordered magnetic fields. The small scale of the model 
vastly reduces the amount of magnetic gas that is 
needed, eliminates the necessity for the sun to eject 
clouds in directions far from its equatorial plane, reduces 
the characteristic time to the observed value of a few 
hours for augmenting the barrier and producing a 
Forbush decrease, and readily accounts for the steady 
low-energy cutoff in the face of only sporadic solar 
ejection of clouds. 

After suggesting the general idea that the modulation 
of the cosmic-ray intensity is local and geocentric, we 
developed a geocentric model using the same hydro- 
magnetic formulation as with the heliocentric models. 
We assumed that there are available clouds of partially 
ionized gas carrying magnetic fields. We assumed that 
the clouds are of solar origin, having been ejected from 
the sun by hydromagnetic processes, and we constructed 
(27) giving the field density in the gas by equating the 
initial magnetic energy to describe the process of the 
ejection. The details of the terrestrial capture of mag- 
netic interplanetary matter presumably would be 
handled by similar hydromagnetic procedures, were the 
problem not so difficult as to be beyond our present 
analytical means. 

Now the inadequate and incomplete nature of con- 
temporary hydromagnetic theory is readily demon- 
strated, independently of the cosmic-ray problem, by 
the fact that it offers no explanation for the observed 
ejection of gas from the sun; hydromagnetic theory 
offers no suggestions as to how we might hope to achieve 
the necessary immense magnetic energy densities for 
high-velocity ejection. It follows that we should expect 
that serious revisions of the hydromagnetic details of 
our geocentric model are in store. But, on the other 
hand, we expect that the advantages of the stability 
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and small scale of a geocentric model are permanently 
attractive features. 
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APPENDIX. EXCLUSION OF PARTICLES BY 
ORDERED INTERPLANETARY FIELDS 


It is well known that an idealized dipole magnetic 
field, of the form 


B=— Vo, 
where 
Yo= (M/r*) cosé 


in spherical coordinates, will exclude an externally 
incident charged particle of sufficiently low energy from 
certain regions near the equator of the dipole according 
to the classical Stérmer theory. We have pointed out, 
however, that if we add small random irregularities ¥ 
to Yo, then these irregularities will scatter the particle 
from the Stérmer trajectories for the idealized field po. 
We suppose that no large absorbers are present. 
Therefore, if a large number of particles are directed 
into the perturbed field Yot+y:, from random initial 
directions, then we expect eventually to find particles 
passing near any given position in the field; hence all 
regions will be accessible. But, then, no matter how 
tortuous the route of accessibility, statistical equi- 
librium ultimately will be achieved with uniform particle 
density throughout, and the dipole-like field Yoty,, 
will not permanently exclude low-energy particles from 
its interior. 

A rigorous general treatment of the diffusion of 
particles into a field deviating a small amount from an 
idealized dipole is beyond the scope of this paper. It is 
possible, however, to carry out the problem in two 
dimensions in sufficient generality to illustrate the 
general idea. 

Consider a magnetic field B(x,y) in the z direction. 
We let 


B(x,y) = Bot Bi(x,y), (1A) 


where By is a constant and B, is a slowly varying func- 
tion so that its characteristic scale is much greater than 
P, the radius of curvature of the trajectory of a charged 
particle of mass m, charge g (esu), and velocity w, 
moving in the xy plane. The nonrelativistic equations 
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of motion of the particle are 
dx q(Bot By) dy 


ae mc dt’ 


i mc dt’ 


az 

—=0. 

dt 
Following a suggestion of Alfvén,? we regard the particle 
as moving in a circle with moving center. We let (X,Y) 
denote the coordinates of the center of the circle, or 
guiding center as it is called. The position of the particle 
relative to the guiding center is given by the rectangular 
coordinates (£,), 


f=x—X, n=y-—Y!. (SA) 


The large scale of B,, makes VBi:<(B)/P), (B:/P). 
Hence |dX/dt| <«|dé/dt|, etc., and 


&>+P cost, 
n= —P sinQt, 


where 2= (q/mc)(Bo+ Bi). 

X and Y are smoothly varying functions. If we 
average the equations of motion over several periods 
of ©, then oscillating terms such as d*t/df*, dé/dt, etc., 


drop out. We obtain 
dX B, dé 
= de oe 
dY B, dy 
Beare 


to first order in the variations of B,(x,y). Expanding 
B,(x,y) about the guiding center (X,Y), we have 


(2A) 
(3A) 


(4A) 


(6A) 
(7A) 


OB, oB, 
By (x,y) = By(X,Y)+ + n+O*(é,n). 
Ox oY 


Thus, using (6A) and (7A) we readily find that 
dX 
a). 
P*q OB, 


dY 
By ee 
dt Ay 2mc ox 
as the components of the drift velocity v of the guiding 
center. v may be written in a variety of ways. For 
instance, from (8A) and (9A) it is obvious that 
Pq 


v= ——VxXB, 
2mc 


, (8A) 
2mc OY 


(9A) 


(10A) 


(11A) 


Pq 
= -+—e,XVB, 
2mc 
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where e€2 is a unit vector in the z direction. Since the 
current density j is related to B according to 


}= (c/u)VX Bi, 


P*qu, 
v=— }. 
2mc 


we may also write 


(12A) 


From (11A) and (12A) we see that both v and j lie 
along the contours of equal field density. Since j is a 
solenoidal field, it follows that the guiding center either 
drifts to infinity or in a closed path. If Bi (x,y) isa slowly 
and irregularly varying function of time, we see that 
the contours of constant B, will continually reconnect 
into new patterns, eventually giving access to almost 
all portions of the xy plane. 

One can see how a low-energy cosmic-ray particle 
entering the solar system along the axis of a heliocentric 
dipole field can be diverted away from the axis into 
otherwise forbidden regions. 

Suppose now that we apply (11A) to the entry of 
galactic cosmic-ray particles into the field-free solar 
cavity proposed by Davis.” Whether the surface of 
such a cavity will be smooth, or ragged due to the 
impact of interplanetary clouds, has not been estab- 
lished. Let us assume, however, that the walls are 
smooth so that we may reasonably hope that the cavity 
will form a barrier. For an idealized cavity, shown in 
Fig. 1, wherein the galactic magnetic field vanishes 
identically inside the cavity surface S and is inde- 
pendent of azimuthal angle g measured around the axis 
of the cavity, Davis has pointed out that only those 
cosmic-ray particles can enter which circle the line of 
force MN and M’N’ lying along the axis of the cavity. 
If the equatorial radius of the cavity is A, it follows that 
the effective cross section for entry into the cavity has 
been reduced from the purely geometrical A? to rP*, 
where P represents the radius of curvature given in 
(12) ; for low-energy particles P may be very much less 
than A. 

We measure A in astronomical units. We have already 
pointed out that a particle can expect to make n=5 
X10‘ trips across the interior of the cavity before being 
stopped by the sun. In order that the barrier be 
effective, this rate of removal must exceed the perme- 
ability of the barrier; we require that rP?<7A?/n, and 
hence P<4.5X 10~ astronomical units. In order that P 
be this small for 1-Bev particles, one requires a galactic 
field of the order of 0.5X10~ gauss, which is a factor 
of ten more than current estimates.*! 

So much for an idealized cavity. Suppose now that 
the actual solar cavity is not quite rotationally sym- 
metric. From (11A) we see that a slight dependence of 


( a 3} Chandrasekhar and E. Fermi, Astrophys. J. 118, 113, 116 
1953). 
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the galactic field B on azimuthal angle g (measured 
around the axis of the cavity) will give the drift velocity 
v a component perpendicular to the cavity surface S; 
thus particles which initially are near to, but do not 
circle, either MN or M’N’ may enter the cavity. 
Suppose, for instance, that we put 0B/dg=BA/h, where 
\ is the characteristic scale of the azimuthal dependence 
of B on ¢, and A is still the cavity radius. 

We consider a cosmic-ray particle with velocity w 
spiralling along the galactic field B near the surface of 
the cavity. The circular velocity QP is presumably of 
the same order as w and as the velocity parallel to B. 
From (11A) it follows that the guiding center drifts at 
an angle # to the lines of force of the galatic field where 


I—0/w 


~}(n+1)(P/d). 


For 1-Bev protons we have 8=P/X. Since the particles 
drift past the cavity for a distance of the order of 2A, 
we find that particles initially a distance 2Ad from the 
cavity surface S have a chance to enter the cavity. We 
expect that 0B/d¢ will have a sign such that particles 
will drift toward S only over about half of the surface S. 
Thus, the total cross-section Q for entry to the cavity is 


Q=aP?+4(2mA) (2A) 
A?(n+1) 
ox P| 1+ | 


Davis estimates that A may be of the order of 200 
atronomical units. Current estimates of the galactic 
field of 6 10~* gauss give P of the order of 4X 107 a.u. 
for a 1-Bev proton. Thus the term in brackets in (13A) 
becomes (1+2%10°/d). In order that the entry cross 
section Q be no more than twice the value xP? for an 
idealized cavity for which 0B/dg=0, we must require 
that A>2X10° a.u. or greater than 10 parsecs. A/A 
must not exceed 10~*. Hence B must not change by 
more than one part in 10 000 as one circles the cavity. 

Since the corpuscular emission from the sun, which 
would be responsible for maintaining the cavity, is not 
sufficiently uniform to admit of so regular a cavity, 
the only alternative seems to be to assume a much 
larger galactic field and a much smaller cavity. Suppose, 
for instance that B is a factor of ten larger than the 
estimated value of 6X10~* gauss. Then, as previously 
mentioned, P is sufficiently small that an idealized 
cavity will be a sufficiently good barrier to furnish a 
cutoff. With such a large value for B, we would expect 
that A be smaller than 200 a.u. Suppose that A were 
only 2 a.u. Then the term in brackets in (13A) becomes 
(1+2X10*). A/A must not exceed 10-* and we are still 
faced with the restriction that B must not vary by 
more than one part in 1000 around the cavity. 


(13A) 
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The energies of the 2p—+1s x-rays from the r-mesonic atoms Li through F have been measured to 3% 
or better. All the measured energies were lower than those calculated from the Klein-Gordon equation 
assuming a point-charge Coulomb field and corrected for finite size effects and vacuum polarization. (These 
are the only non-negligible electromagnetic corrections.) This indicates that the net nuclear interaction 
between a meson in the 1s orbit and a nucleus is repulsive. The energy shifts varied in a fluctuating manner 
from 3.4% for Li to 11.7% for O and 11.4% for F. If we assume that the shift arises from a scattering 
type potential, and further, that the effects of the individual nucleons are simply additive, then values for 
the s-wave scattering lengths a; and a; can be obtained by a least squares fit to the data. The values of a: 
and a; obtained in this manner are a; =0.14;A, and a;= —0.10A,. The Kg energies of the isotopes B” and B" 
were measured separately, thus giving a direct determination of a; under the previous assumptions. This 


value for a; is (—0.12+0.02)4,. 


The energies of r-Lq x-rays for Si, Cl, K, and Ca were also measured but with less accuracy. They 
were all found to agree with the calculated energy values to within 1% or better. 
A rough measure of the width of the B” K, line was also obtained. 





I. INTRODUCTION 


ESONIC spectroscopy has in recent years become 

an increasingly important technique in nuclear 
investigations.!~ This work can be broadly divided into 
two groups. The first group consists of studies of 
meson-nucleus interactions which are essentially electro- 
magnetic in character; they would scarcely be altered 
if the meson were simply an electron of appropriate 
mass, spin, and magnetic moment. Much of this work 
is a logical extension of the more familiar studies in 
electron spectroscopy—particularly the investigation 
of nuclear effects in electron hyperfine structure. In this 
first group are effects due to the structure and finite 
extent of the nucleus, nuclear polarization, nuclear 
spins and quadrupole moments, vacuum polarization, 
etc. Most of these have been calculated in considerable 
detail and are discussed in the following section. Nearly 
all u-meson work falls into this group.‘ Also 7-meson 
experiments giving information on the Auger effect®® 
and the x-meson mass’ properly belong in this category. 
The second group is comprised of studies of the 
specific (nonelectromagnetic) meson-nuclear interac- 
tion. This interaction, weak in the case of u mesons, is 
of fpmt es importance for x mesons. The radiative yields®.* 


* - TNork - ported by the U. S. Atomic Energy Commission. 
Wheeler, Revs. Modern Phys. 21, 133 (1949); Phys. 

Rey 2. 812 (1953). 

*L.N. Cooper and E. M. Henley, Phys. Rev. 92, 80 (1953). 

3. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 

‘An important exception is the measurement of the u-meson 
lifetime in condensed materials, first observed by Conversi, 
Pancini, and Piccioni and subsequently studied by Keuffel, 
Ticho, Lederman, and others. 

A report of the K and L radiative yields from u-mesonic atoms 
is in preparation. 

5 Stearns, DeBenedetti, Stearns, and Leipuner, Phys. Rev. 93, 
1123 (1954). 

®Camac, Halbert, and Platt, Phys. Rev. 99, 905 (1955); 
Camac, McGuire, Platt, and Schulte, Phys. Rev. 99, 897 (1955). 

7 Stearns, Stearns, DeBenedetti, and Leipuner, Phys. Rev. 95, 
1353 (1954). 


and energies® of pi-mesonic x-rays fall into this category. 
This paper is a report on recent measurements of the 
is and 2p energy levels of -mesonic atoms. The 
radiative yields of the K, L, and M series will be 
reported in subsequent papers. 


II. CALCULATIONS OF ENERGY LEVELS 


Because of the strong pion-nuclear interaction, 7 
mesons are absorbed directly from higher energy levels, 
the absorption increasing rapidly with increasing atomic 
number. Absorption from the 2p level is practically 
complete at Na (Z= 11). For this reason measurements 
of the 2p—1s pi-mesonic x-rays are necessarily limited 
to light elements. This simplifies the calculation of 
energies. Neglecting the specific pion-nuclear interac- 
tion, we can treat the mesonic atom, in the case of 
light elements, as a hydrogen-like atom in zeroth 
approximation. The perturbations mentioned in Sec. I, 
being small for small Z, can be calculated to first order 
in a straightforward manner. The corrected calculated 
energy levels are then compared with the experimental 
values. Any deviation between the calculated and 
measured values we attribute to the specific pion- 
nuclear interaction, neglected in the calculation. 

In zeroth approximation the energy levels of the + 
meson, with spin 0, are adequately described by the 


Klein-Gordon Poa 
n 3 
I+} 4 


Psi: PO 
2n? l 
where yu is the reduced mass, @ the fine structure con- 
stant, and m and / the principal and orbital quantum 
numbers respectively. We have used for the free 
m-meson mass the value® m,-= 272.8m,. 





qn 


8 Stearns, Stearns, DeBenedetti, and Leipuner, Phys. Rev. 96, 
804 (1954); Phys. Rev. 97, 240 (1 955). 

® The most recent value is (272.8+0.3)m,. Barkas, Birnbaum, 
and Smith, Phys. Rev. 101, 778 (1956). 
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Electromagnetic corrections which must be con- 
sidered are the following. 


A. Finite Extent of the Nucleus 


This Coulomb correction is negligible for all but s 
states. Its effect is to raise the 1s level. It is extremely 
large in the case of heavy nuclei as shown by the work 
of Fitch and Rainwater.’ For light nuclei, however, it 
can be treated as a perturbation on the Schrédinger 
equation for a point charge. The first-order correction 
for s states (assuming a uniform nuclear charge distri- 
bution) is given by? 


41/ZR\? 
AE, .=- -(—) Ez, (2) 


5 3 TR 


where R is the nuclear radius, taken to be 1.2 10-"4}, 
rg is the x meson Bohr orbit, h?/ye?, and Ez is the 
Rydberg, Z*e?/2rz. For the 2p state” 


ZR\* ZR\* 
AE, B,| 0.0016(—) -0.0011(—) +:: +} (3) 
'B 


'B 


which is negligible, even for Z~ 20. 

Corrections to the 1s level are given in Table II, 
column 3. The percentage corrections to the 2p—1s 
energies vary from about 0.1% in Li to 2.5% in F. 


B. Vacuum Polarization 


This is the only significant radiative correction to the 
energy levels of mesonic atoms. Its effect is to lower all 
levels, the 1s more than the 29, etc. (The self-energy 
correction, which is predominant in the shift of s levels 
in normal electronic atoms, arises from the coupling of 
the orbital particle to the radiation field. Since, in 
first-order approximation, this coupling is inversely 
proportional to the square of the mass of the orbital 
particle, its effect on mesons is very small. The vacuum 
polarization, on the other hand, modifies the electro- 
static potential in a manner independent of mass.) 

The vacuum polarization effect has been calculated 
to first order (aZ) by Mickelwait and Corben" and their 
results are given in Table II, column 4. (Higher order 
corrections have been examined by Wichmann and 
Kroll and are completely negligible for the present 
work.) The net vacuum polarization correction to the 
2p—s transition is about 0.4% for Li and rises to 
0.7% in F. 


C. Hyperfine Structure (Nuclear Spin-Meson 
Orbit Interaction) 


This arises from the interaction between the magnetic 
moment of the nucleus and the magnetic field produced 


10S. W. Fliigge, from lecture notes on meson problems given at 
Carnegie Institute of Technology (unpublished). 

4 A. B. Mickelwait and H. C. Corben, Phys. Rev. 96, 1145 
(1954). 

12 E, H. Wichmann and N. M. Kroll, Phys. Rev. 101, 843 (1956). 
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at the nucleus by the meson current. (Since the r 
meson has zero spin there is no spin-spin interaction.) 
The energy shift is given, in first approximation, by 


wv (a EGY). 


where g is the nuclear g factor, I the nuclear vector 
spin, and I| is the meson orbital angular momentum. 
For 140, Eq. (6) becomes 


Zo? [F(F+1)—1(I+1)—U(I+1)] 
AF, t——— Z) 


n'l(1+-5) (1+1) 





where F is the total angular momentum, I+. 

Since the interaction goes as (1/r*), states with the 
smallest and / will be most affected. An estimate of 
the shift of the 2p level can be made with some reason- 
able values of the parameters. Let g=7, Z=10, n=2 
and set F, J, and / each equal to unity. Then Eq. (7) 
gives AE,,=2.3X10-°Ez (about 8 ev), which is negli- 
gible. 

For /=0, Eq. (7) is indeterminate. However, a 
reasonable estimate of the shift of the 1s level can be 
obtained by arbitrarily canceling the zero quantities 
before setting /=0. For g=7, Z=10 this gives AE,,~2 
X10~“Ez. Even though this is ten times larger than 
the 2 shift, it is still negligible for the present work. 


D. Nuclear Quadrupole Moment 


The effect of the nuclear quadrupole moment on 
meson energy levels has been calculated by Wheeler.’ 
Although he is particularly interested in the level 
splitting of the 2; state of the » meson, we can use his 
expression to get an estimate of the maximum energy 
shift of the w-meson state. The width of the pattern 
produced by the quadrupole interaction, as given by 
Wheeler, is 


AE™1 Mev(Q/10- cm?)(Z/237)*fa, (6) 


where Q is the quadrupole moment and fg is a form 
factor of the order of unity. Since in the present work 
Z <20 and Q<1, the quadrupole interaction is small. 


E. Nuclear Polarization 


It has been assumed in all the effects discussed earlier 
that the meson interacts with the static field of the 
nucleus, i.e., the nucleus is unaffected by the meson. 
This neglects the coupling between the energy states 
of the nucleus and those of the meson. (The meson 
excites the nucleus and changes its energy.) In nuclei 
with large deformations, and thus low-lying excited 
states, this coupling can be significant. In the lighter 
elements, however, the effect is small. Nuclear polar- 
ization has been studied by Cooper and Henley,’ 
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Wilets,” Jacobsohn,“ and Lakin and Kohn.!* Lakin'* 
has made estimates of this effect for some of the light 
elements we use and in all cases has found them 
negligible; AE/E<10~. 


F. External Electron Screening 


The effect of the electron cloud external to the meson 
orbit is to modify the Coulomb potential in the familiar 


way,!” 
Ze fr 
y= 4() 
r b 


where W(r/b) is the screening factor. (b is a length with 
dimensions of the order of the radius of the electron 
Bohr orbit.) For r small, ¥(r/b) can be approximated 
sufficiently accurately by expanding the Fermi-Thomas 
screening factor. This gives 


W(r/b)~1—1.589r/b+----. (8) 
The perturbing potential is then 
AV=V—(Zée/r)=1.589Ze?/b=constant. (9) 


Since the perturbation is a constant, the effect to first 
order is to shift all levels the same amount. Therefore 
the transition energies between states will be unmodi- 


fied. 


G. Internal Electron Screening 


The effect of internal screening by the fraction of the 
electron cloud inside the meson orbit can be estimated 
as follows: The potential, yg, due to the electronic charge 
density, p, is given by Poisson’s equation. A spherical 
charge distribution gives 


(10) 


The constant term can be neglected since its effect is 
to shift all the meson levels the same amount. p can 
be approximated by 


p»—e E|vs(0)| 


¢=constant— 3pr’. 


(11) 


where the summation is over all the s electrons. Com- 
bining Eqs. (10) and (11), we get the energy shift to 
first order, 


(12) 


AE=(—e¢)=3ne E|¥i(0)|%0*). 


This expression has been evaluated for the 4/—-3d 
transition in phosphorous and gives a net shift of about 


%3L. Wilets, Kgl. Danske Videnskab. Selskab, Mat-fys. Medd. 
29, No. 3 (1954). 

44 B. A. Jacobsohn, Phys. Rev. 96, 1637 (1954). 
ate = Lakin, thesis, Carnegie Institute of Technology (unpub- 
ished). 

16W. Lakin (private communication). Also W. Lakin and 
W. Kohn, Phys. Rev. 94, 787(A) (1954). 

17 See, for example, L. I. Schiff, Quantum Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1949), Chap. XI. 
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1 ev, or AE/E=3X10-. This is negligible. The shifts 
for K and L lines will be even less since, as can be seen 
from Eq. (12), the shifts increase as the average square 
of the meson-nucleus distance and therefore approxi- 
mately as n‘. 


III. EXPERIMENTAL PROCEDURE 


The experimental arrangement is shown schemati- 
cally in Fig. 1. Pi-mesons of about 110-Mev energy 
were slowed down in the copper plus beryllium absorber 
and came to rest in the target of the element investi- 
gated. The number of stopped mesons was indicated 
by the coincidence of counters 1, 2, and 3 in anti- 
coincidence with counter 4 (~2X10-* sec). The 
mesonic x-ray was detected in the Nal crystal. To 
trigger the pulse-height selector (p.h.s.), the combi- 
nation (1+2+3—4) was required to coincide (within 
~5X10-* sec) with a clipped pulse from the last dynode 
of the NaI photomultiplier. The thicknesses of counters 
3, 4, and the Nal crystal were varied depending on the 
energy of the line under investigation and on the target 
material used. Details of the experimental setup will 
be discussed more fully in a future article. 

The energies of the 2p—1s (K,) lines investigated 
varied from about 20 kev to 200 kev. They were 
measured in two different ways. The first, and in most 
cases the least accurate method, was that of the critical 
absorption technique familiar from x-ray work. The 
absorber (filter) was inserted between counter No. 4 
and the Nal crystal. If the energy of the line investi- 
gated was greater than that of the K edge of the filter 
the line was strongly absorbed; if less than the K edge 
it was mostly transmitted. The transmission of a given 
2p—1s line was measured as a function of the Z of the 
filter. 

The second method was to determine the energy of 
the K, line by a measurement of pulse height. The 
experimental procedure was to bracket each Kq line 
under investigation with two calibration lines of similar 
energy and these were run alternately several times. 
The stability of the apparatus allowed a determination 
of the K, energy to 1% or better for the elements 
investigated, Li through F. 

Several checks were made to insure that there was no 
energy degradation due to Compton scattering or 
u-meson contamination. Broad plane radioactive sources 
were prepared with energies varying from 60 kev to 
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Fic. 1. Experimental arrangement. (Cathode should read anode.) 
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250 kev. Their spectra were first measured with the 
Nal detector without any intervening material. They 
were then measured with counter No. 4 placed before 
the Nal crystal and the sources surrounded by various 
target materials. A slight broadening on the low-energy 
side of the spectra was observed ; however, it was never 
sufficient to cause any discernible shift in peak position. 
(Additional tests for energy degradation made with the 
Be K, line are discussed in the following section on Be.) 
There was no evidence of yu-meson contamination. 
Long runs on z-meson lines for which the yield is 
nearly zero gave no sign of a (lower energy) y-meson 
line. : 


IV. EXPERIMENTAL RESULTS 


A. Energies from Critical Absorption 
Measurements 


To verify that this technique could be usefully applied 
to mesonic x-rays, we tested it with lines of known 
energy : r-La(N,O,F,Mg,Al) ; 7-M.(P,Al,K) ; u-Ka(Be), 
etc. In all instances the measurements gave correct and 
sensible results. The transmitted intensity always 
showed an abrupt discontinuity between two adjacent 
absorbers (AZ = 1) whenever the line energy lay between 
the two corresponding K edges. Use was made of this 
feature to determine the 7-meson mass.’ This will be 
discussed further in a subsequent article. 

A description of the application of the critical 
absorber technique to the individual K, lines follows. 
Table I is a summary of the results. 

Lithium.—The Li target had the normal isotopic 
mixture (92% Li’ and 8% Li®). The critical absorbers 
were foils, varying from Rh (Z=45) to Cd (Z=48). 
Their thickness was such that the transmission was 
50% for an x-ray whose energy was just below that of 
the K edge of the foil. Figure 2 shows curves of trans- 
mitted intensity and peak positions obtained with the 
various foils. It is apparent that there is a discontinuity 
in transmission between the Pd and Rh foils, the Rh 
foil absorbing a much larger fraction of the incident 
Li(K,) line. Since “poor geometry” was used in these 
measurements, much of the fluorescent radiation from 
the foil was detected by the Nal crystal. Therefore the 
intensity transmitted through a filter whose K edge 
was excited by the mesonic x-ray line should be expected 
to be roughly a factor two to four less (depending on the 
fluorescent yield and filter thickness) than the intensity 


TABLE I. K, energies obtained from critical 
absorber measurements. 








Measured 
energy (kev) 


23.22 <E<24.35 
close to 41.98 
close to 65.2 
61.31 <E<65.32 
90.53 <E 


Calculated 
energy (kev) 


24.61 
43.95 
68.76 
68.83 
99.10 


Element 











- oo-Fn(45) 


COUNTS PER CHANNEL 








sottiitirmtiriitirrtiies 
Pe ee 5 464 
CHANNEL NUMBER Z OF FILTER 


Fic. 2. Transmission curves for Li(Kq) x-rays through critical 
absorbers placed between the target and the NaI detector. The 
K electrons of the Pd and Ag filters are not excited by the Li(Ka) 
x-rays, whereas the Rh filter strongly absorbs them. The peak 
observed with the Rh filter is due to fluorescent radiation; note 
that it has moved to a lower channel. 


transmitted through a filter whose K edge was not 
excited by the incident x-rays. The peak position, 
moreover, should be shifted downward since the fluo- 
rescent radiation has lower energy. As can be seen in 
Fig. 2, plots of “counts transmitted vs Z” and “peak 
position vs Z” indicate both of these features very 
clearly. 

The Li(K,) line is observed to be between the K 
edges of Rh and Pd. Its energy, therefore, is within the 
limits 23.22 kev <E<24.35 kev.'8 

Beryllium-9.—(100%) The filters were thin-walled 
Lucite cells, 1 cm thick, containing an aqueous solution 
of a salt of the absorbing element (usually a nitrate). 
The concentration of each cell was adjusted to give 
75% transmission for x-rays whose energy was just 
below the K edge. (This corresponds to a factor of 
four in the transmission of x-rays with energies just 
below and above the K edge.) Figure 3 shows some 
typical results of “counts transmitted” and “peak 
positions” obtained for Be. We were very fortunate in 
the case of Be since the Pr K edge splits the Be(K.) 
line. This is clearly indicated in Fig. 3 where for Z=59 
(Pr) the yield and peak position curves are about 
midway between their extreme values. (These features 
were consistently observed in six independent runs.) 
This behavior indicates that the Be(K.) energy is very 
close to 41.98 kev. 

Because the Be(K.) energy line straddles the Pr 
K edge it should provide a sensitive test as to whether 
or not there is much energy degradation in the targets. 
For this purpose we investigated two different Be 
targets, one 3 in. thick and the other 1 in. thick. The 
results obtained were not discernibly different for the 

18 We are very grateful to J. W. M. DuMond and R. L. Shacklett 


for measuring the K-edge profiles of many of the filters used in 
our experiments. 
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Z OF FILTER 


Fic. 3. Plots of the counts transmitted and peak position of 
Be(Kaq) x-rays vs Z of the filter. The ssPr absorber removes about 
one-half of the x-rays indicating that the Be(K,) x-rays have an 
energy very close to 41.98 kev. 


two targets, again giving evidence that energy degrada- 
tion in the targets was negligible. 

Boron-10 and Boron-11.—The boron used in the 
initial experiments was contaminated with Mg and 
led to anomalous results. These disappeared after we 
acquired purer boron.!* Two different sets of filters were 
used. The first set was composed of filters similar to 
those described in the Be measurements. Unfortunately, 
the elements with K edges below the B(K,) energy 
are in the rare earth region and some were unobtainable. 
Both B*” and B" gave discontinuities in the transmission 
and peak position curves between 7»Yb™ and 7Hf, 
indicating that the energies of both isotopes lie between 
the limits 61.31 kev<£<65.32 kev. (Lu could not 
be acquired.) 

However, because of the sizeable linear thickness of 
the cells (with consequent poor solid angle), the trans- 
mission discontinuities in this case were not as large or 
clean as we desired. Moreover, pulse-height measure- 
ments of B", to be described in the next section, indi- 
cated that the B'°(K,) energy was very close to the Hf 
K edge. For these reasons we ran another series of 
transmission experiments with foils of Hf, Ta, and W. 
Each of these were of such thickness as to transmit 
about 56% of incident radiation if the energy were 
just below the K edge, about 3% if just above. In the 
latter case the resultant fluorescent radiation would 
increase the apparent transmission to about 18%. With 
these foils discontinuities, or partial discontinuities, 
should show up very clearly because of the close 
geometry and large effective foil thickness. As can be 
seen in Fig. 4 the B"° x-rays are indeed partially reduced 
by the Hf foil; only 75% as many x-rays are trans- 
mitted as by the Ta and W foils. [The dashed curve 
indicates the transmission expected through a filter 
whose K edge is below the B"°(K,) energy. | From this 


1” We thank the Oak Ridge National Laboratory for a loan 
of enriched B™. ; 

*” We are grateful to F. H. Spedding for a loan of Yb. 

%1 We thank the Westinghouse Laboratories for a loan of the 


Hf foil. 


information we conclude that the energy of the Hf 
K edge lies within the natural width of the B°(K,) 
line. Furthermore, by using the B” energy obtained 
from the pulse-height measurements (65.2+0.2 kev), 
and assuming a Gaussian shape for the 21s line, 
we can get a rough measure of the half-width of the 
B” 1s level. The value obtained is 1.1+1.4 kev. This 
is of the same order of magnitude as the half-width 
given by Brueckner,” about 1.1 kev. 

Carbon.—Naturally occurring carbon was used 
(98.9% C). The filters were aqueous solutions prepared 
in the same manner as the Be filters. We were able to 
obtain only elements whose K edges were below the 
C(K.) energy. soHg, s2Pb, and gsBi filters gave the 
same transmission, indicating that the energy of the 
C(K,) line is greater than 90.53 kev. 


B. Energies from Pulse-Height Measurements 


As noted earlier, the experimental procedure was to 
bracket the unknown K, line with two calibration lines 
whose energies were well known and close to that of 
the K,. A K, run was always preceded and followed 
by runs of both calibration lines. The over-all stability 
of the electronic apparatus was such that drifts during 
such a sequence of runs were 1% or less. 

In order to insure stability and reproducibility we 
found it necessary to run at constant beam level and 
to avoid changes in amplifier and attenuator settings 
during a sequence of runs. One of the principal sources 
of drifts in previous measurements was the change in 
pulse height of the NaI detector due to changes in 
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Fic. 4. Transmission curves for B® with Hf, Ta, and W filters. 
The Hf absorbs about 25% more x-rays than the Ta and W. 
The dashed curve shows the expected transmission for a filter 
whose K edge is slightly lower in energy than the B"(Kgq) line. 
This indicates that the Hf K edge falls within the natural width 
of the B°(Kq) line. 


2K. A. Brueckner, Phys. Rev. 98, 769 (1955). 
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TABLE II. Calculated Ka energies and experimental values from pulse-height measurements. 








Calculated 
energy 
(kev) 


Energy 
shift 
(kev) 


Measured 
energy® 
(kev) 


Finite size Vac. polar, 
correction correction 
(kev) (kev) 


Energy from 
Klein-Gordon 
equation*® 


Percent 
shift 





24.61 23.77+0.12 0.84 3.4 +0.5 
25.07 


32.80 


41.60 
43.95 
46.15 


62.29 
68.76 
68.83 
74.18 


87.17 
99.10 


24.546 
25.004 
32.708 


41.464 
43.869 
46.022 


62.056 
68.708 
68.802 
73.894 


86.801 
99.284 


—0.033 0.096 
0.064 
0.094 


0.136 
0.202 
0.126 


0.230 
0.376 
0.376 
0.288 


0.365 
0.576 


4.2 +0.25 


5.15+0.3 
7.8 +0.3 


6.5 +0.4 


100.72 0.430 
115.73 


0.53 
135.52 0.84 
131.74 0.63 
148.84 0.74 
177.46 Es 


101.15 


116.26 
134.79 
132.37 


149.58 
20 175.73 


126.0 +0.3 6.55+0.2 


155.2 +0.8 11.7 +0.5 


159.45+0.25 


186.16 
225.25 
206.38 


187.13 
221.57 
207.48 


196.3 +1.0 11.4 +0.5 








® mz =27:!.8me. 


b The err rs quoted are rms values; see text for discussion of possible systematic errors. 
¢ Epo —EBi =1.8+0.3 kev; percent difference in energy shift = (2.65+0.5)%. 


beam level. (This effect has been observed by others 
when using DuMont 6292 photomultiplier tubes.) Be- 
cause of these limitations we used only r—(L, or Mq) 
lines for calibration. Natural sources or yu lines, which 
we used in some preliminary measurements, altered 
the beam level and were, therefore, unreliable. The 
use of lines for calibration has the additional advan- 
tage of reducing systematic errors. 

Another modification of our earlier preliminary setup 
was the use of thin }-in. plastic scintillators for counters 
No. 3 and No. 4 instead of the earlier thicker stilbene 
crystals. This change not only resulted in an increased 
counting rate since it moved the target closer to the 
detector, but, in addition, it decreased the carbon 
contamination due to mesons stopping in counter No. 3. 
It was essential to reduce this carbon contamination 
in order to get reliable measurements of the N and O 
energies. 

The mesonic x-rays were measured with Nal crystals, 
1} in. in diameter, and of a thickness depending on the 
energy. For the Li(K.) and Be(K.) measurements the 
crystal was jg in. thick and had a 5-mil aluminum 
window. The efficiency was 70-85% for x-rays of 20-80 
kev. (This considers attenuation in the target, counter 
No. 4, and the aluminum window, but does not include 
the solid-angle factor.) A }-in. thick Nal crystal was 
used to measure x-rays from the elements B through F 
(60-200 kev). The efficiency was about 80-85% for 
x-rays between 50 and 150 kev—again including only 
attenuation factors. It was felt that the efficiency above 


150 kev was known with sufficient accuracy to ade- 
quately correct the spectra at higher energies. Efficiency 
and background corrections were made only for K lines 
and for L lines of small Z. (For the M lines used and for 
L lines of Z>11, the backgrounds are quite flat and 
the ratio of peak to background large; thus the peak 
position is insensitive to whether or not the background 
is subtracted.) 

A description of the pulse-height measurements of 
the individual K, lines follows. A summary of the 
results, as well as the calculated energies, is given in 
Table II. The percent energy shift listed in the table is 
defined by [ (Eeate— Emeas)/Ecatc |X 100. 

Lithium.—The Li target had the normal isotopic 
mixture (92% Li’ and 8% Li®). N(LZ,) and O(L,) lines 
were used for calibration. The resolution of the Nal 
detector (~40%) is so poor in this energy region that 
it is difficult to select the peak position and impossible 
to separate out higher transitions. This limited instru- 
mental resolution can be turned to advantage, however, 
since it makes the shape of the curves—in particular 
the leading edge, where there is no contamination from 
higher transitions—the same for all three lines. It was 
observed, in fact, that when background was subtracted 
and the peaks normalized to equal height, the leading 
edges were indeed parallel and one could measure their 
displacements from each other quite accurately. In 
view of this we have used the midpoint of the leading 
edge of the curves for the energy determinations. As 
will be seen, this method gives very reliable results. 
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o> Li(K) 
= N (L) 25.07 KEV 
2 O(L) 3280 KEV 





Fic. 5; Curves of the Li(K) x-rays and its calibration lines 
before background subtractions were made. (Each curve is a 
composite of several runs taken with the p.h.s. centered at 
different energies.) The bumps on the high energy side, especially 
noticeable in the Z lines, are due to the higher transitions. 


Figure 5 shows a typical run of Li and its calibration 
lines before backgrounds were subtracted. Because the 
calibration lines have essentially the same energy and 
shape as the Li(K,) spectrum any errors in the back- 
ground subtraction and inefficiency of detection tend 
to cancel out. The energy obtained from the average 
of four runs similar to that shown in Fig. 4 is (23.77 
+0.12) kev. The error quoted is the rms error of the 
several runs. This energy is 0.84 kev less than the 
calculated energy, giving an energy shift of (3.4+0.5)%. 

The energy obtained here is in excellent agreement 
with a recent value (23.80.1 kev) measured by West 
and Bradley,” who used a proportional counter as the 
x-ray detector. 

Beryllium-9 (100%).—The calibration lines were 
F(Z.) and S(M,). Figure 6 shows a typical run with 
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Fic. 6. Curves of the Be(K) x-rays and its calibration lines. 
The background has been subtracted for Be and F, but not for 
the S(M) line. 


23D. West (private communication) and Sixth Annual Rochester 
Conference on High-Energy Physics (Interscience Publishers, 
Inc., New York, to be published). 
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background subtracted for the F(Z.) and Be(K,) lines. 
Since the higher transitions are easily separable for 
I-lines (Lo/Lg=1.35) and M lines (M,/M,s=1.46), 
the energy per channel was determined from the peak 
positions of the F(Z.) and the S(M,) lines. This cali- 
bration value was then applied to the midpoints of the 
leading edges of the Be and F spectra to obtain the 
energy of the Be(K,) line. Seven complete sets of Be 
data were taken. The Be(K.) energy determined from 
these runs was 42.09+0.10 kev, the error being the 
rms value. This energy is 1.86 kev less than the calcu- 
lated value and gives a shift of (4.2+0.25)% for the 
2p—1s transition. 

The Be(K,) energy measured in this way agrees 
excellently with that obtained from the critical absorber 
technique (about 42.0 kev), thereby giving us confidence 
in the correctness of the procedure of using the midway 
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Fic. 7. Curves of the B"(X) x-rays and its calibration lines. 
Here no background subtractions are necessary. 


points of the leading edges as fiducial marks for the Be 
and Li determinations. This value is also in excellent 
agreement with that of West and Bradley™ (42.0+0.1 
kev), who have measured the Be(K.) energy with a 
proportional counter. 

Boron-10 and Boron-11.—The calibration lines were 
Na(ZL,) and Mg(Z,). The backgrounds of both boron 
isotopes and their calibration lines were sufficiently flat 
and similar so that it was unnecessary to make back- 
ground subtractions. No efficiency corrections were 
required. Figure 7 shows a typical run of B"” and its 
calibration lines. Curves of both isotopes are shown in 
Fig. 8. Eight complete boron series were obtained; in 
each case the B® K, energy was higher than that of 
the BY. 


“DD. West and E. F. Bradley, Phil. Mag. 8, 97 (1956). 
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The B” was an enriched sample from Oak Ridge and 
their analysis gave B!°(84.6+0.1)% and B"(15.4 
+0.1)%. The B" target was 99% pure boron and 
contained the normal isotopic mixture, about 18.4% B"” 
and 81.6% B". The 2p—1s transition energies obtained 
for these mixtures were 64.96+0.15 kev for the B” 
sample and 63.80+0.15 kev for the B" sample. The 
energies of the pure isotopes can be readily calculated 
from these values (assuming a Gaussian shape for the 
spectra). They are B!°(K,)=65.2+0.2 kev and B"(K,.) 
=63.5+0.2 kev. This gives an energy shift for the B” 
of 3.54 kev, corresponding to a percent shift of (5.15 
+0.3)%,—and a shift for the B" of 5.35 kev, or a 
percent shift of (7.8+0.3)%. The difference in energy 
shift of the two isotopes is 1.8+0.3 kev, the percent 
difference being (2.65+0.5)%. The errors quoted are 
the rms errors of the several series of runs. 
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Fic. 8. Comparison of the K x-rays from the two boron isotopes, 


B” and B", This indicates that the 1s level of the B" mesonic 
atom is shifted more than that of the B”. 


Carbon-12 (98.9%).—The calibration lines were 
Al(L,) and Si(Za). Figure 9 shows typical carbon data 
before and after background subtractions were made. 
No efficiency corrections were necessary. The C(Ka) 
energy obtained from four series of runs was 92.6+0.4 
kev. This is 6.5 kev lower than the calculated value, 
corresponding to a percent shift of (6.5-+0.4)%. 

Nitrogen-14 (99.6%).—The calibration lines were 
P(L.) and S(L_). Hydrazine, (NH2),», used as the N 
target, could only be obtained with 95% purity, the 
rest being H,O. Evidence of this contamination can be 
seen in Fig. 10, which shows a typical nitrogen series. 
The oxygen line is easily resolved and leads to no 
difficulties. On the low-energy side is a bump due to 
the N(K,) escape peak and some C(K,) contamination 
from the third counter. These again are easily resolved. 
Background subtractions and efficiency corrections were 
made for the N(K). The efficiency corrections turned 
out to be small and had no observable effect on the 
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Fic. 9. C(K) curves, before and after the background sub- 
traction, with calibration lines. The low-energy bumps are due 
to the escape of iodine K x-rays from the Nal detector. 


N(Ka) energy. Seven series of runs gave a N(K,) 
energy of 126.0+0.3 kev, the error being the rms error. 
This gives an energy shift of the 1s level of 8.8 kev, or 
a percent shift of the 2p—1s transition of (6.550.2)%. 

Oxygen-16 (99.8%).—The calibration lines were the 
Cl(Z,) and the Zn(M). The Zn(M) peak was a second- 
ary standard. Because of the finite resolution of the 
Nal detector, higher transition N lines overlapped the 
M peak and thus made it appear lower than the calcu- 
lated value. It was therefore measured independently 
with Cl(Z,.) and K(L,) lines. The experimentally 
determined value was 159.45+0.25 kev. 

Figure 11 shows a typical O(K) run with its calibra- 
tion lines. Both background subtractions and efficiency 
corrections were made for the oxygen. The average 
energy of eight series of runs was 155.2+0.8 kev. [The 
quoted error is larger than the rms error of the several 
runs; it includes estimates of the uncertainties in the 
Zn(M) calibration and in background subtraction. ] 
This corresponds to a shift of the oxygen 1s level of 
20.5 kev and a percent shift of the 2p—1s transition of 
(11.7+0.5)%. 

Fluorine-19 (100%).—LiF was used as the target. 
The calibration lines were K(L,) and Ca(Lq). Figure 12 
shows a typical run of the F(X) line before and after 
its background was corrected for detector inefficiency 
and subtracted. Four series of runs gave an energy of 
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Fic. 10. N(K) curves (before and after background corrections 
and subtractions) with calibration lines. The low-energy peaks 
are due partly to the iodine escape peaks but mainly are C(K) 
x-rays from the third counter of the meson telescope. The high- 
energy bump on the N is due to higher transitions plus some 
O(K) line contamination. The N target was hydrazine containing 
about 5% water. 


196.3+1.0 kev. The error has been increased over the 
rms error to include uncertainties in background sub- 
tractions and in the energy of the Ca(Z,) line. [The 
data were also analyzed by considering just the position 
of the K(L,) peak and the zero of the p.h.s. ] This gives 
an energy shift of 25.3 kev in the 1s level or a percent 
shift of the 2p—1s transition of 11.4+0.5%. 


V. SYSTEMATIC ERRORS 


The experimental errors quoted throughout are due 
to statistics, drifts in the electronic equipment, back- 
ground subtraction, and detection efficiency corrections. 
Additional errors which are possibly present but more 
difficult to evaluate are the systematic errors. We have 
attempted to minimize these by consistently comparing 
the K, line under investigation with 7 lines of very 
nearly the same energy. This not only makes the energy 
measurements insensitive to the over-all linearity of 
the phs, but it tends to cancel errors due to changes in 
beam strength, variations in background of the Nal 
detector, overloading of electronics due to abnormally 
large pulses, fluctuations in the duty cycle of the 
machine, etc. There remain two possible sources of 
systematic errors of which we are aware. The first is 
the possibility of assigning too high an energy to the 
K, line because of insufficiently resolved higher K 


transitions. The second is the possibility that the 
x-calibration lines themselves may have shifts due to 
the pion-nucleus interaction. 

The effect of higher transitions is negligible in the 
measurements of Li and Be since for these we used the 
midpoints of the leading edges as fiducial marks. This 
effect should appear first, if at all, in the measurement 
of boron. The B(K,) line has the lowest energy meas- 
ured by the peak position method, and, therefore, the 
poorest resolution. Fortunately, as discussed in Sec. 
IV A, the B'°(K,) line is split by the Hf K edge. From 
this incomplete absorption of the line by Hf and from 
a reasonable estimate of the line width as given by 
Brueckner (see Sec. VI), we can conclude that the 
pulse-height measurement of the B'°(K,) energy cannot 
be wrong by more than 0.15 kev. In this case, therefore, 
the higher transitions do not contribute an error. It 
might still be argued that the fraction of higher trans- 
itions increases with greater Z and that, despite the 
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Fic. 11. O(K) curves, before and after background corrections 
and subtractions, with calibration lines. The low-energy C(K) 
peak arises from mesons stopping in the third counter of the 
telescope. 
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improved resolution at higher energies, these compo- 
nents might still contribute an apparent shift to higher 
channels. This does not appear to be the case. Our 
radiative yield data for both x-K and -L lines indicate 
that the ratio of higher transitions stays fairly constant 
over the whole region of nuclear capture. Hence we are 
satisfied that higher transitions do not contribute any 
systematic error. 

The second possible systematic error would be due to 
shifts of the 2p energy levels in the calibration lines 
because of specific pion-nucleus interactions in this 
state. An upper estimate of this effect can be obtained 
from p-wave scattering phase shifts. Using only the 533 
phase shift and assuming that the effect of the indi- 
vidual nucleons are additive, Wolfenstein®® has derived 
an expression for this 29 level shift. 


(13) 


where fi is the reduced mass (with respect to a nucleon) 
and 7 is the meson momentum in units of wc. From 
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Fic. 12. F(K) curves, before and after background corrections 
and subtractions, with calibration lines. 


% L. Wolfenstein (private communication). 
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TABLE ITI. Calculated and experimental values of the 
3d—2 transition energies. 








Calculated 
energy (kev) 


Experimental 


Element energy (kev) 





Si 101.15 
Cl 149.6 
K 187.1 
Ca 207.5 


100.6+1.0 
149.1+1.0 
186.6+1.5 
205.5+2.0 








Bethe and de Hoffman”® one gets 63;~0.237'. The 
percent shift of the 3d—+2 transition energy is 9/5 
times the above expression. Substituting in all numerical 
values we get, for V =Z, the percent shift of the L lines, 


5E/E1,=2.5X 10-24%. (14) 


This gives about a 4% shift for the Ca(Zq), the highest 
Z calibration line. The energy is increased because 433 
is positive, implying an attractive force between the 
2p meson and the nucleons, and accordingly shifting 
the 2% level downwards. There are several reasons why 
Eq. (13) may be an unreliable estimate: (1) although 
the meson is in a p state with respect to the center of 
mass of the nucleus it is part of the time in an s state 
with respect to individual nucleons. This is due to the 
internal momentum distribution of the nucleons. (2) 
The other p phase shifts, 531, 613, and 6,:, have been 
ignored in this treatment. Some may be of opposite 
sign and their effect may not be negligible. (3) The 
assumption of simple additivity is questionable; corre- 
lation effects may be important. 

Because of the size of the upper estimate and the 
uncertainty of its validity we felt it necessary to measure 
the energies of some of the L, lines. M lines could not 
be used for calibration since higher N transitions overlap 
the M, and tend to reduce the measured energy. 
u-meson lines and radioactive sources were also ob- 
jectionable for reasons discussed earlier in Sec. IV B. 
The simplest and most convenient method was to 
measure a relatively high-Z L, line with respect to a 
lower-Z La, where the shift was expected to be negli- 
gible. For this type of measurement we must know the 
zero of the p.h.s. and assume linearity over a larger range 
than was ever assumed in the K, line measurements. 
It is, therefore, inherently much less accurate than the 
procedure used for the K, lines. The K(L.) and Ca(La) 
lines were measured with respect to S(L.), Cl(Za) with 
respect to Si(Lq), and Si(Z.) with respect to Na(La). 
The energies so obtained are tabulated in Table III. 
It should be noted that, within the error, there is 
agreement between the calculated and experimental 
values of the energies. However, the measured values 
appear to be systematically lower than the calculated 
ones. This is in the direction opposite to that predicted 
by Eqs. (13) and (14). This type of behavior would be 
expected if there were a small error in the assumed 


22H. A. Bethe and F. de Hoffmann, Mesons and Fields 
(Row, Peterson and Company, Evanston, 1955), Vol. II, p. 125, 
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Fic. 13. Plot of the percent energy shift, [(Zcate— Emeas)/Ecate | 
X100, of the 2p—>1s transitions vs Z of the target element. A 
least squares analysis of the data using the theoretical formula 
of Deser et al. gives as best values for the s-wave scattering 
lengths a;=0.14;A, and a3;=—0.10A,. The theoretical percent 
shifts obtained with these scattering lengths are also shown. 


zero of the phs or if there were a slight nonlinearity 
over the range used—about 20 channels in these 
measurements. 

In obtaining the errors for the K, energy measure- 
ments we have assumed, therefore, that the correct 
energies of the L, lines are given by the calculated 
values and that there is no error introduced due to 
uncertainties in the L, calibration lines. 


VI. COMPARISON WITH THEORY 


In every case the measured K, energy is lower than 
its calculated electromagnetic energy, indicating a net 
repulsive interaction between the meson in an s state 
and the nucleus. The energies, energy shifts, and percent 
shifts are tabulated in Table IT. In Fig. 13 are plotted 
the percent shifts, [(Eeate—Emeas)/Ecate]X100. The 
n-K, energies of Li, Be, and B* have also been measured 
by West and Bradley** with a proportional counter. 
Their results are in excellent agreement with the values 
quoted here. 

Deser et al.2”7 have related the energy shift of the 
mesonic 1s level to the meson-nucleon scattering phase 
shifts at zero energy. They assume that the effects of 
the individual nucleons are simply additive. Their 
expression for the fractional shift of the x-K, line is** 
5E 4u |: (3N+Z) 

————-=ig |, 


Ex, 


where 5E is the energy shift in the 1s level, rg is the 
mesonic Bohr radius (1.94X10-" cm), a; and a3 are 
the s scattering lengths for the isotopic spin states } 
and 3, and yw and fi are the reduced meson masses with 
respect to nucleus and nucleon, respectively. 


(15) 


—Zay, 


3 


3 rp 


27 Deser, Goldberger, Bausmann, and Thirring, Phys. Rev. 96, 
774 (1954). 

28 Their derivation did not include the factor n/p. This was 
added in accordance with the derivation given by Bethe in 
reference 26, p. 105. 


Using our experimentally observed energy shifts for 
the pure isotopes, Be through F, we have made a 
least-squares determination of the best values of a 
and a3. The values so obtained are a,;=0.14;A, and 
a3= —0.10A,, where 4, is the 7-meson Compton wave- 
length. The theoretical percent shifts, plotted in Fig. 13, 
were calculated with these values. An independent 
determination of a; can be derived from Eq. (15) using 
the measured energy difference between B® and B". 
This gives a;=(—0.12+0.02)A,. These scattering 
lengths can be compared with Orear’s” values obtained 
from an analysis of low-energy 2-p scattering: a 
=0.16A, and a3=—0.114,. As can be seen, there is 
good agreement between the two results. This may be 
fortuitous. The 1s level shift predicted by Deser e¢ al. 
should vary as Z* for Z=N. This appears to be too 
strong a Z dependence for the measured elements B”, 
N, C, and O. Also the experimental fluctuations between 
neighboring elements do not agree very well with those 
predicted by Eq. (15). This disagreement with the 
theory may indicate that the simple assumption of 
additivity of the effects of individual nucleons must be 
modified. Brueckner has made an estimate of the 
effect of absorption and re-emission of the meson by 
pairs of nucleons and has found that it contributes a 
shift of about the same magnitude and sign as that 
due to scattering from single nucleons. Thus the total 
shift, as given by Brueckner, would be about twice as 
large as that experimentally observed—assuming rea- 
sonable values of the scattering length. (This theory is 
sensitive to the meson absorption rate and the internal 
momentum distribution of the nucleons, and a modifi- 
cation of these parameters would change the shift.) 
In addition to the shift, the Brueckner theory gives an 
estimate of the line width, namely Z?£z/2150 for the 
half-width of the 1s level. In general this is too small 
to be observed with our resolution. However, as de- 
scribed in Sec. IV A, we have been able to get a rough 
measure of the width of the B” K, line by means of 
critical absorbers. The half-width obtained is 1.1+1.4 
kev. This is the same order of magnitude as that given 
by Brueckner, ~ 1.1 kev. 
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Consideration is given to the possibility that the @ particle can decay via the “anomalous” modes (erv) 
and (uv). It is shown that, as a function of time, the decay rate for @ disintegration into a final state of 
this type, having definite signs of the charges, is the sum of three terms. Two of these are the expected 
exponentially decaying functions, characterized by the rates \; and A: for decay of the particles denoted as 
6, and 62 by Gell-Mann and Pais. The third term is the product of an exponential having the decay rate 
(Ai+A2)/2 and an oscillating factor whose frequency depends on the difference in mass between the 0; and 62 
particles. It arises from interference between 6; and @2 decay and has opposite signs for the (e*w-v) and 
(e-x*v) modes. Similar effects occur for the muon decay modes. This interference may have the effect that 
the rate of disintegration into any one such final state increases with time during the early stages of decay. 
The detailed shape of the decay curve may be quite sensitive to the (0,02) mass difference. 

On the basis of presently available data on “anomalous #”’ decay events, it is estimated that 1/A2>5 


X10 sec. 





I. INTRODUCTION 


T has been suggested by Gell-Mann! and Nishijima? 
that, in addition to the now well-established 
meson, there exists another neutral particle, the # 
meson, which is charge conjugate to the @ and there- 
fore has opposite sign for its “strangeness” quantum 
number. Gell-Mann and Pais* have remarked that the 
normal two-pion decay mode of these particles is best 
discussed, not in terms of # and #, but rather in terms 
of the neutral particles 6, and 62 whose state vectors 
are respectively the real and imaginary parts of the # 
state vector. Thus, if we denote the state vector by 
the particle symbol, we have 


P=2-4(6,+702), (1) 
§=2-4(0,— 102), (1’) 


so that 6; is even and @, odd under charge conjugation. 

Only one of the particles @, or 42 is able to decay into 
two pions, because two pions in a state of definite 
relative angular momentum / have definite signature 
(—1)! under charge conjugation. It is of course assumed 
that the interactions involved in the decay are in- 
variant under charge conjugation. If the spin of the 
@ is taken to be even, as is indicated by the apparent 
existence of a mode of decay into two neutral pions,‘ 
then it is the 6; rather than the 62 which decays into 
two pions. It was pointed out by Gell-Mann and Pais 
that the 6. may disintegrate into two pions plus a 
photon; the partial lifetime for this process should be 
considerably larger than the 6; lifetime. They suggested 
that two distinct lifetimes could be used as a basis for 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission, and in part 
by the University of Wisconsin Research Committee by means of 
funds provided by the Wisconsin Alumni Research Foundation. 

f On leave of absence from the University of Wisconsin. 

1M. Gell-Mann, Phys. Rev. 92, 833 (1953). 

2K. Nishijima, Progr. Theoret. Phys. (Japan) 13, 285 (1955). 

3M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

«Osher, Moyer, and Parker, Bull. Am. Phys. Soc. Ser. IT, 1, 185 
(1956). 


the experimental separation of the two particles. This 
suggestion was followed by the specific proposal of 
Pais and Piccioni® for an experimental method to test 
these ideas. 

Snow’® has called attention to the possibility that 
similar considerations would apply to the r° meson, 
should it and its charge conjugate 7° exist. Here too one 
would describe weak decay processes in terms of 7, 
and 72 particles whose state vectors are the real and 
imaginary parts of the r° state vector. In this case both 
7, and 72 can undergo three-pion decay, but a difference 
in lifetimes is still expected, since the 7; and r2 have 
three-pion states of different symmetries available to 
them. 

The purpose of this note is to call attention to other 
possible features of neutral K-meson decay which 
suggest an additional experimental method for testing 
some of the ideas discussed above. The method to be 
discussed is based on the existence of the “anomalous 
®” processes,’’® which are evidently three-body disin- 
tegrations of neutral K mesons. Some of the observed 
events of this kind may be interpreted in terms of the 
decay scheme 1r°—x++-1~-+7°, However, many of the 
events are kinematically inconsistent with this inter- 
pretation’’® but are consistent with the following 
schemes which naturally suggest themselves: 


Ky3°—u*=+ nt+ V; 


K.¢—e++n7 +p. 


(2) 
(3) 


The basis for this interpretation of at least some of the 
“anomalous #” events is that there is good evidence® 
that the charged K,3 decay proceeds according to 


Kys*—p*+9°+ pv. (4) 


5 A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955). 

6 G. Snow (to be published). 

7R. W. Thompson, Progr. Theoret. Phys. III (to be published), 
contains a summary of published anomalous V® events. 

8 Ballam, Grisaru, and Treiman, Phys. Rev. 101, 1438 (1956). 

® Hoang, Kaplon, and Yekutieli, Phys. Rev. 101, 1834 (1956). 
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It may also be noted that there has been direct experi- 
mental identification of electron secondaries in several 
of the anomalous events.” 

We now make the supposition that, aside from 
differences in charge and sign of the strangeness number, 
there are at most two distinct kinds of K mesons, @ 
and r. Then the reactions (2) and (3) are interpreted 
as alternate decay modes of either & or 7°, or both. For 
the sake of definiteness we shall assume that they are 
alternate decay modes of the &. The phenomena to 
which attention is directed here will not be qualitatively 
different if the other possibilities prevail. 

Since the states (e*w-v), etc., appearing in Eqs. (2) 
and (3) do mot have definite signature under charge 
conjugation, it will in general be possible for both 
6, and 6, to decay via these modes. This means that 
in the time dependence of & decay via the anomalous 
modes there will be an effect of interference between 
the 6, and 62 contributions. It is this effect which will 
be our principal concern here. 


II. DECAY RATES 


Taking into account the two possibilities for the signs 
of the final charges in reactions (2) and (3), and in- 
cluding the possibility that in each case we may replace 
neutrino by antineutrino, we have a total of eight 
possible “anomalous” decay modes for # (and for &), 
in addition to the two-pion and two-pion plus photon 
decay modes. Let us fix our attention in particular on, 
say, the electron decay mode and associate with it a 
definite neutrino character. The generalization follow- 
ing from inclusion of the other modes will be evident. 
In terms of the state vectors, we may describe the decay 
schemes as follows: 


6, a, (eta venti) +b(arta-)+---, (5) 
(5 
where the presence of additional terms corresponding 
to other modes of decay is to be understood. The quanti- 
ties a1, @2, 6, c, etc., are proportional to the transition 
amplitudes for the indicated modes. The assumption 
of invariance under charge conjugation has been used 
in an obvious way, e.g., in equating the amplitudes for 
(etx-v) and (ext) in Eq. (5). It follows from the 
invariance under time reversal that a; and a2 may be 


taken to be real numbers (see Appendix I). The transi- 
tion probabilities for decay of 6; and @2 are given by 


Ai=2a;?+|b|?+---, (6) 
Ao=2a?+|cl?+---, (6) 


if the amplitudes are suitably normalized. 
When the particle 6; (i=1 or 2) is produced at time 
t=0, the amplitude of the state decays as exp(—),t/2). 


02> —ia2(eta-v— eat) +-c(xta-y)+---, 


1 Slaughter, Block, and Harth, Bull. Am. Phys. Soc. Ser, IT, 1, 
186 (1956). 
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However, because of the rules of associated production, 
it is the ® that is produced in association with a A° or [ 
hyperon. Hence the state vector at ‘=0 has the form 
indicated in Eq. (1) and its time dependence is given by 


y(t) =2-4{0, exp(—A1t/2—iwl) 
+705 exp(—Aot/2—iwel)}, (7) 


where w; and we are the De Broglie frequencies corre- 
sponding to the rest energies of the 6, and 62 particles. 
Under these circumstances the rate at which decay 
into two charged pions occurs is, according to Eq. (5), 


R(x*a-)=}]6|? exp(—Art), 


as expected. On the other hand, the rate at which 
(e+w-v) decay occurs is, as demonstrated in Appendix II, 


R(eta-v) =4$| a, exp(—A,t/2) 
+a, exp(—Aot/2) exp(iAw!) |?, 
where #Aw/c? is the 6,, 02 mass difference. Thus 


R(e*x-v) =}; exp(—A1t) +302? exp(—Adf) 
+4102 cos(Awt) exp[— (Ai+A2)é/2]. (8) 


Similarly, the negative electron rate is 


R(e-x*b) a 3a; exp(—A.t)+3a,? exp(—)o/) 
— 02 cos(Awt) exp[— (Ai+A2)t/2]. (9) 


We have then the interesting result that the electron 
decay mode (and similarly for the muon decay mode), 
for given signs of the final charges, does not have the 
form merely of a sum of two exponential terms with 
rates A, and A. There is, in addition, an interference 
term containing an exponential factor characterized by 
the average rate (A:+A:2)/2 and an oscillating factor 
which depends on the 6, 62 mass difference. Further- 
more, the interference term has opposite sign for the 
(etx-v) and (e-x*i) modes; and it could happen that 
the rate of decay into one or another of these final 
states will show an increase with time during the early 
stages of decay. The occurrence of this latter effect 
depends on the relative magnitudes of a; and az. It 
would be particularly marked if a;~-+a2. This can be 
understood by noting that if, for example, 


a\=—a22 


(10) 


then according to Eqs. (1) and (5) the ® does not decay 
into (e~x*¥), so that initially this process does not occur. 
However, at later times the state vector contains an 
increasing admixture of #, as can be seen from Eq. (7), 
and @ can decay into (e-x+#). This striking difference 
in decay rates into final states with different signs of 
the charges may of course also occur in the muon 
decay mode. 

These effects are illustrated in Fig. 1 which shows 
decay curves for the case where a;=d». It has been 
assumed here that \2xXA;. Two choices for the 01, 2 
mass difference, corresponding to Aw=0 and Aw=),, 
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are illustrated for comparison. Note that in the latter 
case the mass difference is about 4X 10~° electron volts. 
The extreme sensitivity of the shapes of the curves to 
the mass difference suggests that a measurement of the 
shapes might be used to determine the mass difference. 
For this purpose it would be necessary to determine 
the ratio a;/a2 (taken to be unity in Fig. 1). This could 
be accomplished by finding the initial values of the two 
rates, since 
R(e-xtv) 1—4a2/a1\? 
= a 
R(eta-v) Jemo §=\ 1402/04 


Of course, if it happens that the mass difference is 
large, i.e., if Aw>>A1, then the interference effect would 
be entirely washed out by the rapid oscillations and 
there would be no experimental distinction between 
the electron and positron decay rates. The interference 
effect would also cease to be observable if the amplitudes 
a; and a2 have very different magnitudes. 

It should be remarked that a determination of the 
6,, 62 mass difference may be of value in connection 
with questions concerning the nature of the weak 
interactions responsible for @ decay. Presumably the 
mass difference is caused by virtual processes associated 
with weak interactions, since strong interactions acting 
differently on the @, and 6; would make possible the 
rapid transition 6°, in violation of the accepted 
selection rules. It is well known that the mass difference 
produced by virtual processes involves an integral over 
energy of the square of the matrix element to all virtual 
states. Hence a determination of the mass difference 
would give some insight into the energy dependence of 
those weak interactions which distinguish between the 6; 





4 
R(é ty) 
R(e* WV) -—-—---- 


DECAY RATE 
os) 











Fic. 1. Decay rates of the 6° into the modes (e*x-v) (dashed 
curves) and (e~x+i) (solid curves) under the assumption a;/a2= 1. 
The abcissa is the time in units of the 6; mean life. The two curves 
in each case correspond to different choices for the mass difference. 


1547 


and 62, such as the interaction producing the two-pion 
decay. 

We have remarked that there are eight possible decay 
modes of 6; and 62, of the types represented by Eqs. (2) 
and (3). One may ask whether there is some general 
principle leading to relationships among the amplitudes 
for the various modes. There does not appear to be any 
well-established principle of this kind. However, if it 
is assumed that the strangeness concept can be extended 
to the light fermions," then it turns out that there are 
very severe restrictions on the amplitudes of the 
different modes. If we follow the reasoning of reference 
11, we must assign half-integral strangeness numbers 
to the light fermions and characterize the decay into 
these particles by AS=0. Then, of the decay processes of 
the types represented by Eqs. (2) and (3), only the 
following are allowed for #: 


P—e++n-+p, (12) 
Pyt+a-+y. (12’) 


The charge conjugate modes are allowed to the ®. It 
follows that a,;=a2 for the electron decay mode (and 
similarly for the muon mode). But this is just the 
condition, Eq. (10), which leads to the prediction of a 
striking growth in time, during the early stages of decay, 
for the e~ (and u~) mode. This conclusion would also 
hold if the r° particle contributes to K,3° and K,;° 
processes, since the r° presumably is to be assigned the 
same strangeness as the &. 


Ill. THE 6, LIFETIME 


It is of some interest to consider here what can be 
said, on the basis of present experimental information, 
about & decay via anomalous modes. We denote as 
“anomalous” all neutral K-meson decay processes 
other than two-pion decay, so that all @) disintegration 
modes are anomalous. In view of the present scarcity 
of quantitative experimental data on such decay 
processes, our remarks can obviously have only a rough 
qualitative significance. 

From Eqs. (8) and (9) we note that if one observes 
(erv) decay events without regard to the signs of the 
charges, the interference terms cancel and one has 


R(erv)=R(eta-v)+R(e-1* 7) 
=a,’ exp(—A,t)+a2? exp(—A2/). 


Including similar contributions from the other decay 
modes, we have for the total rate of anomalous events 


R(anom) =A, exp(—Axt)+)2 exp(—Azt), (13) 


where A, is the partial rate for 6, decay via anomalous 
modes (Ai<A1). The total rate of 6, decay is fairly 
well known experimentally”: 1/A,~1.8X 10~" sec. 

In typical cloud chamber experiments one can ob- 


1 R. G. Sachs, Phys. Rev. 99, 1573 (1955). 
12 Snyder, Chang, and Gupta, Phys. Rev. 100, 1264(A) (1955). 
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serve decay processes over a time interval, T, (measured 
in the K-meson rest frame) which on the average may 
be of the order 5X 10~” sec, or perhaps somewhat longer. 
Assuming that the & particles are produced very close 
to the visible region of the cloud chamber so that they 
come under observation at /~0 (this is not always the 
case experimentally and obvious corrections must be 
made), we have for the fraction of all decay events 
which are anomalous 


a (Ax/Aa)[1—exp(—rT) ]+[1—exp(—A27) ] 
[1—exp(—AiT)]+[1—exp(—A27)] 


Experimentally, the frequency of anomalous events 
having charged secondaries is about 0.1 relative to the 
total number of neutral K-meson decay events with 
charged secondaries. But if the # has even spin, 6; may 
sometimes decay into two neutral pions and thus be 
missed. On this account, and also because some of the 
anomalous events may come from r° decay, we have 
that f<0.1. (The possible decay mode 6:—7°+7°++ 
works in the opposite direction as regards the above 
inequality, but we shall assume this effect can be 
neglected.) 

With our estimate T7~5X10~" sec, we have \1T =3; 
and since f<0.1 we see that A27<1. Equation (14) 
can therefore be written in the approximate form 


Ay/MateT $0.1. 


(14 





(15) 
This leads to the inequality 


AT SOA, 1/\225X10~ sec, (16) 


a result which is not appreciably changed even if A; is 
as large as Ao. There is of course no way to set an upper 
limit on the @2 lifetime on the basis of the present 
analysis, since we have no idea what fraction of anoma- 
lous events are contributed by 7° rather than @ decay. 
Another result may be obtained from Eq. (15); namely, 
the branching ratio for 6, decay via anomalous modes 
satisfies the inequality 


Ay/ 0.1. 


The work reported here was undertaken after a 
stimulating discussion with R. Dalitz, and it has also 
been influenced by a number of interesting comments 
by C. N. Yang. 


APPENDIX I 


In order to establish that the coefficients a, and ae 
appearing in Eqs. (5) may be chosen to be real, we make 
use of the behavior of the ® field under Wigner-type 
time reversal."* For the sake of simplicity we consider 


3, P. Wigner, Nachr. Akad. Wiss. Gottingen, Math. physik 
Kl. (1932), p. 546. 
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6 mesons with zero linear momentum. Denote by 6” 
the state of the @ meson corresponding to spin magnetic 
quantum number m. Then the phases may be chosen 
in such a manner that under time reversal K 


Kem=ie-™, (A-1) 


Since the operation of time reversal includes complex 
conjugation we have, from Eqs. (1) and (A-1), 


K0,"=?0,-", (A-2) 


Ké,."=—?"05-™. (A-3) 


We now apply K to both sides of Eqs. (5) and (5’). 
Since final state interactions are expected to be very 
small, we are free to choose the phases such that 


K (etx-v)"=?™(etx-v)-™ 
(and similarly for the other states). Then we find 


PO, "7? a," (eta -vteaty)-™+---,  (A-4) 


— PO "Pm * (eta -y—e-aty)-™+4+--+, (A-5) 


But according to Eqs. (5) 


05-4, (eta v+e-aty)-™+ +++, (A-6) 


(A-7) 


—_»— j4.(eta-p— ema tp)-4-- «- 
65-"—>— ta2 {eta -y— eat )-™+---, 


since the amplitudes are independent of m. Comparison 
of Eq. (A-6) with Eq. (A-4) and of Eq. (A-7) with 
Eq. (A-5) leads to the conclusion 


a;*=4;, a:*=a2, (A-8) 


ie., that a; and a are real. 


APPENDIX II 


To obtain Eq. (8), we consider the approximate solu- 
tion of the time-dependent Schrédinger equation for 
the state vector which at ¢=0 is just @. In the usual 
way, we expand the state vector in terms of the nearly 
stationary states 6, 62, (etw-v), (e~ati), (tw), etc. 
If the amplitudes of these states are denoted by A(s), 
their time dependence is determined by 


inA(s)=> wA (s’) exp(iwert) Ver", (A-9) 


where V,,° is the matrix element of the interaction 
between states s and s’ and fw,,,=E,—E,. The initial 
conditions under which these equations are to be 
solved are : at ¢=0, A(6:)=A(62)=1/V2, all other 
A(s)=0. Following Weisskopf and Wigner," we antici- 
pate the time dependence 


A (6;)=2—4 exp(—yit/2), (A-10) 


4 V. Weisskopf and E. P. Wigner, Z. Physik 63, 54 (1930) ; 65, 
18 (1930). 
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and solve Eq. (A-9) under the assumption that all 
other amplitudes A (s) may be dropped from the right- 
hand side. We then find for states other than 6; and 4, 


2-4; exp (twu—4yvt]—-1 
sje pr. i—37)t] 


t iw 371 





exp[(iws2—472)t ]—1 
V gee . (A-i1) 
1) s2— dye 





The probability P(s) for finding the system in state 
s is obtained by integrating | A(s)|? over all values of 
the energy £,. Under the usual assumption that V,; is 
a well-behaved analytic function of w,; in the complex 
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plane we obtain 


a," a,2" 
P(s)=——(1—exp(—A:t) ]+——[1 —exp(—A3#) ] 
2A1 2re 
1—expL—(v1+72")t/2] 
+s14s2 Re ’ 

ity." 





(A-12) 


where ; is the real part of y; and a,,; is proportional 
to V,;. 

Taking the time derivative of P(s), we find for the 
rate of decay into modes s the expression given by 
Eq. (8), where Aw is the imaginary part of (yi+72*)/2 
and may be interpreted as a mass difference between 
the 6, and @ particles. 
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Neutral photopion production in deuterium and hydrogen has been studied by counting the decay photons 
singly. Pure gas targets were used. The photon counter consisted of three counters, the first in anticoincidence 
and the second and third in coincidence. The photon counting rate was obtained by taking the difference 
between the counting rates with a Pb converter alternately behind and in front of the anticoincidence 
counter. Data were obtained for 300-, 400-, and 500-Mev bremsstrahlung at laboratory angles of 30, 73, and 
140°. An attempt to apply the photon-difference method was only moderately successful owing to poor 
control of the bremsstrahlung end point and the unfavorable shape of the neutral pion excitation curve. At 
73° and 140° the data are consistent with a constant value of 0.90 per nucleon for the deuterium-to-hydrogen 
neutral photopion production ratio. At 30° and 300 Mev there is some evidence for a larger ratio, which 
points to constructive interference between production on the proton and neutron in the deuteron. The data 
are consistent with the predictions of the “symmetrical theory” concerning the coupling of neutral pions to 
nucleons and with Watson’s phenomenological theory of photopion production. 


I, INTRODUCTION 


HE four basic reactions involving photopion pro- 
duction on nucleons are 


ytpontrt, (a) 
yt+popta pt 2y, (b) 
ytn-n+9r-n-+ 2y, (c) 
ytn— ptr. (d) 


Of these, (a) and (b) are directly accessible for experi- 
mental study and considerable information has been 
accumulated concerning their cross sections.!* The 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

¢ Now at the Everett, Massachusetts laboratory of the AVCO 
Manufacturing Corporation. 

1 Experiments on positive photopion production in hydrogen are 
reviewed in papers on this subject by Walker, Teasdale, Peterson, 
and Vette, Phys. Rev. 99, 210 (1955) and Tollestrup, Keck, and 
Worlock, Phys. Rev. 99, 220 (1950). 

2 Experiments on neutral photopion production are reviewed in 
papers on the subject by Goldschmidt-Clermont, Osborne, and 


cross sections for (c) and (d), however, can only be 
inferred from studies made on complex nuclei, the most 
suitable of which is the deuteron. Because of its loose 
binding, the neutron in the deuteron can be considered 
“almost free” for high-energy interactions. In addition, 
one hopes that the simple structure of the deuteron may 
make it possible to correct for the effects of binding 
and thus deduce fairly precise information about the 
elementary interactions with the neutron. Quite precise 
studies of the x~/x* ratio in deuterium® have also been 
made which give information about reaction (d). This 
information has been reasonably well interpreted in 
conjunction with that on the first two processes by the 
phenomenological theory of Watson.‘ The theory then 
leads to the unique prediction that the cross sections for 
photopion production on neutron and proton should be 
M. Scott, Phys. Rev. 97, 188 (1955) and by D. C. Oakley and 
R. L. Walker, Phys. Rev. 97, 1283 (1955). 
3 Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 


4 Watson, Keck, Tollestrup, and Walker, Phys. Rev. 101, 1159 
(1956). 
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approximately equal. As always with unique predic- 
tions, an experimental check is high desirable. 

Experimentally the reaction y+-n—n-+7° is the most 
difficult of the four to detect since all the products are 
neutral. The technique of counting the recoil protons’ 
which has given the best information on the mirror 
process y+p—p+7° is not readily applicable since we 
have no suitable energy-sensitive neutron detector of 
reasonably large and well-known efficiency. The prob- 
lem has, therefore, been attacked by the alternative 
scheme of counting the photons from the decay of the 
neutral pion. Here one has the choice of counting the 
decay photons in coincidence or singly. The former 
technique was first used by Steinberger, Panofsky, and 
Steller in an experiment proving the existence and 
mode of decay of neutral pions. It has been used to 
study neutral meson production in deuterium and 
hydrogen by Andre.® The latter technique was intro- 
duced by Cocconi and Silverman’ who used it also in 
studies on deuterium and hydrogen. These experiments 
were performed with 300-Mev bremsstrahlung and gave 
a deuterium-to-hydrogen ratio for neutral pion produc- 
tion of about 2. 

In the present experiment we have used the technique 
of counting only a single photon. One objective of the 
experiment was to improve the precision of the deu- 
terium-to-hydrogen neutral pion ratios and extend 
them to higher energies. The present paper reports the 
results of this work. A second objective was to extend 
the range over which the angular distribution for neutral 
photopion production has been measured to more 
forward angles. These data are still being reduced. 

In Secs. II and III of this paper the experimental 
apparatus and procedure are discussed. The results are 
given in Sec. IV. Section V contains a-discussion of the 
results and a comparison with other experiments. 


Il. EXPERIMENTAL APPARATUS 


The experimental arrangement used to detect sec- 
ondary photons produced by high-energy bremsstrah- 
lung in deuterium and hydrogen is shown in Fig. 1. 
The bremsstrahlung beam from the California Institute 
of Technology 500-Mev synchrotron was collimated to 
a diameter of 1} in. at the external target by a primary 
collimator at the exit port. Two secondary collimators 
were employed to reduce the background of scattered 
radiation from the primary collimator. The beam in- 
tensity was monitored by an ionization chamber having 
1-in. copper walls located behind the target. For that 
portion of the experiment covered in this report on 
deuterium-to-hydrogen ratios, the absolute monitor 
calibration was immaterial. However, in order to use 
the photon difference method, one must know how the 
calibration varies with the bremsstrahlung end point. 

5 Steinberger, Panofsky, and Steller, Phys. Rev. 78, 802 (1950). 

* Calvin G. Andre, University of California Radiation Labora- 


tory Report UCRL-2425, 1953 (unpublished). 
7G. Cocconi and A. Silverman, Phys. Rev. 88, 1230 (1952). 
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This was determined for a 300- and 500-Mev brems- 
strahlung by the shower curve technique.® Interpolation 
between these points was accomplished by assuming the 
charge collected on the monitor to be proportional to the 
total beam energy times a correction factor (1—0.6E*), 
where E is the bremsstrahlung end point in Bev. The 
form of this factor was suggested by inspection of the 
Monte Carlo shower curves of Wilson.® 

The targets were hydrogen and deuterium gas at 
approximately 2000 psi and liquid nitrogen temperature. 
Mass spectrographic analyses showed the hydrogen to 
be pure to 0.04% and the deuterium to be contaminated 
by 1% hydrogen but free of other contaminants to 
0.04%. The vessel containing the gas was 17 in. long and 
2-in. in diameter and had 30-mil steel walls. Thermal 
insulation was provided by 1} in. of Styrofoam. The 
temperature and pressure of the gas were monitored and 
used to determine its specific volume from the equation 
of state." 

The photon counter consisted of three liquid scintil- 
lators, the first in anticoincidence and the second and 
third in coincidence. An aluminum absorber was in- 
serted between counters 2 and 3 to reduce the back- 
ground of coincidences due to low-energy events. The 
photon counting rate was deduced from the difference 
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Fic. 1. Plan view of experimental arrangement. 


( a of Blocker, Kenny, and Panofsky, Phys. Rev. 79, 419 
1950). 

®R. R. Wilson, Phys. Rev. 86, 261 (1952). 

%” Johnston, Bezman, Rubin, Swanson, Corak, and Rifkin, 
Atomic Energy Commission Report MDDC-850 (unpublished). 
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TaBLeE I. Data for counter telescope. Columns 1, 2, and 3 give the heights, widths, and thicknesses cf the counters, converter, and 
absorbers used in the experiment. The counter dimensions are those of the active volume; the counter walls were #y-in. Lucite. Columns 


4, 5, 6, 7, and 8 give the thicknesses in g/cm*, radiation lengths, geometric mean free paths, and energy units for electrons and protons. 
Column 9 gives the critical energy of the material. Xo and A, are radiation length and geometric mean free paths respectively. 
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in the counting rate with a ;4;-in. lead converter between 
counters 1 and 2 and in front of counter 1. This method 
of measuring the “In-minus-Front”’ difference has the 
advantage over the conventional “In-minus-Out” 
method in that is leaves the flux of particles incident 
on the two rear coincidence counters essentially un- 
changed and so results in a more accurate subtraction 
of backgrounds and accidentals. An aluminum or 
paraffin absorber was used to shield the counters from 
a high background: of low-energy electrons. Some 
numerical information which is useful in estimating the 
performance of the telescope is given in Table I. This 
includes the dimensions of the counters, converter, and 
various absorbers used and their thicknesses in g/cm?, 
radiation lengths, geometric mean free paths, and en- 
ergy units for electrons and protons. Detailed considera- 
tion of the counting technique will be given later. 

The angle of observation and solid angle of acceptance 
were determined by counter 2 and a lead aperture in 
the forward shielding. The sides of this aperature were 
tapered so that they could not be seen by the counters. 
This was done in the belief that it would be easier to 
correct for penetration of the rear edges than for 
scattering off the faces. In addition, no shielding was 
used in any location from which particles originating in 
the beam could be scattered into the counters. 

Since we hoped to obtain statistical accuracies of one 
percent or better, considerable thought was given to 
the stability and reliability over a period of weeks of the 
electronic recording equipment. The system employed 
is shown by the block diagram in Fig. 2. The liquid 
scintillators were viewed by RCA 5819 photomulti- 
pliers having independent voltage supplies with a long- 
time regulation and reset accuracy of +0.1%. Positive 
pulses from the last dynode of each multiplier were 
clipped with a 1 meter stub and fed through 200-ohm 
cables to a 200-Mc delay line amplifier and inverter. 
Two fold coincidences and delayed coincidences were 
then formed between counters 1 and 2 and counters 
2 and 3 by using simple Garwin circuits" employing 


1 R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953). 


6AH6’s. These circuits have been found reliable in 
operation, have no dead-time, and have high input 
impedance which enables them to be used in parallel. 
The output of the coincidence circuits was amplified 
and fed via 6BN6 discriminators to a slow veto unit 
which formed the combinations: —(1+2)+(2+3) 
= (—1+4+2+3)=T, (1+2)+ (2+3*)= (—1+2+3*)=A 
and 7*—(1+2)=D. The asterisk denotes a delayed 
coincidence. These rates, which were designated “trues,” 
“accidentals,” and “dead-time,” combined with the 
monitored rates (1+2), (2+3), (1*+2), and (2+3*) 
enable one to make the first-order corrections for ac- 
cidental counts and dead-time losses and estimate the 
higher order corrections to make sure they are negligible. 
A twenty-channel analyzer gated by the slow coin- 
cidence outputs was used to record the output spectrum 
of the coincidence circuits. 
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Fic. 2. Block diagram of electronics. The abbreviations are: 
M, meters of RG114 cable; A, amplifier; C, coincident circuit; 
D, discriminator; and V, veto circuit. 
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METERS DELAY IN CHANNEL 3 


Fic. 3. (2+3) coincidence counting rate as a function 
of relative delay in channel 3. 


Ill. EXPERIMENTAL PROCEDURE 
Preliminary Adjustments 


The first step in putting the counting system into 
operation was to line up the slow amplifiers by observing 
the output pulse spectrum with the coincidence circuits 
in self-coincidence. This procedure was subsequently 
used with a Co y source in a standard geometry for 
daily checks on the over-all stability of the system. 
Delay curves were then run to check the resolving time 
of the coincidence circuits and the simultaneity of the 
pulses at the inputs. A typical curve of this type is 
plotted in Fig. 3 and shows that the resolving time, 27, 
of the coincidence was about 40 musec, corresponding 
to 10 meters delay in channel 3. Finally, the “In-minus- 
Front” difference was investigated as a function of the 
voltage on each counter individually and on all counters 
simultaneously. The plateau obtained for the latter 
measurement is shown in Fig. 4; the individual plateaus 
were similar with perhaps slightly less slope. 


General Procedure 


The experiment was run almost daily for a little over 
a month and involved an integrated beam energy of 
5X10'* Mev. Experimental points were obtained for 
hydrogen and deuterium targets with 300-, 400-, and 
500-Mev bremsstrahlung at laboratory angles of 30°, 
73°, and 140°. Since changing the gas involved pumping 
out the target for several hours, the usual procedure at 
a given angle was to run at all bremsstrahlung energies 
first with hydrogen, then vacuum, and finally deu- 
terium. This cycle was repeated at least twice and no 
difficulty was encountered in reproducing runs within 
the estimated accuracy of +2% for the gas density 
determinations and monitor reproducibility. The statis- 
tical accuracy of the individual runs was often +1% or 
better. 


73° and 140° Runs 


At 73° and 140°, absorber 1 was 1 in. of Al and ab- 
sorber 2 was # in. of Al. Typical output spectra for the 


(24+-3) coincidence circuit are shown in Fig. 5. Figure 
5(A) shows a pair of consecutive “In” and “Front” 
runs obtained for a hydrogen target at 73° with 500- 
Mev bremsstrahlung. Figure 5(B) shows the corre- 
sponding runs for an evacuated target. Figure 5(C) 
shows the associated accidental spectra obtained by 
introducing an additional 10-meter delay in the lead 
from counter 3. Such runs will be called “counter 3 
delayed runs.” 

The spectra of Fig. 5 illustrate a number of features 
of the experiment. The large peak in channels 14 and 15 
observed for the hydrogen “In” run is due to neutral 
particles being converted in the Pb radiator and pro- 
ducing at least one minimum ionizing secondary which 
traverses both counters 2 and 3. The uniform spectrum 
of smaller pulses extending down to channel 5, where it 
has been cut off by a discriminator bias, is due to 
events in which the energy loss in the counters is less 
than about one-half minimum. This component, which 
can also be seen in the hydrogen “Front” run and 
vacuum runs, was present even when the forward slit 
was closed with4in. of Pb and is therefore associated 
with a general room background. The exact process 
occurring was not precisely determined, but evidence 
that the particles passing between the counters were 
neutrons was obtained by making absorption measure- 
ments in Pb, Cu, and Al. 

To obtain the net “In-minus-Front” counting rates, 
runs were first corrected for small (<1%) counting 
losses in the scalers. Then accidentals ranging up to 5% 
were subtracted. These were distributed in pulse height 
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Fic. 4. “In-minus-Front” counting rate as a function 
of relative gain in all three channels. 
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and corrected for tracking of the “true” and “acci- 
dental” channels using the spectra and ratios of “trues” 
to “accidentals” obtained in the ‘“‘counter 3 delayed” 
runs. The correction for dead-time losses was made by 
multiplying by the ratio of counts in the “true” and 
“dead-time” scalers. Dead-time losses rarely exceeded 
one percent. Next, “In-minus-Front” differences were 
calculated for corresponding pairs of gas and vacuum 
runs. These differences were corrected for fluctuations 
in the monitor sensitivity and normalized to a standard 
specific volume. The former correction amounted to a 
maximum of +1% and could be made with an accuracy 
of +50%. The latter normalization involved using the 
equation of state’ to determine the specific volume of 
the gas from its measured temperature and pressure and 
is estimated to be accurate to about +1.5%. Finally, 
the net counting rate was determined by subtracting the 
vacuum runs from the gas runs. The result of this 
procedure applied to the runs shown in Figs. 5(A), 5(B), 
and 5(C) is shown in 5(D). As can be seen, a very 
satisfactory subtraction of the small pulses results. In 
practice a channel by channel reduction was not made 
for all runs. Rather, the procedure outlined above was 
carried out for only two groups of pulses: those in the 
peak, NV, and those in the tail, S—N, where 2 is the 
total number of counts in the spectrum. The net V 
result was associated with the true counts. A net result 
close to zero for the 2—N group was obtained in all 
cases and served as a check on both the experiment and 
calculations. 


30° Runs 


At 30° an exceedingly large background of small 
pulses was encountered. An investigation showed that 
it was associated with particles entering through the 
slit, but that it was not due to the gas in the target. 
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Fic. 5. (A) “In” (solid line) and “Front” (broken line) runs for 
hydrogen for 73° and 500-Mev bremsstrahlung; (B) corresponding 
backgrounds for an evacuated target ; (C) corresponding accidental 
spectra obtained by inserting an additional 40 mysec delay in 
channel 3 ; (D) spectrum of net true counts obtained as described 
in Sec. III. 
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[ Fic. 6. (A) “In” (solid line) and “Front” (broken line) runs for 
30° and 500-Mev bremsstrahlung; (B) corresponding backgrounds 
for an evacuated target; (C) corresponding accidentals spectra 
obtained by inserting an:additional 40 mysec delay in channel 3; 
(D) spectrum of net true counts obtained as described in Sec. III. 


Absorption measurements in Pb and Al showed the 
incident particles to be photons having a mean energy 
of 5 to 10 Mev and the particles passing between 
counters 2 and 3 also to be photons with a mean energy 
of about 5 Mev. One suggestion as to the process 
occurring was made by Dr. R. Querzoli, who proposed 
that it might be the double scattering of a single photon 
which produced to low-energy Compton recoil elec- 
trons in the two counters. Although the probability of 
this process was very small, the single counting rates 
were so high that if one makes the reasonable assump- 
tion that they were due primarily to photons, then it is 
quite possible to account for the observed background 
on this basis. Other explanations are also possible. 
However, since a photon link between counters C2 and 
C; is involved, the background could have been largely 
eliminated by requiring a triple, rather than a double, 
coincidence. Unfortunately, time would not permit 
us to try this and we were forced to reduce the back- 
ground to a tolerable level by changing absorber 1 from 
1-in. Al to 6-in. CH, and increasing absorber 2 from 
3-in. to 2-in. Al. Typical (2+3) coincidence spectra for 
hydrogen, vacuum, and “counter 3 delayed” runs are 
shown in Figs. 6(A), 6(B), and 6(C), respectively. These 
runs were analyzed in the manner previously described 
for the 73° and 140° runs to produce the spectrum in 
Fig. 6(D). As for the 73° and 140° runs, it was not the 
usual procedure to make a channel-by-channel analysis, 
but to analyze only the groups V and 2—N. At 30° the 
=—N results showed a small positive excess, as seen in 
Fig. 6(D), which may be associated with soft radiation 
from electrons scattered into the counter by the gas. 


Identification of Particles Counted 


The principal evidence that the majority of the counts 
recorded were photons comes from the fact that (1) 
they were neutral, since they failed to trigger the veto, 
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(2) they were converted appropriately in Pb and CHa, 
and (3) they were absorbed appropriately in Pb and 
CH2. The extent to which we can rule out other particles 
depends largely on a knowledge of the efficiency of the 
veto counter, C;. Although we were unable to devise 
any simple precise measurement of this efficiency other 
than running a plateau curve, we know of no reason 
why it should have been less than 100% for charged 
particles traversing more than half the counter. 
Unfortunately, due to lack of forethought, the Pb 
converter used was larger than the veto counter and 
therefore the possibility of a net effect in the “‘In-minus- 
Front” differences existed due to the slightly different 
geometry of the two configurations for scattering 
around the counter. This effect was checked and found 
to be negligible, however, by cutting out the direct 
counts with a 4-in. thick Pb plug of just the width of 
the veto counter, and observing the residual differences. 
Assuming then that only neutral particles are counted, 
we conclude that the “In-minus-Front”’ difference must 
be due to photons or neutrons converted in the Pb 
radiator. As can be seen in Table I the Pb radiator is 
only 3% of the geometrical mean free path for neutrons 
and the energy of a recoil proton required to trigger the 
telescope must be greater than 75 Mev for the #-in. Al 
absorber 2 used at 73°, and 140 Mev for the 2-in. Al 
absorber 2 used at 30°. From data on neutron star 
production in nuclear emulsions,” we estimate that not 
more than a fifth of the interactions caused by 300-Mev 
neutrons in Pb give protons in this energy range. Since 
the number of 300-Mev neutrons coming from hydrogen 
or deuterium will be very small, we can safely assume 
the neutron counting efficiency to be less than 0.5% 
while the photon efficiency is in the neighborhood of 
50%. Moreover, since the neutron flux from the machine 
has been found to be comprised of low-energy neutrons, 
the only high-energy neutrons are the recoils from 
meson production and deuteron photodissociation and 
this flux will be of the same magnitude as the photon 
flux at 30° and much smaller at 73° and 140°. It seems 
reasonable to assume, therefore, that virtually all the 
counts recorded in this experiment were due to photons. 
It should perhaps be pointed out here that even if the 
efficiency of the veto were less than 100% it would 
change the “In-minus-Front” differences by a factor 
which would cancel out in the deuterium-to-hydrogen 
ratio. This is not true for the usual “In-minus-Out” 
differences. 


IV. RESULTS 
Integral Ratios 


The ratio of photon yields per nucleon from deu- 
terium and hydrogen are given in Table II-A as a func- 
tion of bremsstrahlung end point and laboratory angle. 
The errors shown are the standard deviations due to 


12 Blau, Oliver, and Smith, Phys. Rev. 91, 949 (1953). 
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counting statistics and fluctuations in gas density and 
monitor sensitivity. In addition, there are errors due to 
fluctuations in the bremsstrahlung end point. These 
are roughly: +5% for 300 Mev; +3% for 400 Mev; 
and +5% for 500 Mev and correspond to rms fluctua- 
tions in end-point energy of +1% at 300 and 400 Mev 
and +0.5% at 500 Mev. 


Difference Ratios 


In order to obtain the photon yields associated with 
bremsstrahlung in an energy interval, Ak=E’—E, we 
used the photon difference method. The calculations 
were based on the following expression for the difference 
in counting rate, AN, between runs with bremsstrahlung 
end points £’ and E: 


E 


* 
AN= f I (k)N(k,E)dk— / T'(k)N(k,E)dk (1a) 
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-1}d, (1b) 


where I'(k) is the differential photon yield from brems- 
strahlung of energy k, NV (k,£) is the number of photons 
of energy k per unit energy in a bremsstrahlung spec- 
trum of end point E and u is the threshold energy for 
m® production. Since the ratio V (k,E’)/N(k,E) is very 
nearly independent of k, the second integral in Eq. (1b) 
can be made to vanish by normalizing the runs so that 
N(k,E’)/N(k,E)~1. The remaining integral then re- 
lates the difference rate, AN, to an average value of 
I'(k) for the interval Ak= E’—E which, if Ak is suffi- 
ciently small, will be close to '(3(E£’+£)). A knowledge 
of I'(k) enables one to deduce differential cross sections 
for the reaction being studied. 

The ratios of difference yield per nucleon for deu- 
terium and hydrogen were computed from the data in 
Table II-A in accordance with the discussion above and 


TaBLE II. Part A lists the deuterium-to-hydrogen ratios of 
hoton yield per nucleon as a function of laboratory angle and 
seventh th end point. Part B lists the deuterium-to-hydrogen 
difference-yields per nucleon as a function of laboratory angle and 
photon energy interval. 








62 30° 73° 
A. Integral ratios: D/2H 


0.88+0.02 





0.91+0.02 
0.830.04 
1.00+0.05 


0.99+0.02 
0.96+0.03 0.91+0.02 
1.25+0.11 0.86+0.04 


B. Difference ratios: AD/2AH 
1.05+0.14 0.79+0.11 


0.86+0.06 0.94+0.05 
1.25+0.11 0.860.04 
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500-400 


400-300 
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1.70+0.60 
0.68+0.06 
1.00+0.05 
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are listed in Table II-B as a function of laboratory 
angle for the energy intervals: threshold to 300 Mev 
300 to 400 Mev; and 400 to 500 Mev. The errors given 
are those deduced from the errors in Table II-A. In 
addition, there are the errors due to the fluctuations in 
the bremsstrahlung end point. These errors are greatly 
magnified by the photon difference method and turn 
out to be roughly: +5% for threshold to 300 Mev; 
+10% for 300 to 400 Mev; and +20% for 400 to 500 
Mev. The poor control of the bremsstrahlung end point 
is felt to be the principal known weakness of the present 
experiment. 


V. DISCUSSION OF RESULTS 


It was, of course, the object of this experiment to 
relate the photon yields from deuterium and hydrogen 
to the cross sections for photoproduction of neutral 
pions in these elements. In order to do this we must 
make the assumption that other processes giving 
secondary photons are negligible. Investigations of the 
elastic nuclear scattering’*4 indicate that the cross 
section for this process is less than 2% of the neutral 
pion cross sections. Since elastic nuclear scattering will 
tend to cancel in the ratio anyway, it can probably be 
safely neglected. It is not so obvious, however, that 
various electronic processes, such as wide-angle brems- 
strahlung and pair production and elastic nuclear 
scattering of electrons, cannot produce secondary 
photons in competition with neutral pion decay, 
particularly at 30°. The best evidence that this is at 
least not too serious comes from experiments similar to 
this with bremsstrahlung near meson threshold.” 
These experiments fail to show any appreciable number 
of photons from electronic sources and we may assume 
that, percentage-wise, we should be at least as well off 
at higher bremsstrahlung energies. If there is a small 
electronic contribution, it should be the same per 
nucleus for deuterium and hydrogen and would, there- 
fore, tend to make ratios per nucleon in Table II too low. 

Assuming that all the photons counted result from the 
decay of neutral pions, the photon counting rate, J, 
will be related to the center-of-momentum neutral pion 
cross section, d2/dQ., by the expression : 


rowel ELL 


where Nz is the number of nuclei per unit volume of the 
target; k is the incident photon energy; 7 is an element 
of target volume; © is the laboratory solid angle for the 
decay photons; Q, is the center-of-momentum solid 
angle for the neutral pions; V(k) is the number of 
photons per unit energy in the bremsstrahlung; 2/47 is 

13 —. C. Oakley and R. L. Walker, Phys. Rev. 97, 1297 (1955) ; 


Ernstene, Keck, and Tollestrup (private communication). 
“UF, E. Mills, University of Illinois thesis, 1955 (unpublished). 


ar dQ” 2 do 


‘0 dQ’ 4x dQ. 
XN (k)dQ.dQdrdk, (2) 


the number of decay photons per unit solid angle in the 
pion rest system; dQ’’/d0’ is the solid-angle transforma- 
tion which carries the decay photons from the pion rest 
system to center-of-momentum system; dQ’/dQ is the 
solid angle transformation which carries the decay 
photons from the center-of-momentum system to the 
laboratory system; ¢(k’) is the efficiency of the photon 
detector as a function of photon energy, k’; « is the 
threshold energy for neutral pion production; and E is 
the bremsstrahlung end point. 

All of the quantities appearing in the integral can be 
expressed as functions of the variables of integration 
(see Appendix A). If the solid angle of the photon 
counter, 2, is sufficiently small, the integral may be 
factored and the integration over the target volume and 
solid angle carried out. This gives the expression 


vane fe vf 2«( 


where C is a constant of the geometry (see Appendix A). 
This expression shows that the measured yields are 
related to the neutral pion cross sections in quite a 
complicated manner, so that the ratio of photon counts 
for deuterium and hydrogen will be equal to the ratio 
of neutral-pion cross sections only if all the factors in 
the integral have the same form for the two cases. 
Equation (3) can be made to take on a simpler form if 
we note that the factor 


1 2a 
0(k,6.)=-— 2e(k’ 


implied in Eq. (3) is the effective angular resolution of 
the system for detecting neutral pions. The normalizing 
factor ¢e,(k) is the average efficiency for detecting 
neutral pions produced by photons of energy & for a 
fixed laboratory angle of observation and is defined by 
the equation 


dQ’ dQ” do dQ. 


v)— — —dk, (3) 
dQ dQ’ dQ, 4x 


dQ’ dQ” de. 
——-— sind, (4) 
dQ dQ! 4r 


dQ’ dQ” dQ, 
li)= f 2¢(k’)— ——. (5) 
2, dQ dQ! 4r 


Introducing definitions (4) and (5) into Eq. (3), we 
obtain 


E do 
o NGC f N(B)e-(E) f abs) —d. (6) 


The angular resolution function 0(k,9,) can be evaluated 
analytically if e(k’) is constant and numerically if ¢(k’) 
is known (see Appendix A). Plots of O(k,0.) for 
constant ¢(k’) are shown in Fig. 7 for a photon 
energy of 330 Mev and laboratory angles of 30°, 
73°, and 140°. 

The situation becomes somewhat simpler if we 
integrate the photon flux over all laboratory angles. In 
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Fic. 7. Effective resolution functions © for pions produced by 
330-Mev photons for the three angles of observation employed 
(6=30°, 73°, and 140°). 


this case, we obtain from Eq. (2) 


E 
I= f NdQ=Nr f N(k)e,(k)ordk, (7) 
Q u 


where ¢,(k) is the average efficiency for detecting 
neutral pions produced by photons of energy & in a 
fixed direction in the center-of-momentum system and 
is defined by the equation 


dQ’ dQ’ dQ 


e,(B)= J 2e()— —— (8) 


Note that e,() is independent of @, and is not in general 
equal to e,(k). 

At the present time, the efficiency e(k’) of the photon 
counter is not known in detail. Qualitative arguments, 
however, lead one to expect that, over the range of 
decay photon energies most heavily weighted in the 
above integrals, it was probably constant. More im- 
portant than an assumption concerning the efficiency is 
the additional assumption we wish to make that the 
motion of the nucleons within the deuteron does not 
distort the dynamics of the decay photons sufficiently 
to affect the average efficiencies €,(k) and e,(k) which 
appear in expression (6) and (7). This point has not 
been investigated in detail, but it is difficult to believe 
that the effect could be important for most of the 
momenta encountered in the deuteron. 

The discussion above has been given to make clear 
in detail just how the data in Table II are related to the 
neutral-pion cross sections. We shall now make the 
simple assumption, previously mentioned, that the 
constant C and the form of the integrands in Eqs. (6) 


and (7) are the same for deuterium and hydrogen and 
proceed to equate the ratio of photons to the ratio of 
neutral pions. Some support for this is given by the fact 
that, at least for 73° and 140°, the ratios listed in Table 
I are all consistent with a constant value of 0.9 per 
nucleon. It should be borne in mind that difference data 
in Table II-B are correlated in such a way that a 
systematic error in an entry in Table II-A which 
results in a high difference ratio in one energy interval 
will also result in a low ratio in an adjacent interval. 
Some of the scatter in the ratios in Table II-B is 
probably due to this effect, (see 300- to 400-Mev and 
400- to 500-Mev intervals at 140°). At 30° there may 
be an indication of somewhat larger ratios than 0.9, 
particularly for the threshold-to-300-Mev interval. 
Such an increase at forward angles and low photon 
energies would be predicted on the basis of the impulse 
approximation’ if the amplitudes for production of 
neutral pions on the proton and neutron interfered 
constructively. A quantitative fit with the theory was 
not attempted, however, due to the uncertainty of the 
data and the difficulty of unfolding the complicated 
angular resolution. The qualitative evidence obtained 
here supports already existing evidence obtained by 
direct observations of the elastic photoproduction of 
neutral pions in deuterium’* that the interference is 
indeed constructive and hence the coupling of neutral 
pions to protons and neutrons is opposite in sign, as 
expected for the “symmetrical meson theory.” 
Returning to the ratio of 0.9 per nucleon observed 
at 73° and 140°, we note that this value is in good agree- 
ment with that reported by Cocconi and Silverman.’ 
They made observations similar to ours for 300-Mev 
bremsstrahlung and found ratios accurate to about 
10%, which scatter about an average value of 0.9 and 
give no particular evidence of a variation with angle 
from 45° to 150°. Measurements have also been made 
as a function of pion energy at 90° by Andre® who used 
the y—vy coincidence method. His values group around 
1.2 with errors of 25 to 50% and are therefore not in 
disagreement with a value of 0.9. However, in the for- 
ward direction the interference effects within the 
deuteron should be appreciable. A calculation of the 
total cross section for ° production was made on the 
basis of the impulse approximation. These calculations 
indicate that the integral ratio at 500 Mev and 30° 
should be 1.4 compared to the measured value of 0.99 
and at 500 Mev and 90°, 1.15 compared to the observed 
value of 0.88. Chappelear’’ has considered the effects of 
multiple scattering within the deuteron on the elastic 
m cross section and has shown that the coherent 


18 G. F. Chew and H. W. Lewis, Phys. Rev. 84, 779 (1951); 
N. C. Francis and R. E. Marshak, Phys. Rev. 85, 496 (1952); 
Heckrotte, Henrich, and Lepore, Phys. Rev. 85, 490 (1952); 
N. C. Francis, Phys. Rev. 89, 766 (1953). 

16 Wolfe, Silverman, and Dewire, Phys. Rev. 99, 268 (1955); 
H. L. Davis and D. R. Corson, Phys. Rev. 99, 273 (1955); J. W. 
Rosengren and N. Baron, Phys. Rev. 101, 410 (1956). 

17 J. Chappelear, Phys. Rev. 99, 254 (1955). 
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interference effects are considerably suppressed. It is 
possible that these same effects are responsible for the 
suppression of the total cross section noted above. 

If we assume, on the basis of the constant value of 
the ratio at large angles, that interference effects in 
the deuteron are negligible except at small angles and 
low photon energies, it follows that the cross section 
for photoproduction of neutral pions in the deuteron 
should be the sum of those for the proton and neutron.!® 
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Teasdale, Dr. R. L. Walker, and Mr. B. H. Rule 
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APPENDIX A 


The following expressions relate the quantities in the 
integral in Eq. (2), Sec. V to the variables of integration: 


dQ” /dQ’ = (1—8,”)/(1—B, cosa)’, 
do’ /dQ= (1—82)/(1—B, cos6)?, 
aa (1-6,)! (1-8)! 
(1—8, cosa) (1—8, cos@) ‘ 


(Al) 
(A2) 





(A3) 
2 


(A4) 


on [-(42)/ Goa) | 
B.=1/[1+(M/k)], 


cosa=sin@’ siné, cosd.+cosd’ cos#. 
’ 


cos6’ = (cos#—8,)/(1—B. cos), 


(AS) 
(A6) 
(A7) 


where 8, is the velocity of the center-of-momentum of 
the incident photon, k, and the target proton, M; 8, is 
the velocity of the neutral pion of mass yu in the center- 
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Fic. 8. Angles involved in transforming the neutral pion decay 
photons to the laboratory system. In the center of the figure, 
“9,” should read ‘‘@;.” 


of-momentum system, and y is the energy of a decay 
photon in the laboratory system. The angles are those 
shown in Fig. 8, where y’ is the momentum of the decay 
photon in the center-of-momentum system. 

For the geometry used in this experiment the 
constant, C, in Eq. (3), Sec. V is given by: 


—(1+a+::- 


( (A8) 
lc sin 


where a is the width of the Pb slit, # is the height of 
counter 2, w is the width of counter 2, / is the distance 
from counter 2 to the slit, and C is the distance from 
counter 2 to the point where the axis of the telescope 
intersects the axis of the beam. a is a correction term 
which is <0.005. 
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Energy Level Shifts in a Large Enclosure* 
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It is proved that for a particle enclosed in a large box, a potential shifts the energy levels by an amount 
which, as the volume » of the enclosure tends to infinity in a suitable manner, becomes proportional to 
E45(E)v~4, where 4 is the corresponding phase shift. Application of this result to the many-particle problem 


is discussed. 





I. INTRODUCTION 


N some quantum mechanical stationary-state prob- 
lems of great complexity, it is a very useful approxi- 
mation to replace the part of the discrete spectrum 
which becomes continuous when the boundary recedes 
to infinity, by that continuum. In this fashion, scat- 
tering information may be used in certain bound-state 
problems, or else the simpler scattering formalism may 
be used to solve them. One needs for this purpose an 
understanding of the manner in which one formalism 
goes over into the other; more specifically, how quanti- 
ties of one formalism are continuously connected with 
those of the other. Two such quantities of greatest 
physical interest are, in one case, the shift in the energy 
levels caused by a force, and, in the other, the scattering 
phase shift. 

The purpose of this paper is to investigate the 
behavior of shifts in the energy levels of a particle in a 
box, due to the introduction of a potential, as the 
enclosure becomes infinitely large. In contrast to first 
appearances, it will turn out that these shifts tend to 
zero generally not as v~, where » is the volume of the 
box, but that many different limiting processes can be 
chosen which lead to different rates of decrease of AE. 
The limiting process of greatest physical interest yields 
a decrease as v~}. 

The second result of the investigation is that, with 
the choice of the limiting process of greatest applica- 
bility, the quantity that emerges from the energy shift 
of infinite volume is the phase shift itself, and not its 
tangent.' In the course of the proof of this result, the 
one first mentioned also emerges. It was, however, 
found instructive to investigate the first separately. 

In Sec. II we show that with an appropriately chosen 
way of letting the volume tend to infinity, the energy 
shift tends to zero as v~}. In Sec. III we discuss the 
effect of this result on a recent paper? which purported 
to show that the large-volume limit of the relevant 
bound-state integral equation is that of the K matrix. 


*This work was supported in part by the National Science 
Foundation. 

t On leave of absence from the Tokyo University of Education. 

1 These points were also mentioned in a somewhat different 
connection in a letter by N. Fukuda, Progr. Theoret. Phys. 
(Japan) (to be published). 

2 Reifman, DeWitt, and Newton, Phys. Rev. 101, 877 (1956). 


In Sec. IV we prove that for a central potential 


limtAE(E) = —2Ek8)(E). 
vo 


This equation is then generalized to the inclusion of a 
tensor force. 

In Sec. V, finally, we discuss the applicability of the 
result of Sec. IV to cases of physical interest, such as 
many-body interactions and, specifically, the “coherent 
model” of the nucleus. 


Il. DERIVATION OF AE~v™ 


We consider a single particle confined to the interior 
of a box. Each energy level Eo, allowed in the absence 
of forces other than the walls, will be shifted to a new 
value E,,= Eo, +AE(£o,) in the presence of a potential. 
Being interested in only those levels E, which do not 
remain a part of the discrete spectrum as the box 
becomes infinitely large, we are going to investigate the 
question: How fast does AE tend to zero as the walls 
of the enclosure recede to infinity? 

The Schrédinger equation in the absence of forces is 


(Ho— Eon)¥on=0, (1) 


and the boundary condition demands that on be zero 
on the walls of the box.’ In the presence of the potential 
V, the Schrédinger equation becomes 


(Hot V—E,)¥n=0, (2) 
while the boundary condition remains unchanged. 


Taking the inner product of (2) with Yon on the left 
and using (1), we obtain 


(Yon, Vy.) me AE(Eon) (WonWn) 
= (Hoponbn)— (Won,Hopn). (3) 


By virtue of the boundary condition obeyed by both 
Yon and y,, the right-hand side of (3) vanishes and we 
get the well-known result 


AE(Eon) (Won,Wn) = (Won; Vy). (4) 


The purpose of the rederivation was but to recall that 
(4) depends on the fact that both Yo, and y, satisfy 
the boundary condition. 

3 Any other boundary condition, e.g., that the normal derivative 
of the wave function vanish, or a mixed one, or a periodic one, 


would serve as well. We are adopting the one mentioned merely 
for the sake of definiteness. 
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We now consider the case of a central potential and 
choose the enclosure to be spherical, of radius R. 
Because the potential is spherically symmetric, both 
Eon and E, are associated with a single‘ angular mo- 
mentum /. There are, then, 2/+:1 linearly independent 
unnormalized free wave functions of the form 


Yon() - ji(Ronr) Y, (6, ¢); (S) 


where 7; is a spherical Bessel function, and Y;, is a 
surface harmonic. They satisfy the boundary condition 
by virtue of the equations 


Rkon= a,', ji (an') =0, (6) 
from which Eo, is obtained as 
Eon= (h?/2m) Ron? = (h/2m) (an'/R)?. 


Let us assume that the potential V is sufficiently 
well behaved so that its first and second absolute 
moments exist: 


far Vin)| <0, 


0 


[ anvoice, 


Then the “perturbed’’® wave function corresponding 
to (5) is 
Walt) = (Rar) gi(hn,r) Vi(6,¢), (7) 


where ¢; is a regular radial wave function® that satisfies 
the same boundary condition at the origin as does 


krji(kr): 
lim gi(k,r)/kr ju(hr) = 1. 


Consequently, in the coordinate representation 


R 
Gino f do f dr 1°jx(howr) (Rat) 
; x ¢u(Rn,?) Y;* (4, ¢) Y,(6, ¢) 


R 
=ck, f dr rjx(Ront) o1(knf)- (8) 
0 


The numbers o, and / being freely selected first and 
R= Rp subsequently chosen so that Rokon=a,! for some 
n, we now let R take on increasing values of the sequence 


Ri=nii/Ron, hed <Ri< Rix wees (9) 


By k, we mean that perturbed level which goes over 
continuously into ko, if the potential vanishes while R 
is fixed.? Then 


Ri—Ron, aS Roo. 


The asymptotic behavior of (8) for large R is now 
simple to establish. Since krj,(kr) and ¢;(k,r) both are 


‘Except in the case of accidental degeneracy, which would 
depend on the potential and on R. We may safely disregard this 
possibility. 

5 Although we are not going to use perturbation theory, we 
shall conveniently employ its language. 

® See R. Jost, Helv. Phys. Acta 30, 256 (1947) ; also N. Levinson, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 25, No. 9 
(1949). 


IN A LARGE ENCLOSURE 
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asymptotic to sine waves, the right-hand side goes to 
infinity as R. Regardless of the detailed approach of 
kp, to Ron, we need only avail ourselves of the bounded- 
ness’ of both krj,(kr) and ¢;(k,r) as a function of r and 
k on the real line to see that 


| (WonWn) | g AR, 


where A is a constant depending on fon, /, and the 
potential. 

The right-hand side of (4) is bounded and, if Yon 
and y, are not normalized, it will usually not tend to 
zero as R tends to infinity. The quantity 


lim (onsVVs) =ckon dr rj1(Ront) gi(Ron,r) V(r) 
0 


is finite and generally different from zero. It follows 
that in general 
(10) 


or AE~R™. The numerical value of the limit in (10) 
will be obtained in Sec. IV. 

The sequence (9) of box sizes is, of course, not the 
only one possible. Its peculiarity is that there is always 
a level of the same angular momentum / at k= Ron. 
One could, alternatively, take a sequence R,’ so that 
the next level, regardless of the angular momentum, 
always comes to lie on ko, and no levels are left out. 
Since, however, R;’ is a subsequence of R,’, either 
lim(R;AZ)=lim(R,AE), or else that limit does not 
exist at all. 

One could, nevertheless, choose a different subse- 
quence of R,’, in which > and lim(RAE)=0. There 
exists in this manner, indeed, a wide variety of choices 
with correspondingly different rates of decrease of AE. 
None of these seem to us to be of any particular 
physical interest. 

The same result as (10) is obtained in the first 
approximation for a weak potential. Then (4) becomes 


AE (Yon,Won) = (Won, Von). (4a) 


If Yon is normalized to unity, then this is, of course, 
simply the first term in the perturbation expansion 


VnrVien 
AE(Eon) = Vant »¥ ——+ re ie 


kn Eon— Eo 


lim AE(Eo,)R+0, 
Ro 


(4b) 


The approach from (4) serves as a reminder that Yon, 
that is, the states between which the matrix elements 
Vne are taken, must satisfy the boundary condition. 
In the case of a spherical boundary, they must therefore 
be of the form (5) and hence carry a normalization 
factor which vanishes as R~ for large R. 

It is instructive to consider also the situation in 
which the boundary has the form of a cube rather than 
a sphere. The unperturbed wave functions are then 


7 See N. Levinson reference 6; also, R.G. Newton and R. Jost, 
Nuovo cimento 1, 590 (1955). 
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plane waves, whose normalization factors are, of course, 
v4, There is, however, a degeneracy; and it is a well- 
known result of degenerate perturbation theory that 
(4a), or (4b), is applicable only if Yo, are the “proper 
linear combinations” for which V has no off-diagonal 
matrix elements coupling state of equal energy. Simple 
plane waves are not such proper linear combinations. 

If the plane-wave solutions that satisfy the boundary 
condition are 


exp(ik,®-r), a=1, +++, NV, kx@2=2mE,/??, 


where N is the degeneracy, then the proper unperturbed 
wave functions for the perturbation theory are of the 
form 


N 
Yon (t)= ¥ aa exp(iky®-n), 
a=l 


so that 
J Ceerven QV Mos(0)=0, in6j. 
Now, the normalization integral 
: (dr)Pon* (r) Yon (1) 
=Zlos9]* f 


cube 


(dr)+ i Ag %ag(".O* 
axXBp 


4 (dr) expli(k,“® —k,)-r]. 


cube 


(11) 


The integral in the first term on the right-hand side is 
v, while that in the second increases as v for large ». 
We must examine how large the degeneracy N is. 

Since the number of states per unit length in k space 
increases as L, if L is the side length of the cube, the 
number of states per unit area, in some appropriate 
sense, goes up as L?. Hence as L increases, the maximum 
number of states on a spherical surface in k space will 
increase as L*. That is to say, there will certainly exist 
an unbounded monotonic sequence L; and a constant ¢ 
so that, whenever L=L;, N>cL?. That is the kind of 
sequence we shall choose.* It is proved in the first 
appendix that this corresponds to a choice similar to 
that of keeping / constant in the spherical case. 

It must be recognized, however, that other choices 
are possible. In particular, it may be possible to pick 
such a sequence L; that there never is any degeneracy 
at all when L= L;. In that case, of course, nondegenerate 
perturbation theory is applicable and AE~v™. Conse- 
quently we note that, by itself, the question of how 
rapidly AE tends to zero for a large enclosure is ill 

®It is also relevant to count the number of states in a fixed 
spherical shell whose thickness decreases as L~, rather than the 
exact degeneracy. That takes into account also those states which 
approach the given level more rapidly than Z~™ and therefore 


cross the perturbed level. The number of these states too increases 
as L?, 
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defined; it becomes well defined only by choice of a 
limiting process. In the event the box is a cube, the 
preferred choice is not obvious, as it is in the spherical 
case. 

Since with our choice of limiting process the degener- 
acy N increases as v! for large v, the number of terms 
in the first sum on the right-hand side of (11) increases 
as v! and that in the second, as v“/*, In general, almost 
all of the numbers a,.‘":* will be different from zero 
(see Appendix A) and since we mean them to be 
entirely unnormalized, dependent only on the direction 
k,@, they will not tend to zero as >>. The total 
increase of both terms on the right-hand side of (11) is 
therefore as v°/*. (Hence, if Yon“ is to be normalized, 
the normalization factor vanishes as v~*/® for large 2; 
v-? of that dependence is more naturally associated 
directly with the a,‘". There remains then, as in the 
spherical case, an “outside” factor of v~!/®.) 

The right-hand side of (4a), on the other hand, is 


f (dt Von'*(0) V (ron (2): 
=> | aq"? |? (dr) Vir)+ > dg’ Dag" * 
a ax~B 


cube 


x (dr) V(r) expli(k,“® —k,,) -r]. 
cube 
Here the first term increases as v!, the second as 1/8, 
It follows that AE vanishes for large volumes as 
y‘/8-5/8— y-4, as for a spherical box.® 


Ill. EFFECT OF AE~v?+ ON A BOUNDARY 
CONDITION 


In the past it has been a common misapprehension 
that generally AE~v~", a result obtained very simply 
from (4a) by inserting for Yon a plane wave. The latest 
victims of this error were the authors (among them 
one of the present authors, R.G.N.) of a recent note? 
which purported to demonstrate the limiting process 
from the bound-state situation to that of scattering. 

In reference 2 the integral equation satisfied by an 
operator R, was considered such that 


Vyn= Ry (E,,) on. (12) 


It was then shown that as R- according to a process 
such as (9), the integral equation satisfied by Rp(Eon) 
goes over into that for the K matrix, containing the 
Cauchy principal value of the integral. For the energy 
shift, however, one requires R,(E,) : 


AE= (Won,Rs(En)Won), (13) 


®In the case of a parallelepiped boundary, there may be much 
less degeneracy. As in the case of the cube, however, levels 
coalesce in groups more rapidly than v~, while the spacing between 
different groups decreases as v~!. Ordinary perturbation theory is 
therefore again inapplicable because many levels, whose number 
increases as v!, cross the perturbed one. One handles that situation 
most easily by considering each such group as one degenerate 
level, in which case the reasoning is the same as in the case of 
the cube. 
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with appropriate normalization. Now since both 
En—Eon and Ep nyi—Eo n-1 tend to zero as R™, the 
shifted level E, will not, in the limit, be symmetric 
between Ep »-1 and Eo ny, aS is Eon. Hence it follows 
by the same argument which leads to K in the case of 
R.(Eon), that the limiting integral equation for R,(En) 
contains a boundary condition different from that 
expressed by the principal value. 

The precise nature of the correct boundary condition 
for R,(EZ,) depends both on the potential and on the 
energy, because the asymmetry of EZ, between Eo n-1 
and Eo n41 does. Since, as we shall see below, the latter 
is a function of the phase shift, knowledge of the 
boundary condition presupposes knowledge of the 
solution.’ A rather complicated self-consistency re- 
quirement is thereby introduced. 


IV. CONNECTION WITH THE PHASE SHIFT 


The next question is that of the actual value of 
lim(RAE) as R-o. We obtain this quantity as 
follows": Let the energy level’ E,=(h?/2m)k,? be 
associated with the angular momentum /. Then the 
unnormalized wave functions are of the form (7), where 


gi(kyr) & fi(k,r)— (—1)' exp 276:(k) ]fi(—k,r). (14) 


Here /;(&,r) is a solution of the /th angular momentum 
radial Schrédinger equation that satisfies the boundary 


condition® 
lim exp[i(kr—43al) | fi(k,r) =1. (15) 


The function exp(2i6;) is the /th eigenvalue of the 
S matrix, 6; being the phase shift due to the potential V. 
The number &,, is obtained by solving the equation 


Yl (RnR) = 0 


(—1)'filkn,R)/fi(— RnR) =expl2i51(Rn) ]. (16) 
The corresponding equation in the absence of a 
potential is 


(—1)!for(Ron,R)/ for(— Ron, R) = 1. (17) 


In order to associate the level k, with a specific unper- 
turbed level kon, we divide (16) by (17) and then let R 
increase to infinity via (9). We obtain, by the boundary 
condition (15), 


lim exp[ —2i(kn—on)R]=exp[215:(kon) |, (18) 


and hence 


lim (Rn— Ron) R= —6:(Ron); (19) 


1 For the correct boundary condition, see B. S. DeWitt, 
Phys. Rev. 103, 1565 (1956), following paper. See also, K. M. 
Watson and W. B. Riesenfeld (to be published). 

1 An argument similar to the one used here appears in the 
work of E. Beth and G. E. Uhlenbeck, Physica 3 727 (1936) ; 
4, 915 (1937); L. Gropper, Phys. Rev. 50, 963 (1936) ; see also D. 
ter Haar, Elements of Statistical Mechanics (Rinehart Publishing 
Company, New York, 1954), p. 196. The use made of it there, 
however, and its purpose were somewhat different. 
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or 
lim AE(E)R=— (2E/k)6,(E). (20) 

The above procedure can readily be generalized to 
the case in which the potential includes that of a tensor 
and spin-orbit force. In that event we consider (2X 2)- 
matrix radial wave functions of the kind used by 
Newton.” 

The unnormalized radial bound-state wave function 
is of the form M4,(k,,r), where M is a matrix and 


®)(ky,7) = Fi(Ra,r) —_ (- 1)'Si(Rn) Fi(—kRn,r), (21) 


if the bound state is one of a mixture of angular mo- 
menta / and /+2. Here F,(k,r) is a (2X2)-matrix 
solution of the coupled radial Schrédinger equations 
for angular momenta / and /+2 which satisfies the 
boundary condition 


1 0 
lim expli(kr—43al) ]Fi(k,r) = (, ): (22) 


Si(k) in (21) is the S matrix for angular momenta / 
and /+ 2. It can be written 


Si(k) =W-1(k)s(k)W (R), (23) 


where 


exp[2i5.(k) ] 0 
= 24 
ih) ( 0 cen | “9 


and 


w(t) mye (25) 


—sine(k) 
sine(k) ) 


cose(k) 
The values k, are obtained by setting 
det®;(k,,R)=0. 


This equation determines not only k, but also a 
Hermitian projection P(k,) such that 


P (Rp) ®1(Rn,R) =0. 
This projection is a measure of the mixture of angular 
momenta in the bound state with binding energy 
E,= (h?/2m)k,2. 
In the absence of a potential, we have 


Si(k)=1 


(26) 


(27) 


and 
P (Ron) Por(Ron,R) - 0, 


T2¢ 
Pkus)= Pox ( ), 
0 0 


P(ko)=1—Pre( '). 


In the first instance, the ‘“‘unperturbed”’ bound state is 
one of angular momentum /, in the second, of /+2. It 


where either 


122 R. G. Newton, Phys. Rev. 100, 412 (1955). 
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must then be possible to write 
P(kn) =U (Rn) P(Ron)U (hn), (29) 


where U is unitary and det/=+1. This expresses 
merely the requirement that the bound state at k, be 
continuously connected with the unperturbed state at 
kon. If that were not so, the energy shift AE would not 
be a well defined quantity. 

We now multiply (27) by U(k,) on the left, by 
F;"(—k,,R)W—(k,) on the right, and use (21), (23), 
and (28). The result is 


P (Ron) Fi(— Ron,R) Fi (Ron, R) 
XU (Rn) Fi(Rn,R)F i (— kn, R)W (Ra) 
=P(kon)U(kn)W(Rn)S(Rn). (30) 


At this point, R is allowed to increase to infinity via 
(9). Because of (22), we obtain. 


P (kon) U (Ron) Ww (Ron) lim exp — 21 (ka— kon) R] 
= P (Ron) U (Ron) Ww- (Ron) S (Ron). 
It follows from this that 


lim U (ks) =W (kos), (31) 


and 

4 —5a(Ron), if P (kon) = Po, 

lim (k,—kon)R= (32) 
— —&g(Ron), if P(Ron) =1—Po. 


We therefore again obtain an equation of the form 
(19), with the first eigen phase shift appearing if the 
level was shifted from one of angular momentum J, 
and with the second eigen phase shift if it was shifted 
from one of angular momentum /+2. (These two 
alternatives have, of course, nothing to do with the 
question of which of the two angular momenta pre- 
dominates, in any sense, in the bound state.) 


V. DISCUSSION AND APPLICATION 


The question arises, under what conditions it is a 
good approximation to replace AE by —2Ek~5,(E)R", 
or equivalently, the bound-state equation containing a 
sum over discrete states, by an integral equation with 
the appropriate boundary condition. Since (19) was 
obtained by replacing, at the boundary, the spherical 
Bessel functions by their asymptotic values, the 
criterion of validity is that 


kR>I=RRj. (33) 


Classically speaking, this means that we are excluding 
a situation in which the particle spends all of its time 
in a shell extending from R to an inner radius R, 
comparable with R. Only those particles will fail to 
“see” the boundary which spend a much larger amount 
of time near the center than in any equal volume 
relatively close to the periphery.” 

%8 This last formulation must be taken with a grain of salt, 
because it alone might lead one to suppose that only a relatively 


thin shell is excluded, (R—R,)/R<1. But that is a much weaker 
restriction than (33). 


N. FUKUDA AND R. G. NEWTON 


In many problems of physical interest, the situation 
is not that of a single particle with a fixed central 
potential, but that of two particles with an interaction. 
Now, since neglect of the boundary restricts us to 
particles “near the center’’ (in the above sense) anyway, 
for these particles the problem of “interaction plus 
walls” should be approximately replaceable by that of 
“fixed potential plus wall.” In other words, if both 
particles tend to be near the center of a well, then the 
two individual wells they see are not very different and 
hence are approximately replaceable by one well for 
the center-of-mass coordinates and one well for the 
relative coordinates. In that case the results of this 
paper are applicable. 

We now wish to apply our results to a problem of 
many particles with short-range interactions. The first 
simplification to be introduced is the replacement of 
the complicated potential that an individual particle 
sees, by an average constant one, depending on its 
energy. To the extent to which we neglect interactions 
involving more than two bodies, we can take for this 
potential the sum of the energy shifts experienced by 
the particle due to its interaction with all other particles, 
one at a time 

V(k)=> AE. (34) 


The calculation of V(k) by (34) is now a matter of 
solving a number of two-body problems. One must, 
then, take two particles at a time and calculate the 
energy shift caused by the interaction between them. 
The sum of these energy shifts is 


V(ki) =X AE, (R)N (R,L| ki), 


where N(kl|k:) is the average number of particles with 
relative momentum & and relative angular momentum 
1 when “colliding” with particle No. 1, which has 
momentum k;. When the enclosure is large, we use (20) : 


V(k,)=— f OBIT HH) (RII). (35) 


If the number of particles is proportional to the volume, 
then the number N(k,/|%:) must increase linearly with 


R in order for 
DX N(k,L| ki) 
l=0 


to increase as R*, since N increases linearly with /. 
Consequently, V(k:) becomes independent of R. 

We may apply (35) to the case of a nucleus, and 
compare the result with Brueckner’s. It is shown in 
the second appendix that if we neglect surface effects, 
then 

N (k,l | k1) =4aR (21+-1) g(k,k:), 


g(k, ki) a 1+u(k,k:), 


(36) 
(37) 


where 


u(k,ki) =lesser of : : 


ar 
4kk, 


(38) 





ENERGY LEVEL SHIFTS IN A LARGE ENCLOSURE 


The function g(k,k;) is the (unnormalized) probability 
for encountering the relative momentum k if the 
momentum of particle No. 1 is A. It is the same as the 
function P(k’,k) used by Brueckner." Use of (36) in 
(35) then leads to 


Bh? piertkr) 
Fite +o f frlb)elkyki)k*dk, (39) 
aM 0 


where!® 


filk) =k 2. (21+1)5:(2). (40) 


If spin and isotopic spin are taken into account, then 
fi(k) must be replaced by 


Ef(R)=3 (fest 3ftet3 fect Ofer), 


whereupon (39) becomes 


Dh? 4(kitkp) 
V (ki) = -— f S(R)g(k ki) R'dk. (41) 
aM 0 


Equation (41) is now in precisely the same form as 
Brueckner’s.!® The only difference is the occurrence of 
5,(R) in (40), compared to Brueckner’s use of tané,(k).!” 

The self-consistent approach used in the recent 
formulation of the ‘‘coherent model’’!® of the nucleus 
and described in terms of energy shifts in reference 2, 
is equally applicable to (39). In that case, 6; would be 
calculated in the presence of V (k). 

The use of (20) for a many-particle system has been 
subjected to a check in statistical mechanics, where it 
can be applied to the calculation of the second virial 
coefficient. The result agrees with that of Beth and 
Uhlenbeck." The use of Brueckner’s result does not 
lead to a similar agreement. 

As far as the applicability of (41) to nuclear physics 
is concerned, a word of caution is necessary. While we 
believe that the arguments of this paper tend to render 
Brueckner’s use of tand (and, equivalently, of the 
principal value in his integral equation), in a situation 
where both his and our approaches are applicable, 
extremely dubious, there is another effect which neither 
his nor our result fully take into account: the exclusion 

4K. A. Brueckner, Phys. Rev. 96, 508 (1954), Eq. (22). This 
equation, however, contains an error. The factor multiplying the 
square bracket should be (ko/kk’) instead of (&o/k). Brueckner’s 
k is our &;, and his k’ is our k&. Neglect of surface terms means 
setting 4o=0. Then Brueckner’s (22) reduces to our (37). 

18 The fact that in (39) we have used (20) even in the case of 
large relative angular momenta / is of no importance, because 
then 6; is small anyhow. In practice one will use only the first 
terms of (39). 

1° Reference 14, Eq. (21). The minus sign is there incorporated 
in f(&). There is a factor of k’” missing in the integrand of (21). 

17 Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954), Eq. (30). 

18 K. A. Brueckner, Phys. Rev. 97, 1353 (1955) ; K. A. Brueckner 
and C. A. Levinson, Phys. Rev. 97, 1344 (1955); R. J. Eden and 
C. N. Francis, Phys. Rev. 97, 1366 (1955); Brueckner, Eden, 
and Francis, Phys. Rev. 98, 1445 (1955) ; 99, 76 (1955) ; 100, 891 
(1955). 

19 We are indebted to Professor K. M, Watson, who carried out 
this check, 
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principle.”° In a high-density fermion system, the use of 
an ordinary “free” scattering phase shift is of course 
unjustified. On the other hand, if the exclusion principle 
is to be taken into account in some approximate manner 
by suitably modifying the phase shifts used, then 6 no 
longer has the significance of a phase shift and it 
becomes a matter merely of notation whether the 
quantities used are called tané or 6. The modifications 
due to the full use of the exclusion principle are at 
present unknown. 
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APPENDIX A 


We want to show here that the number of non- 
vanishing coefficients a,‘":" in the proper linear combi- 
nations of plane waves for perturbation theory increases 
as vi, 

We can write 


N 
Yon (8) = ¥ aa’ exp (ila -1) 
a=l 


= id Dim"? 71(Rar) Y,"(r). 
l,m 


As the volume increases to infinity, the functions 
ji(Rar) ¥i™(r) satisfy the boundary condition better and 
better. Since, moreover, Vim, 1m is diagonal, each Yon, 
if the limiting process is properly chosen, will for large 
v approach a multiple of a single 


4eju(ker) V(t) =i! f dO, exp(ik,-1)Y;(k), 


where Y; is some surface harmonic. 
For large v, by standard arguments, 


E> f aat(L/), 
and hence 


sa ag!" exp (ik, ‘ r)— 


(L/n)? f dOyk,2a°-9 (Ik,) exp (ilky-1) 


= f a¥(k,) exp(ik,-r). 


Comparison shows that for large » 
a_'""9) x Y,(k,) 


20 We gratefully acknowledge an interesting discussion on this 
point with Professor K. A. Brueckner. 
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for some |. The fixed number of zeros of the right hand 
side can make only a limited number of a,’s vanish. 
Hence the number of nonzero a,’s must still increase 
as L?. 

The argument presented shows the connection be- 
tween the large degeneracy and the limiting process 
with constant / used in a spherical box. A sequence of 
box sizes which keeps the growth of degeneracy to less 
than LZ? corresponds to one in the spherical case in 
which / is allowed to increase to infinity. 


APPENDIX B 


The probability that if particles number 1 and 2 
have momenta and angular momenta kj, /,, m, and 
ko, lo, me, the relative momentum and angular mo- 
mentum measured are k, |, m, is given by 


P(kim| kylymykoleme) 
a f (dk’) (dkey’) (dkts’) P(klm| k’) P(k’ | ky’k’) 


 P(ky’ | Rilym) P(ke" | Rolemz), (B.1) 


in a self-explanatory notation. 
The probability P(kim|k’) is readily obtained from 
the well-known expansion 


ee t= 49 Di! V™(k)*V1"(4) j:(kr). 


lm 


The normalized wave functions are 
Vu(r)=v-be™®*,  Yurm(r) = (RR) VY 1"() j(kr), 


for kR>, if we average the oscillating normalization 
integral of Yim over k. It follows that 
P(kim|k’) = 69(k’R)-*5(k—k’) | Yi"(k’) |?. (B.2) 


Apart from a normalization factor, P(k’|kim) is 
equal to P(kim|k’). From the requirement that 


f (dk’) P(k’| kim) =1, 
one obtains 


P(k’ | klm)=k'%5(k—’)|Yim(k’)|2..— (B.3) 
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We now want to calculate the number of particles 
which exhibit relative momentum & and relative 
angular momentum / when colliding with particle No. 1: 


I 
N (kl| Rylym 1) = Zz. N (klm | Rylym) 
m=—l| 


= faux P(klm| Rilymykelom) N (Rolome), (B.4) 


lgme 


in to which we substitute (B.1). But 


[as Oe P(k,’ | Rolom2)N (Relome) = N (ke’) 


leme 


v/(2x)*= R3/6r°, if ke! <kp, 
-| (B.S) 
0, if ko’ >kp, 


if surface terms are neglected. Use of (B.2), (B.3), and 
(B.5) in (B.4) leads to 


N (Rl| kylym) 


(dk,’) (dks’)ky*k* 


1’ —2k’| <kr 


=2n-*R(21+1) f 
|k 


X5(k—k’)5(ki— hy’) | Yir™(ky’)|*,  (B.6) 


since 


P(K’ | ky'ks’) =8(k’ —3k,'+3k,’). 


The integral in (B.6) is evaluated by rotating the k’ 
coordinate system so that its 2 axis coincides with hy’, 
over which we integrate later. The double integral is 
then seen to be zero for k>}3(ki+kr), and for 
k<d(kitkp), 


Qe 1 
fam YViy™(ky’) ef ae f d cos6=2r(1+n), 
0 —u 


where 
kr—k?—4k? 
u=lesser of E -———| 
4kk, 


Consequently, 
N (Rl Rilymy) = 44 R (2/+-1) (1+), (B.7) 
which is independent of J; and m, and equal to N (Ai|k,). 
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The stationary states of a system bound in a spherical box and additionally subjected to a perturbation of 
finite range are studied in the limit as the box radius becomes infinite. The transition from formal discrete- 
spectrum theory to formal scattering theory is carried out explicitly by two different methods. It is shown 
quite generally (i.e., even when the total Hamiltonian is not separable) that the level shift produced by the 
perturbation is proportional to the corresponding scattering phase shift. 





I. INTRODUCTION 


N attempt has recently been made by Reifman and 

Newton, in collaboration with the author,! to 
justify a procedure of Brueckner? which attempts to 
deal with nuclear many-body bound-state problems in 
the language of scattering theory, by imagining that 
the nuclear radius is sufficiently large so that the sta- 
tionary two-body states are quasi-continuous. In par- 
ticular, the attempt was made to justify Brueckner’s 
use of the principal-value Green’s function and the 
tangent of the phase shift in his self-consistent calcula- 
tion of nuclear binding energies. 

Two facts affecting this work have subsequently 
become apparent. First, it is unlikely that the nuclear 
problem can actually be attacked strictly from a 
scattering-theoretical point of view. The reason for 
this, which was not fully appreciated at the beginning, 
is as follows’: Owing to the Fermi statistics and the 
degenerate nature of the nuclear system, intermediate- 
state summations occurring in calculations of the level- 
shift contributions from individual two-body encounters 
must be extended only over regions well removed from 
the energy shell. This has the result that although the 
two-body level-shift operator for the nuclear system is 
then identical with a certain two-body “reactance” 
operator, as Brueckner and Levinson have shown,‘ the 
latter operator has nothing in common with the re- 
actance operator for free scattering. Only for systems of 
low density or at temperatures sufficiently high so that 
particle statistics may be ignored can the scattering- 
theoretical viewpoint be profitably retained. 

Secondly, the formal arguments of reference 1, which 
are now seen to be of interest only in the low-density 
case, are actually in error, as has been pointed out by 
Fukuda and Newton.* These authors show in special 


* Work supported by the Institute of Field Physics. 

1 Reifman, DeWitt, Newton, Phys. Rev. 101, 877 (1956). 

2K. A. Brueckner, Phys. Rev. 97, 1353 (1955); see also refer- 
ences cited in this work. 

3K. A. Brueckner (private communication). 

4K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 
(1955) ; Appendix B. 

5 N. Fukuda and R. G. Newton, Phys. Rev. 103, 1558 (1956), 
preceding paper. Although Brueckner was therefore wrong in 
using the tangent of the phase shift, this, because of the now 
recognized inapplicability of the scattering picture in his problem, 
does not mean that his calculations can be corrected simply by 
replacing the tangents by the phase shifts themselves. 


cases that the level shift produced on a quasi-continuous 
state by a perturbation of finite range becomes, in the 
limit as boundary walls recede to infinity, proportional 
simply to the corresponding phase shift, of to its 
tangent. 

It is curious that this result, which seems to have 
been known more or less privately for some time by 
various individuals, has not previously achieved the 
dignity of a special statement in the literature.f In the 
case of a spherically symmetric potential it can be very 
readily inferred simply by using a spherical boundary 
of radius R and then examining the asymptotic be- 
havior as R-> of stationary state wave functions of 
given angular momentum which vanish on the bound- 
ary. It is the purpose of the present paper to provide a 
correct formal proof in the general case. 


II. SUMMARY OF SCATTERING THEORY 


The S matrix has the well-known form® 


Sta= (90,5 ga) 
= $pa—2716(E,— Eq) Roa(Ea+i0), (1) 


where the ¢, are orthonormalized eigenvectors of the 
unperturbed Hamiltonian Ho (with spectrum E,) and 
the operator R(£) is given by 


R(£)=H,[1+Go(E)R(£) J=Wi1-Go(E) Ma}, 
G)(E) = (E—Hy)>, 


H, being the perturbation which produces the scatter- 
ing. The operator Go(£) is variously known as the un- 
perturbed “resolvent” or Green’s function. The re- 
solvent G(E) of the total Hamiltonian 


H=Hot+A, (4) 
may be expressed in the forms 
G(E) = (E— H)*=Go(E)+Go(E) R(E)Go(E) 
=G)(E)[1+ 4iG(E)]. 
With use of the formal identity 
Go(E+10) = 0 (E— Ho) 1 rib (E— Hp), 


(Sa) 
(Sb) 


Ereal, (6) 


t See however reference 7. 
6 See, for example, B. A. Lippmann and J. Schwinger, Phys. 
Rev. 79, 469 (1950). 
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where the symbol @ denotes the “principal value” when 
appearing in a summation (integration), Eq. (2) may 
be split up in the form 
[1—H,0(E—H»)*]R(E+10) 
= H,[1—7id(E—Hy)R(E+10)]. (7) 

Removal of the factor on the left and multiplication by 
a delta function in energy gives the Heitler integral 
equation 
245(E,— Ex) Rsa(Eat+10) 

= Kta—i > Kd (E.— E,)Rea (E.+10), (8) 
where 


Ksa= 2265(E,— Ez) 
X(¢s, Wi[1— 0(E.—Ao)“"Ai}'¢a). (9) 


K is the reactance operator. Its relation to the scatter- 
ing operator S follows from Eqs. (1) and (8): 


1—3iK 
1+3iK 
K=-—2 tané, 


=i, (10) 


(11) 


where 6 is the “phase shift” operator. The unitarity of 
S follows from the obvious Hermitian character of K. 

A unitary matrix can (in principle) be diagonalized 
by a unitary transformation. The S$ matrix is already 
diagonal in energy. Therefore it will be convenient to 
make the transformation of basis 


ga gen, Hogan =E' gen, (12) 


where \’ denotes the remaining labels necessary to 
complete the diagonalization process 


(gern,S pen) = expl 2i5y (E’) ber wbx. 


Attention should be called to the fact that the nor- 
malization condition, 


(13) 


(14) 


(gen, gen) =SEr RB dyy’, 


on the eigenvectors of Ho actually requires us to place 
the system in a box which is finite, however large. This 
means we are already, in effect, working with a quasi- 
continuous spectrum. In the case of spherical symmetry, 
in which )’ represents the ordinary angular momentum 
quantum numbers /, m, the appropriate box shape is 
obviously spherical. It is almost as obvious (see Ap- 
pendix) that this is also the appropriate shape. in the 
general case (e.g., tensor forces or nonspherical po- 
tentials), at least when the box is sufficiently large and 
the perturbation H, has finite range. If we denote the 
radius of the box by R then the level separation in the 
quasi-continuous spectrum near £’ is given by 


dE’ = rhv'/R, 


where v’ is the scattering velocity corresponding to 
energy £’. 


(15) 
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Use of the normalization condition (14) implies that 
matrix elements like (ggy,Hige) are of order 
(dE’dE’)'. Intermediate-state summations in _per- 
turbation formulas therefore have the general form 
de f(E’)dE’ and become ordinary integrations in the 
limit R-> «©, dE’—0. When dealing with discrete sum- 
mations involving the delta function, one may employ 
the formal identity 


5(E" —E’)dE’ =5 gre. (16) 


Ill. THE SEPARABLE CASE AND THE 
FREDHOLM DETERMINANT’ 


In the most familiar cases (e.g., spherical symmetry), 
the perturbation H, is itself diagonal in the labels }’. 
The total Hamiltonian is then said to be separable, for 
it can be written in the form 


H=>)'(Ho+Hw), (17) 


(18) 
(19) 


and all work can be carried out within a single subspace 
corresponding to a fixed value of \’. We shall drop the 
prime on the J to indicate that the equations to follow 
are independent of the choice of subspace. The notation 
will otherwise be obvious. 

We introduce the Fredholm determinant 


D,(E) =det)[1—Go (EAE) An | 
= det,[1—Hi,Go,(E) J. (20) 


The question of how to define such a determinant in 
the presence of a continuous spectrum is usually an- 
swered by generalizing from the case of finite matrices 
via the identity | A|=exp(tr logA), and expanding the 
logarithm, thereby reducing the problem to one of 
evaluating traces and checking certain convergence 
conditions on the operator Go,(Z)H1,. However, since 
we are here working with a quasi-continuous spectrum, 
we may (ignoring convergence questions) write formally 


D,(E) = det[ (E— Ho) (E— Ay) J 
=|[z (E-—E’)"(E-E'—AE)), (21) 


where AE’, is the shift in the unperturbed level E’ due 
to the perturbation H). 

Two facts about the level shifts will be important for 
future reference. First, AE’;—0 as dE’—0, except in 
the case of the érue bound states, which are in effect 
peeled off the bottom of the set of (quasi) continuum 
states and whose level shifts remain finite in the limit. 
Secondly, the unperturbed level separation dE’, when 
sufficiently small, is also effectively the level separation 


where 
Ao = Le gen )E' (gr, 


Hyw=Deve gen) (gen, Higen) (gem, 


7 The method of this section is based on material contained in 
a paper by J. Schwinger [Phys. Rev. 94, 1362 (1954)] which 
treats the special case of a Dirac electron in an impressed time- 
independent electromagnetic field. The line of reasoning, how- 
ever, been somewhat altered so as to avoid explicit use of 
the coordinate representation. 





TRANSITION FROM DISCRETE TO CONTINUOUS SPECTRA 


in the perturbed spectrum (the true bound levels again 
excluded). Thus, if the zero point of energy be taken 


(as usual) at the bottom of the quasi-continuum, the 


spectral distribution along any small portion of the 
positive real axis in the complex E plane has an in- 
variant form similar to that pictured in Fig. 1. The 
circles in the figure indicate the unperturbed spectrum 
and the crosses the perturbed spectrum. The pictured 
level shift AE’, corresponds to a situation in which the 
perturbed level in each case has shifted down past three 
unperturbed levels. 

The level shifts may be related to the phase shifts 
by means of the identity 


D,(E+10)*/D,(E+-10) = exp[2i6, (£) ], (22) 
the proof of which is fairly straightforward. One writes 


D,(E+10)*/D)(E+10) 

=det,{[1—Go, (E—10) Ay JT1—Go. (E+00) An} 

= det, {1+[Go,(E+70) —Go,(E—10) ] 

X Ayl1—Go(E+10) An} 

= |8g--g— 206 (E—E”) Rye e (E+10)|, (23) 
where use has been made of (2) and (6). The final 
determinant has nonvanishing elements only along the 
principal diagonal and along the row E’”’= E. Compari- 
son of Eqs. (1), (13) and (23) therefore leads immedi- 
ately to (22), with 6,(Z)=nx for E<0.8 

From Eq. (22) it follows that 


Im logD,(£+10) = —6,(£), 
Next observe from Eq. (21) that 
lim D,(£)=lim D,(£)=1, 
Hi-0 


E-—0 


E real, 


E real. (24) 


(25) 
and hence 


lim 6,(£)=lim 6,(£)=0. (26) 
Eo Hi-0 

Now if we let E increase from — © along the negative 
real axis, the phase shift 6,(#) remains zero until we 
reach the first true bound level (if any), which is a 
zero of D,(£). At this point, the instruction “E+i0” 
tells us that we must pass around the zero in the clock- 








i 


Fic. 1. Spectral distribution along a small portion of the 
positive real axis. Circles indicate the unperturbed spectrum and 
crosses the perturbed spectrum. 

8 Equation (22) is originally due to R. Jost and A. Pais, Phys- 
Rev. $2. 840 (1951). [See especially Eqs. (32) and (43) of their 
paper.] In drawing inferences from this formula, however, one 
should be cautioned that Jost and Pais work in the complex 
k-plane, k being the wave number and related quadratically to E, 
whereas Eq. (22) here has meaning only for real £. It is especially 
important to remember this when £ is negative. 
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wise sense in the upper half-plane thereby adding —7 
to the phase of D,(£), or r to 6,(£). Continuing in this 
manner we add z to 6,(£) each time we pass a bound 
level until we reach the origin, where we have® 


5,(0)= Nyx, (27) 


N, being the number of true bound states with quantum 
numbers A. 

As we pass onto the positive real axis, the situation 
changes completely. At first sight one might be led to 
think that the phase shift undergoes rapid oscillations, 
increasing by m each time we pass one of the zeros 
E’+AE’,, and decreasing by m each time we pass a 
pole EZ’. However, we must remember that the instruc- 
tion ““E+10”’ is to be taken in the sense “lim,49(#+7e)” 
where ¢ is a small positive quantity. In order that the 
use of ¢ give the correct causal description of the scatter- 
ing process (i.e., be able to make the distinction be- 
tween retarded and advanced waves), the limit e—0 
must be accompanied by (or preceded by) a swelling of 
the spherical box of such a nature that 


dE’/—0, (28) 


so that summations over intermediate states [e.g., 
in the expansion of R,(E)] become, in the limit of 
infinite box, integrations over contours which pass 
definitely to one side or the other of poles introduced 
by the Green’s function Go,(Z). Correspondingly, in 
the determination of 6,(£) the function D,(£) must be 
viewed from a point far enough above the real axis so 
that the rapid oscillations in phase will be smoothed 
out to some average value. 

It is shown in the Appendix that the smoothed-out 
value is just equal to the average value along the real 
axis. Suppose AE’,= — (n+-x)dE’, where n is an integer 
and 0Sx<1. Then referring to Fig. 1, one sees that 
Im logD,(£) is equal to —nm between points 1 and 2 
and to — (+1) between points 2 and 3. The average 


value is evidently 
(Im logD) (E’)) w= — (1—«)n3—x(n+1)4 
=1(AE’,/dE’), (29) 


and hence 


1 
AF’, = —-8,(E’)dE’. 


Tv 


(30) 


This, for the separable case, is the result announced in 
the introduction. It is worth pointing out that its 
derivation depends only on the assumption, pictured 


9 Strictly speaking we should write 6,(—0) =z to distinguish 
this value from the limit 6,(+-0) as EZ approaches the origin along 
the positive real axis. 5,(£) will be continuous at the origin only 
if limg’440R,z’g’ (E’+i0)=0, and the latter condition can be 
verified only by a quite separate investigation. This condition is 
known to be valid in the three-dimensional spherical case [except 
when the lower-most continuum state is “just barely” bound, in 
which case 5,(+0)=(N)+4)x [see R. Jost, Helv. Phys. Acta 
20, 256 (1947)], although it does not generally hold in two- or 
one-dimensional problems. 
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in Fig. 1, of fine-grained spectral invariance. Conversely, 
one may argue from the known smooth behavior of 
phase shifts to the validity of the spectral invariance 
assumption. 


IV. THE GENERAL CASE 


For the general case we shall use an alternative 
method of procedure based directly on ordinary discrete- 
spectrum perturbation theory We introduce the pro- 
jection operators 


Pe =D ern) ern. 
Then, making use of Eq. (5b), we write 
Px G(E)P x 
= (E-E")"[Prdégee +P eHiPrG(E)Pe 
+PeH,(i—Per)G(E)P x | 
= (E-E”")7(Pgbgeg +P ed (E)P2G(E)Px:], (32) 


(31) 


where 


Pg3(E)Pe 
= Pg HyPe+PgHi(1—Pe)Go(E)E(E)P x 


= Py Hil - (1 “> Px )Go(E)Hi}"Pe:. 
Setting E’=E’ in Eq. (32), we get 


(33a) 
(33b) 


Pr 


PeG(E)Pr= ’ 
E-E'—Pp3(E)Pe 





which will lead us to a familiar expression for the level 
shifts. 

First, however, one must observe that Eqs. (1) and 
(13) imply 


lim (¢gen,R(E) gen) =0 for NAN, 
EE’ +40 


(35) 


and hence [see Eq. (5a) ] 


lim (g2,G(E£) ¢e’n)=0 for NAN. 
E-E' +40 


(36) 


In virtue of the essential continuity of orthogonality 
properties when the spherical box is sufficiently large, 
Eq. (36) may equally well be written in the form 


lim (¢ge,G(E) gen) =0 for "SN, (37) 


E-E'+AE’)’ 
valid for dE’ finite though small. This, combined with 
Eq. (34) and the observation that the perturbed spec- 
trum is given by the poles of G(Z), then yields 


(gen, 2(E+AEy) pew )=AE vin, — (38) 


which is the basic formula of discrete spectrum theory. 

In order to connect this formula with scattering 
theory it is necessary to determine what form the 
operator (1—Px)Go(E’+AE’,,) takes in the limit 
dE’—0. Now this operator leads to intermediate-state 


DEWITT 
summations of the form 
S(E"NdE” 
deg) EER PRR 
E’#E’ E’+AE’,,—E” 


S(E" dE” 
PR ee 
E'+AE',.—E” 


FE! 
La f(E Wn"). 


7 
x 


(39) 


If dE’ (and hence also the AE’,,) is sufficiently small, 
an €->dE’, AE’, may be found such that f(EZ”,\’”’) and 
dE” are essentially constant in the range E’—e< E” 
<E’+e. The first sum on the right of Eq. (39) is then 
conveniently separated into two parts, one including 
only those terms for which | E’— E’| <e, and the other 
the remaining terms. (Here we again envisage an 
eventual limiting procedure «—0,dE’—0 such that 
dE’/e—0.) The latter part contributes an amount 
which is essentially the same as that given by a prin- 
cipal value integration, namely 


tala 


Le as (40) 
Pe nid 


rn 


while the former part contributes an amount which 
reflects the asymmetry of position of the level E’+ AE’: 
with respect to the unperturbed levels, and which may 
be computed with the help of the appendix, Eq. (A.7), 
namely 


E dE’ 
p> 


LieoM 2. 
Mz n= AE’ —ndE’ 





La f(E nr"). (41) 


~ tan(wAE'y/dE’) 
One may therefore infer 
(1 — Px)Go(E’+AE’y) — 
E'—Ho 
7 dE’ 
+| 
tan(rAE’,,/dE’) AE'y 





I (E’—Ho). (42) 


Brueckner’s assumption?‘ that (1— Pg-)Go(E’+ AE’) 

@(E’— Ho) is therefore seen to be incorrect for low- 

density problems in which the scattering picture is valid. 
Using Eqs. (33a) and (42), we may write 


1 
( 1—H,0- )2e+484)Pe 
E'-H. 


0 





dE’ 
tan (wAE’)-/dE’) AE’) 


X6(E’— Ho)E(E'+AE’y’) Pr, (43) 
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where 


295 (E" — E’) (gery, 2(E’+AE'y) ge) 





dE’ 
tan(rAE’)./dE’) | 
XD geen (gern, K gery) 6 (LE — E’) 
X (gern, 2 (E+ AE) ge’). 


= (ernKenn)+| 


(44) 


Taking the diagonal element of this equation, and 
using Eqs. (11), (16), and (38), we get 
AE’) 


2n——= —2 tandy.(E’) 
dE! 


T dE’ yAE’v 
x{14| : 
tan(rAE’,,/dE’) AE'yJ dE’ 
AE'». tand,/(E’) 
T > 
dE’ tan(rAE’,-/dE’) 





= (45) 





which leads immediately to the completely general 
result 


(46) 


1 
AE'y = —-8y(E’)GE’. 
vs 


Appeal may also be made in the general case to the 
Fredholm determinant. Here, since the Hamiltonian is 
not necessarily separable, we must work with the total 
determinant” 


D(E)=det[1—Go(E) Ai] 
= T] (E-E)(E-E'-AE'y). (47) 


In actuality the total determinant is divergent (except 
in one-dimensional problems). We may, however, work 
with it purely formally." Proceeding as in Eq. (23), one 
obtains 


D(E+i0)*/D(E+i0) 
= | Se BOyy — 2ri5 (E— E”)Reo yen (E+10) | ° (48) 


Here the determinant is conveniently arranged in 
blocks according to the labels \’. The diagonal blocks 
have exactly the same form as the determinant of Eq. 


1 Since the labels \’ are determined in the general case solely 
by asymptotic requirements, they are not well defined for the 
true bound states unless appeal is made to an adiabatic switching 
procedure. The diagonalizing vectors gz,’ will vary continuously 
as the perturbation is switched off. Thus the labels )’ will have a 
physical significance which is a continuously varying function 
(constant in the separable case) of both energy and perturbation 
strength, and each true bound state may be assigned a unique set 
of labels \’ at the moment it passes over into the continuum. Such 
an assignment is implied in Eq. (47). 

1 Qne may instead work with the function D'(E)=D(E) 
Xexp[trGo(E)H1] from which the divergent asymptotic high- 
energy contributions to D(E) are removed. DB) is convergent 
in most cases of interest. 
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(23); i.e., they have nonvanishing elements along the 
principal diagonal and along the rows E”=E. The 
off-diagonal blocks, however, have nonvanishing ele- 
ments only along the rows E”= E except, owing to Eq. 
(35), that these rows have zeros in the columns E’= E. 
The off-diagonal blocks therefore contribute nothing tc 
the determinant, and we have 

nl [21d 6.(£)] 

—————=exp[2i > 5,-(E) J. 

D(E+i0) yo 


which leads, with Eq. (47), to” 


(49) 


1 
¥ AE =—- > by (E)dE’. (50) 
x’ 


Ww 
V. THE PERTURBED STATE VECTORS 


For the sake of completeness and of further demon- 
strating the internal consistency of the arguments 
presented here, we include a final section on the 
construction of the stationary perturbed-state vectors. 

In discrete-spectrum theory, the perturbed state 
vectors may be defined by” 


Zen Wen 


= lim 
EE! +AE’n’ 


(E— E’—AE’))G(E) ge». (51) 


Here one simply observes that the operator acting on 
ge» on the right is a projection operator on the 
eigenstate of H corresponding to the eigenvalue 
E’+AE’,.“ Zz is a normalization factor representing 
the probability of finding gz’), in Yz-y,. From Eq. (37), 
one infers that 


(gen Wen) = Zen tb. (52) 


Using Eq. (32), one may rewrite (51) in the forms 


ZeyWev= lim (E—E'—AE’y)Go(E) 


E-E’+AE’ 
X[1+2(E)P2G(E) lee 
= Zp yGo(E’+AE’y) 


XZ(E’+AE gern. (53) 
In passing to the second form, one observes that the 
limiting procedure in the first form picks out only the 
pole of G(Z) corresponding to yz) and that the residue 
at this pole is Zg-y. One finally uses Eqs. (33b) and 
12 Eqs. (47) and (50) together yield a canonical form for the 
Fredholm determinant : 
= 1 (1-22) exp! s (ae 
D(E)= 1 (1 Fes 2 [Rpité 


where the Ez are the levels of the true bound states. 

13 B. S. DeWitt, Phys. Rev. 100, 905 (1955). 

“4 The notation is slightly confusing. yz’,’ corresponds to the 
eigenvalue E’+AE’):, not E. 
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(38) to write 

ven 
=Zz [1+ (1—Pe)Go(E’+AE’y))2(E'+ AE’) Jorn: 
=Zey(1—(1—Pr)G(E+4E))Ail'gew. (54) 


In continuum theory, on the other hand, the per- 
turbed state vectors are defined by 


vevt= lim (E—-E’)G(E) ge (55a) 


E-E’+i0 
= [1 +Go(E’+10)R(E’+10) Jory: 
= [1 —G)(E’+ 10)Hi yee. 


(55b) 
(55c) 


When the perturbation H; has finite range, this defini- 
tion can be shown” to lead to normalized vectors 
Wen’*. The difference between Eqs. (51) and (55a) is 
significant. In Eq. (51) the variable E is allowed to 
approach the pole of G(Z) while dE’ is still finite, 
whereas in Eq. (55a), owing to the requirement 
dE’/e—0, the spectrum is first allowed to become 
continuous so that the approach is no longer to a pole 
but to a branch line along the positive real axis, from 
above or below. In the limit dE’—0, however, Wz’, and 
Yen* must differ only by phase factors. We now 
confirm this. 
First rewrite Eq. (42) in the form 


(1 = Px:)Go(E’+AE’y) -—> Go(E’+ i0) 





1 1 
-+ _ +i pce—H0, (56) 
tandy(E’) 8y-(E’) 


and then combine Eqs. (54) and (55c) to get 
ven*t=Zen—L1—G)( EF’ 00) i} 
X[1—(1—Pe)Go(E’+-AE'y) Ai Wen 





1 1 
=Zen-*| venta] 7 +] 
tand,(E’) 5y-(E’) 


XE erie dren (EE) one aten)| 
=Zen Wen 


(57) 





-.(E) 


1 
=" Fiend, 
tand,-(E’) 8,-(E’) 


in which use has been made of the relation 
5(E’— EE”) (¢e-.,H we) 
=Z9/6(E"— E’) (gen, 2 (E+ AE'y) ge) 
=Z py) (AE’y/dE’)b gr gb, 
= —Z py td (Eben dy. 
Equation (57) is readily solved, giving 
ven *=expl tidy (E’) Wer, 
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with 
Zey'=sindy: (E’)/6y- (E’) 1. (60) 


The result expressed by Eq. (59) is quite consistent 
with the definition of the S matrix, 


(gern, S gen) = (Warn Went). (61) 


In conclusion, the author is happy to acknowledge a 
stimulating correspondence with Professor R. G. 
Newton and Professor K. A. Brueckner. 


APPENDIX 


Comments On the Use of Box Shapes Other 
than Spherical 


It is helpful to realize that the physical process which a bound 
system undergoes is one of multiple scattering. The discrete sta- 
tionary states of the system are those in which the waves produced 
by repeated scatterings reinforce one another. 

The author’s attention has been called'® to the fact that the 
level shift operator 2(E) for plane waves is not identical with 
that for spherical waves, as may be easily shown by expanding 
one type of wave in terms of the other. This confusing point has 
its explanation in the fact that the appropriate boundary for a 
plane-wave eigenbasis is a rectangular box, and the bound state 
problem then corresponds to the problem of scattering by an 
infinite lattice formed by endless reflections of this box. 

In order to describe single scattering only, within the rectangular 
framework, the scattering process must be allowed to last no 
longer than L/v, where L is the length of the box and 2 is the 
scattering velocity. This means that the energy shell within which 
one works has a thickness of order #2/L. But the individual level 
shifts in the plane-wave case are of order 1/L*, and therefore the 
energy shell for single scattering is not sufficiently refined to sort 
out the various degeneracy-removals and permit a diagonalization 
of the S matrix for the whole lattice. 

Only the spherical box (with spherical waves) is suitable for 
establishing a connection between single scattering processes and 
discrete-spectrum theory, for only then are the individual level 
shifts of the same order as the energy shell thickness. This is 
because multiple scattering inside a sphere is redundant. Spherical 
waves yield essentially complete scattering information after 
their first transit from the spherical boundary to the scattering 
region and back again, and repeated reflections contribute nothing 
new. The spherical waves which diagonalize the S matrix can be 
determined from the results of the first “bounce.” 


The Smoothed-Out Value for 5, (£’) 
If AE’, = —(n+<x)dE’, where n is an integer and 0Sx<1, then, 
for arbitrary ¢, 
&(E)= lim {n+ ¥ [cot-!(m—p)dE'/e 
aB'/ 0 ma—= 


—cot(m+x—f)dE'/e]}, (A.1) 
the limit being actually independent of ¢ and hence smooth. To 
evaluate the limit, make use of the identity 


cotx—cot—y=tan“[(y—x)/(1+2y)], (A.2) 


and write 


&(E)= lim (or+ 2 tan" 
ak! moe 
X{ (xd E’/e)/(1+ (m—$) (m+-x—$) (dE’/6)*J}) 
=nrtxf _(1+))7dy=(n+2) 
=—7(AE’)/dE’). 


16K, A. Brueckner (private communication). 
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Evaluation of an Infinite Series 


Let 


I(x) =e"**/sinwa, (A.4) 


ie ae 
=f. of a)dz= 


and note that 


(A.5) 
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103, 


This means that 
faye & (cD 


n=—-0 a—-N 


e"™ for —1r<x<z, 
and also 


% + -yy@+(-9]-—"— 


a=-0 —-N tan (7a) 
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Nonlinear Spinor Field* 


R. FINKELSTEIN, C. FRONSDAL, AND P. Kaust 
University of California, Los Angeles, California 
(Received April 2, 1956) 


A classical spinor field is defined by a variational principle on a Lagrangian with quadratic Dirac and 
quartic Fermi terms. Localized (particle-like) solutions are found within a class of comparison functions 
which make the angular momentum stationary for a given charge. It is found that the existence of eigen- 
solutions depends in a radical way on the parameters of the Lagrangian, but that the observable properties 
of those solutions which do exist depend little on these parameters. 


INTRODUCTION 


EW knowledge of the elementary particles is 
currently recorded by simply adding new terms 
to the Lagrangian of the total field. Although there is 
no doubt that this procedure is only provisional, 
attempts to make inferences about the intrinsic struc- 
ture of the total field have, except for some efforts to 
guess new symmetries,’ been unrelated to experiment. 
Nevertheless these theories? have attracted wide in- 
terest, and in any case the problem remains. By con- 
sidering a very simple model, we shall attempt to 
present some results on one of the well-known questions 
which these theories raise, namely: can all the ele- 
mentary particles be represented as eigenstates of a 
single underlying field? 

The different fundamental theories appearing in the 
literature have in common the feature (a) that the 
equations of motion are nonlinear partial differential 
equations. They may be classified by (b) the group of 
the theory, e.g., the Lorentz group, or some wider 
group, like that of general relativity, or the generalized 
theory of gravitation.? They may be further classified 
by (c) their relation to quantum theory: most are 
quantized in the conventional Hamiltonian way. On 
the other hand, as is well known, Einstein expected 
that it would not be necessary to supplement the com- 
plete classical field equations with quantum postulates. 
The recent literature contains several papers in which 
similar and other unconventional views of the quantum 


* This work was supported in part by the National Science 
Foundation. 

t Now at RCA Laboratories, Princeton, New Jersey. 

1M. Gell-Mann and A. Pais in Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Physics (Interscience Pub- 
lishers, Inc., New York, 1955), p. 131. 

2 A. Einstein, Revs. Modern Phys. 20, 35 (1948). 


theory are discussed.~? The model to be discussed 
here will be characterized by (a) nonlinear equations 
of motion and (b) Lorentz rather than general co- 
variance. We do not discuss point (c); however, the 
following analysis will be entirely classical. 

Dirac has rather recently proposed a new classical 
theory of the electron.’ Schrédinger has shown how 
this theory may be described as a Klein-Gordon- 
Schrédinger field coupled to a Maxwell field in the 
usual way, although with a particular choice of gauge.® 
It had been pointed out earlier that there is a class of 
classical field theories which may be arrived at in this 
same way—by coupling different representations of the 
Lorentz group through Lorentz-invariant interactions— 
ie., simply by interpreting as classical and unitary 
precisely the total fields ordinarily considered only in 
terms of quantum field theory.” As a consequence of 
Schrédinger’s remark, Dirac’s new field may be related 
to this class. 

Another example belonging to this same class may 
be arrived at by coupling the Maxwell field to the 
spinor field; this procedure leads to the differential 
equations of quantum electrodynamics, except that 
now the amplitudes are regarded as unquantized. Then, 
by eliminating the photon field, one obtains!*-!? 


nOab-bapbe’ f de [D(@" yb (a’)] 


XDp(x’- x) (x) =0, 


3 L. De Broglie, Nuovo cimento 1, 37 (1955). 

4D. Bohm, Phys. Rev. 84, 166, 180 (1952). 

5 T. Takabayasi, Progr. Theoret. Phys. (Japan) 9, 187 (1953). 
6D. Bohm and J. P. Vigier, Phys. Rev. 96, 208 (1954). 

7F. A. Kaempffer, Can. J. Phys. 32, 259 (1954). 

8 P. A. M. Dirac, Proc. Roy. Soc. (London) A209, 291 (1951). 
° E. Schrédinger, Nature 169, 538 (1952). 

1 R. Finkelstein, Phys. Rev. 75, 1079 (1949). 

1§. P. Lloyd, Phys. Rev. 77, 757(A) (1950). 

2 F, A, Kaempffer, Phys. Rev. 99, 1614 (1955). 
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where Dr is the causal Green’s function of the Maxwell 
field. If the boson field has a finite mass, and different 
tensor character, Dp is replaced by Ar and +, by the 
appropriate matrix. 

Ignoring the derivation of this equation, one may 
regard it as the condition fixing a spinor field which is 
both nonlocal and nonlinear; the range of the non- 
localization is evidently the Compton wavelength of 
the associated boson, and vanishes in the limit of 
infinitely heavy mass. Whenever a spinor field and a 
boson field are coupled, it is possible to eliminate either 
the one or the other. If the spinor field is eliminated, 
the resulting equations of motion, which contain boson 
amplitudes only, may be characterized as having the 
“unitary field form.” On the other hand, if the boson 
fields are eliminated the resulting equations may be 
referred to as having the “action-at-a-distance” form, 
since only the matter variables, the spinor amplitudes, 
now appear.” It is now possible in principle to quantize 
either form, i.e., the quantization may be carried 
through after the elimination of either of the coupled 
fields. 


DIRAC-FERMI FIELD 


Passing now to the limit of infinitely heavy boson, 
one obtains a differential equation in which the non- 
linear term is a beta-type interaction 


WOW ++ elyyw hw =(), 


An equation of this type has already been studied from 
both the classical and quantum viewpoints.'*:!® In this 
paper we shall continue the investigation of the 
Lagrangian studied in A. This Lagrangian (which may 
be referred to as the Dirac-Fermi case) is known to 
have regular and quadratically integrable (particle- 
like) solutions. If the charge or spin of such a solution 
is assigned, the rest mass has a discrete spectrum; 
these masses are discrete for the same reason as the 
allowed masses of the hydrogen atom, although the 
eigenproblem is not of the Schrédinger type but is non- 
linear. 
Let the Lagrangian density be 


L=D+%7F, (1) 
where D is the “classical” Dirac part, 
D=—31¥ndw— dnd ]—ny, (1a) 


in which W has the dimensions of (charge?/volume) ; 
and F is the most general combination of Fermi-type 


%3The equations studied in this paper are nonlinear in the 
spinor amplitudes, and thus correspond, according to the distinc- 
tion just made, to an action-at-a-distance representation. We 
hope to clarify this point of view more fully elsewhere. However, 
in this paper we shall adhere to the more conventional interpreta- 
tion and language and shall regard these equations as describing 
nonlinear spinor fields. 

4 Finkelstein, LeLevier, and Ruderman, Phys. Rev. 83, 326 
(1951). This paper will be referred to here as A. 

18 W. Heisenberg, Z. Naturforsch. 9a, 292 (1954). 
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invariants: 


5 
F= z Ca (WI ,"y) (¥r,%y). 


o=l 


(1b) 


We denote these invariants by S, V, 7, A, P as in the 
theory of beta decay. Since the four spinors are identi- 
cal, the following identities hold: 


S—T+P=0, 
V—A=0, (2) 
S—A—P=0. 


[To prove these identities, we recall that these forms 
are solutions of the equation, 


F(a,b,c,d)= — F(a,d,c,b), 


where a, b, c, d may be any four spinors.!*] The result 
of combining (1b) and (2) is 


F=aS+0P, (3) 
a=csteytertca, (3a) 
b=cp—cy+cr—Ca. (3b) 


Since the most general form of F is simply a linear 
combination of scalar and pseudoscalar,” one is led to 
attempt a survey of the entire class of theories charac- 
terized by (1). Unfortunately this does not prove 
possible. The class of solutions which it has been 
possible to obtain is described in the next paragraph. 


SPECIAL SOLUTIONS 


One asks for solutions of the variational equation 
5LY,0,0)=0, (A) 


within a class (@) of comparison functions, y, with 
the following properties: (a) quadratic integrability, 
(b) harmonic time dependence, and (c) the angular 
dependence: 


FQ,* 
FQ,* 
y= 1GQ3* ’ 
1GQ4* 
Functions of this particular form lead to time inde- 
pendent densities. They also have the property of 
minimizing the angular momentum for an assigned 
value of the charge. The functions 2+ are eigenfunctions 
of the operator 


aV;4"4 
bY 4" 
CY 3444)" 
d V4" 


where (QQ+= 


k=6[—io(rXV)+1]. 


16 See, for example, R. Finkelstein and P. Kaus, Phys. Rev. 92, 
1316 (1953). a . 

J7Note that (Wy)? and 2,5(~o,)? (Rosenfeld-Mgller com- 
bination) are the same: a=1, b=0 for both. The remarks in A 
about Eq. (6) were based on an error in the reduction of (5b) 
and make no sense. However, it will appear that the equations 
actually investigated there, (16a) and (16b), are correct [see 
Eqs. (5a) and (Sb) ]. 
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Thus 
RQ+= + (j+9)0+. 


When a y belonging to @ is substituted in the 
Lagrangian density and the angular dependence is 
integrated out, the variational problem reduces to the 
determination of the best radial functions F(r) and 
G(r). The radial Lagrangian may be written as the 
sum of two parts 


D= f {GF'— FG! —2krFG—w(F?+G?) 
+py(G?—F*)}r°dr, 


F= f {aci(k) (G2—F*)?—4bco(k)G2F2}r°dr, (4) 


and the corresponding differential equations obtained 
by making independent variations of F and G are 


G'+ (k+1)r-'G+ (u+w)F 
+ 2yF[ ac: (G?— F?)+2bexG?]=0, 


F'+ (1—k)rF+ (u—w)G 
2yG[ac,(G?— F?) aed 2be2F? |= 0. 
Here 


Qn r 
al f f | V\x\-1'*'*| * sinddéd g, 
0 0 


(Sa) 


(Sb) 


Qn cd 
C2(k) -f f | Vjxj—1!*!-"| 4 cos*@ sinddéd g. 
0 0 


If one attempts to satisfy conditions (A) over an 
unrestricted class of functions, then one is led to a set 
of partial differential equations—say (P); but if the 
comparison functions are limited to @, then it is only 
necessary to deal with total differential equations. In 
general, functions with the special time and angle de- 
pendence of @ will not satisfy (P); however, in the 
case b=0, (cp+cr=cy+ca) functions belonging to @ 
do satisfy the partial differential equations rigorously. 
The constant @ appearing in (5) will now be set equal 
to unity, without loss of generality. 


EIGENSOLUTIONS WITH MINIMUM SPIN 


In Eq. (5) u, y, and 6 are constants which characterize 
the original Lagrangian, while k, which takes on the 
values +1, +2, ---, fixes the total angular momentum. 
In a given theory then, the Eqs. (5) depend on the 
discrete parameter & and the continuous one, w. Here 
only the solutions with minimum spin, for which 
|k|=1, are to be considered. For k=+1, Eqs. (5) 
become 


d 
“ls (1+8)g+ (g?+3A/*)g=0, 


x 


dg 2 
—+=g+ (1B) f— (P+ Bg) f=0, 
dx « 


where 


x=uyr, 
B= —w/p, 
J (*)= (y/2mu)F (7), 
g(x) = (y/2mu)'G(r). 


We now look for eigensolutions, defined to be those 
solutions of (6) which are finite at the origin and 
quadratically integrable. Let f(0) and g(0) be values 
of f and g at the origin. Any solution is completely 
specified by (/(0), g(0), 8); and an eigensolution, since 
it must be finite at the origin, is completely specified 
by (/(0), 0, 8). We recall from the discussion in (A) the 
following fact: given 8, only particular values of f(0) 
lead to eigensolutions; or given f(0), only particular 
values of 8 are allowed. There is thus a one-parameter 
family of eigensolutions, and this single parameter is 
fixed as soon as either the angular momentum or the 
charge integral is specified. 


MASS, CHARGE, AND SPIN 


The charge-current density is e(Py,) as usual, where 
e is a coupling constant. The eigenfield of a particle 
with charge e then satisfies the condition 


f *ydx=e/e=9@’, (7) 


where q’? has the dimensions of a square of a charge, 
and equals fc in the usual theory. Any field satisfying 
(7) carries the spin 


i aa 
sec —+-o, dx g/2 
tdg 2 


=h/2 if g=he. (8) 
A condition like (7) or (8) is needed to pass from a 
continuous to a discrete spectrum, and represents an 
essential difference between the present nonlinear situa- 
tion and the usual linear one, in which the spectrum is 
independent of the normalization. In the present ex- 
ample conditions (7) and (8) are equivalent; usually 
they are not, and in the case of neutral particles only 
the angular momentum normalization could be used. 

In general there may be several solutions corre- 
sponding to the same charge and spin; and when there 
are, these may be expected_to have different mass 
integrals: 


ue=— f Tydx. (9) 


For fields, like those of @, with vanishing momentum, 
this integral expresses the rest mass, and for the given 
Lagrangian (1) the mass is 


Mc?=nuq?(8+Ic/TQ), (10) 
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Ips f (P-+g%)x%dx, 
0 


(10a) 


oo 


To= f (ft+g*+rAf?g*)x%dx. (10b) 
0 


In this notation the nonlinear coupling constant, 7, is 
y= 2n(Io/ug). (11) 


From these equations it follows for a given Lagrangian 
(fixed y, A, and w) and a given spin or charge 
(assigned q), that Ig is fixed [Eq. (11)]. As a conse- 
quence, eigensolutions of (6) must be found only for a 
preassigned value of the integral (10a). That is possible 
only for particular values of 8, and therefore of M. 


ANALYSIS IN PHASE PLANE'® 


The equations of motion (6) may be written in the 


following form: 
df oH 


dx Og : 
dg OH 2 


ye ME 


dx of «x 


(12a) 


(12b) 
where 
H=}{(1+8)g?— (1—B) f° +3 (f*+g*+As72")}. 


It follows that 


(12c) 


dH 20H 2df 


— = (13) 
dx 


2 Og & dx 


If g remains bounded, as it does for an eigensolution, 

then as x becomes infinite, the dissipative term vanishes, 

and the motion becomes “conservative.” The asymptotic 

motion in the finite part of the plane is therefore de- 

scribed by the Hamiltonian equations 
df oH 


dx ag’ 
dg oH 
dx af 


(14a) 


(14b) 


The equilibrium or singular points of the motion are 
defined by 
dg oH 
—=—=fip—1+f'+nre']=0, 
dx of 


df aH 
——=—=gbtit+e+af7]=0, 
dx og 


(15a) 


(15b) 


18This paragraph is a simplification and extension of the 
analysis of A. Some of the results given here are also contained 
in the thesis of R. LeLevier, University of California, Los Angeles, 
California, 1952 (unpublished). 


with the following solutions: 
(a) f =g=0, 
(b) f=0, 2= pag (1+8), 
(c) g=0, f= 1—8, 
(d) g+arf=—(1+8), Pe+f=1—B. (16) 
In the neighborhood of an equilibrium point, we have 
AH=$[H s(Af)?+2H (Af) (Ag) +H oo(Ag)*], (17) 


where the nature of the level lines is determined by the 
discriminant 


D= [Hy sHo— (Hs)? | 
= (1+8+3g0?°+3Afo*) (8—14+3f0?+ 5rg0?) 
—d?fo2go?. 


At the four singular points (a), (b), (c), and (d), 
D,=6*?—1, 
Dy= —2(1+8)[6—1—}A(1+8)], 
D.=2(1—8)[B+1+}A(1—8)], 
Da=4[(1+4))*—6°(1—)" 1-11. 


The equations of motion in the neighborhood of these 


points are 
d sAf —H; —H Af 
= RIMES 
dx Ag Hy; Hy Ag 
The characteristic values of ||H|| are +(—D)* so that 
the singularities are either centers or saddle points; and 


ad Af . 0\ sAf 

= 0 ~ (\,) 
A necessary condition for the existence of an eigen- 
solution is that Af and Ag approach zero exponentially 
as x becomes infinite. That is, by (20b), D<0, or the 
origin must be a saddle point. Therefore, by (19a) 
|8| <1. Hence the solutions of (b) are never real, and 
those of (c) are always real. By direct calculation, one 
finds that the real solutions of (d) lie only in the shaded 
region of Fig. 1 where the curved boundary is 


A*(8) = —2(1+8)/(1—8). 
The signs of the discriminants are also shown, i.e., 


(A—A*)D.>0, 
(A— d*)Da <0. 


(18a) 


(18b) 


(19a) 
(19b) 
(19c) 
(19d) 


(20b) 


(21) 


(22) 

We designate the different areas of the figure as follows: 
right of shaded area, (I) 

(II) 

(IIT) 

(IV) 


right shaded area, 
left shaded area, 
left of shaded area. 
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In the unshaded region, the only singularities besides 
(a) are at (c) and these are centers or saddle points, as 
indicated. In (III) there are four d-saddle points and 
two ¢ centers. In (II) there are four d centers and two 
c-saddle points. In addition the origin is always a saddle 
point. Hence in the interval —2<\<2 the number of 
centers always exceeds the number of saddle points by 
one. This is an illustration of the fact that the Poincaré 
index of a closed path is +1. 

The complete classification of the singular points of 
the conservative motion is shown in Fig. 1. To discuss 
the actual (nonconservative) solutions of (12), we need 
to consider (13). In particular, it is useful to study the 
curve dH/dx=0, or 

gdH/dg=0. (23) 


Equation (23) describes (in addition to the f axis) 
a hyperbola dividing the phase plane into two regions, 
in each of which the sign of dH/dx is definite. It is 
important to know under what conditions dH/dx=0 
intersects H =0; direct calculation leads to the following 
conditions for this intersection : 


A> —2(1+6°)/(1- 6?) =a", 
In| <2:A>—-2(1-A)/(1+8), (24D) 
|A| >2:A<—2(1—8)/(1+8). (24c) 


It is not possible to satisfy these conditions in IIIb or IV. 

All information is now summarized in Figs. 2(I)- 
2(IV). These figures are all symmetric in both f and g, 
but only Fig. 2(I) is shown completed. The figures 
show the paths passing through the saddle points 
(the separatrices) and the hyperbola (23). 

Examination of IIIb and IV reveals that there is no 
possibility of connecting a point on the f axis with the 
origin by a solution curve, i.e., there are no eigensolutions 
in regions IIIb and IV. In addition, one may show in 
IIIa that there exists no eigensolution with an initial f to 
the right of line d, i.e., the condition there is 


fo? <{1-—68+[ (1-6) +h}, 
where / is the value of H at point d, namely, 
h=[2+A+ (2—))6?JD?—4*. 
CASE k=-1 


(24a) 


(25a) 


(25b) 


According to Eq. (5), we now have 
df 2  dH(f?,g*) 
meen fin npn, 
dx &% og 

dg aH (fg! 
dx of 


(26) 


19 According to (12c) if f and g>1, H=}(f4+gt+-A/’g*). This 
line, which is a path, is closed if |\| <2. Hence, if -2<A<2, it is 
possible to find a path which encloses all singularities. The index 
of this path is the number of centers minus the number of saddle 
points. 
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Fic. 1. Singular points (c) and (d) as functions of \ and 8. 
These points are defined in Eq. (16). D<0 (D>0) indicates saddle 
point (center). The origin (a) is not shown and is always chosen 
to be a saddle point. The curve \**(8) is defined by Eq. (24). 

















We next make the substitution f—g and g—/. Then 


dg 2 oH(g’,f?) 
—+-¢=———, 
dx x of 


df aH(e,f?) 


dx og 


(27) 


These equations are of precisely the form (12) except 
that f and g are interchanged in H. All the preceding 
analysis may now be applied. Figure 1 remains valid 
and Fig. 2 need only be rotated through 1/2. The line 
H'=0 will, however, be different. In addition to the f 
axis, it consists of 


2g?-+-Af?=1—B. 





—f 





1, S-STATE 














W8, SSTATE v,8-STATE 

Fic. 2. Phase portraits. The various cases are defined in Fig. 1. 
Thus IIIb means that the parameters (A,8) lie in the domain ITId 
of Fig. 1. All cases correspond to k=-+1 except for that labeled 
p state, for which k= —1. 
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In the previous case, k=+1, the line H’=0 did not 
exist for positive A, but now it is seen to be a closed 
curve. When ) is negative, H’=0 has approximately 
the same relation to H=0 for the k=+1 and k=—1 
cases; but for k=—1 it always passes through the 
points (c) and (d). As before, there are no eigen- 
solutions in the parameter regions IIIb and IV. Again, 
in IIIa the eigensolution must start to the left of line d. 
Typical solutions are illustrated in Fig. 2 (I, P state). 


ASYMPTOTIC SOLUTIONS 


We shall finally give the exact solution of the 
asymptotic nonlinear equations in the special case 
\=—2. Then the differential equations are 


f'=—(14+8)g+ (f?—2)g, 
g'=— (1-6) f+ (f?—8°)f, 


(28a) 
(28b) 
1d 


-~—(f?—g*) = —2ffg. (28c) 

2 dx 

We introduce the polar variables (J,@) such that 
f=J* coshé, 


g=J? sinhé. 


(29a) 
(29b) 
Ff, 

2fg=J sinh26. 


J is the scalar invariant, and 26 has the significance of 
a Lorentz angle since tanhO=g/f. Equation (28c) 
becomes 

3dJ/dx=—J sinh20. 


The “energy” integral in the new variables is 
H=}3{(1+8)J sinh*#— (1—8)J cosh0+4J?}. 
This may be solved for coshé: 


(30) 


(31a) 


(31b) 


21 
coshé=-— -[2H+J—3J?] 
BJ 


After substitution in (30), we find 


1 J 
ws [(4H+2J—J?)?—p2J?7}4dJ. (32) 
fo? 


The inversion of this elliptic integral is given in the 
appendix. 


NUMERICAL RESULTS 


In (A) the case A=>—2 was investigated: it was 
found that for a given value of the coupling constant, 
y, there exists only a small number of eigenfields—in 
general qualitative agreement with the experimental 
fact that there are only a few elementary particles with 
spin 4/2. The mass ratio between the lightest and the 
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heaviest turned out to be of the order of 3 rather than 
10°; but on the other hand some preliminary numerical 
results in the neighborhood of \= —2 suggested that 
this ratio was greater near \=0 (more pseudoscalar). 
The reason for extending the numerical work was in the 
first place to decide whether the mass ratio does become 
large for a particular choice of \, and more generally to 
accumulate a certain amount of empirical information 
about equations of this general type. 

The following method was found useful in analyzing 
the results.*° A solution will cross the g=0 axis several 
times. Let the crossings be fi, fo---fn:-+, and let the 
one which is closest to the origin, be fmin. When 
fmin=0, the solution is an eigensolution. The fmin are 
plotted against the starting values fo. The zeroes of 
that graph correspond to the eigensolutions. Figure 3 
gives such a graph for A= —1 and 6=0.1, 0.5 and 0.9. 
Values of fo as high as 1000 have been tried. On the 
basis of Fig. 3 it was decided that no solutions exist 
for \= —1 when 6=0.1 or 0.5, while solutions do exist 
for 8=0.9. A similar analysis was performed for other 




















Fic. 3. Plot of fo vs fmin for A= —1. 


d values to decide which \ and 8 combinations lead to 
eigensolutions and which are “forbidden.” 

The results are summarized in Tables I and II and in 
Fig. 4. In this figure, a solid circle indicates a solution 
and a cross means that the corresponding point was 
tested but that no solution was found. BC is an approxi- 
mate boundary drawn through the gates which are 
shown in the figure. The “elliptic” interval (|\| <2) 
has been covered for k=+1. In Table II some results 
for k= —1 are also shown. 

In addition, the solutions have the following prop- 
erties: 


(a) When there is a particle-like solution at all, its 
radius is always of the order of unity (between 0.5 and 
3.0) and the field intensity at the origin also does not 
vary much (fo1). However, the maximum field in- 
tensity (fmax) may be much larger than fo (when 

= — 1.998 and 8=0.1, for example, there is a solution 


*” These results were obtained with the UCLA high-speed 
digital computer (SWAC). 
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for which fmax= 30). This has the result that the charge 
may be concentrated on a shell near fmax. For example, 
at A=—2, the radius of this shell is approximately 
unity. 

(b) The mass depends on \ and £ but very little on 
the number of nodes. 

(c) As A is increased from —2 towards the right 
(by adding more pseudoscalar), the interval (Bmin, 1.0). 
into which all the solutions are crowded, contracts 
As a result, one finds that masses at \= +2 are nearly 
equal (since they depend mainly on 8). It is conjectured 
that when d is slightly larger than +2, the masses are 
still closer. 

(d) At the boundary between allowed and forbidden 
regions, a qualitatively new feature was noticed; this is 

‘illustrated by the bracketed solutions in the table. On 
the basis of results reported in (A), it was believed that 


TABLE I. S state, fmax(A, 8, number of nodes). The numbers in 
this table represent the maximum value of f. None means that no 
solution was found for fo<1000. Several numbers in bracket 
indicate families of 0-node solutions. 








0-node 


1.05 
1.85 
3.60 


1.05 
1.85 
5.0 


1.05 
1.85 
[8, 16, 22, 24, 27, 30---] 
[1.15, 4.0, 5.0] 
none 
none 
(1.37, 3.25] 


none 
none 


® 





ino 


—_ UO 


minio 


0. 
0. 
0. 
0. 
0. 
0. 
0.9 
0.5 
0.1 
0 
0. 
0. 
0. 
0. 
0. 


— uno 








there was never more than one solution with m nodes 
for given \ and #. According to the table, however, 
there may be many nodeless solutions corresponding to 
a single’ choice of these parameters, and it is further 
conjectured that there may also be many solutions with 
n nodes. Such sets also appear for example in the 
familiar linear Schrédinger eigenproblem of the hydro- 
gen atom, where the number of nodes depends on 
s—I—1, 

(e) At no d greater than —2 are there large mass 
ratios. The ratios become largest at A=—2 where 
functions belonging to @ satisfy the partial differential 
equations (P) based on (A) exactly. The results, 
illustrated in Fig. 5, are at \=—2 very close to those 
found before. 


In Fig. 5, the p solutions are also shown. The de- 
generacy between s; and 9; is here removed by the non- 
linear term. As we saw in the phase analysis, the s and 


TABLE II. P state, fmax(A, 8, number of nodes). 
The numbers in parentheses are radii. 








2-node 


2.50 (2.00) 
4.48 (2.00) 
6.50 (2.00) 
8.50 
overflow 


8 0-node 


0.9 0.53 (3.25) 
0.775 1.03 (2.90) 
0.65 1.52 (3.00) 
0.5 2.0 

0.1 overflow 





0.73 
spirals 


—1.5 0.9 spirals 


spirals 


—1.35 1.0 spirals spirals 


—1.0 spirals spirals spirals 








p solutions are not at all alike. However, it turns out 


‘that their masses are not very different. 


The region IIIa of Fig. 1 has not been explored*! and 
larger mass ratios have therefore not been altogether 
excluded. However, if this region conforms to the 
pattern of Fig. 5 (of course it may not), then large 
mass ratios seem to correspond to large values of the 
coupling constant, if they appear at all. This, according 
to Eq. (11), implies large Tg, and according to the 
empirical results (Table I) corresponds to small £.?* 
But according to Fig. 1 there is very little room for 
such solutions in region IIIa. 


DISCUSSION 


According to Fig. 4 we have a rather complete picture, 
except for the region IIIa in which, however, it is 
possible that there are no solutions at all. Measured 
by the spread in mass, the results are negative. How- 
ever, the whole analysis is severely restricted by the 
initial limitation of the comparison functions to the 




















Fic. 4. Summary of SWAC results. Solid circle indicates a 
solution. Cross means that corresponding point was tested but 
that no solution was found. 

214 quite different code would have been required for this 
region. 

Tn region III, as in region I, small 8 values can be reached 
only in the neighborhood of \=—2, as indicated by the curve 
AB in Fig. 4. In region I small 8 is a necessary condition for large 
mass ratios, since according to Eq. (10), 8 is the lower limit of 
the mass for \> —2. However, in region III this is not the case, 
because the nonlinear contribution to the mass, /¢, is no longer 
positive definite. Therefore small masses are theoretically possible 
in III even with @ values near unity. 
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Fic. 5. The mass curves for the \= —2 solutions as function of 
the coupling constant. The continuous (dashed) lines refer to the 
s(p) solutions. 


10” 








class @. It is perhaps worth repeating that the functions 
belonging to @ do not satisfy the partial differential 
equations P except when A=—2. It has not been 
possible to get away from this initial restriction. We are 
even further from knowing the effect of a nonlocality 
in the nonlinear interaction. Therefore, although the 
results presented here represent a considerable increase 
in empirical (numerical) information over the results 
of (A), they must still be regarded as fragmentary. 

The most striking results are (a) the existence of a 
small number of discrete masses and (b) a radical 
dependence of the theory on the nature of the inter- 
action; this second point is brought out most clearly 
in the discontinuous changes in the appearance of the 
phase portraits. An unpredictable incorrect feature is 
the result that the allowed masses all have the same 
order of magnitude. Since mass density depends on the 
fourth power of the field intensity, ratios of maximum 
field intensities of the order of 40 might appear to be 
sufficient to produce mass ratios of the order of 1600 for 
particles of the same charge (with given / (/?+g*)dx) ; 
although such intensity ratios do appear, the structure 
of the solution is always such that the mass never 
becomes very large. Thus large mass ratios are qualita- 
tively possible, but apparently are not realized for the 
postulated Lagrangian. However, as we have said, the 
results on which these remarks are based, are quite 
incomplete. The main deterrent to investigations of the 
type being considered is the apparent difficulty of con- 
necting with quantum mechanical descriptions of the 
elementary particles. A particle theory such as we have 
been considering raises statistical problems which have 
been much hinted at but not really understood and 
which may or may not correspond to quantum mechani- 
cal uncertainties. Without going into these problems, 
we wish to suggest a tentative connection between the 
type of eigensolution found here and the form factors 
of nonlocal quantum field theories.* 


2% R. Finkelstein, Nuovo cimento 1, 1113 (1955). 


Finally it may be worth mentioning the possible 
relevance of our results to quantum field theories of 
the more usual type. In the work of Heisenberg,!® 
referred to earlier, the initial g-number equations lead 
to c-number equations of a type very similar to those 
considered here. 
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APPENDIX 


The relation between x and J: 


1 
va f (an+27—7y-e pW) 


1 
= - f SS s43dJ 


may be expressed in terms of a Jacobian elliptic func- 
tion.™ To do this, we must choose the bilinear forms S; 
and S, in such a manner that the roots, if they are all 
real, do not interlace. This is accomplished by setting 


S1=(J'—a)(J'—b), 

S1=(J'+a)(J'+8), 
a={1+4H+8}}, 
b={1+4H—8}}, 

J'=J-1. 


We next look for linear combinations of S; and S-, that 
are perfect squares: 


Si:—AS2= (1—d) (J’—a)?= (1—A) J”? 
— (a+b)J’(1+d)+ab(1—d). 


This problem has for solution the 2 values A; and A: of » 
that satisfy 


4(1—),)?ab= (a+5)?(1+2,)?. 


We note that \;A.=1, and that they are both negative. 
We choose \:—A2>0. For a, we find 


a= (ab)!, a= — (ab)! 


% E. T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, Cambridge, 1935), fourth edition, p. 514. 
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Solving for S; and S2, we find 
Si=A,[J’— (ab)* ?— B,LJ’+ (ab), 
S2=—As[J’— (ab)* P+Ba[J’+ (ab)*}. 
Using the relation \;\2=1, we have 
A,=Bz= (1—)2)/(A1—A2) > 0,7 
A2= B= (1—A1)/(Ar—A2) > 0. 


PHYSICAL REVIEW 


VOLUME 103, 


Now if we take 

t= {A2/A1}*LJ’— (ab)#)/LJ'+ (ab)*), 
we find 
x=+[5/4A2(ab)*] f [(1—k#*?) (1-2) }-'de, 


k=Aj/Az, 
or 


t=sn(+4A2(ab)'x, k); J=(ab)'(1+tk*)/(1—th#)+1. 
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Nonclassical Transformation in Special Relativity 


FRANK B. EsTABROOK 
Western Regional Office, Office of Ordnance Research, Los Angeles Ordnance District, United States Army, Pasadena, California 
(Received May 14, 1956) 


The “nonclassical” complex Lorentz transformation, recently introduced as a mathematical convenience 
by Reulos, is related to the unique factoring of any 4X4 orthogonal transformation. This factoring also 
shows, in 4X4 form, the well known possibility of introducing a 2X2 complex spin space, in which uni- 
modular transformations are isomorphic to the proper future-preserving Lorentz group. 


EULOS has proposed a new transformation as 
convenient for calculations in special relativity.’ 
We may write its matrix in Minkowski space as 


ey. | a ORS 
a, £6 2s, ee 
“ey UR Oe 
yh he OM 


P= 


P?+P?+P?+ Pf=1. (2) 


Another such transformation, of opposite chirality, 
also exists: 


Q. -Qs Q2 —-Q 

on | O & & O 
—Q2 -Qi QQ Qs 

Q, —Q:2 —Qs On 


Q0r+0?+0%+07= 1. (4) 


These two matrices are each orthogonal by inspection; 
they commute; they are unique in form (up to changes 
of sign of row or column); all P-type matrices form a 
group under matrix multiplication, and similarly for 
all Q type. Their multiplication rules are those of 
quaternions: for the Q type, however, the order of the 
quaternion factors must be reversed. Thus if we define 


1 René Reulos, Phys. Rev. 102, 535 (1956). 


the unimodular matrices 
Qs—103 
Q= ( 
Q2+10; 
( PtP; 
—P2+iP; 


—Q2+i01 
pe 


ne) 
P.-iP;/’ 


the multiplication rules of the 4X4 orthogonal matrices 
can now be written in 2X2 form: 


Q”=0'0, Pp’”= PP’. (6) 


Now the remarkable fact is that amy proper orthog- 
onal transformation in Euclidean 4-space can be 
uniquely factored into a product of these two types: 


A=OP. (7) 


Finally, if to the 4-vector (%1,%2,%3,%4) we associate a 


2X2 matrix 
Xgting X1— ix, 
x= ( ), (8) 
Xi+ix. —Xsting 


it is immediately found that the determinant of x is 
the square of the length of x, and that the orthogonal 
transformation 


a'=Ax (9) 
can also be written in 2X2 matrix form: 


x’=QxP. (10) 
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We note the law of composition of successive transfor- 
mations: 


x”=Q’x'P’=Q’{OxP} P’= (0'Q)}x{PP’}=O"'xP”. (11) 


The above relations seem to have been known for 
some time. The author discovered them in 1952, work- 
ing from the parametric formulation of Cayley. Subse- 
quently, a letter from S. R. Milner gave several earlier 
references,?* and stated “I think [P and Q] must have 
been known from the early days of relativity, and quite 
likely from the early days of the classical quaternionists. 
But nobody seems to have been interested enough to 
pursue the matter further.” The above results are also 
implicit in Milner’s published work.‘ 

To complete the resumé, in all coordinate frames of 
special relativity we wish x, to be intrinsically imagi- 
nary, and 2}, x2, and x; real. This means that Q becomes 
the conjugate transpose of P, say P', and (10) becomes 


x’= PtxP. (12) 


This is now in the form of a generalization of the usual 
Cayley-Klein formalism for 3 dimensions to the 3+1 
dimensions of space-time. The coordinate matrix x is 
still Hermitean, but in generalizing we have allowed its 
trace to be nonzero. The transformation matrix P still 
has unit determinant, but in generalizing we have given 
up its unitary character. Also, now, A4= P,P:*+P2P2* 
+P3;P;*+PsP.*>0, so the proper Lorentz transfor- 
mation (12) is future-preserving. 

2B. Qual, Bull. Sci. Math. 59, 328 (1935). 

3H. W. Turnbull, The Theory of Determinants, Matrices, and 


Invariants (Blackie and Son, Limited, London, 1929), p. 167. 
4S. R. Milner, Proc. Roy. Soc. (London) A214, 292 (1952). 
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Equation (12) is, in fact, exactly the tensor transfor- 
mation of the spinor calculus. It appears that our 
above results are now usually known in this modern 
algebraic guise, which followed the work of Pauli and 
Dirac. The often seen remark that “spin-space is a 
square-root space of space-time,” and the advantages 
of linearization that occur by taking square roots in 
this manner,' can, we see, be as easily demonstrated by 
the factoring of any future-preserving proper Lorentz 
transformation, Eq. (7) subject to Q=P: 


P* —P;* ry 7 

oP Pe Re 
¥ — P* P}* Pe A 

— P;* — P,* — P;* P* 

P, —P3 


P3 Ps 
—P, P, 
P, P2 


Xx 


the P’s are complex, subject only to 


PY+P2+P7+P2= Fe (14) 


The transformation P, acting on a vector P 
=(P,,P2,P3,Ps) gives the purely time-like vector 
(0,0,0,1). The full transformation A, acting on P, gives 
just P*. In Reulos’ case (Pi, P2, P; pure imaginary and 
P, real), P is interpretable as a real relative 4-velocity 
of two coordinate frames; A then transforms the 
description to a frame in which the corresponding 
vector 3-velocity appears oppositely directed. 
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Influence of Exchange and Correlation on 
Electron Transport in Metals 


R. BARRIE 
Services Electronics Research Laboratory, 
Baldock, Hertfordshire, England 
(Received July 3, 1956) 


N a paper! with the above title, Blatt has calculated 
the change produced in the conductivity and 
thermoelectric power of metals when one uses the Bohm 
and Pines e—k curve? instead of the usual standard 
parabolic curve. The value he found for the conductivity 
was not very different from that obtained in the usual 
theory. Unfortunately, there are errors in his paper and 
when these are corrected, it is found that the conduc- 
tivity changes markedly. In this paper we discuss only 
these errors and do not consider the validity of the use of 
the Bohm and Pines density-of-states curve nor of the 
use of Fermi-Dirac statistics to describe an assembly of 
interacting particles. 
Near the Fermi energy, the e—& relation is, in the 
theory of Bohm and Pines, 


€(k) = (3.68/r,”) (m/m*) (k?/Rr*) — (0.611/1;) 
Bhp? — kp? +3k? 


2krk 
kre’—k? fkr+k 
+—n(——)} w 
kpk krB 

where e is in rydbergs, r, is the average interelectronic 
distance in units of the Bohr radius, 8 is a measure of the 
screening of the Coulomb interaction (8=0.353 r,}), 
and k is the wave number vector, kr being its value at 
the Fermi energy. 

We wish to compare the formulas for the transport 
phenomena for such a band with the corresponding 
formulas for the standard band 


€o(k) = (3.68/r,") (m/m*) (k?/Re’). (2) 


The subscript 0 is used to describe the standard band. 
It is assumed that both bands contain the same number 
of electrons, so that the value of kr is the same in the 
two cases and er, the Fermi energy, correspondingly 
different. 
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The band (1) is spherically symmetric in k space but 
is nonparabolic in profile. Such bands have been studied 
by Radcliffe* and Barrie.* In the formal solution of 
Boltzmann’s equation, the formulas for the non- 
standard band are obtained from those of the standard 
band by replacing m* by #?k(de/dk)“. For lattice 
scattering in the high-temperature limit, the same sub- 
stitution is made in the formula for the time of relaxa- 
tion. 

The time of relaxation for the standard band is® 


T=Ch(m*), 
and this therefore becomes 
7=Ch-k(de/dk)?. (4) 


(In his formula for the time of relaxation, Blatt had the 
second derivative of « appearing ; this derivative should 
not have entered the problem.) In the above relation, 
C is a constant which is unchanged after the transition 
to the Bohm and Pines formalism.® 

Following Blatt, we write 


(kde/dk) ep=X1=2A+B[36?—2+2 In(2/8)], (5) 
where A=(3.68/r,2)(m/m*) and B=0.611/r,. Thus 
the change in the time of relaxation, evaluated at the 
Fermi level, is 

t/to= (2A/X1)~. (6) 


The corresponding change in the density of states at the 
Fermi level is 


(3) 


N(er)/No(er) =2A/X1. (7) 


For a spherically symmetric band, the formulas for 
the conductivity (c) and the thermoelectric power (S) 
are 


e 
o=——K 

39h? 

“| 1 Ko ef 
- koT Ky koT 


1, (8) 


(9) 


é 


Ky=— fri (de/d)e-*(afo/de)de. (10) 


In these, ko is Boltzmann’s constant, fo is the Fermi- 
Dirac distribution function, and the other symbols 
have their usual meaning. Using these formulas, in the 
approximation of large er/ko7’, we have 

o/oo= (2A/X1)-3, (11) 


(12) 


and 
S/So=A(X1+-X2)/Xz, 
where 
(R'd?¢/dk*) -p=X2=2A+B[3—6?—2 In(2/8) ]. (13) 


The second derivative of ¢ has appeared merely because 
we have evaluated the integrals (10) for large er/koT7’; 
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TABLE I. Conductivity and thermoelectric power of the 
alkali metals. 








Na K 


ts t 3.96 4.87 
m*/m J 0.98 0.93 
B 0.703 0.78 

N (er)/No(er) 0.90 0.935 
t/To 1.23 1.14 
a/oo 1.37 1.22 
S/So 0.91 0.99 











the thermoelectric power is a second-order phenomenon 
and hence the second derivative of part of the integrand 
appears. (Blatt took the conductivity to be proportional 
to Nr, further invalidating his calculations; the con- 
ductivity is proportional to Nrv* and » is replaced by 
h-(de/dk). A similar mistake was made in his formula 
for the thermoelectric power.) 

The modified results are shown in Table I, the last 
three rows being different from Blatt’s results. It is to 
be noted that o/c» for lithium is 1.70, whereas Blatt 
found a value 1.07. This represents a considerable 
change in the conductivity. 

The author would like to express his thanks to the 
Admiralty for permission to publish this work. 

1F, J. Blatt, Phys. Rev. 99, 1735 (1955). [Quoted by D. Pines, 
in Solid State Physics, edited by F. Seitz and D. Turnbell (Aca- 
demic Press, Inc., New York, 1955), Vol. 1, p. 413]. 

?D. Bohm and D. Pines, Phys. Rev. 82, 625 (1951); 85, 836 
arr 92, 609 (1953); D. Pines, Phys. Rev. 92, 626 (1953). 

3 J. M. Radcliffe, Proc. Phys. Soc. A68, 675 (19 55). 

*R. Barrie, Proc. Phys. Soc. (to be published). 

5A. H. Wilson, Theory of Metals (Cambridge University Press, 
New York, 1953), second edition, p. 263. 

§ J. Bardeen and D. Pines (to be published). 


Cyclotron Resonance in Tin and Copper 


E. FAWCETT 
Division of Pure Physics, National Research Council, 
Ottawa, Canada 
(Received July 9, 1956) 


HE recent measurements of cyclotron resonance 

absorption in semiconductors! have stimulated 
interest in the possibility of observing this phenomenon 
in metals.’* In normal metals at microwave frequencies 
the theoretical treatment is complicated by the inter- 
vention of anomalous skin effect conditions when the 
condition wr>>1 is satisfied (w being the angular fre- 
quency and r the relaxation time of the electrons). 
When the dc magnetic field is applied perpendicular to 
the metal surface, the equations describing the be- 
havior of a free-electron model are formally analogous 
to those describing the anomalous skin effect in the 
absence of a field, and Azbel’ and Kaganov‘ and 
Chambers* have shown that in this case the surface 
impedance is independent of the field in the extreme 
anomalous limit. The more interesting case when the 
magnetic field is parallel to the surface and the metal 
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is in the extreme anomalous region has been analyzed 
recently by Azbel’ and Kaner.®' They find that when 
wr>>1, the resistance plotted as a function of the field 
should exhibit a series of resonance peaks, which occur 
when the cyclotron resonance frequency is near the sub- 
harmonics of the microwave frequency. For all wr, the 
resistance should decrease uniformly with increasing 
field for sufficiently large fields.* The preliminary 
measurements on tin and copper presented below appear 
to be consistent with this description. A brief report on 
this work has already appeared.’ 

The resistance is measured calorimetrically by a 
method similar to one described previously.® The speci- 
men, in the form of a disk, is suspended in a vacuum 
chamber immersed in liquid helium, and faces the open 
end of a square wave guide. Microwaves at a frequency 
of 24 kMc/sec may be propagated in the wave guide 
in either of the two principal modes so that the direction 
of current flow is either parallel or perpendicular to the 
magnetic field, which is applied as nearly as possible 
parallel to the surface of the specimen. A link of high 
thermal resistance is provided between the specimen 
and the helium bath so that the specimen temperature 
rises, with a fairly short time constant, by an amount 
proportional to the heat generated by the incident 
microwaves, which under constant current conditions 
is a measure of the resistance. The rise in temperature 
is measured by means of a carbon composition ther- 
mometer attached to the back of the specimen. Spurious 
heating of the thermometer by microwaves leaking 
from the wave guide past the edge of the specimen is 
prevented by suitably disposed circular choking 
grooves. The values of wr were calculated from the 
measured dc resistances of the specimens at 4.2°K 
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Fic. L Cyclotron resonance absorption in tin at 4.2°K for 
plane polarized radiation near 24 kMc/sec and magnetic field 
Seed fe the metal surface. Specimen orientation—0?=59°, 
@=43°; upper curves—J||X, lower curves—J||Y; O—AHllJ, 
X—H ls 3; wr=27 
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using Chambers” values of the effective number of free 
electrons per atom in tin and copper. 

The variation with the magnetic field H of the resis- 
tance, expressed as a percentage r of its value in zero 
field, for an electropolished single crystal of tin is shown 
in Fig. 1. The angles 6 and ¢ describing the orientations 
of the tetrad and dyad axes of the crystal with respect 
to the normal to its surface are defined in reference 8. 
The upper and lower curves correspond to current flow 
J in the X direction parallel to the projection of the 
tetrad axis in the surface and the perpendicular Y 
direction, respectively. For both orientations and for 
both the transverse case (H_| J) and the longitudinal 
case (H||J), the behavior is characterized by an initial 
rapid decrease of resistance, followed by a “resonance 
peak” and a linear decrease at a rather slower rate in 
high fields. If the field at the turning point is identified 
with the cyclotron resonance field H, in the expression 
eH ./m*c=w, the values of the effective mass m* range 
from 0.23 mo to 0.43 mo. For a second tin specimen of a 
different orientation having wr=20, there was some 
evidence of an additional peak at a lower field, possibly 
a subharmonic resonance. For both specimens the 
resistance at high fields decreases much less rapidly than 
is implied by the expression r= (2/3wr){2rH./H}} to 
which Azbel’s® Eq. (7) reduces when wr>>1 and H>H.. 
This may be due to the complex geometry of the Fermi 
surface of tin® or to a pronounced anisotropy of the 
relaxation time, either of which might considerably 
modify the behavior. 

Figure 2 shows the results for an electropolished 
single crystal of copper. Here the X direction is the 
intersection with the metal surface of a plane containing 
the normal and two of the tetrad axes, one of which 
makes an angle of 28° with the normal. The absence of a 
resonance peak is to be expected when wr~1 (see Fig. 1 
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Fic. 2. Cyclotron resonance absorption in copper at 4.2°K for 
plane polarized radiation near 24 kMc/sec and magnetic field 
parallel to the metal surface. Specimen orientation—see text; 
upper curves—J||X, lower curves—J||Y¥; O—H||J, X—H1LJ; 


wr=1.05. 
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of reference 5). The decrease at high fields is not in- 
consistent with Azbel’s formulation for this value of 
wr if we take m*~1.5 mo,’ but the anisotropy of the 
effect is surprisingly marked for a cubic monovalent 
metal such as copper. 

The author is indebted to Dr. R. G. Chambers for a 
stimulating correspondence and for drawing his atten- 
tion to the work of Azbel, and Kaner.® 


1See, for example, Dresselhaus, Kip, and Kittel, Phys. Rev. 
98, 368 (1955); Lax, Zeiger, and Dexter, Physica 20, 818 (1954). 

2 Galt, Yager, Merritt, Cetlin, and Dail, Phys. Rev. 100, 748 
(1955); P. W. Anderson, Phys. Rev. 100, 749 (1956); R. N. 
Dexter and B. Lax, Phys. Rev. 100, 1216 (1955); see also ref- 
erence 3. 

3R. G. Chambers, Phil. Mag. (to be published). 

4M. Ya. Azbel’ and M. I. Kaganov, Doklady Akad. Nauk 
S. S. S. R. 95, 41 (1954). 

5M. Ya. Azbel’ and E. A. Kaner, J. Exptl. Theoret. Phys. 
U.S. S. R. 30, 811 (1956). It should be noted that, although these 
authors emphasize a distinction between the oscillatory behavior 
they predict and the phenomenon of cyclotron resonance in semi- 
conductors, their expression for the fundamental resonance fre- 
quency when wr>>1 is identical to that for cyclotron resonance 
even in the case of a Fermi surface of quite general geometry 
[W. Shockley, Phys. Rev. 79, 191 (1950) ]. They point out that 
the occurrence of subharmonics is simply a consequence of the 
restriction of the high-frequency field to a thin surface layer of the 
metal under extreme anomalous conditions; thus an electron 
moving in a helical orbit about the magnetic field direction need 
be in phase only when it returns to the surface. 

6M. Ya. Azbel’, Doklady Akad. Nauk S. S. S. R. 100, 437 
(1955). 

7E. Fawcett, Bull. Am. Phys. Soc., Ser. II, 1, 217 (1956). 

8 E. Fawcett, Proc. Roy. Soc. (London) A232, 519 (1955). 

9R. G. Chambers, Proc. Roy. Soc. (London) A215, 481 (1952). 

10 Corak, Garfunkel, Satterthwaite, and Wexler, Phys. Rev. 98, 
1699 (1955). 


Need for Upward Revision of 2,/2, 
and its Consequences* 


Jesse W. M. DuMonn, California Institute of Technology, 
Pasadena, California 


AND 
E. RicHARD COHEN, Atomics International, 


Canoga Park, California 
(Received July 16, 1956) 


HE conversion constant, A(=),/A,), from the 
Siegbahn nominal scale of x-units to mnilli- 
angstroms has been extensively measured in Sweden 
by comparing, with a concave ruled grating spectro- 
graph, certain x-ray lines with certain standard ref- 
erence lines obtained from hydrogen-like spark spectra 
whose wavelengths were computed by means of a 
theoretical formula for the Lyman series. The work of 
Tyrén! is an outstanding example. Bearden? and others, 
on the other hand, have determined A by absolute 
measurements of the diffraction angles of certain x-ray 
lines in grazing incidence on plane gratings. The grating 
constants were either measured directly (by comparator 
measurements of a counted number of lines) or cali- 
brated directly with optical spectra whose wavelengths 
in angstroms were known without resort to theoretical 
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formulas. The consensus of the plane grating results of 
Bearden has tended toward values of A some 30 or 40 
parts per million higher than those of Tyrén. 

The Sommerfeld-Dirac formula,’ used by Tyrén for 
calculating the wavelengths of hydrogen-like reference 
lines in light atoms up to O vim can no longer be con- 
sidered correct in view of our present knowledge of 
quantum electrodynamics (the Lamb shift). This effect 
chiefly involves the ground state in the hydrogen-like 
transitions and according to the work of Bethe, Brown, 
and Stehn‘ the relative shift should be given by the 
formula for »p—1s transitions: 


AE/E={8n?/[3x(n?—1) ]} 
X (7.723—2 InZ—0.0439/n'). (1) 


For the Lyman series transitions used by Tyrén, the 
ground state shift in parts per million is given in the 
following table: 


Ovm 


98.5 
77.5 


N vu 


81.5 
63.5 


Cv 


64.5 
50.5 


By 


49.0 
38.3 


Be rv 


34.6 


Shift of alpha line 
26.8 


Shift of delta line 


Tyrén’s dissertation does not specify exactly how his 
calibration lines were associated with his x-ray lines. 
A preliminary rough estimate of the corrected value for 
Tyrén’s A based on the assumption that most nearly 
adjacent calibration and x-ray lines were always as- 
sociated yields A=1.002026+0.000016 as compared 
to Tyrén’s originally inferred value, A= 1.00199. 

If in fact an upward revision for the directly measured 
value of A of 30 or 40 parts per million is indeed re- 
quired, this would have exceedingly far reaching effects 
on all of the fundamental atomic constants and on all 
of the constants and conversion factors of physics and 
chemistry derivable therefrom. For each part per million 
change in A, the number of parts per million change in 
seven other important quantities can easily be estimated 
from Table X of one of our recent papers’ with the 
following results: 


F he?/ (eA) 


N 
—1.035 —0.348 —0.401 


e m h a A 
0.686 1.108 1.285 0.087 1.000 


The last item is the voltage-wavelength conversion 
factor whose direct measurement by means of the short- 
wavelength limit of the continuous x-ray spectrum has 
been the subject of several recent experiments.* 

An upward revision of 30 or 40 ppm in A would (1) 
bring the directly observed results on A of Tyrén and 
Bearden into much better agreement ; (2) produce much 
better agreement’ between input and least squares ad- 
justed output values of A (the output value is affected 
by other influences beside the direct input measure- 
ments); (3) go far toward resolving the discrepancy® 
between input and output values of //e or of the volt- 
age-wavelength conversion constant. We believe that a 
careful recalculation of Tyrén’s results in the light of 
the Lamb shift is emphatically in order. We are much 


THE EDITOR 


indebted to Professor M. Gell-Mann for a helpful dis- 
cussion regarding the Lamb shift. 


*Work performed under contract with the U. S. Atomic 
Energy Commission. 

1Folke Tyrén, dissertation, Uppsala, 1940 (unpublished); Z. 
Physik 109, 722 (1938). 

2 J. A. Bearden, Phys. Rev. 37, 1210 (1931); 38, 2089 (1931); 
48, 385 (1935). 

iW. G. Penney, Phil. Mag. 9, 661 (1930). 

4 Bethe, Brown, and Stehn, Phys. Rev. 77, 370 (1950). 

& Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955). 

6 Bearden, Johnson, and Watts, Phys. Rev. 81, 70 (1951); J. A. 
Bearden and G. Schwarz, Phys. Rev. 79, 674 (1950) ; Felt, Harris, 
and DuMond, Phys. Rev. 92, 1160 (1953). 


Electroluminescence in Zinc Sulfide 


Joun F. Waymoutn, Sylvania Electric Products Incorporated, 
Salem, Massachusetts 


AND 
Francis Bitrer, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 
(Received June 13, 1956) 


HE purpose of this letter is to take exception to 
two of the basic assumptions adopted by Thorn- 
ton in a recent article’ on electroluminescence in zinc 
sulfide. These assumptions are (1) that the density of 
ionized luminescent centers (10'*cm-*) is too small to 
disturb the potential distribution established by 
thermally ionized co-activators (10'%cm-*), and (2) 
that the effect of the applied electric field on the shape 
of the brightness wave is due to the variation of the 
effective trap depths with field strength. The entire 
dependence of light output upon time during the cycle 
is then to be thought of as arising from periodic de- 
trapping of electrons by the alternating electric field. 
We believe that these assumptions ignore certain 
experimental facts about electroluminescent zinc sulfide 
which we have already published.? 


(A) The light output from the individual particles is 
far from uniform. Particularly at the low average field 
strengths employed by Thornton (20 000 volts per cm), 
the light is emitted almost entirely from small discrete 
“spots.” The dimensions of these spots are difficult to 
estimate, but a conservative guess indicates that about 


‘ one percent or less of the phosphor volume emits all 


of the light. 

(B) The light output from these individual spots, in 
most phosphors, displays not two but one major peak 
per cycle. 

(C) When a dc electric field is applied to a lamp com- 
posed of many particles, little or no light is observed; 
when the field is removed, a large light flash is observed. 
Certain yellow phosphors show a light flash upon 
application of the field. 


We have interpreted these observations to mean that 
the spots themselves are miniature rectifying junctions. 
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On the high-field ‘“‘reverse” half-cycle, ionization of the 
luminescent centers occurs; the electrons are trans- 
ported sufficiently far by the field that no luminescence 
can occur until the field is removed or reversed, per- 
mitting them to return to and recombine with their 
parent centers. The typical waveform of light output 
from many-particle lamps, showing two major peaks 
per cycle, occurs because these rectifying junctions can 
be oriented in either direction. Excitation will occur in 
some on one half-cycle and in others on the other half- 
cycle. 

We quite agree with Thornton’s computation of 10" 
ionized luminescent centers per cubic centimeter as an 
average concentration which would correspond to about 
one-half lumen radiated per cubic centimeter. However, 
in view of item (A) we believe these to be localized in 
approximately one percent of the volume, making the 
local concentration 10'* per cubic centimeter. This is 
about the same as the 10'* thermally-ionized co- 
activators Thornton assumes to determine the potential 
distribution. 

In view of items (B) and (C), we cannot believe that 
an assumption such as Thornton’s second, which ignores 
the transport of free electrons by the field away from 
and back to the ionized luminescent centers, can be 
correct. We cannot explain our observations on the 
application and removal of dc fields without considering 
this transport. 

In addition, in setting up boundary conditions, 
Thornton assumes that the response of the phosphor to 
both half-cycles of the ac electric field is the same. 
Figure 16 of our paper® shows that the response of the 
ultimate radiating spot to both half-cycles of the ac field 
is most certainly not the same. 

While we agree completely that trapping of electrons 
does occur and that it has effects upon the shape of the 
brightness waveform, we do not agree that the entire 
dependence of light output on time during the cycle can 
be accounted for on this basis alone. Our observation 
(C) above indicates that the removal of the electric field 
shortly after its application suffices to release electrons 
and produce light, whereas the original application of 
the field produced no detrapping and no light. 


1W. A. Thornton, Phys. Rev. 102, 38 (1956). 
2 J. F. Waymouth and F. Bitter, Phys. Rev. 95, 941 (1954). 


Electroluminescence in Zinc Sulfide 


W. A. THORNTON 


General Electric Research Laboratory, Schenectady, New York 
(Received July 5, 1956) 


F the considerations objected to by Waymouth and; 
Bitter,! the first is not a basic assumption but an’ 


incidental remark at the end of a section of paper I?; 
the second is not at all inconsistent with the experi- 
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Fic. 1. Expected light output wave form of electroluminescence 
from a single crystallite or small crystal volume. 


mental observations (A) through (C) pointed out in the 
preceding Letter. 

The point concerning localization of light emission is 
feasible. It is also likely, however, that all of the 
trapping states or donors, at depths near 0.2-0.3 ev, 
become ionized at least in the localized region of maxi- 
mum field. Since neither the density of the ionized 
luminescence centers nor that of the ionized traps or 
donors is apparently known within a factor of 100, it 
seems of little value to compare them. What is more to 
the point is that the theory of paper I considers an 
average (not constant) field proportional to applied 
voltage; the distribution of this field, and whether it is 
dominated by ionized luminescence centers or traps, is 
irrelevant. 

The following remarks refer to the second question: 
(a) The dependence on field of effective trap depth is 
considered to govern only the shape and phase of the 
primary peak. Processes contributing to the secondary 
peak are not considered, and the dc light level upon 
which the peaks are, superposed is considered due to 
thermal release and recombination in crystal regions 
not dominated by the field. (b) The importance of 
potential barriers in electroluminescence is assumed in 
paper I; their presence, plus the assumed strong field 
dependence of the ionization process, leads to strongly 
localized regions of light emission. Electron transport 
is implicit in these ideas, also, both in setting up the 
potential barriers and in motion back and forth between 
traps and luminescence centers. This latter transport is 
very likely involved also in observation (C); there 
being initially no ionized centers, the sequence must be: 
ionization, trapping, thermal release, and recombina- 
tion. This sequence is identical to that considered in 
paper I except that the rate of the third process is en- 
hanced and controlled by the onset of the applied sinu- 
soidal voltage. (c) It can be noted that the theoretical 
curves on wave form, in paper I, cover a range of the 
argument from zero to x radians; that is, light output is 
considered from zero voltage through the primary peak 
until it falls toward zero due to depletion, and this 
occurs within the first half-cycle of voltage. It is not 
suggested that the same crystal region responds to 
both half-cycles; rather it is believed that this is not 
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the case. In fact, Fig. 1 (which was deleted from the 
original manuscript for the sake of brevity, together 
with the associated reference*) represents the en- 
visioned wave form from a single crystallite, or small 
crystal volume, and is completely consistent with Fig. 
16(a) of reference 3. 

1J. F. Waymouth and F. Bitter, Phys. Rev. 103, 1584 (1956), 
preceding letter. 


2 W. A. Thornton, Phys. Rev. 102, 38 (1956). 
3 J. F. Waymouth and F. Bitter, Phys. Rev. 95, 941 (1954). 


Cyclotron Resonance Effects in Graphite 


J. K. Gat, W. A. Yacer, anv H. W. Dan, Jr. 


Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 
(Received July 16, 1956) 


E have observed cyclotron resonance effects! 
in crystalline flakes of graphite at 77°K, 4.2°K, 
1.3°K, and 1.1°K, at a frequency of 24000 Mc/sec. 
Our experiments are similar in concept to cyclotron 
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Fic. 1. (a) Plot of power absorption coefficient vs dc magnetic 
field for circularly polarized radiation at 24 000 Mc/sec at normal 
incidence on the (00.1) plane of graphite at 1.3°K. The magnetic 
field is normal to the (00.1) plane. The vertical scale is only 
approximately linear. Zero absorption is somewhere below the 
axis of abscissas. Cyclotron resonance for electrons will occur on 
the negative side of H=0, that for holes on the positive side. (b) 
Plot of derivative of curve shown in (a) as observed experimentally 
in an independent experiment done at 1.1°K with a feld modula- 
tion method. The modulation method is more sensitive than the 
direct measurement of signal level used to obtain the data shown 
in Fig. 1(a). 
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resonance experiments done by others on semicon- 
ductors,? but different in certain important respects. 
Similar effects have previously been observed in bis- 
muth by some of us* and by Dexter and Lax.‘ 

Our samples are flakes of graphite almost a centi- 
meter in diameter and approximately 0.025 cm thick, 
kindly supplied by Dr. G. R. Hennig of Argonne 
National Laboratory. They are not perfect, but x-ray 
observations of the best one suggest that it is a quite 
good single crystal containing impurities which have 
precipitated out to form separate phases, and which 
therefore affect our results relatively little. The amount 
of the impurity content has not yet been established, 
but we are informed that other graphite contained 
about 500 parts per million of relevant impurities after 
comparable purification procedure. 

The method of the present experiment is substantially 
the same as that described previously by us.* Circularly 
polarized radiation is incident on the sample; the ratio 
of the two circular polarizations in the radiation was 
maintained at 15 to 1 or higher during our experiments. 

Data taken on several samples were very similar. 
Our best results are shown in Figs. 1 and 2 with the 
noise level removed for the sake of clarity. The noise 
level was comparable with some of the features shown 
in the figures but, nevertheless, they were quite re- 
producible from run to run and for the most part from 
sample to sample. Figure 1(a) illustrates the field 
dependence of the absorption coefficient at 1.3°K 
while Fig. 1(b) shows the derivative of the absorption 
curve at 1.1°K as obtained by conventional magnetic 
field modulation technique. The structure observed 
at low fields is shown in more detail in Fig. 2. 

The broad variations in power absorption coefficient 
have the general shape expected from the behavior 
of majority carriers as discussed theoretically by 
Anderson® and by others. We have not made a de- 
tailed fit of these data to a theoretical curve, but crude 
efforts to do so lead us to believe that the masses of the 
majority carriers are less than that of the free electron, 
mo, and that their relaxation times are of the order of 
10 sec. It is not clear from our data, however, 
whether the majority carriers include both holes and 
electrons, or whether they are all of one type but have 
highly eccentric constant energy surfaces’* so that 
our circularly polarized radiation fails to discriminate 
against them on either side. More detailed information 
awaits attempts to change the Fermi level of our 
samples. 

At 4.2°K, we find substantially the same results, 
with each singularity slightly broadened. At 77°K, 
most of the low-field structure cannot be seen, and the 
points of inflection of the broad variations on both sides 
of H=0 are at higher fields. We looked for power 
saturation effects and did not see them. When we rotated 
the steady applied magnetic field to be more nearly 
parallel to the plane of the disk, the singularities at 
low fields moved to larger H roughly as 1/cos 6, where 
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Fic. 2. Expanded plot of the low-field data in Fig. 1(b). The points are taken from the original data, which were 
taken as a continuous plot. 


6 is the angle between H and the normal to the plane 
of the disk. 

We do not feel qualified to make a definitive inter- 
pretation of the data in Fig. 2. We do suggest, however, 
that the structure in these data consists essentially of 
singularities which arise from the resonance behavior of 
minority carriers as suggested by Anderson.’ We as- 
sociate one of these singularities with each of the field 
ranges labeled A, A’, B, B’, C, C’. The two singularities 
labeled with the same letter occur in each case at 
roughly the same magnetic field but on opposite sides 
of H=0. As a result, we cannot say with confidence 
whether each pair corresponds to a hole and an electron 
or to one type of carrier for which the constant energy 
surfaces are highly eccentric.’* The fields at which 
singularities occur lead from the cyclotron resonance 
condition to a mass of about 0.05 mp for those marked A 
and A’, about 0.03 mp for those marked B and B’, and 
to a mass of less than 0.02 my for those marked C and C’, 
These numbers are very approximate, of course. 

We do not exclude the possibility that there are 
other carriers which are not resolved at our frequency, 
but our data lead us to expect a minimum of four and a 
maximum of eight types of charge carriers. 

One other effect, not shown in Figs. 1 and 2, became 
apparent at fields above about H= 2500 oersteds. This 
is an oscillation in the absorption coefficient vs H curve 
with period proportional to 1/H. Anderson’ has sug- 
gested that the carrier mean free path and, therefore, 
the conductivity should show oscillatory behavior 
under the conditions of our experiment, as energy levels 
emerge from the Fermi sea, and this may be the reason 


for these oscillations. More work will be necessary, 
however, to show conclusively that this effect does not 
arise simply because at higher fields our skin depth may 
be comparable to the thickness of our samples. 

We wish to express our gratitude to G. R. Hennig 
for our samples and for useful discussions, S. Geller for 
x-ray observations, P. Nozieres for useful discussions, 
and B. B. Cetlin for technical assistance. 

1 J. Dorfmann, Doklady Akad. Nauk S. S. S. R. 81, 765 (1951); 
R. B. Dingle, Proceedings of the International Conference on Low 
Temperatures, edited by R. Bowers (Oxford University Press, 
England; 1951), p. 165; R. B. Dingle, Proc. Roy. Soc. (London) 
A212, 38 (1952); W. Shockley, Phys. Rev. 90, 491 (1953). 

2 Dresselhaus, Kip, and Kittel, Phys. Rev. 92, 827 (1953); Lax, 
Zeiger, Dexter, and Rosenblum, Phys. Rev. 93, 1418 (1954); 
Dexter, Zeiger, and Lax, Phys. Rev. 95, 557 (1954); Dresselhaus, 
Kip, and Kittel, Phys. Rev. 98, 368 (1955); Fletcher, Yager, and 
Merritt, Phys. Rev. 100, 747 (1955). 

3 Galt, Yager, Merritt, Cetlin, and Dail, Phys. Rev. 100, 748 
(1955). 

4R. N. Dexter and B. Lax, nig Rev. 100, 1217 (1955). 

5 P. W. Anderson, Phys. Rev. 100, 749 (1955). 

6 Dresselhaus, Kip, and Kittel, Phys. Rev. 100, 618 (1955); 
Lax, Button, Zeiger, and Roth, Phys. Rev. 102, 715 (1955). 

7P. W. Anderson (private communication). 

8M. Tinkham, Phys. Rev. 101, 902 (1956). 


Structure of Neutron-Disordered Silica* 


IvAN SIMON 
Arthur D. Little, Incorporated, Cambridge, Massachusetts 
(Received July 16, 1956) 


T is known’ that under prolonged irradiation by 
fast neutrons crystalline quartz and vitreous silica 
become converted to a new amorphous modification. 
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Fic. 1. Distribution of electron density as a function of radial 
distance from a silicon atom in quartz discovered by fast neutrons 
of a total integrated flux of 1.420” neutrons/cm*. Dashed line 
is a radial electron density distribution curve obtained on a 
sample of fused quartz (unirradiated). 


We have investigated by means of x-ray diffraction the 
structure of natural single-crystal quartz plates and of 
vitreous silica plates that have been irradiated by fast 
neutrons (at 38°C) in the Materials Testing Reactor 
to a total integrated flux of 1.410 neutrons/cm?. 
Upon irradiation, the density of quartz decreased from 
2.650 to 2.306 g cm~* while the density of vitreous 
silica increased from 2.222 to 2.303 g cm~*. 

The x-ray diffraction patterns of solid plates were 
obtained by means of a recording, Geiger-counter 
goniometer, using the method of balanced filters. 
Irradiated quartz and irradiated vitreous silica gave 
patterns that were identical within the limits of experi- 
mental error; however, they were perceptibly different 
from that of the thermally fused, unirradiated vitreous 
silica. 

The electron radial distribution functions ‘were ob- 
tained from the diffraction patterns using the theory 
developed by Warren and co-workers‘ for glass. In the 
numerical solution of the scattering integral equation, 
we used a direct approach rather than performing the 
Fourier inversion by the usual harmonic analysis.® 
This was made possible by using the Datatron high- 
speed digital computer for the numerical integrations. 
The direct method eliminates the errors inherent to the 
harmonic analysis but it does not avoid the errors re- 
sulting from the excessive weighting of fluctuations at 
large scattering angles. For this reason an appropriate 
artificial temperature factor was applied. 

From the results shown in Fig. 1, we may make the 
following conclusions. (1) The silicon-oxygen distance 
in the neutron-disordered quartz is the same (1.61 A) 
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as in vitreous silica. (2) The distance from the silicon 
atom to the next nearest silicon atom is somewhat 
smaller in the disordered quartz than in vitreous silica. 
This indicates that the angles of the Si-O—Si bond is 
slightly smaller (138°) in the disordered quartz than 
in the vitreous silica (142°). (3) The radial distances of 
the oxygen atoms (O—O and the Si—second O) and of 
the more distant neighbor atoms show a wider distribu- 
tion in the disordered quartz than in the vitreous silica. 

A complete report on this work will be published. 

*This research was sponsored by the Owens-Illinois Glass 
Company, of Toledo, Ohio, whom the author wishes to thank for 
permission to publish this paper. 

1M. Wittels and F. A. Sherrill, Phys. Rev. 93, 1117 (1953). 

? Primak, Fuchs, and Day, J. Am. Ceram. Soc. 38, 135 (1935). 

2 J. S. Luckesh, Phys. Rev. 97, 345 (1955). 

‘ Warren, Krutter, and Morningstar, J. Am. Ceram. Soc. 19, 
202 (1936). 

5 The author wishes to thank Dr. L. Peck for this suggestion 
and Mr. C. Block for programing the problem for the computer. 


Interference Effects in the Electron 
Microscopy of Thin Crystal Foils* 


W. BoL~tMANN 


Battelle Memorial Institute, Geneva, Switzerland 
(Received July 5, 1956) 


LECTRON microscopic studies of metals thinned 

by electrolytic polishing and other means to a 

degree that they become transparent for electrons, were 

started by Heidenreich’ and continued by Castaing.? 

These authors studied aluminum and aluminum-copper 
alloys. 

The present paper concerns face-centered cubic 
chrome (18%)—nickel (8%) steel, which was thinned 
by electropolishing. The specimen, a circular disk (2 cm. 
diam; 0.2 mm thick; insulated with a varnish on the 
edge; connected as anode) was attacked from both 
sides by pointed cathodes of which the point only was 
not insulated. At first the cathodes were placed 2 mm 
from the specimen until a central hole was formed in 
the specimen; afterwards, the distance was increased 
to 1 cm, so that preferentially the region near the edge 
was attacked and a new hole opened. The treatment 
was continued up to the very moment when the two 
holes joined. In that region, the specimen showed rela- 
tively large areas which could be cut out and observed 
in transmission in the electron microscope. The cleaning 
was done by rising in hot water, dissolving all salts in 
hot sequestrol solution, and rinsing anew in hot dis- 
tilled water. The electrolytic bath was a mixture of 


Fic. 1. Sections of dislocation lines crossing a steel foil. 





LETTERS TO THE EDITOR 


Fic. 2. Small-angle grain boundary or slip band. 


60% phosphoric acid and 40% sulfuric acid; the current 
was 3 amp; the thickness of the specimen could be 
chosen from the very thin edge (thinner than 100 A) 
up to about 1000 A; the voltage of the electron micro- 
scope (Philips) was 100 kv. 

The brightness of an electron micrograph produced by 
electrons which penetrated a crystal foil is determined 
not only by incoherent elastic and inelastic scattering 
and absorption but also by diffraction effects. The 
theory of these diffraction effects is described in detail 
by Heidenreich.! These effects are important when the 
Bragg condition is nearly fulfilled. Here, the intensity 
varies periodically with increasing thickness of the 
specimen and with varying angle. Through these effects 
an interference electron microscopy is possible showing, 
for example, the roughness of the surface of a trans- 
parent specimen or sliplines, etc. 

Deviations of the lattice parameters inside the 
material, produced by internal stresses, can also be 
visualized as variations in brightness because these 
deviations locally change the diffraction situation. On 
the basis of this idea, it has been possible to make dis- 
location lines visible inside the material. (It has even 
been possible to take stereoscopic pictures of dislocation 
lines.) Figure 1 shows some sections of dislocation lines 
crossing the steel foil. Figure 2 shows either a small- 
angle grain boundary as discussed by Read and Shock- 
ley’ or a slip band. It consists of a series of parallel 
dislocation lines which in this case are nearly perpen- 
dicular to the metal surface. (The thickness of the 
specimen diminishes from left to right.) The dislocation 
lines themselves consist—as in Fig. 1—of a row of 
points (visible on the left side of the picture), which 


Fic. 3. Probably slip bands in a slightly rolled steel. 
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seem to be related to the periodic variation of brightness 
with thickness. 

Around the dislocation lines a field of distortion is 
visible. The extension of this field, as can be seen on the 
picture, will depend on the diameter of the aperture 
diaphragm of the microscope because smaller deviations 
than the aperture angle contribute to brightness of the 
picture and are lost for contrast. Thus, by evaluation of 
a series of pictures taken with different diaphragm 
diameters, it should be possible to measure this strain 
field. 

Figure 3 probably shows slip bands in a steel speci- 
men which was slightly rolled before preparation. The 
rows of parallel dislocation lines in these bands begin 
at the vertical grain boundary at the left and extend 
into the two grains. The displacement of the interference 
lines at the slip bands can be due to a change of the 
mean lattice parameter at the band. 

Applications of this kind of interference electron 
microscopy can be found, for example, in metallurgy for 
the study of plastic deformation of metals, and in semi- 
conductors for the study of lattice distortions. 

A detailed paper will follow elsewhere. 

*This research is sponsored by Union Miniere du Haut- 
Katanga, Brussels. 

1 R. D. Heidenreich, J. Appl Phys. ss 993 (1949). 

2R. Castaing, Rev. mét. 52, 669 (195 


3W. T. Read, Jr., and W. Shockley. cies in Nearly 
Perfect Crystals (John Wiley and Sons, Inc., New York, 1952), 
352. 
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Diagrams for Processes Involving Hyperons 


J. Tromno 
Centro Brasileiro de Pesquisas Fisicas and Faculdade 
Nacional de Filosofia, Rio de Janeiro, D.F., Brazil 
(Received July 6, 1956) 


HE success of the Gell-Mann model! in providing 

a scheme for a rational classification of the 

hyperons and their reactions has been reinforced by the 
experimental verification of many of its predictions. 

In this theory quantum numbers are attributed to 
the states of the particles, which are algebraically 
additive and which are conserved in the “strong” and 
electromagnetic interactions but which may not be 
conserved in “weak” interaction. They are the number 
of particles (1), the zs component of the isotopic spin 
(73), and the strangeness quantum number (S$). For 
the antiparticle corresponding to a given particle all 
these quantum numbers change sign. 

In a recent paper? d’Espagnat and Prentki, by im- 
posing the invariance of the Lagrangian for “strong” 
interaction under symmetry operations in isotopic spin 
space, introduced a new quantum number U, the 
number of isoparticles, such that the charge would be 
given by 

Q=13+}U. (1) 
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Fic. 1. Graphs for particles with the corresponding quantum 

numbers (V,U). For antiparticles reverse the arrows. 


The following expression for S then resulted : 
S=U-N. (2) 


It turned out that for all well-established cases* U has 
the value 0 for integral J and +1 for J=}. U also 
changes sign for the antiparticle corresponding to a 
given particle. 

Here we wish to emphasize the advantage of the use 
of the quantum number system (N,0,U) instead of the 
other systems previously used. From the relations (2) 
and (3) it is clear that the systems which have been 
used up to here: (I3,N,S), (13,N,Q), (Z3,Q,5), (N,0,5) 
as well as the systems (N,U,Q), (J3,N,U), (J3,U,S), 
(13,U,Q), (N,U,S), (Q,S,U), are all equivalent. (We 
do not include the total isotopic spin J because we are 
considering only the additive quantum numbers.) 
However, the simplest set is (NV,U,Q) because the 
quantum numbers N,U,Q for one particle assume only 
three values 0, +1, or —1, in contrast to J; and S$ which 
have five possible values.* Another advantage is that 
Q and N are always conserved and only U may not be 
conserved in weak interactions. 

Finally we wish to propose a generalization of 
Feynman diagrams which we think is very suggestive 
for the representation of reactions involving hyperons. 
This is based on the fact that the quantum numbers 
N,Q, and U are additive and may assume only the 
values +1, —1, or 0. Indeed it is this property which 
allows us to use in Feynman diagrams an arrow in the 
direction of time propagation for particles (V=1) or in 
the opposite direction for antiparticles (V=—1) and 
no arrow for bosons (V=0). The conservation law for 
the number of particles assures us that a particle line 
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Fic. 2. Diagrams for several reactions. 
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can be followed from one end to the other without 
being interrupted or without reversal of orientation of 
the arrows. In the same way we can follow the charge 
or an isoparticle line if we use arrows in the direction of 
propagation for values +1, in the opposite direction 
for values —1, and no arrow for the value 0 of these 
constants of motion. 

If we take the direction of increasing time from left 
to right and represent the particles (V=1) by — and 
the isoparticles (V=1) by — -— the lines of propaga- 
tion of the particles will be those indicated in Fig. 1. 
For the corresponding antiparticles all arrows should be 
reversed. An oriented line for the propagation of the 
charge could be added but is unnecessary. 

In Fig. 2, column A, are given the diagrams for a 
number of well-established fast reactions for which there 
is no interruption of particle or isoparticle lines. In 
column B some “slow” reactions are represented for 
which there is a creation or annihilation of an iso- 
particle line. 

We should mention, finally, that if the existence 
of Y~ particles‘ with U=—2 (S=—3, N=1, I=0) 
should be proved,’ the present scheme could still be 
used if they are represented by a particle line (V=1) 
and two isoparticle lines. In this case the simplicity 
of the original scheme would be lost. It is possible that 
the values U=+2 should be excluded for elementary 
particles and allowed only for compound ones. 

1M. Gell-Mann and A. Pais, Proceedings of the 1954 Glasgow 
Conference on Nuclear and Meson Physics (Pergamon Press, 
London, 1955), p. 324. 

2 B. d’Espagnat and I. Prentki, Nuclear Phys. 1, 33 (1956). 

* Actually there is a possibility for charged particles with 
U=2, but for all well-established cases only the values 0, +1, 
appear. The authors of reference 2 give, however, an argument 
against the possibility U = +2. 

‘Y. Eisenberg, Phys. Rev. 96, 541 (1956); M. Goldhaber, 
Phys. Rev. 101, 433 (1956). 


First Excited States of Heavy 
Even-Even Nuclei 


Jack M. HoLitaANDER 
Radiation Laboratory and Department of Chemistry, 
University of California, Berkeley, California 
(Received July 12, 1956) 


HE systematic behavior of first excited states of 
even-even nuclei is well known, and indeed the 
pronounced maxima of the first excited state energies at 
the “magic numbers” are among the most striking 
manifestations of nuclear shel] structure.!? Between the 
closed shells, in the regions 155<.4<185 and A>225, 
rather flat minima are developed whose constancy and 
low energy point to the collective nature of the ex- 
citations.’ In their review paper on alpha decay, Perl- 
man and Asaro‘ point out that the first excited states of 
even-even nuclei in the transuranium region are always 
between 40 and 50 kev above the ground state and that 
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Taste I. Energies of first excited states of heavy even-even nuclei. 
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, Asars, Stephens, and Hollander een data, 1956). 

. P. Hok ‘and G. J. Sizoo, Physica 20, 77 (1954). 

. G. Smith and J. M. Hollander (unpublished data, 1955). 

. G Albridge and J. M. Hollander (unpublished data, 1956). 

. G. Smith and J. M. Hollander, Phys. Rev. 101, 746 (1956). 

Sete. Harvey, and oo, (unpublished data, 1956). 

S. A. Baranov and K, M.S eiyegin. Proceedings of - Moscow Meeting, 
July, 1955 (Akad. Nauk, S.S.S.R., Moscow, 1955) p. 

B. G. Harvey and J. M. Hollander (enoubiied an 1956). 


they follow smooth curves when plotted against neutron 
number. 

It is the purpose of this Letter to assemble some recent 
data which illustrate the “second-order” systematics of 
these excited states. Most of the energies quoted here 
were obtained from precision measurements of con- 
version electron spectra in the Berkeley permanent- 
magnet beta spectrographs. These data are given in 
Table I, and they are plotted against neutron number 
in Fig. 1. Although they are as yet fragmentary, these 
results show that the energies of the first excited states 
do not decrease monotonically with N or A, but exhibit 
large variations from the average value (~44 kev) 
which are well outside the experimental errors. The 
uranium and plutonium curves also show minima. 

Since the excitation energy of the first excited state 
of a rotational band is determined essentially by the 
nuclear moment of inertia, such measurements allow 
one to examine the very small changes in nuclear de- 
formation brought about by the addition of pairs of 
nucleons to the already deformed core. It may be 
possible to relate these small changes in shape to the 
character of the nucleon pairs, specifically to the total 
angular momentum (or component along the symmetry 
axis, 2) of the odd particles which make up the last 


pair. 
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Fic. 1. Energies of first excited states of even-even heavy nuclei. 


The energy values of the first excited states of the 
curium isotopes are of some interest in view of the 
existence of small discontinuities in the alpha-decay 
energies at around 152 neutrons, interpreted by Ghiorso 
et al.’ as evidence for a “‘subshell” closure at N= 152. 
Although the present data indicate that the energies of 
the first excited states in curium rise as one approaches 
N=152 (Cm*®), the effect is very small and even less 
than the variations in the uranium and plutonium 
curves. Thus, as pointed out by Ghiorso ef al.,° such a 
“subshell” at N=152 would have to be of a funda- 
mentally different nature than the major closed shells, 
especially since the moment of inertia of Cm™* does 
not appear to be substantially lower than that of the 
neighboring nuclides. 
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